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IIpeoucnosue

[lepen Bamu mepBasi U3 YETHIPEX YACTECH KHUTH, OCHOBAHHOW Ha MPOBOIUMBIX
MHOI0 ¢ 2012 rona oHnaitH-Kypcax Mo anropurMam. ITH KypcChl, B CBOIO O4epe/lb,
TTOSIBUJTACH OJ1arofiapsi JIEKIMSM JIJIS CTYJICHTOB, KOTOpBIE 51 ynTas B CTIH(POPICKOM
YHUBEPCUTETE B TCUCHUE MHOTHX JICT.

O yeM 3TN KHUTU

Hepea;z yacmv KHUuz2u «CoeepmeHHsz? aneopumm) 3aKjiaIbIBaCT OCHOBBI TIOHUMa-
HUS CIICAYIOIIUX YETBIPEX TCM.

AcUMITOTHYECKHMI aHAIU3 U MaTeMaTH4yeckoe o0o3HauyeHue O-0osbuioe.
Cucrtema 0003HAYCHUH, UCTIONB3yeMasi B MaTEMAaTHUECKOM aHaJIH3¢ aCUMIITOT,
o0ecrednBaeT TePMUHOIOTMYECKYI0 0a3y Tt 00CYKIIEHHS ITPOIIECCOB pa3padOTKH
1 aHaJ3a aaropuTMoB. KITIOUeBEIM MOHATHEM 37ECh SIBISICTCSI MaTeMaTHIECKOE
o6o3nagenne O-00bIIoe, KOTOPOE MPEACTABISIET COOO0M BapHAHT MONICITUPOBAHHS
TPaHYJISIPHOCTH, I/ICHOJIL?;}’CMOﬁ JUIs1 OLICHKH BPEMCEHU HCIIOJIHCHUA aJIrOpUTMa.
MBI yBHIUM, YTO «30JI0TOW CEPEIMHOW) ISl YETKOTO M BBICOKOYPOBHEBOTO II0-
HUMaHHS MEXaHU3MOB pa3pab0TKU aITOPUTMOB SIBIICTCS TIOIXOM, OCHOBAHHBIN Ha
UTHOPHPOBAHUHU MOCTOSIHHBIX KO3((DUIIMEHTOB U WICHOB O0see HU3KOTO MOpsIKa,
a Tarxoke KOHIICHTPAIHS Ha TOM, KaKUM 00pa3oM IMPOU3BOIUTEIEHOCTD aNTOpUTMa
COOTHOCHUTCS C pa3MePOM BXOJHBIX JTaHHBIX.

AJTOpUTMBI «pa3iensiii 1 BaacTByii» u OcHoBHOW MeTtoa. [Ipu pa3zpaboTke
QJITOPUTMOB HET KaKOU-TH00 «cepeOpsHOI Myau», OTCYTCTBYET YHUBEPCAIbHBIN
croco0, KOTOPBIH MO3BOIST OBl 3aIPOCTO PEIIATh BCE BBHIYMCINUTEIBHBIC 3a-
nagn. Bmecre ¢ TeM CymiecTBYeT HECKOJIBKO OOIIMX METONOB MPOCKTHPOBAHHS
QJIITOPUTMOB, KOTOPBIE HAXOJSAT YCIIEIIHOE IPUMEHEHUE B PA3IMUYHBIX 00IACTSX.
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B 31011 yacTH KHATY MBI PACCMOTPHUM METOMKY «Pa3AeIisiil v BIacTBy». Ee nunes
3aKJII0YaeTCs B pa30MEHNH 3a/1aui Ha PAJ METIKUX MO0A3a1a4, KOTOPbIe PEeIatoTcst
PEKypCUBHO. 3aTeM TOJY4YeHHbBIE PEHICHUS OBICTPO OOBEIMHSIOTCS B PEIICHUE
HCXOJHOM 3a/1a4i. MBI pacCMOTPUM OBICTPBIC AITOPUTMBI THTIA «Pa3JeIIsai U Blia-
CTBYW» JUIsI pELLIEHUS 3a/1a4 COPTUPOBKH, YMHOXKEHMSI LIENIBIX YHCET U YMHOXKECHUS
MaTpHUIL, a TAKXKE JUIsI pEIIEHUs] OCHOBHOM 331a41 BHIYMCIUTEILHON reoMeTprn. Mbl
Takke paccMoTpuM OCHOBHOM MeTO] (WJIM OCHOBHYIO TEOPEMY O PEKYPPEHTHBIX
COOTHOILIECHUSIX ), KOTOPBIH SBJISAETCS MOIIHBIM UHCTPYMEHTOM aHAJIN3a BPEMEHH
HCIIOJIHEHNUS AJITOPUTMOB TUIIA «PA3JEIAi U BIACTBYD».

PanpomMusupoBaHHbIe aJIrOPUTMbI. PaHIOMU3UPOBAHHBIN aITOPUTM B XOAE
CBOETO BBITTOJTHEHUS NCTIONB3YET IMTPHUEM «II00PAChIBAHUS MOHETEDY, M €TO TIOBE-
JIeHHE MOXKET 3aBUCETh OT PE3YJIBTaTOB STHX MOI0PACHIBAHNHN. YIHBUTEIHLHO YaCTO
papaoMu3anys IPUBOAUT K IMPOCTHIM, U3SIIHBIM U IPAKTUYHBIM AJITOPUTMaM.
Kanonudecknm nmpuMepoM SIBISETCS] PaHJOMH3HUPOBAHHBIN aITOPUTM OBICTPOM
COpPTUPOBKH QuickSort. MBI JeTanbHO PACCMOTPUM KaK CaM 3TOT aJITOPUTM, TaK
U aHaJIU3 IPOJOJKUTENILHOCTY €70 UCIIONHEHU. [lajibHelue NpuMepsl IpuMe-
HEHHS paHIOMHU3AIMN OyIyT paccMaTpUBaThCs BO BTOPOI YacTH KHHTH.

CopTupoBKka u 0T060p. B xauecTBe TOOOYHOTO MPOAYKTA U3YUEHHSI IEPBBIX TPEX
TEM MBI y3Ha€M HECKOJIBKO 3HAMEHUTHIX aJITOPUTMOB COPTHPOBKH U 0TOOpa,
BKIJIFOUAsi COPTUPOBKY CIUSTHHEM MergeSort, ObICTPYI0 COPTUPOBKY QuickSort
U TMHEHHBIN 0TOOD (KaK paHIOMU3UPOBAHHBIH, TaK U AETEPMUHUPOBAHHBIN). DTH
BBIYHCIIUTENBHBIE TPUMHUTHBEI HACTOIBKO HEBEPOATHO OBICTPHI, UTO OHH HE 3aHHU-
MaroT HAMHOTO OOIIbIlIE BPEMEHH, UeM TpeOyeTcs AJsl UTCHUS! BXOAHBIX JAHHBIX.
BaxxHo HapamuBaTh KOJJIEKIUIO TAKUX «OECIUIaTHBIX MIPUMHUTHBOBY KaK JUIi He-
MOCPEICTBEHHOTO ITPUMEHEHUS K TaHHBIM, TaK U [T CTIOIb30BAHHSA B KaUeCTBE
CTPOUTEIBHBIX OJIOKOB JUIsl pellieHHs O0JIee CIOKHBIX 3a/1au.

Jns Goree moapoOHOro M3y4eHHsI MaTepHalla KHUTH BHUMATEIbHO 3HAKOMBTECH
¢ pa3nenaMu «BBIBO/IBDY, KOTOpBIE 3aBEPIIAIOT KAXKIYIO IVIaBY M BBIIEISIOT Ha-
Oosee BaXKHBIC BOIPOCHI.

Tembl, KOTOpBIE pacCCMATPUBAIOTCS B IPYTUX TPeX YacTsaX. Bo émopoi uacmu
KHUeu PacCMATPUBAIOTCS Pa3lIUYHbBIC CTPYKTYPBI JaHHBIX (Ky4H, cOamaHCHPO-
BaHHBIC JICPEBbs MMOMCKA, XEII-Ta0IUIbl, GUIBTPEI biayMma), rpadoBeie npuMu-
TUBBI (IOUCK B IIMPUHY U B TIIYOHHY, CBSI3HOCTh, KpaTyaiiiue myTr) u 00JIacTu
WX TMPUMEHEHHUs (0T JAeMyTUIMKAIMK IO aHallM3a COIMANBHBIX ceTeil). Tpemvs
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yacmb TOCBSIIEHA JKaIHBIM aITOPUTMaM (33139 IUTAHUPOBAHHUS, OTIPE/IeIICHHE
MUHHUMAaJILHOTO OCTOBHOIO jAepeBa rpaga, knacrepusanus, koasl Xaddmana),
a TakKe JUHAaMHYeCKOMY MPOTrpaMMHUPOBAHUIO («3ahada O PIOK3aKe», 3aJadu
BBIPABHUBAHUSA PAAOB, MONCKA KPAaTYAHIINX ITyTEH, MOCTPOCHHS JI€PEBHEB
ONTUMAIBHOTO MOUCKA). Yemaepmas uacmsb MOCBAILICHA PACKPBITUIO Kacca
NP-noiHbBIX 3a71a4, UX CIOKHOCTH I Pa3padOTINKOB aJTOPUTMOB, HCKYCCTBY
peIIeHus aNTOPUTMHYECKH Hepa3peIInMBIX 3a/1ad, BKIOYas BPUCTHUYCCKUH
aHaJIu3 U JIOKAJIbHBINA MOUCK.

HaBbiku, KOTOpble Bbl NpuodpeTeTe

OcBoeHME anropuTMOB TpeOyeT BpeMeHH U yCHiuid. Pagu gero Bce 310?

Bo3moxkHOCTh cTaTh 00/1ee 3 (heKTHBHBIM POrPAMMHUCTOM. Bbl H3yunTe He-
CKOJIBKO HEBEPOATHO OBICTPBIX HOAIPOTPaMM JUIsl 00paOOTKH JAHHBIX U HECKOIIBKO
MOJIE3HBIX CTPYKTYP Ul OPraHU3alMU JaHHBIX, KOTOPbIE MOXKETE IPUMEHSTh He-
MIOCPECTBEHHO B BAIIIMX COOCTBEHHBIX MporpaMmax. Peanusanus u npuMeHeHue
9THX aJITOPUTMOB PACIIUPUT M YIIyUIINT Balld HABBIKK IIPOrPaMMHUPOBaHus. Bel
TaKKe y3HAETE OCHOBHBIE IPUEMBI Pa3pabOTKH aIlTOPUTMOB, KOTOPbIE AKTYaJIbHBI
JUIS pelIeHHs Pa3HOOOPA3HBIX 3314 B IIMPOKHUX 00JIACTSIX, HOIYIUTE HHCTPYMEHTHI
IU1ST IPOTHO3UPOBAHNUS TPON3BOAUTENFHOCTH ITUX aJITOPUTMOB. Takue «Ima0moHbD
MOTYT OBITH BaM IIOJIE3HBI JUI Pa3padOTKN HOBBIX aJTOPUTMOB PEIICHHs 3ajad,
KOTOpPbIC BO3HUKAIOT B Balllell COOCTBEHHOM padoTe.

Pa3BuTHe aHAIMTHYECKHUX CTIOCOOHOCTEH. ATOPUTMHYECKHE OITUCAHUS, MBICIIU-
TesbHas paboTa HaJl alTOPUTMaMHU Iat0T 00MbIIoH onbIT. [locpeacTBoM Maremaru-
YEeCKOTO aHAJI3a BBl MOTYYUTE YIITyOJICHHOE TIOHUMaHUE KOHKPETHBIX aJTOPUTMOB
U CTPYKTYP JaHHBIX, ONIMUCAHHBIX B 3TON KHUTe. Bbl mprodpeTreTe HaBbIKK paboThI
C HECKOJIIbKHUMHU MaTeMaTHYeCKUMH METOJaMHU, KOTOPbIE IITUPOKO MPUMEHSIOTCS
Ul aHAJIM3a alIrOPUTMOB.

AJropuT™MHYecKoe MblmieHne. Hayuusmince pa3duparbcs B alropurMax,
TPYIHO HE 3aMETUTb, YTO OHHU OKPYXKAIOT BAaC IOBCIONY: €/eTe JIU BbI B JHQTE,
HaOJrofaeTe M 3a CTaei NTHIL, YIIpaBiseTe JIM Bbl CBOUM HMHBECTHUIIMOHHBIM
mopTdenemM nin f1axe HaOIofaeTe 3a TeM, KaK yIUTCsl peOCHOK. ATOpUTMHYE-
CKOE€ MBILICHUE CTAHOBHUTCS Bce 00JIee MOJIC3HBIM U PACIIPOCTPAHEHHBIM B JIHC-
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OUIUTHHAX, HE CBSI3aHHBIX ¢ MH(POPMATHKOM, BKIIOUAsi OHOJIOTHIO, CTATUCTHKY
U HKOHOMHKY.

3HAKOMCTBO € BeJIHMYAHIIUMH JOCTUKEHUSIMU HHPpopMmaTuku. M3ydeHue
AJITOPUTMOB HAIIOMHUHAET MPOCMOTP d(H(HEKTHOrO KIHMa ¢ MHOTOYMCICHHBIMH
CYNEpPXUTaMHU MUHYBIIHX IICCTUACCATH JICT pa3BUTHS HHOOPMATHKH. BbI GombIe
He Oymere 4yBCTBOBATH ceOsl OTCTPAHEHHBIM Ha (ypIIETe IS CIEIIUAINCTOB
B 001acTH HH(OPMATUKHU, KOTJIa KTO-TO OTIYCTHT UIYTKY 110 IOBOAY aJIropuTMa
Hetixerpsl. [IpounTaB 5TH KHUTH, BB Oy/IeTe TOYHO 3HATH, UTO OH HMEET B BUIY.

YenemHocTh B cobecenoBanusax. Ha nmpoTspkeHMM MHOTHX JIET CTYAEHTHI pas-
BJIEKAJIHM MEHS PaccKa3aMH O TOM, KaK 3HAHHS, MOYCPIHYTHIE U3 3TUX KHHI, T10-
3BOJISUTM UM YCIIELTHO CHPABJIATHCA € JIIOOBIM TEXHUYECKUM BOIIPOCOM, KOTOPBII
UM 3aJ1aBaJI BO BpeMs cOOeCe10BaHus.

B yemM 0COOEHHOCTb 3TOM KHUIMM

DTa KHHTA npe€aHasHa4dyCHa TOJBbKO JJIsA OHOI0O: nocmapanvCia HAY4unib OCHO68AM
aneopummuzayut MAKCUMaitbHO C)OCmynglM cnocobom. BOCHpHHHMaﬁTe €€ Kak
KOHCIICKT HCKHHﬁ, KOTOPbIC OIBITHBIM HAaCTAaBHUK TI0 aJropuTMam 6y,Z[GT JaBaTb
BaM Ha MPOTAKECHUHN CCPHUU MHANBUAYAJIbBHBIX YPOKOB.

Cy1iecTByeT psizt IPEKPacHBIX, ropasio 0ojee TPAAUIHOHHBIX U SHIIMKIIOIEIHYe-
CKH BBIBEPEHHBIX YUEOHHUKOB 10 aaropuT™am. JIro0oil u3 HUX ¢ MOIb30U YKPACHT
3Ty CepI/IIO KHUT' JOIIOJIHUTCIIbHBIMU ACTAIAMU, 3aJa4aMi U TEMaMHU. XOTGJ'IOCL
Obl, YTOOBI BBl TIOMCKAJIM U HAIIUIA YTO-TO U30PAaHHOE CPEIM ATHX KHHUT JIJIS ceOsl.
Kpome Toro, ecTh KHUTH, KOTOPhIE OPHEHTUPYIOTCS Ha IIPOTPAMMHUCTOB, UIIYIIHX
TOTOBBIC peaJ'II/I3aHI/II/I aJ'IFOpI/ITMOB Ha KOHerTHOM SA3BIKEC HpOFpaMMI/IpOBaHI/IH.
MHOKECTBO COOTBETCTBYIOIIUX IPUMEPOB TAKKe HAXOMATCS B CBOOOIHOM JI0-
CTyIIC B HHTEPHETE.
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Ana koro aTa KHura?

Becb cMBICIT 9TOI KHUTH, KaK U OHJIAaIiH-KyPCOB, Ha OCHOBE KOTOPBIX OHA CO3Ja-
Ha, — OBITH MIMPOKO U JIETKO JOCTYITHOW HACTOJBKO, HACKOIBKO 3TO BO3MOXHO.
Ha moux oHIaifH-Kypcax IMUPOKO IPEICTaBICHBI JIFOIU BCEX BO3PACTOB, MPodec-
CHOHAJIBHOTO OINBITA U CJIOEB OOIECTBA, €CTh HEMAJIO YYaIllUXCs U CTYIEHTOB,
Ppa3pabOTYMKOB MPOTrPaMMHOTO 00eCIIeYeHHs (KaK COCTOSBIINXCS, TAK M HAYMHA-
IOIINX ), YICHBIX U MPOPECCHOHAIOB CO BCEX YTOJIKOB MHPA.

OTa KHHUra He SBISETCS BBEJACHHEM B MPOrpPaMMHpPOBaHKE, U OBLIO OBI MPOCTO
UICANBHO, €CIIH OBI BBI y2Ke 00J1a/1a) i OCHOBHBIMH HAaBBIKAMU IIPOTPAMMHUPOBAHHUS
Ha KakoM-ITMOO pacrpocTpaHeHHOM si3bike (Hampumep, Java, Python, C, Scala,
Haskell). UtoObI poiiTH «JTaAKMYCOBBII» TeCT, 00paTuTech K paszneny 1.4 — eciau
TaM BCE TIOHATHO, 3HAYHT, B OCTAJIFHOI YacTH KHHUTH y Bac Bce OyIET B MOPSIIIKE.
Ecinu Bam Tpe6yeTCH Pa3BUTL CBOU HABBIKU IMMPOrpaMMUPOBAHUA, TO AJIA 3THUX
Leliel eCTh HECKOJIBKO MPEKPACHBIX OSCIUTATHBIX OHJIAHH-KYPCOB, 00y4aroNInX
OCHOBaM IPOTPAMMHUPOBAHUSL.

[To Mepe HEOOXOMUMOCTH MBI TAK)KE HCIIONB3yEeM MaTEeMaTHIECKUH aHAITN3, YTOOBI
pa3o0parbcs B TOM, KaK U IOYEMY aITOPUTMBI IHCTBUTENBLHO paboTatoT. CBOOOIHO
JIOCTYITHBIC KOHCIIEKTHI ek «Maremaruka st Computer Sciencey moji aBTop-
ctBoM Jpuka Jlemana u Toma JleliToHa SIBIISIOTCS PEBOCXOIHBIM U OCBEKAIOLIUM
MaMsTh MOCOOMEM IO CUCTEME MaTeMaTH4YeCKUX 0003HaYeHUH (Harpumep, Y 1 V),
OCHOBaM TEOPUH JOKA3aTEIBCTB (METO MHIYKINH, T0KAa3aTeIbCTBO OT IMPOTHB-
HOTO U [Ip.), TUCKPETHOMY PACIIPEACICHHIO BEPOSITHOCTEH U MHOTOMY JPYroMy'.
Kparkue 0030pb1 MeTO1a MHIYKIIMU U JUCKPETHOTO PACIIPEACITICHHUS BEPOITHOCTEI
M3JI0’KCHBI B IPIIOKeHUIX A u b coorBeTcTBeHHO. Hanboee maremaTniyecky Ha-
rpy>kKeHHbIE pa3/ielibl [IOMEUYeHbl 3Be310uKkaMy. Eciin y Bac «CTpax MaTeMaTuKm
WJIM BBl OTPAHUYEHBI BO BpEMEHH, MOYKHO MPOITYCTUTh UX MPH IIEPBOM YTEHUH O€3
MOTEPH HENPEPHIBHOCTH B U3JIOKEHUH MaTepHala.

' Cm. Mathematics for Computer Science, Eric Lehman, Tom Leighton: http://www.
boazbarak.org/cs121/LehmanLeighton.pdf
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AdononHuTenbHble pecypchbl

Ota KHUra OCHOBaHA Ha OHJIAIH-KypCax, KOTOPBIC B HACTOSAIIIECE BPEMsI 3aITyIIICHBI
B pamMkax mpoektoB Coursera u Stanford Lagunita. imMeeTcs Takxke psiji pecypcoB
B TIOMOIIb BaM IS IIOBTOPSHUS M 3aKPEIUICHHS OIBITA, KOTOPBIH MOXKHO U3BJICYb
W3 OHJIAMH-KYPCOB.

Bupeo. Ecnu Bb 00bIlIe HACTPOEHBI CMOTPETH U CIIyILATh, YeM UUTaTh, 00paTUTECh
K Marepuanam ¢ «HO0tyba», nocTynHbIM Ha caiite www.algorithmsilluminated.org. Otu
BHJIEO 3aTPArkBaOT BCE TEMBI 3TOH cepuu KHUT. Hazeroch, 4To OHU IPOIUTAHBI
TEM JKE 3apa3UTEIIbHBIM DHTY3Ma3MOM B OTHOLIEHUH aJIFOPUTMOB, KOTOPBIH, YBBI,
HEBO3MOKHO IIOJTHOCTBIO BOCIIPOU3BECTU Ha [1€4aTHOM CTpaHULIE.

TecToBble 3aganusi. Kak y3HaTh, 4TO BBl ACHCTBUTENBLHO YCBAaUBACTE MOHATHS,
MpeICTaBlICHHBIC B 3TOM KHHUTe? TeCTOBbIC 3a/1aHMsI C PEIICHUSME 1 O0bSICHEHUSIMU
pa30pocaHbl 10 BCEMY TEKCTY; KOT/Ia BBl CTAIKMBACTECh C OTHUM M3 HUX, IPU3BIBAI0
BaC OCTAHOBHTBHCSA U MOIyMaTh 00 OTBETE, IPEKIE YeM YUTATh Jajee.

3ajauu B KOHIe INIaBbl. B KOHIlE Ka)KJ0H IIaBbl Bbl HailleTe HECKOIBKO OT-
HOCUTEJIHO IPOCTBIX BOIIPOCOB JJIsl IPOBEPKU YCBOEHUS Marepuaia, a 3aTeM
Oornee TpyaHBIE 1 MEHEE OTpaHUYIECHHbIE TI0 BPEMEHH CIIOXKHBIE 3a7a4u. Perrenus
9TUX 33Ja4 B KHUTY HE BKJIFOUEHBI, HO AJISl 3TOr0 YUTATENU MOTYT 0OPaTUThCSI KO
MHE WU B3aUMOJICHCTBOBATh MEXy COOOH depe3 AUCKYCCHOHHBIN ()OpyM KHUTH
(cM. HIDKE).

3agaun Mo mMporpaMMHupoBaHUI0. B KoHIle OONBITMHCTBA IJ1aB MpeJiaracTcs
peanu30BaTh MPOTPAMMHBIN MPOEKT, 1EIbI0 KOTOPOTO SIBISIETCS 3aKpeIieHre
JISTATHHOTO TIOHUMAaHHUS aJrOpUTMa MYyTEM CO3/IaHUs €ro pabodeil peanu3anuu.
HaGops! 1aHHBIX, a TaKKe TECTOBBIC MPUMEPBI M UX PELICHUS MOXKHO HAWTH Ha
www.algorithmsilluminated.org.

HJuckyccnonnbie popymbl. CyleCTBEHHON NPUYMHON ycliexa OHJIalH-KypcoB
SBIISFOTCS PeaIn30BaHHbIC Yepe3 AUCKYCCHOHHBIE (DOPYMBI BOSMOXKHOCTH OOIICHUS
JUISL cltyliatenei. To M03BOJIsIET UM IIOMOTaTh APYT APYTY B JIydllleM YCBOCHHU
MaTepualla Kypca, a TaKkke OTJIaKUBaTh CBOM IIporpaMmbl. YnuTaTenu 3TUX KHUT
MMEIOT TaKyIo e BO3MOXKHOCTB Onarofapst popymam, TOCTYITHBIM Ha caiiTe Www.
algorithmsilluminated.org.
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BnaropapHocTin

OTa KHUTA HE MOsIBUIACh OBl €3 TOro 3HTY3Ma3Ma H UHTEIEKTYalbHOTO TOJI0fa,
KOTOpBIE JEMOHCTPUPYIOT ThICAYM ClIyllaTeled MOUX KypCOB IO ajJropuTMaM Ha
MPOTSHKEHIH MHOTHX JIeT Kak Ha Kamiyce B CTaH(popIe, Tak U Ha OHJIaWH-IDIaT-
(dhopmax. S ocobeHHO OnmarogapeH TeM, KTO MPEAO0CTaBIsT TOAPOOHBIE OT3BIBBI
Ha OoJiee paHHUI IPOEKT ATON KHUTH, cpenn Hux: Tous biact, KOansb 1{ao, Jxum
Xbromencaiid, baiipam Kynues, [larpuk Monken6sH, Kaiin [Hunnep, Hucconka
Buxepmasusr u J{pHuen 3uHrapo.

Koneuno K€, BCCTla IPUATHO MMOJIY4YaTb 3aMCYaHUA U IIPCAJIOKEHUS OT ‘-IHTaTeJ'ICfI,
KOTOPbIC HAWTYIIIUM o6pa30M JOXOIAT 4€PE3 YNOMAHYTBIC BBIIIC JJUCKYCCUOHHBIC

(hopyMBI.

CmaHpopOockuil yHusepcumem
Tum Pagpeapoen

Cmonghopo, Kanugpopnus
Cenmsabpv 2017
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Llens 3TOM MI1aBbl — 3apOAUTH B BaC HHTEPEC K U3YUEHUIO aliropuTMOB. Hauas
C PaCCMOTPEHHUS AIITOPUTMOB B LIEJIOM, MBI [I0CTapa€MCsl BELICHUTD, [I0YEMY OHH
TaK BayKHbI. 3aTE€M MbI BOCIIOJIb3YEMCs 3aJjaueii YMHOKEHUSI IBYX LI€JIbIX YHCET,
9TOOBI MPOMLTIOCTPUPOBATH, KaK AITOPUTMUYECKAs H300PETaTeILHOCTh MOYKET
yAy4IIUTh O0Jiee MPOCThIE UM, Ka3aJ0Ch Obl, OUEBUAHBIC HA MEPBbIIl B3I
pemenus. Jlanee MbI MOIPOOHO PACCMOTPHUM aJITOPUTM COPTHPOBKHU CIHUSHUEM
MergeSort, YTO BayKHO 10 HECKOJIbKUM ITpUYMHaM. Bo-11epBbIX, 3TO MHPOKO NpH-
MeHsIeMbIil Ha IPAaKTUKE U 3HAMEHUTBIH allrOpUTM, KOTOPBIH HEOOXOAUMO 3HATb.
Bo-BTOpBIX, €ro 0030p CTaHET HEIUIOXOW Pa3sMUHKON MpU MOATOTOBKE K H3Y-
YeHHI0 0oJiee M30UIPEHHBIX alTOPUTMOB. Y HaKOHEII, 3TOT alNrOPUTM SIBISETCS
KJIACCUYECKHUM BBEJIEHUEM B METOAOJIOIUIO IIPOEKTUPOBAHUS aITOPUTMOB TUIIA
«pasnensi u BiacTByil». [1aBy 3aBepluaeT onucaHue psga pyKOBOIAIIMX IPUH-
[UIIOB HAIIETO IOAX0NA K aHaJU3y allTOPUTMOB, KOTOPEIC OyIyT IPUMEHSITHCS
B OCTaBILENCS YaCTH KHUIU.

1.1. 3ayem nsyyartb anropnTmbi?

ITo3BonbTe MHE CHa4Yaaa 000CHOBATh AKTYaJIbHOCTb 9TOM KHUTH, YKa3aB HECKOJIBKO
[IPUYUH, TOYEMY TaK BaXKHO OBbITh MOTUBUPOBAHHBIM B M3yUCHUH aTOPUTMOB. Tak
YTO K€ TaKOE aJTOPUTM, B KOHIIE KOHIIOB? JTO HA0Op YETKO CHOPMYIUPOBAHHBIX
IIPaBUIL, B CYIIHOCTH, PELIENT sl PEIIEHHs HEKOTOPOH BBIYUCINTEIbHOM 3a1auu.
MozkeT ObITh, y BAC UMEETCSI Kyda UHUCEIl U BBl XOTUTE IepepacipeieIUTh UX TaK,
9TOOBI PACHOIOKUTE UX B OTCOPTHPOBAHHOM MoOpsiike. Bo3MoxHO, y Bac ecTb
JIOpO’KHAst KapTa ¥ HEOOXOANMO BBIYHMCINTh KpaTYaWIINK ITyTh OT HEKOTOPOH
HCXOIHON TOUKU JIO ONpPEASICHHOTO MECTa Ha3HaueHUs. BronHe BEeposATHO, BaM
TpeOyeTCs BBHIOIHUTE HECKOIBKO 33714 JI0 HACTYIUICHUS yCTAHOBJICHHBIX CPOKOB,
B TAKOM CIIy4ae Bbl 3aMHTEPECOBAHbI B YIOPSIIOYEHUH BBIIIOJIHEHUS 3THUX 3a/1a4,
JUISL TOTO YTOOBI BOBPEMsI BCE UX 3aBEPLINTh.

I/ITaK, 3a4€M K€ M3y4aTb aJIrOpPITMBI?

BaskHocTh 17151 Beex oTpaciieii computer science. Bo-nepBrIx, TOHNMaHIE OCHOB
QITOPUTMU3AIINHI ¥ TECHO C HEH B3aMMOCBSI3aHHOM c(hepbl OpraHU3aIUU CTPYKTYP
JIAaHHBIX HE0OXOUMO JIJIS BBIMOIHEHHS CEPhe3HOM pabOThI MPAaKTUYECKH B JTFO00H
orpaciu uHpopMaruku. Harmpumep, B CToHOOPACKOM YHUBEPCHUTETE TSI TIONTY-
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yeHwus Jiroboii crenenn o Computer Science (Oyap To OakanaBp, MarucTp Hayk
U Ja)ke JOKTOP HayK) 00s13aTeNIbHO TpeOyeTcs MPOTH Kype anroputMoB. [Ipuseny
BCEr0 HECKOJIBKO IIPHUMEPOB!

1. TIpoToKONBI MapmpyTH3alMd B KOMMYHHUKAI[MOHHBIX CETSAX 3aJCHCTBYIOT
KJIACCHUECKHUE ANTOPUTMBbI TOUCKA KPaTYANIIero myTH.

2. Kpunrorpadus ¢ OTKPBITBIM KJIFOYOM OIHpaeTcsl Ha d(PEKTUBHBIC TEOpe-
THUKO-YHCJIOBBIE aJITOPUTMBI.

3. KommeroTepHast rpaduka TpeOyeT BBIYUCIUTEIBHBIX IPUMHTHBOB, IPEIO-
CTaBJIIEMBIX T€OMETPUUECKUMH aJITOPUTMAMHU.

4. WMunexcanus B 6a3ax TaHHBIX OIMHUPAETCS HA CTPYKTYPBI JaHHBIX COATaHCH-
POBaHHBIX JIEPEBbEB MOUCKA.

5. BeruucnurensHas OUOIOTH HCIOJIB3YCT aJITOPUTMbI JTUHAMHWYECKOI'O IIPO-
I'paMMHUPOBaHUSA OJIs1 UBMEPCHHA CXOACTBA TCHOMOB.

HpI/IBeZ[eHHLII\/'I CIIMCOK MOXXHO IMPOAOJIKATh.

JIBUraresib TeXHOJOrMYeCKUX WHHOBALMiA. BO-BTOPBIX, allrOPUTMBI UTPAIOT
KJIIOUEBYIO POJIb B COBPEMEHHBIX TEXHOJIOTHYECKUX MHHOBaUAX. [IpuBeay Tosb-
KO OJIMH OYEBUAHBIA MPUMEP: MOUCKOBBIE CHCTEMBI UCITOJIB3YIOT IS0 MO3anKy
QITOPUTMOB IS (PPEKTUBHOTO BBIYHCIICHHUS PEICBAHTHOCTH PA3IUYHBIX BEO-
CTpaHMI] 3aJJaHHOMY TIOMCKOBOMY 3anpocy. Hanbonee u3BeCTHBIM MOA0OHBIM
aJTOPUTMOM SIBJISIETCS AJITOPUTM PageRank, HCIIOJIb3YEMBIH B HACTOSIILIEE BPEMSI
Google. B camom gene, B goknane 3a aexkadbps 2010 rona nis bemoro gjoma
CIIIA npe3uieHTCKUi KOHCYJIBTaTUBHBIA COBET HAa HayKe M TEXHUKE Hamucal
clleylollee:

«Bce 3uarom 3axon Mypa — npedckazanue, coerannoe 6 1965 2. coyupe-
oumenem Intel I'opoonom Mypom o mom, umo HAOMHOCIb MPAHZUCHIOPOB
8 UHMESPATLHBIX cXemax Oyoem yosaueamvcs kaxcovie 1—2 2ooa... Bo mHoeux
obracmsx npupocm npou3800UMeIbHOCIU 3a CHem YIYYUeHUs Al20PUmMmos
3HAUUMENLHO NPEBLICU Oadice BNeYamIAIOWULL POCT NPOU3BOOUMETbHOCIU
3a cuem yGenuteHus. CKOpoCmu PoYeccoposy’.

! Boimepikka u3 A0OKIa/a MPe3uIeHTy W KoHrpeccy: IlpoekrupoBanne nudposoro Oymy-
iero, nekadbpe 2010 . (c. 71).
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HoBblii B3rJ1si1 Ha JOCTUKEHMS APYTUX HayK. B-TpeTbux (XOTsl 3TO BBIXOIUT
3a paMKH 3TOH KHHUTH), aITOPUTMBI Bce Oosiee U OoJiee UCIONb3yI0TCS B Ka4yecTBe
CYBCJIMYUTCIIBHOI'O CTCKJIa», YTOOBI T1IO0-HOBOMY B3IVIAHYTH Ha HAYYHBIC HpOGJ'ICMLI
3a npeaesiaMu computer science u IT. Harpumep, ucciesioBaHie KBAHTOBBIX BbI-
YUCICHUH 00€CTIeYHIIO HOBBIN BEIYMCIUTENbHBIN B3IV HA KBAHTOBYIO MEXaHUKY.
LlenoBbIe KoeOaHMs HA YKOHOMUYECKUX PBIHKAX MOTYT IIJIOIOTBOPHO paccMaTpH-
BaTbCsI KaK aJITOPUTMHUUECKUI npoLecc. Jlaske IBOIIOLMI0 MOXKHO pacCMaTpUBaTh
KaK yIUBHUTEIbHO 3(PPEeKTUBHBIN aXropuT™M MOUCKA.

I'mmHacTika 118 Mo3ra. Bo BpeMeHa CTy/ieHIeCcTBa MOMMH JIFOOMMBIMH BCer/ia
ObUIH CcTIOKHBIE TTpeaMeThl. [Tocne uX 0CcBOeHMS BCer/la 0CTaBajoCh ONIYIICHUE,
YTO 51 CTAHOBWJICS] HA HECKOJIBKO IMyHKTOB [Q ymHee, ueM B Havasie nzyuenus. Ha-
JICI0Ch, MOSI KHUT'A TTO3BOJIUT BaM TIOJYYUTh aHAIIOTHYHBIA OTIBIT.

VYnoBoabcrBue! S HameoCh, 4TO K KOHILY 3TOM KHUTH BbI IOWMETE, TIOYEMY pa3pa-
00TKa 1 aHAJIN3 AITOPUTMOB IIPOCTO IPUHOCUT Y0BOJILCTBUE! DTO YBIIEKATEIbHOE
3aHATHE, KOTOPOE TPeOyeT PEAKOTO COYeTaHUsI TOUHOCTH M KpeaTuBHOCTH. Pas-
yMeeTcs, BpeMeHaMHt 3Ta paboTa MOXET pa30dapoBBIBATh, HO OHA TaK)KE OYCHb
3arsruBaeT. U napaiite He OyJeM 3a0bIBaTh O TOM, YTO O0yU€HHE aIropuTMam, Io
CYTH, COIIPOBOXK/IACT BaC C CAMOTO JICTCTBA.

1.2. Lleno4yncneHHoe yMHOXeHune

1.2.1. 3apaum n pewieHns

Korza BbI y4miiuch B HaUaJIbHOM IIKOJIE, BBI, CKOPEE BCETO, U3y4all YMHOKCHHE
JIByX YHCEJI B CTOJIOUK, YTO, T10 CYTH, SIBJISICTCS AITOPUTMOM — YETKO CHOpMYyJIH-
POBaHHBIM HAOOPOM MPABHII JIJIsI TPe0OPa30BaHUsS BXO/a (J1Ba YMCIIa) B BBIXOJ (HX
mpou3BecHue). Beerna BaKHO MOHMMATh pa3HUILy MEXKIY MOCTaHOBKOU (Omuca-
HUEM) peuiaemor 3a0a4u A OTTMCAHUEM Memooa ee peuterus (TO eCTh aITOpUTMa
9TOM 3a1aur). B 3TO# KHUTE MBI OyJIeM CHCTEMATHYCCKU MIPUICPKUBATHCS CXEMBbI,
B KOTOPO#1 CHauaJ1a MPOU3BOUTCS IOCTAHOBKA BHIYUCIUTEIBHOM 3a1a4 (JTaHHbIC
Ha BXOZIe ¥ TpeOyeMblii pe3yJIbTaT Ha BBIXO/IE), & 3aTeM JIAeTCs OIMCAHUE OJHOTO
WJIH HECKOJIBKUX aJITOPUTMOB €€ PELICHHUSI.
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1.2.2. 3apga4ya ueno4YUCNIEHHOro YMHOXEHUSA

B 3anmaue 11€7104MCIEHHOIO YMHOXKEHUSI BXOJHBIMHU JaHHBIMU SIBIISIOTCA JIBa
n-pa3psiIHBIX Yuclia, 0003HAYUM UX X U V. Pa3paaHocTh (JyIMHA) 77 YUCeNl X U )
MOXET OBITh JIFOOBIM MOJOKUTEIBHBIM IIETBIM YicIoM. OHAKO S MPU3BIBAI0 BAC
OIIepHPOBATh OOJBIIMMH 3HAYECHHUSMH 71, B Thicsiuax win Oonee'. (IIpencrasbre,
YTO BbI pazpabaTbiBaeTe HEKOE KpUITorpaduieckoe NpuiiokeHne, Belb OHU Ma-
HUITYJIUPYIOT OYCHB OOJBIINMH YHCIIaMH. ) B 3a1aue nenouncieHHoro yMHOKEHHS
TpeOyeMBIM BBIXOIOM SIBIISICTCS PE3YIBTAT IPOU3BEICHHS X X ).

3AJJAYA. HEJJOYUCJITEHHOE YMHOKEHUE
Bxon: 1Ba n-3HaYHBIX HEOTPHULIATENILHBIX LIEbIX YUCIIA, X U ).

BwoIxoa: mpousBeneHue x X y.

1.2.3. Anropmtm Ha4yasibHOM LUKOJIbI

To4HO ompenenuB BEIYUCIUTEIBHYIO 3a/1a9y, MBI OMUILIEM aJTOPHTM, KOTOPBIU
€€ pellaeT, — TOT CaMblil aJITOPUTM, KOTOPBII Bbl U3y4alld B HauaJlbHOH LIKOJIE.
MBI OLIEHUM TPOHU3BOIUTEIHHOCTD ITOTO ANTOPUTMA YUCIOM «IIPUMHUTHBHBIX
OIIepaIHiD», KOTOPBIC OH BBIIIOJHSCT, B BHIE (DYHKIUH OT KOJHMUYCCTBA 3HAKOB 1
B KaXIoM BXOJHOM umcie. [loka jxe jaBaiiTe npeacTaBUM NPHUMUTHBHYIO OIle-
panuo Kak Jiro0yro U3 ciaeayromux: (1) cIoKeHHe IBYX OJHOPa3psaHbIX (7 = 1)
gucen; (ii) YMHOXKEHHE JBYX OAHOPAa3psAAHBIX uncen win (iii) Jo0aBieHue HYIIs
K Ha4aJly WM KOHILY YHCIIa.

UToObI OCBEXKHTH Bally NaMATh, PACCMOTPUM KOHKPETHBIH MPUMEpP YMHOKEHUS
x=5678 nay=1234 (3neco n =4) B cTon0uk, cM. puc. 1.1. CHauana aroput™ Bbl-

! Ecnu BBl XOTHTE TIEPEMHOXUTH YKCITa C pa3HbIMHU JIMHAMH (Harpumep, 1234 u 56), po-
CTO 100aBBTE HECKOJIBKO HyJIeH B Ha4aJI0 MEHBILETO Ynciia (HalpuMep, paccMaTpuBaiTe
56 kak 0056). C npyro# CTOPOHBI, JITOPUTMBI, KOTOPBIC MbI OOCYIM, MOTYT OBITh ITPH-
CrOCOOJICHBI JIJIsSl YKCET C PA3HOU JITTHHOM.
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YUCIIET «Y4aCTUYHOE TPOU3BEIICHHUE ITEPBOTO YKCIIa U MOCISTHEH IUPPHI BTOPOTO
yucina: 5678 x 4 =22 712. BeraucneHue 3Toro 4aCTUYHOTO MPOU3BEICHUS CBOUTCS
K YMHOXCHHUIO KXJ0U NU(GPBI IEPBOTO YKcia Ha 4, 3aMCH MITAJIIIETO pa3psaa
pe3ynbTara, 3aloMIUHAHHIO («IIEPEHOCY» Ha CIETYIOIINA 3Tall) CTapIlero pa3psa
¥ T00ABJICHUIO 3TUX «IIEPEHOCOBY (E€CIM OHM €CTh) Ha CIICAYIOIIEeM YMHOKEHUH' .
[Ipy BEIMHCICHUH CIEAYIOMIEr0 YaCTHIHOTO Tpon3BeaeHus (5678 x 3 =17 034)
MBI JIeJIaeM TO K€ caMoe, CIIBUTAasl Pe3yJbTaT Ha OJMH 3HaK BIEeBO ((hakTHUeCKH
nobaBisist «0» B koHIle). M Tak manee Juisl OCTaBIIUXCS JIByX YACTUYHBIX TTPOU3-
BeIEHUN. 3aKIIOYUTEIBHBIN IIar COCTOUT B TOM, YTOOBI CIIOXKUATH BCE YaCTHUYHEIE
TIPOU3BEACHHUSI.

TOFIIEI B TPETHEM KJIaCCE€ BbI, BEPOATHO, COTIIACUIIUCH, YTO OTOT aJITOPUTM SABJISACTCA
NpaBUJIbHBIM, UMEsI B BUAY, UYTO HEBAXKHO, C KaAKUX YHUCCII X U Y HAYUHATb. HpI/I
YCJIOBUHU, UTO BCC MMPOMEIKKYTOUHBIC BBIYUCICHUS BBIITOJIHAOTCSA IIPAaBUJIBHO, aJIT'0-
PUTM B KOHCYHOM HTOTC 3aKAaHYMUBACTCA IMOJYYCHUEM PE3yJibTaTa MMPOU3BEACHUA
X Xy IBYX UCXOOHBIX YHUCECII.

5678
X 1234

17034 \ .
1 CTPOK < 2n onepanuit
11356

5678

7006652

(Ha cTpoKy)

Puc. 1.1. Aroput™m LEN0YNCNIEHHOO YMHOXEHNS B CTONOUK

Takum o6pa30M, Bbl HUKOT1da HC IMOJY4YUTEC HeraBHJ’IBHLIfI OTBET, U AJITOPUTM HE
MOXKET 3alIUKIINTHC.

18 x 4 =32, 2 umem, 3 «mepeHocum», 7 x 4 = 28, twrioc 3 pasusercs 31, 1 mumem,
3 mepeHocuM, M TaK Jajiee...
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1.2.4. AHanu3 Yucna onepauumn

Barnr mikobHBIH yaUTEIh, BO3MOXKHO, HE 00CYKIaT YACIO MPUMHTHBHEIX OIepa-
LU, HEOOXOIMMBIX ISl 3aBEPIICHHUS MPOLEAYPbl YMHOXKEHHS B cTOJIOUK. B Ha-
[IeM TIpUMEpe, AJIST TOTO YTOOBI BEIYMCIUTH MEPBOC YACTHYHOE MPOU3BEACHNUE,
MbI YMHOXWIN 4 pasza KaxIyro u3 mudp 5, 6, 7, 8 mepBoro 4yuciaa. ITo YeThIpe
MIPUMHUTHBHBIE oniepatuy. Mbl TaKkKe BHITIOIHIIIN HECKOJIBKO CIIOKEHHUH U3-3a Iepe-
HOCOB. B 00111eM CiTyyae BEIYHCICHIE YaCTHYHOTO TPOU3BEACHHS BICUET 3a COO0M
1 yMHOXXEHUH (OJTHO YMHOKEHHUE Ha OJTMH 3HAK) M HEe OoJiee /1 cIoKeHui (He Ooee
OJIHOTO Ha OJIUH 3HaK). Becero momyuaercs He 0osee 27 NPUMUTUBHBIX ONEPALU.
[lepBoe yacTHYHOE MPOU3BEICHUE HUUEM HE OTIIMUACTCS OT IPYTHX, U KAKI0E U3
HUX TpeOyeT He Oonee 2n omeparuid. [I0CKOIBKY UMEeTCs 77 YaCTHIHBIX MPOH3-
BEJICHUH — IO OJJTHOMY Ha Ka)Iblif 3HaK BTOPOTO YHCJIa, — BBIYHUCICHUE BCEX U3
HUX TpeOyeT He Oonee n X 2n = 2n® IPUMHUTHBHBIX oniepaiiii. YToObl BHIYUCIHUTD
OKOHYATEJIbHBIN OTBET, HAM BCE €11 HYXKHO BCE YACTUYHbIE [IPOU3BEACHUS CIIOKUTD
BMECTE, HO JUIs 3TOT0 TpeOyeTcs COOCTaBUMOE UUCIIO onepaiuii (He 6onee ueM
ete 2n%). [logBeaeM UTOTH:

o 2
061{466 KoJluyecmeo onepayuu < KOHCmMaHmax n
_— .
=4

Paccyxnas o Tom, kakuM 00pa3oM 00beM pabOThI, KOTOPBIA ATOT AJITOPUTM BbI-
TIOJTHSCT, 803pacmaent TI0 MEPEe TOTO, KaK MCXOHbIE MHOXUTEIIN CTAHOBSITCSI BCE
JUJIMHHEC U JJIWHHEC, Mbl BUAUM, YTO O6’LeM BBIITOJIHSICMbIX onepauﬂﬁ paCTeT
KBaJI[PaTHYCCKH, CIIEys 32 YBEJIMUCHUEM Pa3psAAHOCTH. ECIu yIBOUTH JUTHHY HC-
XOJIHBIX MHOXKUTENEH, TO TpeOyeMbIii 00beM olepariyii moJICKakuBaeT B 4 pasa.
VBenuubTe UX ANMHY B 4 pas3a, 1 OHa MOACKOUUT B 16 pas, u Tak gaiee.

1.2.5. MoXxHO nn poouTbCcH ny4ywero?

B 3aBucuMoOCTH OT TOTO, KAKUM TPETHEKIACCHIKOM BBI OBLITH, BBl BIIOJTHE MOTIIH
MPUHATH 3Ty OPOLEAYPY KaK YHUKaIbHBIA UIH, 110 KpallHEeld Mepe, ONTUMAalb-
HBIH c1I0CcO0 YMHOMEHHUS JBYX 4Hcel. ECiau BBl 3aXOTUTE CTAaTh CEPhE3HBIM
MIPOCKTUPOBIIINKOM aJITOPUTMOB, TO HYXXKHO OyIET IMPEOIONIeTh ATy POOOCTB.
Kiraccuueckas kaura no anroputMam Axo, Xonkpodra u YibpMmana, mocie
UTEPATHUBHOTO PACCMOTPEHUS IEJIOTO PsAa METOAUK Pa3pabOTKU aJrOPUTMOB,
TOBOPUT ClIEyIOIIee:
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«/na xopouie2o pazpabomuuxa anzopummos, NO#CALYil, CAMblll BAHCHBIL NPUH-
yun cocmoum 8 mom, Ymoobvl OMKA3AMbCA OM CO2NAUAMETLCMEAN .

Wnm xak s 100110 TOBOPHUTH, UTO KaXKABIH pa3padOTUYHMK aIrOPUTMOB JTOJKEH
MIPUHATH KaK JOJDKHOE!

Mooicro nu dobumuvcs ayyuweeo?

OToT BOIIPpOC 0Cc00EeHHO AKTyaJICH, KOT1a Bbl CTAJIKHUBACTCCh C OUYCBUAHBIM UJIN
MIPsAMBIM PEIICHHUEM BBIUMCIIUTEIbHOM 3a/1aun. B TPETHEM KJIACCC BbI, BO3MOXKHO,
HE 3a1aBaJIMChb BOIIPOCOM O TOM, MOKHO JIKM BBICTPOUTDH ITYTh PCIICHUA JIYyUIIE, YEM
9TO ACJacT HpOCTOﬁ KJ1aCCUYECKUM AJITOPUTM YMHOXXCHHS B cronouk. Hacrano
BpEMs 3a1aTh 3TOT BONPOC U JaTh HA HETO OTBET.

1.3. YMHOXeHue KapauyObl

Pa3paboTka anropuTMoB — yIMBHUTEIBHO Pa3HOCTOPOHHSA cdepa. besyciosHo,
CYIICCTBYIOT JPYT'He MHTEPECHBIE METO/IbI YMHOYKCHUS IBYX IIEJIBIX YHCEII, TOMUMO
TOTO, YTO BbI U3y4aJld B TPEThEM Kjlacce. B aToM pasnesie onucelBaeTcst OQUH U3
TaKMX METOJIOB, T10]] Ha3BaHUEM ymHodiceHue Kapayyoul®.

1.3.1. KOHKpeTHbIn npumep

UToO6bI MOTYBCTBOBATH, UTO Takoe yMHO)KeHHE KapairyOsl, naBaiiTe CHOBA BOCIIONb-
3yeMCs HalllUM NPebLAYIIHUM IpUuMepoM ¢ x = 5678 u y = 1234. Mbl BbIIIOJIIHUM TIO-
CJIE/I0BATENILHOCTB 11ar0B, COBEPIICHHO OTIHYAIOLIYIOCS OT aJITOPUTMA HaYaIbHOU
HIKOJIBI (YMHOXKEHHUS B CTOJIOUK), PE3yNIBTaTOM KOTOPOTO SIBJISICTCSI IPOU3BEICHUE X
X 3. DTOT HOBBIH aJIFOPUTM JIOJDKEH II0KA3aThCsl BaM OYEHb 3aralo4HbIM, IOX0KUM
Ha (OKyC BBIHIMAHUS KPOJIMKa U3 IUIAIEL [1o3xe B 3TOM pa3jiene MbI JaliM TOd-
HOe 00BsICHEHUE TOT0, YTO Takoe yMHO)keHue KapairyObl 1 moueMy oHO paboTaeT.

I Cm.: A. Axo, JIx. Xonkpodt, Jlk. Yneman. ITocTpoeHre u aHaIN3 BHIYMCIUTEIBHBIX
anroputMoB. M.: Mup, 1979 (Alfred V. Aho, John E. Hopcroft, and Jeffrey D. Ullman,
The Design and Analysis of Computer Algorithms, Addison-Wesley, 1974, page 70).

2 O6uapyxen B 1960 romy Anaronuem Kapaity6oit, KOTOPBIA B TO BpeMst ObLUT 23-JIETHUM
CTYACHTOM.
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Celiuac m1aBHOE — Ha 3TOM IIPUMEPE OLIEHUTb, YTO CYLIECTBYET MOTPACAIOLIUHI
BOOOPaXEHHUE MACCUB PA3IMYHBIX BAPHAHTOB PEIIECHUS BHIYMCIUTEIbHBIX 3a/1ad,
B YaCTHOCTH IEJIOYUCICHHOTO YMHOKEHHUSI.

Jiis Hayanma 0603HaUUM MEPBYIO U BTOPYIO MTOJIOBUHBI YHCTA X KaK a U b, 4TOOBI
paccMmarpuBaTh UX OTIENbHO. J{Jis Hamrero mpuMepa noiayyaem a = 56 u b = 78.
AHanornyHbIM 00pa3oM MOCTYITNM C V¥, 37€Ch ITYCTh ¢ ¥ d COOTBETCTBEHHO 000-
3HAUAIOT NIEPBYIO U BTOPYIO TOJOBUHBI YUCIA Y, TO €CTh ¢ = 12 u d = 34 (puc. 1.2).

Puc. 1.2. lNpeacraBneHmne YeTblpex3HavHbIX YACEN KakK nap ABY3HAYHbIX YACEN

3aTeM MBI BBIMIOJIHUM IMMOCJEI0BATECIBHOCTh ONEPAIMi ¢ Yy4acTHEM TOJIBKO
JIBy3HAYHBIX 4UceN a, b, ¢ u d M, HAaKOHEIl, BOIIIEOHBIM 00pa3oM cobepem Bce
9JIEMEHTBI BMECTE. YBUIHMM, 4TO B UTOTE TO MPHUBEACT HAC K PE3yJIBTaTy Hpo-
H3BEJICHUS X U ).

Hlar 1: Beruucnoutes pousBenieHue a X ¢ = 56 x 12, xoropoe cocrasmusier 672
(MOXeTe MPOBEPUTH CaMH).

Iar 2: Beruucauts b X d =78 X 34 =2652.
Crnenyrolnue JiBa 1mara erie 0oyee HeloCTHKUMBIE.
Hlar 3: Boruucnuts (@ + b) X (¢ +d) =134 x 46 = 6164.

IITar 4: BeryecTsb pe3yabraThl IEPBIX JIBYX LIAr0B U3 PE3yJIbTaTa TPETHETO 111ara:
6164 — 672 — 2652 =2840.

Haxkowner, MBI CyMMHpyeM pe3yabTaTsl maros 1, 2 u 4, HO TOIBKO Mocie 100aB-
JICHUS YeThIpeX KOHEUHBIX HYJEH K OTBETY Ha mare 1 ¥ JAByX KOHEUHBIX HYyIeil
K OTBETy Ha 1iare 4.

Ilar 5: Beraucnurs 672 x 10*+2840 x 102 +2652 =6 720 000 + 284 000 + 2652 =
=70 066 552.
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Uto MBI BUAEM? DTO TOYHO TaKOH ke (MPaBIIIBHBIN) Pe3yabTaT, KOTOPBIH MOTY-
YWIICcs y HaC MpHU NPUMEHEHUH allTOPUTMa YMHOXKEHUS B CTOJIOUK B pasneine 1.2!

51 He TpeOyro OT Bac cpasy MHTYHTHUBHO MOHSTH TO, YTO TOJBKO YTO MPOU3OIILIO.
Ckopee, 51 HaJICIOCh, YTO BbI OIIYI[AeTe HEKOE COYETaHHE 03aJa4YeHHOCTH U WH-
TPUTH, ¥ OIEHWIN TOT (PaKT, YTO, TIOXOXKE, IEHCTBUTEILHO CYIIECTBYIOT alro-
PUTMBI TIEIOYUCIICHHOTO YMHOKEHUS, TPUHIMITHAILHO OTIMYAOIINECs OT TOTO,
C KOTOPBIM BbI [T03HAKOMUJIUCH €LIE B 1IKoJIE. Kak TONBKO BBI TOMMETE, HACKOJIBKO
cdepa aNropuTMH3AINHT pa3HO0Opa3Ha, BBl HAUHETE 33 TyMbIBATHCS HaJl BOTIPOCOM:
MOYKET OBITh, CYIIECTBYET YTO-TO 0O0JIee HHTEPECHOE, YEM aJITOPUTM YMHOKEHHS
B cTon0uK? Pa3Be MpuBeCHHBIN BBIIIIE AITOPUTM HE TIO3BOJIUII BaM MTPOJIBUHYTHCS
B 9TOM INOHUMAaHUN?

1.3.2. PeKypCuBHbIN aNroputm

[Ipexxne ueM BIUIOTHYIO 3aHITHCS YMHOXeHHEM KapairyObl, naBaiite HEMHOTO
noapoOHee pacCMOTPUM, B YEM CYTh MPOCTOrO PEKypCUBHOIO MOAXOJa K LIEJOo-
YHCIICHHOMY YMHOKEHHIO!. PeKypCHBHBIN aJITOPUTM EJIOUMCIICHHOTO YMHOKSHUS,
OYEBHIHO, CBS3aH C YMHOXKCHHEM YHCEN C MCHBIIINM, YeM Y CXOIHBIX, KOJIIUe-
CTBOM 3HaKoB (Hampumep, 12, 34, 56 u 78 B mpuBEI€HHOM BBILIE [IPUMEPE).

B 06111em ciyuae 4MciIo X ¢ YUeTHBIM KOJTMYECTBOM 3HAKOB 72 MOXKET OBbITh BHIPAXKEHO
B BUJIC JIBYX 7/2-3HAUHBIX YKCEN (€0 MEPBOM U BTOPOU MOJOBHHBI, KOTOPHIC MBI
0003HAYMITN KaK a U b):

x=10"xa+b.
AHAaJOTUYHO IS YKCIA ):

y=10"xc+d.

' 51 HCXOKy H3 TOTO, YTO BBI CIIBIILIAIH O PEKYPCHH B PAMKaX BAIIero OIbBITA IPOrPAMMH-
poBaHus. PekypcuBHas mporeaypa — 3TO MpOoLeLypa, KOTOpask BBI3bIBACT camy ceost
KakK MOIIPOrpaMMy ¢ MEHBIIHUMH [0 00beMy BXOIHBIMU JaHHBIMH J0 TEX TI0p, TIOKa HE
OyZeT TOCTUTHYT 0a30BbIN CITydaii.
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YT100OBI BLIYUCINATE IIPOMU3BEACHUC X U ), BOCIIOJIB3YEMCA JIBYMS IIPUBCACHHBIMU
BBILIC MPEACTABJICHUSAMU YHUCCII X U Y U IMTPOCTO MEPEMHOXKUM UX. HonyqaeM

xxy=10"xag+b)x (10" xc+d)=
=10"x(axc)+ 10 x(a xd+b xc)+bxd. (1.1)

OOparuTe BHIMaHKE Ha TO, YTO Bce yMHOXeHHUs B (1.1) JIMOO MPOUCXOIAT MEKITY
napamMu 71/2-3Ha4HbIX YHCE, THOO0 CBA3aHBI C BO3BEACHHEM B CTENeHb uncia 10,

Beipaxenue (1.1) mo3BoJisieT Jydiiie MOHITh PEKYPCHBHBIN MOIX0/ K yMHOKCHHUIO
IBYX ynces. UToObI ITOyYnTh IPOU3BEICHHE X X Y, MBI IPOU3BOIUM pacdeT Gop-
mysbl (1.1). Bo Bcex yeThlpex MpUCYTCTBYIOIINUX B HEH MPOW3BENCHHSX (a X c,
axd,bxcub xd)3aneliCTBYIOTCS YHCIa C KOTMYSCTBOM 3HAKOB MEHBIIIE 71,
MOATOMY MBI MOXKEM BBIUYHCIHUTH KaXKJ0€ M3 HUX peKypcHBHO. Kak ToJbKO Halu
YeThIPEe PEKyPCHUBHBIX BbI30Ba BO3BPAILAOTCS K HAM CO CBOMMH Pe3yJIbTaTaMHt, MbI
MOXKEM BBIYUCINUTH BhipakeHue (1.1) B siBHOM Buje. [IpucTaBisieM 71 KOHEUHBIX
HyJell K IPOU3BEICHUIO @ X ¢, CyMMHUPYEM MPOU3BeACHUs @ X d u b X ¢ (00b14HOE
apuMeTHIeCKoe CIIOKEHHE) U MPUCTABIISIEM 7/2 KOHEYHBIX HyJIEH K 3TOH cymMme,
1, HAKOHEll, MPUOABIISIeM 3TH JIBA BBIPAKEHUS K MPOU3BeeHUI0 b X d*. Temnepb
JlaBaiite 0000IIMM TOT aJIrOPUTM, KOTOPBIH MBI Ha30BeM RecIntMult, B ciiemy-
FOIIIEM TICEBIOKOAE’.

J171st mpOCTOTHI MBI IPUHUMAEM JOITYTIIEHHE, UTO /1 ABJISIETCS cTenenbio uncina 2. [Ipocroit
MIpUeM, KOTOPBIH TTO3BOJISIET MCIIONB30BATh ATO JONYLIEHNE, — J00aBICHHE COOTBET-
CTBYIOIIET0 KOJIMUECTBA HYJIEH K X U y, 4TO He OoJiee 4eM yABauBaeT Pa3psaHOCTb dTHX
gucen. C Apyroit CTOpOHBI, KOTIa # — HEYETHO, BCETIa MOYKHO TAKOKe pa3OUTh X U Y HA
JIBa YMCIIa C TIOYTH PABHBIMH JTTHHAMHU.

PexypcHBHBIE aITOPUTMBI, €CTECTBEHHO, HY)KIAIOTCS B OHOM HJIH HECKOIBKUX 0a30BBIX
CITy4asix sl TOTO, 9TOOBI OHHM HE 3alMKJINBAINCH 10 OECKOHEUYHOCTH. 37eCch 0a30BBIit
CITydail: €CITH X U ) SIBISIFOTCSI OMHO3HAYHBIMH YHCIIAMH, TO HEOOXOAMMO MPOCTO Tepe-
MHOYKHTB UX OTHOHM IIPIMHUTHUBHOM OTIEpAIei 1 BBIIATH PE3YIIBTAT, 3aKOHUUB aJITOPUTM.
B niceBnoxone MbI UCIIONB3YeM CHMBOJ = IJIsl 0003HAUSHNS IPOBEPKU Ha IKBHBAJICHT-
HOCTb ¥ CHMBOJIBI = JUIT 0003Ha4YEHHMs IPHCBANBAHUS TEPEMEHHOM.
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RECINTMULT
Bxon: nBa n-3HAYHBIX MONOKUTEIBHBIX LENBIX YUCHA, X U ).
Boixon: npoussenenue x X y.

I[onymelme: 7 SABJISIETCS] CTETIEHBIO Yuca 2.

if n = 1 then // 6a30Bbll cny4an
BBIYUCIIUT X X ) 3@ OJMH ILIar ¥ BBIAATH PE3YJIbTaT
else // PpeKypCHuBHbIA cny4dan

a, b = niepBas 1 BTOpasi MOJOBHHBI X

¢, d ;= TiepBas ¥ BTOPasi IIOJIOBUHBI )
PEKYPCHBHO BBIYHCIUTD ac :=a X ¢, ad :=a X d,
bc:=bxcubd:=bxd

BBMUCINTE 10" X ac + 10" x (ad + bc) + bd,

UCTIONB3YS apUPMETHICCKOE CIIOKECHUE, U BBIIATh PE3YJIbTAT.

SIBnsiercst i anroput™M RecIntMult Oosee ObICTPBIM, YEM AJITOPUTM YMHOKEHUS
B cTo10MK? KoHEeuHO, MOYKHO OOpATHTHCS K CBOCH MHTYHUIMH, HO JIyUIIIe BCE Ke
MOJI0’KJaTh 10 IMIaBbl 4, TaM Bbl HallJIeT€ TOUHBIM OTBET Ha 3TOT BOIPOC.

1.3.3. YMHOXeHue Kapauy0bl

YMuoxkenune KapamyOsl sBIsICTCS ONTHMH3UPOBAHHON BepCHEH anropurma
RecIntMult. MBI CHOBa HaYMHAEM C Pa3jOXKEHMs, cornacHo dopmyne (1.1),
MHOXKUTEJICH TIPOM3BEACHUS X X y Ha COCTaBISIONE a, b, ¢ u d. B anroputme
RecIntMult UCTIONB3YETCS YETHIPE PEKYyPCHBHBIX BHI30Ba, OUH JIJISI KAXKIOTO MPO-
usBezieHus B (1.1) mexxay n/2-3naunpiMu unciamu. Ho Hac coBceM He MHTEPECYIOT
a x dwunmm b X ¢ o OTAETBFHOCTH, HAC HHTEPECYET UX cymma a X d + b x c. Ilpn
HAJIMYUHU BCETO TPEX MPOMEKYTOUHBIX BHIYHCICHHUH, B KOTOPBIX MBI 3aHHTEPECO-
BaHbl — a X ¢,a X d+ b X cu b X d, — cMOXKeM JI1 MbI OOOHTHCH BCETO TPEeMsI

PEKYPCUBHBIMHU BbI30BaMH?
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UroOsl yOeauThCS B 9TOM, CHavaja, Kak | MPEX/e, ClenyeT IPUMEHUTD JIBa pe-
KYPCHUBHBIX BBI30Ba, YTOOBI BBIYHCIUTb @ X ¢ U b X d.

Hlar 1: PexypcUBHO BBIYUCINTE @ X C.
Ilar 2: PekypcuBHO BBIYUCIHTD b X d.

BMmecTo TOro 4ToOBI PEKypCHBHO BBIMHUCIATE d X d Win b X ¢, Mbl peKypCHBHO
BBIYHUCIISIEM TIPOU3BEICHHE MeKIy a +buc+d!.

lar 3: Beruucnutb a + b u ¢ + d (00b19HOE apu(METHUECKOE CIIOKEHHE), U pe-
KYPCHUBHO BBIYHCIIHTB NIpou3Beenue (a + b) x (¢ + d).

KitoueBoit nmpuem ymHoxkeHust KapairyOwr o0s13aH maremaruky XIX Beka Kapiy
Opunpuxy ["ayccy, KOTopbIif H3ydan yMHOKEHHE KOMIUICKCHBIX Yrcell. Beranranue
PE3YNBTATOB NEPBBLIX ABYX MIArOB U3 PE3YyJibTaTa TPETHEIO Hara Ja€T UMEHHO TO,
YTO MBI XOTHM: CpenuHHBINA Ko duiment B (1.1) — BeipakeHue a X d + b X ¢:

(a+b)x(c+d)—axc—bxd =axd+bxc.
[\ A —)

=axc+axd+bxc+bxd

ITar 4: BeruecTsb pe3yabraThl IEPBLIX ABYX LI1aroB U3 Pe3yJbTaTa TPETHEro 11ara,
YTOOBI MMOJTYYnTh a X d + b X c.

3aKITIOUYUTENBHBIN Iar IpeCcTaBisieT coboit popmyry (1.1), kKak u B anroputme
RecIntMult.

Ilar 5: Beruncauts dopmyiy (1.1), cioxus pesynprarsl mwaros 1, 2 u 4, nocie

2 b
nobOasienust 10" KoHEUHBIX HyJeH K oTBeTy Ha mmiare 1 u 10”2 KOHEUHBIX HyJIei
K OTBETY Ha 1miare 4.

' Yucna a + b u ¢ + d MoryT umeTh J10 (n/2) + 1 3HaKOB, HO AITOPUTM TMO-TIPEIKHEMY pa-

0OTaeT OTIIMYHO.
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KARATSUBA
Bxoa: 1Ba n-3HAUHBIX MOJIOKUTEIBHBIX LIETBIX YHCTIA, X H V.
Boixon: mpousBenenue x x y.

I[onymelme: 7 SABJISIETCS CTETIEHBIO Yuca 2.

if n = 1 then // 6a3o0Bblit cny4dait

BBIUYMCIIMTE X X ) 3a OJMH ILIar U BbIAaTh PE3yJIbTarT
else // PpeKypCHWBHbIA cny4dan

a, b = niepBas 1 BTOpasi MOJOBHHBI X

¢, d := epBas ¥ BTOPas IIOJIOBUHBI )

BBIYUCIUTE p :=a + b ¥ ¢ = ¢ + d, ucnons3ys
aprdMeTHIecKoe CIOKEeHHUE,

PEKYpPCUBHO BBIYUCIUTH ac :=a X ¢, bd :=b - dn
pPq=p*q

BBIUUCIUTE adbc = pq — ac — bd, uciones3ys
apudmMeTHIecKoe CIoKEHHE,

BBIUUCIUTD 10" X ac + 10"? x adbc + bd, ucrions3ys

apu(pMETHIECKOE CTIOKEHHE, U BBIAATH PE3YJIbTAT.

Taknm o6pazom, ymHOkeHHE KapaiyOb! HCTIONB3YET BCETO TPH PEKYPCUBHBIX BbI-
30Ba! DKOHOMUSI Ha OTHOM PEKYypPCHBHOM BBI30BE JOJDKHA COKOHOMUTH Ha 00IIeM
BPEMEHHU HUCIIOIHEHUS], HO HA CKOIIbKO? AropuT™ Karatsuba ObICTpee IIKOIBHOTO
QITOpUTMa YMHOXEHHUS B cTOJIOMK? OTBET HA ATOT BOIIPOC JAJIEKO HE OYCBHICH.
Opmnako Ha ero mpumepe OyAeT JIerko MPOUJLTIOCTPUPOBATh IPUMEHEHHE HHCTPY-
MEHTOB aHaJIM3a BPEMEHH HCTIOJHEHHUS aJITOPUTMOB THIIA «PA3ZENIsil ¥ BIaCTBYI»,
KOTOPbIE MBI PACCMOTPHUM B I7IaBe 4.
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O NCEBAOKOAE

B aTton kHure aJIrTOPUTMbI ONMNCBLIBAKOTCA C NCMOJIb3OBAHNEM KOM6VIHaLJ,l/II/I
BbICOKOYPOBHEBOIO ncesaokoaa u 0ObIYHOr0O YeJsI0BEeYeCcKOoro a3bika (KaK
B 3TOM pasgene).

9 MCXO0XyY N3 TOro, YTO Yy BaC €CTb HAaBbIKM TPAHCSILMY TAKNX BbICOKOYPOBHE-
BbIX (00LLMX) onmncaHuin B pabo4mii Ko Ha BalleM JIIoOMMOM A3bIKe MPorpam-
MUpOBaHUSA. HeCKONbKO APYrMX KHUI 1 PECYPCOB B MHTEPHETEe npeanaratoT
KOHKPETHbIE peann3aunmn pasnyHblX anropuTMOB Ha ONMpPeaeneHHbIX S3blKax
NporpaMM1poBaHus.

Bo-nepBbix, NperMyLLEecTBO B NPEANOYTEHNN BbICOKOYPOBHEBBLIX OMUCaHNIA
Haf, peanusaumnsMu, cneundUdHbIMU 4151 KOHKPETHOMO A3blKa NPOorpaMmMmnpo-
BaHWs, 3aKJI04aeTCs B UX TMOKOCTU: XOTS 1 UCXOXY 13 Ballell OCBEAOMJIEH-
HOCTU B K&KOM-TO S13bIKE NMPOrPaMMUPOBAHUS, MEHSI HE MHTEPECYET, YTO 3TO
3a s3blk. BO-BTOPbIX, 3TOT NoAxo4, Crnoco6CTBYET NOHMMAHUIO aifOPUTMOB
Ha rny6oKOM 1 KOHLUEeNTyaibHOM YPOBHE, He 06peMeHeHHOM AeTaNisiMu HN3-
KOro ypoBHsi. OnbITHbIE MPOrPaMMUCTLI U CleumanmucTbl computer science
00bIYHO MbICAT 1 0OMeHMBatOTCst MHDOopMaumelt 06 anropuTMax Ha CToJb
e BbICOKOM YPOBHE.

Tem He MeHee HMYTO He MOXET 3aMeHUTb AeTaNbHOro NOHUMAaHUS anropuT-
Ma, KOTopoe BblTekaeT 13 pa3paboTku cBoel COOCTBEHHOM paboyei npo-
rpamMmebl. HacTtoatenbHO pekKoMeHayto BaM peasim3oBaTb Ha JNIOOVIMOM A3bIKe
NPoOrpaMMmMpPOBaHNA CTOJIbKO aJIFOPUTMOB N3 3TOW KHUMM, HACKOJIbKO Y Bac
XBATUT BPEMEHMU. (DTO Takke OyaeT OTIMYHbIM NOBOAOM YYHLLINTL CBOU Ha-
BbIKM NpOrpaMmmMmmnpoBaHus!)

[lns pa3BuUTUS CBOUX HABLIKOB MPOrpaMMmMpOoBaHnst BOCMOSb3yMTEeCh 3aa4amu
Mo NPOrpamMmM1pPOBaHUIO B KOHLLE MaBbl 1 COOTBETCTBYIOLLMMUN TECTOBLIMU
npvmepamu.




36 Fnasa 1. Beenetve

1.4. Anroputm MergeSort

Orot naparpad 1aeT BOSMOXXKHOCTh BOWTH BO BKYC aHAJIM3a BPEMEHH MCTIOTHEHHS
HETPUBHAJIBHOIO aJrOpuTMa — M3BECTHOIO aJIrOPUTMa COPTUPOBKH CIUSTHHEM
MergeSort.

1.4.1. AKTyanbHOCTb

ANTOPUTM COPTHUPOBKH CIUSIHUEM MergeSort — 3TO AOCTATOYHO CTapblid
allTOPUTM, H, 0€3yCIIOBHO, OH ObLI M3BecTeH [lxoHy ¢oH Heilimany eme
B 1945 romy. 3auem HauyMHATH COBPEMEHHBIN Kypc 00 alropuTMax ¢ TaKoro
cTaporo mpumepa’?

Crapoe, HO IO-Ipe:KHEMY HYKHOe. HecMOoTpst Ha TO 4TO aJIrOpUTMy MergeSort
yke 6omnee 70 €T, OH MO-MPEKHEMY SBIISICTCS OTHUM U3 TIPEANIOYTUTEHHBIX METO-
JIOB COPTHPOBKH. OH MINPOKO UCTIONB3YeTCs Ha MTPAKTHUKE U SBISCTCS CTAaHAAPTHBIM
QITOPUTMOM COPTHPOBKH B Psijie MPOTPaMMHBIX OMOIHNOTEK.

ITo KJIAaCCHYeCKH aJIrOPUTM THIA «pa3lesisiii U BaacTByi». Merononorus
pa3zpaboTKu aJITOPUTMOB «pa3zelisiii U BIACTBY» IMpencTaBisier co0oil oOmuit
MIOJIXO/ K PEIICHHIO 3aJ1ad, KOTOPBIA HAaXOAWUT MPUIIOKEHUE B PA3IMYHBIX 00Ja-
ct1six. Ee oCHOBHAs nziest COCTOMUT B TOM, 4TOOBI pa30UTh Ballly 3aja4dy Ha Oojee
MeJIKMEe MO0J3aJ]auu, PEeIUTh M0/A3a1a4l PEKyPCUBHO U, HAKOHEL], OObEIUHHUTD
peLIeHUs B UTOTOBOE PELIEHUE UCXOAHOM 3aauu. AJIIrOpUTM MergeSort sIBIIETCS
HJCATbHBIM CIIOCOOOM TTO3HAKOMHUTBCS C METOJIOJIOTHEH «pa3/iesisii U BIACTBY Y,
C Y4ETOM TeX MPEUMYILECTB, KOTOPBIE OH MpeAJIaraeT, 1 BOZHUKAIOIINX IIPH €ro
aHaJIM3e CIOKHOCTEH.

Bo3MoKkHOCTH YJIYyYIINTh TEXHUYECKYI0 MOATOTOBKY. [Ipencrosiiee u3yueHue
aJNropuTMa MergeSort MO3BOJMT BaM COCTABUThH SICHOE MPE/ICTABICHUE O TOM,
HACKOJIBKO XOPOIIIO UMEIOIIHECs] Y BAC HABBIKM COOTBETCTBYIOT MaTepHaIly 3TOi
KHUTHU. Sl HICX0XKY M3 TOTO, YTO y BaC €CTh JJOCTATOUHBII OIBIT B IPOrPaMMHPOBa-
HUU M MaTeMaTU4YeCKOM aHallu3e, 4TOObI (C HEKOTOPOH OpabOTKO) TIepeBeCTH
BBICOKOYPOBHEBOE OIKMCAHKE alropuT™Ma MergeSort B pabodyro mporpammy Ha
BaIlleM JIFOOMMOM SI3bIKE MPOrPAMMUPOBAHKS M OLICHUTH HAIl aHAJIU3 BPEMEHH
WCTIONTHEHNS anropuTMa. Ecnn 3ToT n ciaemyromuii pa3aens! OyayT BaM MOHSATHEI,
TO Yy Bac OTJIMYHBIC IAHCHI ISl TOHUMAHHUS OCTAIBbHON YaCTH KHUTH.
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BBenenue B pyKkoBoasiliiie NPUHIMIBLI aHAJIU3a aJaroputMoB. Ham ananmns
BPEMEHU HCIIOJIHCHUS aJITOPUTMa MergeSort pacKpbIBaeT psiji Oosee o0IuX py-
KOBOJIAIINX MPUHIUIOB. Takux, KaK TIOUCK OTPaHUYCHUH Ha BpEMs UCTIOIHCHHS
AITOPUTMA, KOTOPBIC aKTYaTbHBI JIs1 JTFOOBIX BXOTHBIX TAHHBIX 3aJJAHHOTO Pa3Mepa,
a TaKXKe BAXKHOCTH OIIEHKH TEMITOB POCTa BPEMEHH HCIIOJIHCHUS aJTOpUTMA B 3a-
BHUCHMOCTH OT 00beMa BXOJHBIX JTaHHBIX.

Pasmunka 111 0CHOBHOTO MeToaa. MBI ITpoaHaIu3UpyeEM alrOpUTM MergeSort
C UCTIONB30BAHUEM «METOJa JIEpeBa PEKypPCHI», KOTOPBIN MPEACTABIAET COO0M
C110c00 ojIcueTa OTeparyii, BBIOIHIEMBIX PEKypPCHBHBIM alropuT™oM. [1aBa 4
OIIMPAETCS HA 3TU UJICH U 3aBEPIIACTCA «OCHOBHBIM METOAOM», MOIIHBLIM U MPO-
CTBIM B HCIIOJIb30BAaHMHM WHCTPYMEHTOM [JI BBEIYMCJICHHUSA I'PAHMI] BDEMEHH HC-
TIOJTHEHUS Pa3HOOOPA3HBIX alITOPUTMOB THITA «pa3/elisiii M BIaCTBYI», BKIIIOUas
aITOpUTMBI RecIntMult u Karatsuba u3 pasnena 1.3.

1.4.2. CopTupoBka

Br1, BeposiTHO, yKe 3HAKOMBI C 3a/1a4eil COPTUPOBKU U HEKOTOPHIMHU aJTOPUT-
MaMu JUIs ee perrenns. Ho Bee ke, 4ToObI YOSIUTHCS, YTO MBI B OJHOU JIOJKE,
paccMOTpuM:

3AJAYA: COPTUPOBKA
Bxon: MaccuB U3 7 4rceln B MPOU3BOJIBHOM MOPSIIAKE.

BobIxon: MaccuB TeX K€ CaMbIX YHCEI, OTCOPTUPOBAHHBIX OT HaW-
MEHBIIIETO 10 HAUOOJIBIIIETO.

HaHpHMep, IIpU HAJIMYUHU BXOJHOT'O MaCCHBa

5 4 1 8 7 2 6 3

TpeOyemblii BBIXOIHOW MacCHB OYJIET CIICAYIOIM:

1 2 3 4 5 6 7 8
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B npuBeieHHOM BEIIIIE TIPUMEPE BCE BOCEMb YUCEI BO BXOHOM MacCHBE Pa3JIMUHbL
CopTHpoBKa Ha caMOM JieJie He Oy/IeT KaK-TO CIIOKHEe, KOT/ia €CTh IyOIHUKaThl, OHA
BITOJIHE MOKET OBITh ITpottie. Ho /1t Toro 4To0b 00CyKIeHNE OBUIO MAKCUMAIBHO
MPOCTHIM, TABAKUTE IOTOBOPHMCS — TIO-JIPY>KECKH — O TOM, YTO YHKCIIa BO BXOJTHOM
MacCCHBE BCET/a pa3inyHbl. S| HACTOATENILHO PEKOMEH/IYIO BaM MOAYMATh O TOM,
KaK HaIll{ aIrOPUTMbBI COPTHPOBKH TODKHBI OBITh M3MEHEHBI (€CIIM 9TO BOOOIIE
morpebyeTcst), 4TOObI CIPABIIATHCS C LyOaMKaTaMu'.

Ecin BBI HE 3200TUTECH 00 ONITUMU3AIIMY BPEMEHHU UCITOJIHEHUS, TO HE 0YCHB-TO
CJI0’)KHO HAWTH NPAaBUIIbHBIN AITOPUTM COPTUPOBKU. BO3MOXKHO, camblil IPOCTON
Croco0 — cHavajia MpOCKaHUPOBATh BXOJHOM MacCUB, YTOOBI ONIPEIETUTh MUHU-
MaJIbHBIN JIEMEHT M CKOTIMPOBATH €r0 B MEPBBINA 3JIEMEHT BBIXOJHOTO MAaCCHBA;
3aTeM IPOCKAHIPOBATh OCTABIIUECS 3JIEMEHTHI MACCHBA, YTOOBI HICHTU(DHUIIUPO-
BaTh U CKOIIMPOBATh BTOPOI HAMMEHBIIUN SJIEMEHT, U TaK Jjanee. DTOT alrOPUTM
Ha3bIBAETCs COPTUPOBKOM BEIOOPOM SelectionSort. Bbl, BO3MOXKHO, CIbIIIATH
O COPTHPOBKE BCTAaBKaMH InsertionSort, KOTOpas MOXET paccMaTpUBaTHCS
B KauecTBe OoJiee MpolyMaHHOH peanu3aliy TO! ke caMOi UJIeH HTEPATUBHOTO
HapanuBaHus ipedrKca OTCOPTUPOBAHHOTO BBIXOJTHOTO MAacCHBa. BEeposiTHO, BB
TaKXKe 3HAeTE My3bIPHKOBYIO0 COPTUPOBKY BubbleSort, B KOTOpPOil BBI BBISBISAETE
Mapsl COCEHUX 3JIEMEHTOB, KOTOPHIE €Ill€ HE YHNOPSJ0UYECHBI, U BBINOJHSIETE
MHOTOKpaTHbIE 0OMEHBI JI0 TeX TOP, ITOKa BECh MacCUB He OyZIeT OTCOPTUPOBAH.
Bce 3T anropuTMbl UMEIOT KBaAPaTUYHOE BPEMs MCIOIHEHHS. DTO O3HAYAET,
YTO YHCJIO OTIEpAIMid, BBIMOJIHAEMBIX HA MACCUBAX JUIMHOM 71, sIBIsIETCS DyHKIUEH
OT 1%, KBaJpaTa [UTMHBI BXOIHBIX TaHHBIX. MOXKHO i 0OUThCs Jydmiero? [Tpu
TTOMOIIM METOAMKH «PA3AEISIN U BIACTBYN» AJITOPUTM COPTHUPOBKHU CIHMSHUEM
MergeSort 3HAYMTENILHO YIIydIIaeT 0oJiee MPOCThIE aITOPUTMBI COPTHPOBKH?,

Ha npaxruke oueHpb yacto oOpadaTeiBacMble TaHHbBIE (MMEHYEMBIE 3HayeHueM) CBI3aHbI
C HEeKHM YHCIIOM (KOTOpOe UMEHYyeTcsl Karouom). Harmprumep, BBl MOXKETE OTCOPTHPOBATh
3aIHCH O TIepcoHalie (¢ IMEHEM, OKJIaIoM H TaK Jlaliee), HCIIOIb30BaB HOMEpa COIHAab-
HOTO CTPaxXOBaHHUs B KayeCcTBe Kiroucii. Mbl (pOKycHpyeMcsi Ha COPTUPOBKE KITFOUECH,
MOHMMasl, OTHAKO, YTO 33 KaKIBIM KJIFOYOM 3aKPEIUICHbI COOTBETCTBYIOLINE TaHHBIE.
Hecmotpst Ha TO 94TO COPTHPOBKA CIUSTHAEM MergeSort TOMUHHPYET, COPTHPOBKA BCTAB-
KaMH InsertionSort 4acTEHBKO MO-MPEXKHEMY IIUPOKO MPUMEHSIETCS Ha TPAKTHKE,
B 0COOGHHOCTH KOTJIa pa3Mepbl BXOJHBIX JaHHBIX HEOOIBIIIHE.
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1.4.3. MNpumep

HawuGosee npoctoii coco® MOHSTH alroput™ MergeSort — 3TO B3INISHYTh Ha
PUCYHOK KOHKpeTHOro mpumepa (puc. 1.3). Mbl OyneM HCIONB30BaTh BXOIHOM
MaccuB u3 naparpada 1.4.2.

pasaesuTh

€< PEKypCUBHBIE ~—m>
BEI3OBEI '

00bEUHNATD

112131456738

Puc. 1.3. Bupg c BbICOTbI NTUYBLENO NOJSIETA HA COPTUPOBKY cnunsiHuem MergeSort
Ha KOHKPETHOM NpuMepe

B kadecTBe peKypCHUBHOTO alropuTMa «pa3zielisiii 1 BIacTBYI» alropuTM MergeSort
omnepupyer Oojee MeJIKUMHU MaccuBaMu. CaMblii POCTOH cmocod pas3yioKUTh
3amaqy COPTHPOBKHU Ha Ooiiee MEIKHEe — Pa30HUTh BXOJHON MAacCHB TIOIMOJIAM.
[lepBas u BTopas MOJIOBUHBI COPTUPYIOTCS peKypcuBHO. Hanpumep, Ha puc. 1.3
NEPBOI M BTOPOH MOJIOBUHAMH BXOJITHOTO MaccuBa siBiswores {5, 4,1 ,8} u {7,
2, 6, 3}. biaromaps Bome0CTBy peKypcuu (MM WHAYKIUH, €CIIA XOTHTE), TIep-
BbIil PEKypCUBHBIN BBI30B PABUIBHO COPTUPYET NEPBYIO MOJIOBUHY, BO3BpaLIast
maccuB {1, 4, 5, 8}. Bropoii pexypcHBHBIH BBI30B BO3BpalacT Maccus {2, 3, 6,
7}. 3aKITIOYUTETBHBIA IIar «CIMSHISDY OOBEIMHSET OTH [Ba OTCOPTHPOBAHHEBIX
MaccuBa JJIUHON 4 B OIMH-€IUHCTBEHHBIH OTCOPTUPOBAHHBII MacCUB U3 BCEX
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8 uncen. [logpoOdHOCTH ATOTO MIara MPUBEACHBI HIKE, HO UESI COCTOUT B TOM,
YTOOBI MPOUTHCH 11O WHACKCAM KaX/I0T0 OTCOPTUPOBAHHOTO MOJIMACCUBA CBEPXY
BHU3, 3aII0JIHUB BBIXOJIHOM MacCHB CJIEBa HANIPABO B OTCOPTHUPOBAHHOM IOPSI/IKE.

1.4.4. NceBpokop,

Pucynok 1.3 moxxeT OBITH Tpe0Opa30BaH B CIEAYIOMINI HIKE IICEBIOKO C ABYMS
PEKYPCUBHBIMM BbI30BAaMH U ILIATOM CIIUSHHSI [UIsl PELICHUS UCXOJHOH 3a/1auu.
Kak 00bI4HO, Hallle ONMCcaHHE BEICOKOYPOBHEBOE M HE 003aTCIBHO MOXKET OBITH
MepeBeICHO MMOCTPOYHO B pabouMii MPOrpaMMHBIN KOJ (XOTS OHO JOCTaTOYHO
OJIM3KO K peasu3alim).

MERGESORT
Bxon: maccuB 4 13 1 pa3HbIX EJbIX YHCEIL.

BbIxo1: MaccuB C TEMH e CaMbIMU LIEJIBIMU qucjiaMu, OTCOPTUPO-
BaHHBIMH OT HAUMCHBIICTO 10 HanOOJIBIIIETO.

// 6a30Bble cay4aum NPOUTrHOPUPOBaAHDI

C = peKypCUBHO OTCOPTHPOBATH MEPBYIO MOJIOBUHY A
D := pexypcUBHO OTCOPTHPOBATh BTOPYIO MOJIOBUHY A

BepHyTh Merge (C, D)

B niceBaokozie MPOMYIIEHO HECKOIBKO JIETaIeH, KOTOPBIE 3aCTyKUBAIOT KOMMEH-
Tapus. PeKypcuBHBIN alrOpuTM Kak TaKOBOM JOJKEH UMETh OAMH MJIM HECKOJIBKO
©a30BBIX cITydaeB, Korza O0JIbIIIe HeT JalbHEeHIIeH peKypCHH 1 pe3ysIbTaT BO3Bpa-
mraercst Hanpsamyto. [ostomy, ecii BXOAHON MaccuB 4 COAEPKUT TOIbKO 0 uiau
1 a;eMeHT, aNropuT™ MergeSort BO3BpAIaeT €ro ke (OH yXe 0TCOpTHpoBaH). Ham
MICEBJOKO HE JAETAIU3UPYET, KAK ONPENENSIOTCS «IepBas MOJOBUHA» U «BTOpAs
MOJIOBUHAY», KOTZIA 71 HEUETHO, HO OYEBUIHAS MHTEPIPETaIys (KOIa 0JJHa «IIO0JO0-
BHHA» UMEET Ha OJIMH dIIEMEHT O0JIbIIe qpyroii) padoraeT HOpManbHO. HakoHerr,
MICEBJIOKO]] UTHOPUPYET AETalN pealn3aliy B OTHOLIEHUU TOTO, KaK Ha CaMOM
JieJie epeaBarh JABa MOAMAcCUBa B COOTBETCTBYIOIIIE UM PEKYPCUBHBIC BBI30BBI.
OTH feTanu B HEKOTOPOH CTETICHH 3aBHCAT OT S3bIKa MporpaMmupoBanust. CyTb
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BBICOKOYPOBHEBOTO TICEBIOKO/Ia COCTOUT B TOM, YTOOBI HTHOPHUPOBATH TAKHE AETAIH
U COCPEAOTOYMBATHCS HA OOIIUX MOHSATHUAX, KOTOPBIE BBIXOJSAT 33 PAMKH JIF0O0OTO
KOHKPETHOT'O SI3bIKa IIPOrPaMMUPOBAHHS.

1.4.5. MNoanporpamma Merge

Yro npezacrapisier coO0H mar ciusHus Merge? OH MIPUMEHSETCS MOCIIE TOTO, KaK
JIBA PEKYPCHUBHBIX BbI30Ba CJEIAJIM CBOKO PabOTy U y HAC MMEETCS JiBa OTCOPTH-
poBaHHBIX monMaccuBa, C u D, ymnHOM n/2. Viiest COCTOUT B TOM, YTOOBI IPOUTH
00a OTCOPTHPOBAHHBIX ITOIMACCHBA TI0 MOPSIKY W 3aIIOJTHAThH BBIXOIHOW MACCHB
clieBa HAIpPaBo TAKXKe B OTCOPTHPOBAHHOM IOPSIKE'.

MERGE
Bxon: orcoptupoBannbie MaccuBbl C 1 D (JUTMHOM 7/2 KaXKIbIiA).
Bsixoa: orcoptupoBaHHbIi MaccuB B (ynHOiM 7).

anomalomee AOMYIEHHUE: 77 — YCTHOC.

11:=1

2 j:=1

3 for kR :=1 to n do

4 if C[1] < D[j] then

5 B[R] := C[1] // 3anofIHUTb BbLIXOLHOM MAccuB
6 1:=1+1 // npupacTuTtb 1
7 else // D[] < C[1]
8 B[R] := D[J]

9 ji=3+1

MBI CKaHHpYEeM BBIXOJHOM MacCHB, UCTIONb3Ys HHJIEKC k, U OTCOPTHPOBAHHBIC ITO/I-
MAacCHUBBI C HHJEKCaMU I 1 j. Bce Tpu MaccuBa poxoasTces cieBa Hanpapo. Luki
for B cTpoke 3 peanu3yeT MPOXOA MO BBIXOJHOMY MaccuBy. B mepBoil ureparuu
MOATIPOTpaMMa OTIpe/essieT MUHUMAaIIBHBIH 351eMeHT B C 1160 B D U KOIUPYET €ro

' MBI HyMepyeM 2JIeMEeHThI MacCuBa, HaduHast ¢ 1 (a me ¢ 0), ¥ UCIOTb3yeM CHHTaKCHYe-

CKYIO KOHCTPYKIHIO «A[7]» mms i-ro anmemenTa mMaccuBa 4. B pa3HbIX s3bIKax Mporpam-
MUPOBAHUS 9TH JCTAIH PA3INIAIOTCS.



42 Fnasa 1. Beenetve

B [IEPBYIO MTO3ULIMIO BBIXOJHOIO MaccuBa B. MUHUMAaIIbHBINA 2JIEMEHT HaXOIUTCS
6o B C (B 3TOM ciydae 310 C[1], mockonbky C oTcOpTHpOBaH), 1100 B D (B 3TOM
cirydae 310 D[ 1], mockonbky D orcopTrpoBan). [IpuparieHie cOOTBETCTBYIOIIETO
uHAekca (i Wi j), 0 CyTH, UCKJIIOYAET TOJIBKO YTO CKOIIMPOBAHHBIN JIEMEHT U3
JaJIbHEHIIIEro pacCMOTPEHHMSL, M 3aTeM IPOIIECC IOBTOPSIETCS, YUTOOBI ONPEACTUTD
HaNMEHBIIUI dMeMeHT, ocTarouuiics B C unn D (BTOpoif HAMMEHBIINN B JBYX
noamaccuBax). B oOuiem ciydyae, HaMMEHbBILIUI JIEMEHT, elle He CKOIMPOBaH-
HBIA B B, HaxonuTcs nbo B C[i], mubo B D [j]; mognporpaMMa sBHbBIM 00pa3oM
MpOBEpsICT, KAKOM M3 HUX MEHBIIE, U JICUCTBYET COOTBETCTBYIOIIMM O0pa3oM.
[TockonbKy Kax1as uTepaLus KONUpyeT HauMEHBIIMN 3JIEMEHT, KOTOPBIi Bee ele
paccmarpuBaetcs B C uin D, BBIXOJHONM MacCUB JCUCTBUTEIBHO 3aMOTHIETCS
B OTCOPTHPOBAHHOM TIOPSIJIKE.

Kak 00b14HO, Halll ICEBAOKO/ IPETHAMEPEHHO CJIETKa HeaKKypaTeH, 4TOObI o4uep-
KHYTB, 9TO HAC HHTEPECYET JIeC, a He AepeBhs. Pabouast mporpaMma, eCTECTBEHHO,
JIOJDKHA OTCIIEKUBATh, Koraa nmpoxokaenue C uinn D BBIXOAUT 3a niepeiedibl (B po-
1ecce mpupaleHust THISKCOB i U j), ¥ TOT/Ia B 3TOM TOYKE OCTAIOIIUECS DIIEMEHTHI
JPYTOTO MAaCcCHBA KOIMPYIOTCS B OKOHUATEIBEHBIC IEMEHTHI B (110 mopsaKy). Tak
YTO JUIS Bac ceidac camoe BpeMsi pa3padboTaTh CBOIO COOCTBEHHYIO IPOTPAMMHYTO
peanu3anuio anropuTMa MergeSort.

1.5. AHann3s anroputma MergeSort

KaxoBo BpeMs HCIIOJIHEHHS aIrOpUTMa COPTUPOBKH CIUSHUEM MergeSort (Kak
(hyHKIMM JUIMHBI 71 BXOJHOTO MaccuBa)? Pabotaer nu oH ObicTpee, ueM Oosee
MIPOCTHIC METOIBI COPTHPOBKH, TAKHE KaK COPTHPOBKA BBRIOOpOM SelectionSort,
COpPTUPOBKA BCTaBKaMM InsertionSort  IMy3bIpbKOBasi COPTUPOBKA BubbleSort?
ITon «BpemeHeM UCHOTHEHUs» Mbl TOHUMAEM KOJIMYECTBO CTPOK KOfa, UCIIOJ-
HSIEMBIX B KOHKPETHOHM peanu3aruu anroputma. [Ipoananusupyite mocTpoOIHO
CBOIO pean3aluIo, UCIOJIb30BaB OTJIAAYHUK, 10 OTHON «IIPUMHUTUBHON OIepaIivm
3a oMH pa3. Hac uHTepecyeT KOJIMYeCTBO 1IaroB, KOTOPhIE OTIAAUNUKY IPUIETCS
CeJaTh 10 3aBEPLICHUs IPOrpaMMBbl.
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1.5.1. Bpems nucnonHeHus nognporpammsl Merge

AHanu3 BpeMeHHU UCIOIHEHUS alropuTMa MergeSort MpeacTaBiseT co0oi 3a-
Jlady, KOTopasi Ha TIepBbIi B3MIIAJ UMEET yCTpAlIaoIIUi BU]I, TOCKOJIBbKY Tepes
HaMH PEKYPCUBHBIM aIrOPUTM, KOTOPBI HEOJHOKPATHO BBI3BIBAET caM ceOsl.
[TosToMy naBaiiTe pazomMHeMcsi Ha Oojee MPOCTON 3ajlaue MOHUMAaHUS Yucia
orepalui, BEIIOTHAEMBIX B Pe3yIbTaTe OJHOTO BbI30Ba MOANPOrpPaMMbI Merge
C JByMsl OTCOPTUPOBAHHBIMH MAacCCHUBAMH JUTHHOHU /2 Kaxablid. MBI MOXeM
cZeslaTh 3TO HaNpsAMYIO, IPOAHAIU3UPOBAB Ko U3 pa3zaena 1.4.5 (rae £ cooTser-
ctByeT 7). [lepBbie CTpokH | U 2 BBIMONHAIOT HMHUIIUAIHU3AIUIO, U MBI 3a4TE€M UX
Kak JBE Olepanuu. 3aTeM y Hac eCTh LUK for, KOTOPBIN CHOMHSIETCS B 00mIIeH
cinoxHocTH ¢ pa3. Kaxxgas urepauus UKIIa BBIIOIHSAET CPABHEHUE B CTPOKE
4, mpucBanBaHUe B CTPOKe 5 MO0 B CTPOKE 8 U MPUPAILLEHUE B CTPOKE 6 WIH
B cTpoke 9. MHaeke k 1uKia Toxe JOHKEeH YBEIHMUMBATHCS IPH KaKI0W HTepa-
LMY UMKJIA. DTO O3HAYAET, YTO JUIs K&KJOU U3 £ UTepaliuil LUKJIa BBITOJIHAIOTCS
4 NMPUMHUTHUBHBIX onepanuu'. Pe3toMupysi, Mbl IPUXOAUM K 3aKIFOUCHUIO, YTO
JUTSL TOTO, YTOOBI OOBETUHUTH JIBA OTCOPTUPOBAHHBIX MACCUBA IITUHOMU /2 Kax-
JIBIIA, TIOJIITPOrpaMMa Merge BBITIONHSACT He Ooiee 44 + 2 onepanuii. B kauecTBe
YOPOIICHHS [M03BOJIBTE MHE JOMOJHUTENIBHO 3J0yNOTPeOUTh Hallel apyx0oii
cierka HeOpeXKHBIM, HO Ha CAMOM JIeJIe BEPHBIM JOITYIIIEHUEM, HCIT0JIb30BaB He-
PaBEHCTBO, KOTOPOE C/eTaeT HAIW KU3HU Tpotre: aiist £ > 1, 40 + 2 < 6£. Takum
o0Opa3om, 6 Taxxke ABISETCS TOMYCTUMOM BepXHel TpaHUlIell yuciia oneparuii,
BBITIOJTHSIEMBIX MMOATPOrpamMMoil Merge.

Jlemma 1.1 (BpeMsi HCTIOJIHEHHSI TIOANPOrPaMMBbl Merge). /[is Kajicooll napul
omcopmuposantvlx 6x00uvix maccusos C, D onunou £/2 noonpoepamma Merge
svinonnsem e bonee 6 onepayuil.

' MOXKHO IIPUIPATHCS K TOMY, YTO MBI HACYUTAITH 4 OTIEPALUH B [IUKIIC. 3aCUMTHIBACTCSI JIH

CpaBHEHHE MHJEKCA IIMKJIA k C ero BepXHel TpaHuLel Kak JOMOIHHUTEbHAS ONepanus
B KaX/JOW MTEpPAIMH, YTO MPHUBOAUT B OOIIEH CIOKHOCTH K MATH onepauusim? B pas-
nene 1.6 oOBsIiCHSAETCS, IOUeMy TaKHe pa3iudusl B BEICHUH IOJCYETA HA CAaMOM JIeJie
He UMEIOT 3HaueHHs1. [loaToMy naBaiiTe TOTOBOPUMCS — IIO-APYKECKH, — YTO y HAcC
4 IPUMHTHUBHBIX ONIEPAIMU HA UTEPALHIO.
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O JIEMMAX, TEOPEMAX U MPOYEM

B matemaTtunyeckomn NMpakTnkKe cCaMble BaXXHble TEXHUNYECKME yTBepXaeHnda
VMEIOT cTaTyc TeopeM. Jlemma — 3TO TEXHUYECKOE YTBEPXAEHNE, KOTOpoe
rnomoraeT ¢ AokasaTeNbCTBOM TeopeMbl (BO MHOFOM Kak noanporpamma
Merge nomMmoraeT ¢ peanusaumein anroputma MergeSort). Creacreme — 310
BbICKa3blBaHME, KOTOPOE HEMOCPEACTBEHHO BblITEKAET M3 YXE OO0KA3aHHOIo
pesynbraTa, HanpuMep YaCTHOr O Cly4as Teopembl. TEPMUH yTBepXKAeHE Mbl
MncnoJibdyeM OJid aBTOHOMHbIX TEXHNYECKNX BbICKa3bIBaHI/II7I, KOTOpPblE CaMn Mo
cebe He MMeT 0Cco00ro 3Ha4YeHus.

1.5.2. Bpemsa ncnonHenusa anroputma MergeSort

Kak nepeiitu oT mpocToro aHain3a MmoJAnporpaMMbl Merge K aHaIHM3y BCETO PeKyp-
CHBHOTO aJITOpUTMa MergeSort, KOTOPBIA MOPOXKIACT AaTbHEHIIINE BBI30BEI CAMOTO
ce0s? B ocobeHHOCTH ITyraeT OBICTPOe HAPACTAHUE PEKYPCUBHBIX BEI30BOB, KOJTH-
YECTBO KOTOPBIX OYKBAJIBHO B3PBIBAETCS IKCIIOHEHIIMAIBHO, BMECTE C ITyOMHOM
pexypenn. EnnHCTBEHHOE, UTO HAC YCIIOKaWBaeT, — 3TO TOT (DAKT, YTO KaKIAOMY
PEKYPCHUBHOMY BBI30BY II€pPEAAIOTCS BXOAHbIE JJaHHbIE, 3HAUUTEIBHO MEHbIINE
o 00beMy, 4YeM Te, C KOTOPBIX Mbl Ha4ali. 3/1eCh UTPAeT POib MPOTHBOOOPCTBO
JIBYX KOHKYPHPYIOIINX CHJ: C OHOH CTOPOHBI, SKCITOHEHIINAIBHBIN POCT KOJIHUe-
CTBa pa3HbIX M0/[3a1a4, KOTOPbIE HEOOXOAUMO PellaTh; U ¢ APYTOH — MOCTOSHHO
YMCHBUIAOIUECS UCXOAHBIC JAHHBIC, 38 KOTOPBHIC OTBEYAIOT OTHU OA3aAa4HU. TO, qTO
9TH JIBE CHJIBI JIPYT Apyra 6aTaHCHPYIOT, CTUMYIHPYET HAIIN YCHUIIHS TI0 aHAIIU3Y
anroputMma MergeSort. B uTore Mol 1I0KakeM HIKECIIEAYIOIIYIO MTOJIE3HYI0 Teope-
MY O KOHKPETHOM MAaKCUMYMEC KOJIMYECTBA onepaum‘/‘l, BBITOJIHACMBIX aJITOPUTMOM
MergeSort (B 11€JI0OM, BO BCEX CBOMX PEKYPCHUBHBIX BBI30BaX).

Teopema 1.2 (mpeaes BpeMeHH UCTIOJHEHUSI AJITOPpUTMA MergeSort). /{5 kadic-
0020 6X00H020 Maccusa Onunol n > 1 aneopumm MergeSort geinonnsem ne 6onee

6n log, n+ 6n

onepayuil, 2oe log, obosnauaem nozapudm no ocHo8aHuIo 2.
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O JIOTAPUD®MAX

HekoTopbIx 04eHb nyraet BuA norapudma, KOTopbii Ha caMOM aefe aBns-
€TCS 04YeHb NPUIEMJIEHHbIM MOHATUEM. ONg NOMOXUTENBbHOrO LLEenoro n,
log, n nonpocTy 03HavaeT cneayoLlee. Habepute n Ha KanbKynsTope 1 NoA-
cuMTanTe KONIMYECTBO pas, KOTopoe Bam NoTpebyeTcs, YTOObl OCYLLECTBUTL
nocnefoBaTesibHOE AeNleHNE Ha 2, NPeX/e YeM pe3ynbTaT OyAeT PaBHATLCS
1 unn meHblue?. Hanpumep, ans Toro, 4tobbl gosectn 32 oo 1, TpebyeTcs
NSATb AeneHui Ha OBa, NoaToMmy log, 32 = 5. [lecatb AenexHuii Ha Asa cBOAAT
1024 k 1, noatomy log, 1024 = 10. 311 NpuMepbl AeNAOT UHTYUTUBHO NOHAT-
HbIM, 4TO l0g, N ropasao MeHblue n (cpasHuTe 10 ¢ 1024). B ocob6eHHOCTN 3TO
aKkTyanbHO, Korga n cTaHoBUTCS 6onblunM. Mpaduk (puc. 1.4) noaTeepxaaeT
3TY UHTYUTUBHYIO OO aaKYy.

2 1ns 0co60 LWeneTuibHbIX CoobLLaeM, 4To l10g, N He ABNSEeTCH LenbiM HUCI0M,
€CNN N He SBNSIeTCS CTENeHbIO 2, 1 TO, YTO Mbl ONUCaNK, B 4ENCTBUTENBHOCTHU
ABNSIETCH OKpyrneHvem log, n Ao 6avxanwiero Lenoro yucna. 31o HeaHauum-
TEeNbHOE Pa3Nnyne Mbl MOXEM MPOUTHOPUPOBATD.

Teopema 1.2 cTaBuT anroputm MergeSort B BEIUTPHIIIHOE TIOJIOKEHUE U AEMOH-
CTPHpPYET NMPEUMYIIECTBA METOIOJIOTUN TPOCKTUPOBAHUS aJITOPUTMOB «Pa3Ieisiil
U BIACTBY». MBI paHee OTMeUalI, YTO BPEeMs UCIIOIHEHUs Oojiee MPOCThIX aj-
TOPUTMOB COPTHPOBKH, HAIIPUMEP, COPTUPOBKU BBIOOpPOM SelectionSort, co-
PTUPOBKHM BCTaBKaMH InsertionSort W My3bIPhKOBOM COPTUPOBKH BubbleSort,
K6a0pamuyHo 3aBUCUT OT Pa3MEPHOCTHU /1 BXOAHBIX JJAHHBIX, & 3TO 03HAUAET, YTO
YHCII0 ONepanuii, TpeOyeMbIX ISl HCTIOTHEHHS 9THX aJITOPUTMOB, SIBIISICTCS (PyHK-
IMel, OMMChIBACMON KaK KOHCTaHTa, TOMHOXEHHas1 Ha n”. J[jis MergeSort, corac-
HO TeopeMe 1.2, ofuH U3 3TUX MHOXKHUTENEH /1 3aMEHSETCs] Ha Topa3/l0 MEHbIIHH
log, n. Pucynox 1.4 moka3sIBaer, 4to, Oaromapsi CBOiicTBaM Jorapugma, aaropuT™
MergeSort, KaKk MPaBmIo, pabOTaeT HAMHOTO OBICTpee, TeM OoJee MIPOCTHIE aJIro-
pHUTMBI cOPpTUPOBKH. OCOOSHHO TO CHPaBEINBO, KOT/Ia 72 CTAHOBHUTCS OOJIBILINM .

' Cwm. paszen 1.6.3 s manbHENIIETo TTOSCHEHHUSI 3TOTO BOIIPOCa.
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Puc. 1.4. dyHkums norapmdma pactetT HAaMHOro MeasieHHee, YeM MCXoaHas
dYyHKUMSA. 3aeck NokasaH norapudm ¢ OCHOBaHWEM 2; ApyrMe 0CHOBaHUS
MPUBOAAT K KAYECTBEHHO MOXOXNM N3006paxeHnsam

1.5.3. Aloka3zaTenbCTBO Teopembl 1.2

Tenepb MbI clienaeM MOJIHbIN aHaJIU3 BPEMEHHU UCTIOJIHEHH S allrOpuTMa MergeSort
U B pe3yJbraTe 000CHYyeM YTBEPIKIIEHHE O TOM, YTO PEKYPCHUBHBIN MOIX0 «pa3-
TSI ¥ BITACTBY#» MTO3BOJISICT MOMydYaTh Oojiee OBICTPHIN aJTOPUTM COPTHPOBKH,
HEeXeJH NpsAMble MEeTOABI. J{J1s1 IPOCTOTHI MBI IPUMEM JIONYIIEHHUE, YTO UIMHA 7
BXOJTHOTO MacCHBA SIBIISIETCS CTENIEHBIO uKcia 2. Bripouem, 3To JomyeHne MOXeT
1 HE UCIIOIH30BaTHCS MOCIIe HE3HAYUTENFHON TOPaOOTKH.

[Tnan noka3arenbCTBa yTBEPHKACHUS O MIpejiesie BpEMEHH HCIIOTHEHHS allTOpUTMAa
MergeSort B TeopeMe 1.2 COCTOUT B TOM, YTOOBI HCTIOJIB30BATh 0€peso PeKypCul,
WK JIEPEBO PEKyPCUBHBIX BBI30BOB; CM. puc. 1.5'. nest meTona aepeBa pekypcuu

' Cyzst o Becemy, 110 KaKOH-TO IPHYKHE CIELHUAIICTHI 10 computer science CYuTaroT, 4To

JIepeBbs pacTyT BHU3.
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3aKJIF0YaeTCs B TOM, 4TOOBI H300pa3uTh BECh 00BEM OMEpaInii, BHITIOTHICMBIX
PEKYPCHUBHBIM alTOPUTMOM, B BUJIC IPEBOBUIHON CTPYKTYPBI, B KOTOPOH Y3JIbI
JlepeBa COOTBETCTBYIOT PEKYPCHUBHBIM BBI30BaM, a JJOYEPHHUE DIEMEHTHI y3ia
COOTBETCTBYIOT PEKYyPCHBHBIM BBI30BaM, BHITIONHIEMBIM 3TUM Y3JIOM. DTa IPEeBO-
BUIHASI CTPYKTYpa MPEAOCTABISICT HaM IPUHIUITHATIBHBINA CIIOCO0 IMTOJICYUTATH BCE
oIepalyy, HHBIMH CIIOBAaMH, BCIO Pa0OTy, MPOJICIaHHYIO aIrOPUTMOM MergeSort
BO BCEX €T0 PEKYPCHBHBIX BHI30BaX.

yposens ()
(2101 A ) S H
BHEWH ULl 8bI308)

yposens 1
(nepesvie
pexypcugnvle

6b1306b1)

yposeHs 2

O000000000000000

Y
V316l (O0HOIIeMEHmMHble MACCUBYL)

N

Puc. 1.5. lepeBo pexypcun ans anroputma MergeSort. Y3nbl COOTBETCTBYIOT
PEKYPCUBHBIM BbI30BaM. YpoBeHb 0 COOTBETCTBYET CAMOMY NEPBOMY BbI3OBY
MergeSort, ypoBeHb 1 — cnenyoLmm pekypCrBHbIM BbI30OBaM, 1 Tak ganee

KopeHb nepeBa pekypcuy COOTBETCTBYET CAMOMY IIEPBOMY BBI3OBY MergeSort,
IJI€ BXOJHBIMU JaHHBIMU SIBJISIETCS UCXOIHBIM MaccuB. Mbl Ha30BEM €r0 ypOBHEM
0 nepesa. ITockonbKy KakJast akTUBALMA aIrOPUTMA MergeSort MOpoKIaeT 1Ba
PEKYpPCUBHBIX BBI30Ba, AEPEBO OyNET JBOUYHBIM (TO €CThb C ABYMs JAOUEPHUMU
JMeMEHTaMH Ha y3el). YPOBEeHb | iepeBa NMeEeT J[Ba y3J1a, KOTOPbIE COOTBETCTBY-
0T 9THM JIByM PEKYPCHBHBIM BbI30BaM, C/IE€JIaHHBIM CAMbIM I1€PBBIM BBI30BOM,
OJUH I JIEBOY IOJOBUHBI BXOAHOIO MAaCCUBA U OAMH 7Sl IPABOU ITOJIOBUHEI.
Kaxnprii peKkypcHBHBIH BBI30B ypoBHS 1 caMm OymeT aenaTh ABa PeKypPCHBHBIX
BBI30Ba, M K&YKIBIH N3 HUX OyJeT OIeprpoBaTh ¢ KOHKPETHON Y€TBEPTHIO IIEPBO-
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Ha4aJIbHOI'0 BXOJHOTO MacCHBa. DTOT MPOLECC MPONOIIKACTCS 10 TEX MOp, MOKa
B KOHEYHOM HTOTE PEKypCHs HE 3aKOHYMTCS MaccuBaMu pasmepoM 0 mim 1
(6a3oBbIC citydan).

TECTOBOE 3AJAHME 1.1

CKOJIbKO TTPHOJIM3UTEIEHO YPOBHEH UMEET 3TO JIEPEBO PEKYPCHUH,
Kak (DyHKIIMsI JUTMHBI 72 BXOJHOTO MaccuBa’?

a) TOCTOSIHHOE YHCI0 (HE3aBUCHMO OT 71).
0) log, n.

B) Jn.

r) n

(OtBet u aHANM3 pelIeHus cM. B pasjene 1.5.4.)

Hcnonp3oBanue gepeBa peKypcHH HaBOAUT Ha MBICIH O YPE3BBIYAMHO yIOOHOM
criocobe ydeTa omeparuii, BEIIOIHIEMBIX alTOPUTMOM MergeSort, a IMEHHO
CIIyCKasiCh BHU3 YPOBEHb 3a ypoBHEM. UT0OBI peanu30BaTh 3Ty UAE0, HAM HYKHO
TIOHATH JIBE BEIIM: KOJMUYECTBO Pa3HbIX M0/13a/1a4 Ha 3aJJaHHOM YPOBHE PEKYPCHUH |
U AJIMHY BXOJHBIX JAHHBIX JJIS KaKJOU U3 3TUX IToJ3aad.

TECTOBOE 3AJAHMUE 1.2

BrLsiBHTE 3aKOHOMEPHOCTD: 3aIIOJTHATE PONYCKU B CIICAYIOIIEM BBI-
CKa3bIBaHMU: Ha KaxkaoM ypoBHe j = 0, 1, 2, ... nepeBa pexypcuu
nuMmeeTcs [nponyck] moa3aaad, Kaxaas U3 KOTOPBIX OIEPUPYET C MO~
MacCUBOM JUIMHOM [nponyck].

a) 21 2/ cOOTBETCTBEHHO.
0) n/2/u n/2/ COOTBETCTBEHHO.
B) 2/ 1 n/2/ cCOOTBETCTBEHHO.

r) n/2/ 12/ COOTBETCTBEHHO.

(OtBer u aHanM3 pelieHus cM. B pazaene 1.5.4.)
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Teneps naBaiiTe NPIMEHUM HOTYYSHHYIO 3aKOHOMEPHOCTH HA TIPAKTUKE U TTOJICUH-
TaeM BCe Olepalyi, KOTOPHIE BBIITOIHAET allrTOPUTM MergeSort. Mbl IPOXOAUM OT
YPOBHSI K YPOBHIO, IO3TOMY JIaBaliTe 3apUKCUPYEM j-i YPOBEHB JIepeBa PEKYPCHH.
CKOJIBbKO OTiepanyii BEIOIHSIETCS Ha j-M YPOBHE PEKYPCHH, HE CUUTAsT OTIEPALIUH,
BBITIOJIHAEMBIX MOCIEAYIOIMMU PEKYPCUBHBIMU UTEPAIUSAMHU, BbI3bIBAEMBIMH
¢ aroro ypoBHsa? [IpocmarpuBast ko anroputma MergeSort, Mbl BUJIUM, YTO OH
JIeJIaeT TOJMBKO TPH BEIIH: BEITIONHSET JBa PEKYPCHBHBIX BBI30BAa M BBHI3HIBACT
MOJNpOrpaMMy Merge Ha 0ObeIMHEHHE PE3YNIBTATOB. TaKUM 00pazoM, €Ciy, Kak
YCJIOBWINCH, UTHOPHUPOBATH OII€pallii, BBITIOJIHACMBIC Ooitee TMO3AHUMH PEKYPCUB-
HBIMH BBI30BaMH, JIeJIaeM BEIBOJI O TOM, UTO paboTa, BEITIOTHIeMasI TTo13aaaqeii Ha
YPOBHE j, — 3TO MPOCTO paboTa, BBINONHAEMAas MOANIPOrpaMMoii Merge.

DT0 M Tak yxe ObUTO MOHATHO U3 JieMMbI 1.1: He Gonee 6 oneparuid, rae £ — 310
JUIMHA BXOJHOI'O MacCHUBa IS DTOU IOA3a0auu.

CBoj1s BCEe BOSAWHO, MBI MO’KEM BBIPA3UTh OOIINI 00BEM OIIEpaInii, BEIIOIHIEMBIX
PEKYpPCHBHBIMHE BBI30BaMH Ha YPOBHE j (HE YUUTHIBAsi O0JICe MO3IHUE PEKYPCUBHBIC
BBI30BBI), KaK

KonudecTBo moa3anay ypoBHs j X paboTa B pacuere Ha Mo3a1ady yPOBHS j

=2/ :67’1
Py
Pemenue tecroBoro 3amanus 1.2 (cM. HIDKE) MOKa3bIBAET, UTO TMEPBBIA YIeH
paBHsieTCst 2/, U JUTMHA BXOJHBIX JIAHHBIX B KQXKIYIO TaKyO I10/133/1a4y PaBHSIETCS
n/2/. Tlpuaumas € = n/2/, cornacHo Jemme 1.1, moaydyaem, 4To Kaxkaas rmojaszaaada
YpOBHSI j BBITIONHsET He Ooiee 6n1/2/ onepanuii. Takum 0O6pa3oM, BO BceX peKyp-
CUBHBIX BBI30BaX Ha j-M YPOBHE PEKYPCHH BBITIOJHSACTCS HE Ooee

2/ x@ =6n
2/

orepanuu.

[Topa3urensHo, HO Hallla BEPXHSA I'PAHUIA 00bEMa BBIMONHAEMbIX ONepanuii a-
ropuTMa Ha 3aJJaHHOM YPOBHE j He 3aBUCUT OT j! To ecTb Kax/iblil ypoBEHb JepeBa
PEKypCHU MTPOU3BOANT OJHMHAKOBOE YMCIIO ONEpaIiid. DTO 00YyCIIOBIEHO Hiealb-
HBIM PaBHOBECUEM MEXIY ABYMs KOHKYPUPYIOIUUMHU CUIAMU — KOJIUYECTBO
Mo/3a/1a4 YBANBACTCS C KaKIBIM YPOBHEM, B TO BpeMsI Kak 00bEM BBIYUCIICHNUH,
BBINOJHSIEMBI B pacyeTe Ha I0/13a/1a4y, C KaKIbIM YPOBHEM COKPAIL[AETCs BABOE.
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Hac unrepecyet nosiHoe 4mcio onepanuii, BHIIOIHAEMbIX HAa BCEX YPOBHSX JlepeBa
pexypcuu anroputMma MergesSort. Perenue TecroBoro 3aganus 1.1 (cMm. Huxe) mo-
Ka3bIBaeT, YTO B AepeBe peKypcuu umeercs log, n + 1 yposueit (yposuu ot 0 10
log, n BKIrOUNTENHHO). McIONs3ys HalIeHHYI0 HAMHU TPAHHUILY, COCTABIIAIOILYIO
6n onepauuii Ha ypoBeHb, IOJIy4aeM, 4YTO 00IIee YUCIIO ONepaluil Ha BeCh aJro-
PHUTM, COCTaBISCT

KOJIMYECTBO YpOBHell x paboTa B pacuere Ha ypoBeHb < 6nlog, n+ 6n.

=log, n+1 <6n

[Mosy4eHHOE 3HAYEHHE COOTBETCTBYET YTBEPXKACHUIO Teopembl 1.2. Y. m. 0.!

O MPUMUTUBHBDLIX OMEPALINAX

MbI n3amepsieM BpemMs MCMONHEHUS anropuTMOB, B HaCTHOCTU MergeSort,
B TEPMUHAX KONIMYECTBA BbINOHAEMbIX «NPUMUTUBHbBIX ONepaumins. IHTynTmBe-
HO MOHATHO, YTO NPUMUTMBHAA onepauus NnpegHa3Ha4yeHa a5 BbiNOJHEHNS
MPOCTOV 3a4a4un (HanpmMep, CNoXeHne, CpaBHEHME NN KOMMPOBaHME), 3a-
Tparneasi HeOObLLOE KONIMYECTBO MPOCTbIX MEPEMEHHbIX (Hanpumep, 32-pas-
psiOHble Lenble Yynucna)?. Ho nveinTe B BUAOY: B HEKOTOPbIX BbICOKOYPOBHEBbIX
A3blKax NPOrpaMMmnpoBaHNs 0aHa CTPOKA KOAA MOXET CKpbIBaTb 60JbLLOE HYMC-
110 NPUMNTUBHBIX Onepaunin. Hanpumep, CTpoka koga, kotopas 3aTparmsaeT
KAl 9N1eMEHT ANVHHOrO MaCcCuBa, TPAHCINPYETCS B YACTO MPUMUTUBHbBIX
onepauuii, NPONOpPLUNOHANBHOE ANIHE MACCUBA.

1.5.4. OTBeTbl Ha TecTOBbIe 3apaHua 1.1-1.2

OTBeT Ha TecTOBOE 3apaHue 1.1

IIpaBuabublii oTBeT: (0). [IpaBunbHbIl oTBET: = log,n. DT0 00BACHAETCS TeM,
YTO pa3Mep BXOAHBIX JaHHBIX YMEHbIIAETCS B JIBa pa3a MpH Mepexojie Ha KaxAbli
HOCIIENYIOIUN YPOBEHb peKypcur. Eciau 1yinHa BXOIHBIX JaHHbIX Ha ypoBHE 0
paBHA 71, TO PEeKypCHBHEIC BHI30BEI HA YPOBHE 1 OIIEPHPYIOT C MACCUBAMU JUTHHOM

' «. 1. 1.» — 3T0 abOpeBHaTypa BEIPAKEHHS «UTO U TPEOOBAIOCH I0KAa3aTh» OT JaTHH-
ckoro quod erat demonstrandum (Q.E.D.). B MaTremarnke OHO yrmoTpeOiseTcsi B KOHIIE
JIOKa3aTelIbCTBa, YTOOBI OTMETHTH €r0 3aBEPILICHHE.

2 MoryT uMeThcst 60J1ee TOYHBIC OIIPEICIICHHs, HO HAM OHU HE HYI)KHBL.
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n/2, peKypcHBHBIE BEI30BBI HA yPOBHE 2 — C MaCCHBaMU JIIMHOH #/4, ¥ Tak 1ajee.
Pexypcust orcyTcTByeT B 0a30BBIX CiIy4asiX, C BXOJHBIMH MAacCHBAMH JUIMHOH He
OoJIbIIIe CTUHMIIBL, T/IC HET HY>KAbI B PEKypCHUBHBIX BBI30BaX. B MHBIX cirydasx
CKOJIBKO TpelOyeTcsl ypoBHel pekypcun? KonmndecTBo ypoBHEH paBHSAETCS KOJH-
YeCTBY JIe/ICHUH 72 Ha 2, YTOOBI OMTyYUTh uicio He Oonee 1. Jlyist n kak creneHu 2
9TO KaK pa3 U ecThb onpeaeneHue jgorapupma log,n. (B 6onee obiem ciaydae oHO
paBHsieTcs log,n, OKpYIIICHHOMY JI0 OJFKAHIIIero eIoro Jucia.)

OTBeT Ha TecTOBOE 3apaHue 1.2

IIpaBunbHbIH oTBeT: (B). [IpaBUIBHBIN OTBET 3aKIIOYAETCA B TOM, YTO Ha
YPOBHE j peKypCcuH UMeeTcs 2/ pa3HbIe MOA3a1a49u, U KaX1as U3 HUX ONEPUPYET
C TIOZIMACCHUBOM JUTHHOM #/2/. [111s Hauana HagHuTe ¢ ypoBHS 0, TIIe MMEeTCs OMUH
pexypcuBHbIH BbI30B. Ha ypoBHe 1 nMmeeTcs 1Ba peKypCHBHBIX BbI30Ba, U B Ooiiee
o0nieM rmane (MOCKOJIBKY aJlTOPUTM MergeSort BbI3bIBACT Ce0s IBAXKIbI) KOJTHYE-
CTBO PEKYPCHUBHBIX BBI30BOB Ha KaK/IOM YPOBHE BJIBOE IIPEBBIILIACT UX KOJINYECTBO
Ha IpeAbLIyIEeM YPOBHE. DTO MOCIEeI0BATENIbHOE YABOCHHUE MOIPa3yMEBAET, UTO
Ha KaXXJIOM YPOBHE j JIepeBa peKypcuu uMmeeTcs 2/ moa3ajaadn. AHAJIOTHYHBIM
00pa3oM, MOCKONBKY KaKIBIi PEKypPCHBHBIN BBI30B IOIYYACT TONBKO ITOJIOBUHY
BXO/IHBIX JAHHBIX MPEIBIAYIIEro, MOCHe j YPOBHEH PEKYPCHH, JJIMHA BXOJHBIX
JIAHHBIX Majaet a0 n/2/. Hy u HakoHell, TOCKOJIbKY MBI YK€ 3HaeM, 4YTO Ha YPOBHE
Jj uMeeTcs 2/ io3aiauy | epBOHAYAIbHBIN BXOTHOW MACCHB (JNTHHOM 1) pas3aenieH
MEXy HIMH ITOPOBHY, — MOJIYy4aeTCsl POBHO 71/2 2IIEMEHTOB Ha TO/3a1a4qy.

1.6. OCHOBHbI€ NPUHLUMNbI aHanIn3a
anropMTtmMoB

Mpl yke pruoOpeNr MepBhIid ONBIT aHaJH3a arOpUTMa Ha mpuMepe MergeSort
(cm. Teopemy 1.2). Temeps camoe BpeMsl clienath iar Ha3aja v J1aTh UCYEPIIbIBa-
fomiee 00BSICHEHHUE TPEX JOMYIICHU, KOTOPBIC IIPHHUMAIIICH HAMH IIPH aHATH3e
BPEMCHH WCIOJTHCHHUS JITOPUTMAa U HMHTEPIPETAMA Pe3ylbTaroB. Mbl Oyaem
HCIOJb30BaTh 3TU TPU AOMYHICHUA B KAYE€CTBE OCHOBHBIX PYKOBOASAIINX MMPUHIIU-
OB, KOTOPBIC OOBSCHSIOT, KaK pacCyXIaTh 00 aJrOpUTMax, U MPUMEHUM HX IS
OIIpEAEJICHUS TOTO, UTO XKE Ha CAMOM JIeJIe TIOIPa3yMeBaeTCsl HAMU IO/l TSPMHHOM
«OBICTPBIIT ATITOPUTM.
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[enb ATUX MPUHIIUIOB COCTOUT B TOM, YTOOBI OMPEICTUTH «30J0TYHO CEPEIUHY»
MOJIX0a K aHAJIN3y aJrOPUTMOB, KOTOPBIH ypaBHOBEUIMBAET TOYHOCTh C He-
MIPOTUBOPEUUBOCTHIO. TOUYHAs OLlEHKAa BPEMEHH HCIIOJIHEHHS] BO3MOXKHA TOJIBKO
JUIS CaMbIX TTPOCTEHIITUX AJITOPUTMOB; B OoJiee 001IeM ciydae BCeria TpeOyroTcs
koMmmpomucchl. C Apyroi CTOPOHBI, MBI HE XOTHUM BBITUIECKUBATh PEOCHKA BMECTE
C BO)IOI71. Mpr XOTHM, IITO6I>I Halllh MaTEMATUYCCKUEC BBIKIIAJIKU MO-TIPCIKHEMY
HUMCJIU NIPEACKA3aTCIIbHYIO CUJIY Ha IPAKTUKE, B OTHOLICHUU TOTO, 6yILCT JIK aJIro-
PUTM OBICTPBIM HJIM MeIIeHHBIM. [lociie Toro Kak MbI HAIlyIIaeM ONTHMAJIbHBII
0anaHc, HaM ylacTcss 000CHOBATH TIOJIC3HBIC OLICHKH IPEIEIOB BPEMEHHU UCIION-
HEHHS JECITKOB (DyHIaMEHTAaIbHBIX AITOPUTMOB, W OTH OIICHKU JaTyT BO3MOXK-
HOCTb YBHIETh TOUYHYIO KAPTHHY TOTO, KAKKE aJITOPUTMBI, KaK [TPABHJIO, PA0OTAOT
ObICTpee APYTHUX.

1.6.1. MpuHunn N2 1: aHann3 HauxygLiero cny4yasa

dopmyita npejesia BpeMeHH HCIIOIHEHUs ajroputMa MergeSort, 6n log? n + 6n,
JIoKa3aHHast B Teopeme 1.2, BepHa Ul Kaxc0020 BXOAHOTO MacCUBa JUTHHOH 7,
HE€3aBUCUMO OT TOT0, YTO OH COAEPKUT. Mbl HE IPUHUMAIM HUKAKUX JOIYILEHUM
0 MIPUPOZE BXOTHBIX JAHHBIX, 3a UCKIIOUEHHUEM PaMOK UX JJUHBI 7. [ unoreTnye-
CKH, Jla’ke ecJH Obl CylIeCTBOBA 3JI0YMBILIIICHHHUK, €IMHCTBEHHAS LIEb )KU3HU
KOTOPOT'O COCTOsIa OBl B TOM, YTOOBI YTO-THO0 HATBOPUTH C BXOAHBIMU JJAHHBIMH,
C IIEJIBI0 3aCTABUTH AlITOPUTM MergeSort BBITOIHITHCS MAKCHMAIILHO MEJICHHO,
TO TIpeJIe]l BpEMEHH MCIIOIHEHHUS STOTO alropuT™Ma, 67 log? n + 6n, O-IIpeHEMY
ocTaBaJicsi ObI BEPHBIM M HU NP KaKUX YCIOBHSIX HE MOT Obl OBITH TPEBBIIICH.
DTOT TUII aHATTN3a HA3bIBACTCS AHAIUZOM HAUX)YOULE20 CIY4asl, TOCKOJIbKY OH JacT
OrpaHUuYEHHE BPEMEHH HCITOTHEHUS, KOTOPOE JCUCTBUTEIBHO JTAKE JJIS «XYIITHX)
BXOJIHBIX TaHHBIX.

C ydJeToM TOro0, KaK JIETKO MPUHITUTT aHAITN3a HAUXY/IIIETro CIydast CIIEyeT U3 Bbl-
TIOJTHEHHOTO HAMHY aHaJI3a aIrTOpUTMa MergeSort, BITOJIHE PE30HHO 33/1aTh BOTIPOC,
YTO emIe Mbl MOkeM crenats. OJIMH U3 albTePHATUBHBIX MOIX0/I0B — «aHAJHN3
CPEIHETO CITydast», KOTOPBIH aHATM3UPYET CpeIHEe BPEMsI HCTIOIHEHHS allTOPUTMA
MIPY ONPEICTICHHOM JIOMYIIEHUN 00 OTHOCHUTEILHBIX YACTOTaX Pa3IUYHbIX BXO/I-
HBIX JaHHBIX. Hanmpumep, B 3a71a4e COPTUPOBKH MBI MOXKEM JOMYCTUTbh, YTO BCE
BXOJIHbIC MACCHBBI PABHOBEPOSATHBI, M 3aT€M U3y4aTh CPEHEE BPEMsI UCTIOJIHCHHUSI
Pa3IHYHBIX aJTOPUTMOB COPTUPOBKH. BTopas anmsrepHaTHBa — paccMaTpHUBATh
MTPOU3BOIUTEILHOCTD aJITOPUTMA TOJIEKO Ha HEOOIBIION KOJIEKIINHU «3TaJOHHBIX
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OK3CEMILIAPOB)), KOTOPBIC CUUTAIOTCA PEIPE3CHTATUBHBIMU U1 KTUITUMYHBIX» WA
«pCAJIBbHBIX» BXOJAHBIX JaHHBIX.

Kak ananms CpCAHECTO Ciiydast, TaK U aHAJIN3 9TAJIOHHBIX SK3EMIUIIPOB MOT'YT OBITE
TOJIC3HbI, KOT/ZIa ¥ BaC €CTb IMPECIMCTHBIC 3HAHUSA O Balie 3ajgade u HEKOTOPOEC
TIOHMMAaHHUE TOTO, KaKM€ BXOAHBIC NAaHHBIC PCIPEICHTATUBHCE IPYTHUX. Amnanms
Hanuxyamero ciay4vas, KOTOpBII;'I OTIINYACTCA TEM, YTO BBI HC JCJIaCTC a0bCOIFOTHO
HHUKaKuUX Z[OHyHleHI/Iﬁ O BXOOHEBIX JaHHBIX, B 0COOEHHOCTH NOAXOAUT IAJIst YHUBEP-
CaJIbHBIX MOAIIPOTrpaMM, NMPEAHASHAYCHHBIX JJId pa60T1>1 B PA3JIMIHBIX 00acTIX
NPUMCHCHUS. YT100bI OBITH MOJIE3HBEIMU KaK MOKHO 60J'ILI_HeMy KOJIMYCCTBY moz[eﬁ,
B DTON KHUI€ OCHOBHOE BHUMAaHUE YACTACTCA TaKUM IOAIIpOrpaMMamM 06HICFO
Ha3HA4YCHUA, U, COOTBCTCTBCHHO, MCIIOJIB3YCTCA NMPUHINII aHAJIN3a HAUXYAUIECTO
cirydas, 4TOOBI CYAUTH O MMPOU3BOAUTCIIBHOCTHU aJITOPHUTMA.

I[OHOJ'IHI/ITGHBHBIM MPEUMYIIECTBOM ABJIACTCA TO, UYTO aHATIN3 HAMXYQIICTO ClIy4dast
0OBIYHO HaMHOTO OoJjice CI)OpMaJ'[I/IBOBaH MareéMaTuiuC€CKHU, HEKECIINU €ro ajJbTep-
HaATUBBI. ITO OHa U3 NPUYXH, NOUCMY IMPUHIUII aHAJIN3a HAUXYAUICTO Cliy4dast
€CTCCTBCHHBIM 06pa30M OYCBHJICH M3 BBIITOJTHCHHOTO HAMHW aHAJIW3a aJropurMa
MergeSort, HECMOTpPs Ha TO YTO y HAC alipHoOpH HE OBLIO OpHCHTAllMU HA HaW-
XyAUIne BXOAHBIC JaHHBIC.

1.6.2. MpuHunn Ne 2: aHanuU3 3Ha4YMMBbIX aeTanen

Bropoii 1 Tpetuil pykoBozslLue IPUHLIUIIBI TECHO B3auMOCBs3aHbl. HazoBeM Bropoit
U3 HUX aHAIU30M 3HAUUMbLX Oemaell (MPeayNpexIeHIe: 3T0 He OOIEeTpUHATHIH
TEPMHH). DTOT MPUHIAI KOHCTATUPYET, YTO MBI HE JIOJDKHBI H3JTHIITHE OECTIOKOUTHCS
0 MaJTBIX KO3((HUIIHMEHTAX WIH WICHAX HU3IINX MOPSAIKOB IPU BEIYUCICHUN TIpefie-
JIOB BPEMEHH HCTIONHEHHS aITOPUTMOB. MBI y’ke BCTPedanch C STUM KOHIIENTyalb-
HBIM ITO/IX0/IOM Ha IIPAKTHKE B HAILIEM aHAJIM3e JITOpUTMa MergeSort: aHaIN3upys
BpEMsI HCTIOTHEHHS TTOAIpOrpaMMsl Merge (Jiemma 1.1). MbI cHavana 060CHOBAIN
BEpXHHU Tpesen uncia onepanuit kak 4¢ + 2 (tne { — 3TO AIWHA BBIXOAHOTO
MaccHBa), a 3aTeM IeperuT K Oolee mpocToil popmysie BepxHero npesena Kak 6¢,
HECMOTPS Ha TO UTO €€ HEIOCTATKOM SIBIISIETCS OoJiee KpyHHbIH KoadduipeHt. Uto
MTO3BOJISIET HAM TaK JIETKO UTPATh ¢ KOAPPHUIIMEHTaMHU?

MaremaTu4yeckas nmpocrtora. HemeM NpEeMMyIIECTBOM aHa/IM3a 3HAYUMBbIX
JIeTaliei SIBISICTCSL €T0 00abIIas MaTeMaTH4ecKas IIpoCTOTA, YEM AJIBTCPHATHBA
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C UCTIOJNIB30BaHUEM 00Jiee TOUHBIX KOA(D(UIIUSHTOB HIIM YWICHOB HU3IIUX MOPSI/I-
KOB. DTOT MOMEHT OBUI YK€ OUeBHIEH, KOI/Ia HCIIOIB30BAJICS HAMH ITPH aHAJIN3e
BPEMCHHU MCIIOJIHCHUS aJIrOpUTMa MergeSort.

IocTosiHHbIe KO3 PUUUEHTHI 3aBUCAT OT peaausanuu. Bropoe o6ocHOBa-
HUE MEHEE OUEBUIHO, HO Ype3BblYaiiHO BakHO. Ha ToM ypoBHe rpanynsipHOCTH,
KOTOPBII MbI Oy/1eM HCMOJIb30BATh Ul OMUCAHUS AJITOPUTMOB, KaK U B clydae
C aJrOpPUTMOM MergeSort, ObLIO ObI COBEPIIEHHO HEMPABIWIBHO 3alIUKINBATHCS
Ha TOM, YTO COOOW TPEICTABISIFOT TIOCTOSIHHBIC Kod(durmenTsl. Harpumep, Bo
BpEMsi HAIIEro aHallu3a MOANPOrpaMMEl Merge paHee yke NPUCYTCTBOBAIA [IBYC-
MBICIIEHHOCTb OTHOCUTEIBHO TOTO, CKOJIBKO IMEHHO «IIPUMUTUBHBIX ONEpaInii»
BBITIOJIHSCTCS Ha KKJOW uTeparuu nukia (4, 5 i uro-to apyroe?). Otcrozaa mo-
HSITHO, YTO Pa3HbIe IPOrPAMMHbBIE HHTEPIIPETALIMU OJHOTO U TOTO XK€ I1CEBIOKOA
MOTYT MPUBECTU K PA3HBIM MOCTOSHHBIM Ko3(¢ureHTam. [[ByCMBICICHHOCTD
TOJIBKO YBECJIHNYUBACTCA, KaK TOJIBKO ICEBAOKOI TPAHCIUPYETCA B KOHKPCTHYIO
peann3aIyio Ha JTI000M BBICOKOYPOBHEBOM SI3BIKE TIPOrPAMMHPOBAHHUSA, U 3aT€M
Janee TpaHCIUPYETCsl B MAIIMHHBINA KOJ — MOCTOSIHHBIE KO3()(UIIMEHTHI OyayT
HEN30€KHO MEHATHCS B 3aBUCUMOCTH OT HCIIOJIB3YEMOTI'O SA3bIKa IPpOrpaMMmnupoBa-
HUsI, KOHKPETHOM peanus3anuy 1 Jetaneil KoMnuisitopa u npoueccopa. [lockonbky
HAllla I[eJIb COCTOUT B TOM, YTOOBI COCPEOTOUUTHCS Ha CBOMCTBAX alropuTMOB,
KOTOPBIC BBIXOIAT 3a paMKH 0COOEHHOCTEMN SI3BIKa mporpaMMUpOBaHUA U MallIMH-
HOHM apXUTEKTYpHI, TO OYEBHJIHO, YTO TH CBOIMCTBA JIOJKHBI OBITH HE3aBHCHUMBI
OT HEOONBIINX U3MEHEHUHN MOCTOSHHOTO KO3(h(HUIUEHTA IPH pacueTe BPeMEHU
HCIIOJIHCHUS aJITOpHUTMaA.

Mbl He PUCKYEM NOTEPATH B TOYHOCTH IMIPOrHO3a 0 pe3dyabTare. TpeTLe omnpas-
JaHUuC — MBI ITOJIy4acM BO3MOKHOCTb n30€exKarh HCHpHHTHOCTCﬁ. BO3MO)KHO, BbI
6}’Z[CTC 00€CIIOKOCHBI TEM, YTO UTHOPHUPOBAHUEC TOYHOCTHU IMOCTOAHHBIX KOB(i)CI)I/I]_II/I-
EHTOB COOBLET HAC C MpaBUJIbHOI'O IIYTH, 00MaHOM 3aCTaBUB AyMarb, YTO aJITOPUTM
SABIICTCA 6I)ICTpBIM, TOTrJa KaK Ha IPAKTUKE OH Ha CaMOM JI€JIC pa60TaeT MCIJICHHO,
nim HaO60pOT. K C4acCTbhIO, OTOI'O HC HpOHSOﬁI{CT IJIs1 aJITOpUTMOB, O6CY)KZ[aCMLIX
B OTHUX KHMrax'. Z[ance IIpyu TOM, 4YTO MBI HE 6yneM OTCJIC)KHMBATh YJICHbI HU3IINUX
TIOPAAKOB M 3allUKJIIMBATHCA HA 3HAYCHHUAX ITOCTOAHHBIX KOB(b(bI/IHI/IeHTOB, Kayc-
CTBCHHBIC IIPCACKA3aHW HAILICTO MaTEMATUICCKOT'O aHaIn3a 6YZ[YT OYCHb TOYHBI.

' C oHNM BO3MOYKHBIM HCKJTIOUCHHEM: JETEPMUHHPOBAHHBIN JIMHEHHBIN AITOPHUTM BBI-

6opa, cM. B pakyasTaTUBHOM paszere 6.3.
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Korna ananm3 nprBOIHT K BEIBOMY, UTO aITOPHTM SIBIISIETCSI OBICTPHIM, OH Ha CAMOM
Jene OyaeT ObICTPBIM Ha MpaKTUKE, U HA000poT. Takum 00pa3oM, B TO BpeMsl Kak
aHAJIN3 3HAYMMBIX JIeTajlei AeHCTBUTEIFHO IIPEHEOPEraeT HEKOTOPBIMHU JICTAIISIMH,
OH JiaeT HaM TO, B YEM MbI JEHCTBUTEIILHO 3aMHTEPECOBAHbI: B TOYHOM OLICHKE
TOT0, KaKHe aJITOPUTMBI IEMOHCTPUPYIOT TeHICHINIO paboTaTh OBICTpee APYTHX'.

1.6.3. MNMpuHunn Ne 3: acuMnNTOoTUYECKUI aHanNu3

Ham TpeTuii 1 3aKII04UTENbHBIN PYKOBOIAIIMI IPUHLIUI COCTOUT B UCIIOJIb30Ba-
HUM ACUMNMOMUYECcK020 aHAIU3a N aKLIEHTE Ha TEMIIE pOCTa BPEMEHU UCTIOTHEHUS
QJIFOPUTMA 110 MEpe TOT0, KaK pa3Mep 71 BXOJHbIX JJaHHBIX CTAHOBUTCS OOJIBIINM.
DTO cMelIeHrne B CTOPOHY OONBIINX BXOAHBIX JAHHBIX OBUIO YK€ OYCBUIHBIM,
KOTJIa Mbl OLIEHUBAJIU IIPE/IEI BpPEMEHH UCIIOJIHEHUS aJIropuTMa MergeSort (Teope-
Ma 1.2), 61 log, n + 6n oneparuii. MBI TOr1a JOBOJIEHO CaMOYBEPEHHO OOBSIBUIIN,
YTO aJTOPUTM MergeSort «Iydiie», yeM 0onee MPOCThIe METOIBI COPTUPOBKU
C KBaJpaTUYHbIM BPEMEHEM HCIIOJIHEHUs 10 OTHOLIEHHIO K pa3Mepy BXOAHBIX
JaHHBIX, KaK, HAIPUMEpP, COPTUPOBKA BCTaBKamMu InsertionSort. Ho Tak mu 310
Ha caMoM Jniese?

PaccmorpuM koHKpeTHBIH npumep. [lycTs uMeercs anropuT™ COPTUPOBKH, KOTO-
9} 2 9] 9
PHIi BBITIONTHSIET He Oonee En olepauuii, COpTupyst Maccus JIMHOM 7. CpaBHUM

BpEeMsI UCIOJHCHMS 3TOr0 aaropuTMa ¢ TaKOBBIM HM3BECTHOIO HaMm ajaropurMa
MergeSort, mpoaHaJIM3MpOBaAB

1
6nlog, n+6n B COOCTaBIEHUU C En .

[msans Ha moBeZieHHe ATUX IBYX (GYHKIWH Ha puc. 1.6, a, MBI BUJMM, YTO 3HAUCHHUE

1
5 n* MEHbIIIE CBOCTO BU3aBH ripu MajioM 7 (He 6onee 90 UM 0KOJIO TOTO), B TO BpeMsI

Kak 3HaueHue 6n log? n + 6n MenbIie st 6onee KpynHoro 7. [103ToMy, Koraa Mbl
TOBOPHUM, YTO aJITOPUTM MergeSort ObIcTpee, 4eM 0ojiee MPOCThIe METO/bI COPTH-

' OpHAKO MO-MIPEIKHEMY TTOJIE3HO HMETh 001Iee MPEICTaBICHHE O PEICBAHTHBIX TOCTOSTH-

HBIX MHOXKHTEJSIX. HanpumMep, B CHIIBHO TOpaOOTaHHBIX BEPCUSX AITOPUTMA MergeSort,
KOTOpPBIE BBI HaiijeTe BO MHOTUX OMOMHOTEKAaX MPOrPaMMHUPOBAHUS, STOT AITOPUTM
MIePeKITIoYaeTcs ¢ MergeSort Ha COPTUPOBKY BCTaBKaMU InsertionSort (W3-3a €ro myd-
IIEro MOCTOSTHHOTO Kod((dunmenTa), Kak TOJIBKO [UIMHA BXOIHOTO MacCHBA CTAHOBHTCS
HeOOoIbIIOM (HanpuMmep, He 0oJiee CEMH AIIEMEHTOB).
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POBKH, MBI B I€HCTBUTEIILHOCTH UMEEM B BUILY, UTO OH OBICTpEE IIPH 0OCMAMOYHO
OONBUIUX 3HAUEHUAX PAZMEPA MACCUBA BXOOHBIX OAHHbIX.

ITouemy Hac Goblre TOKHBI HHTEPECOBATH CiIydad C OOJIBIIUMH MacCHBaAMH
BXOJHBIX JaHHBIX? [I0TOMY YTO alrOpUTMUUECKOI H300peTaTeIbHOCTH HA CAMOM
nerne TpeOyIoT TONBKO KpymHBIe 3a1a4d. [Ipi coBpeMeHHOM OBICTPOIECHCTBIN KOM-
MIBIOTEPOB MTOYTH JTI000H METOI COPTUPOBKH, O KOTOPOM MOXKHO TTOJyMaTh, OyzeT
MOMEHTAJILHO COPTUPOBATh MaccuB AMMHON 1000 — HeT HUKaKoi He0OXOAUMOCTH
H3y4aTh aJrOPUTMBI «Pa3/eNsai U BIaCTBYI».

C y4eToM TOro, YTO KOMIBIOTEPHI MOCTOSHHO CTAHOBSTCS OBICTpEE, BaM, BO3-
MOJHO, JTIOOOTBITHO, HE CTAHET JH PEIIeHHE BCEX BBIUMCIUTEIbHBIX 3a4ad
B KOHEYHOM HTOre TpuBHanbHbIM. Ha camoM nene, yeMm ObICTpee CTAHOBATCSA
KOMIIBIOTEPBI, TEM AKTyaJbHEE CTAHOBUTCS aCUMITOTHYECKMM aHanu3. Hamu
BBIYUCIUTEIbHBIE aMOUIINN BCET[la POCIH BMECTE C Hallleil BBEIYMCIUTEIbHON
MOIIbI0, TOITOMY C TEYEHHEM BPEMEHHU MBI OyleM paccMaTpHBaTh 3a/ad cO
Bce Oonee KPYIMHBIMU pa3MepaMM BXOIHBIX JaHHBIX. M mpomacTs B IMPOHU3BO-
JUTEIbHOCTH MEXKy AJITOPUTMAMHU C PA3JIMYHBIM ACUMITOTHYECKUM BpEMEHEM
paboThl OyJeT CTAHOBUTHCS TONBKO LIMPE 110 MEPE YBEIUUEHHSI Pa3MEpPOB BXOJI-
HBIX AaHHBIX. Hanmpuwmep, puc. 1.6, 0 moka3bpIBaeT pa3HUIY MEXTy (QyHKIHSIMU

1
6nlog,n+6nu En2 JUTSI OTHOCUTENBHO OOJIBIINX (HO MO-TIPEKHEMY CKPOMHBIX)
3HaYeHui n. Y Bce paBHO, K MOMEHTY BpeMeHH, koraa # = 1500, pa3Huia Mexy

3HaueHusIMH QyHKIUI craHoBUTCS 10-kpatHOW. Eciu Obl Mbl yBETHYHIIH IIKATY
neme B 10, 100 wiu 1000 pa3 ans Toro, 4ToObI MOTy4aTh 3aJJa4U C HHTEPECHBIMU
pa3mMepamu, pa3HUIa MEXKIy IBYMS QYHKIIUSIME cTajia Obl IPOCTO OTPOMHOIA.

Hnmeetcs emie oAHO 000CHOBaHHE MOJE3HOCTH NMPUHIIUIA ACUMITOTHUECKOTO
aHanmza. JlomycTuM, 9TO Y Bac mMeeTcs (PUKCHPOBAHHBIA OIOMKET BPEMEHH,
HaTpuMep 4ac Wil JeHb. Kakum 00pa3oM NpUBIeUCHUE TOMOTHUTEIBHBIX BbI-
YUCIUTEIBHBIX MOIIHOCTEH MO3BOJUT BaM BIHITH Ha MOJABIACTHBIA pasmep
BBIYMCIUTEIBHO paspemumoit 3aaaun? C anropuTMoM, KOTOPBIN BBITTOIHIETCS
CO BpEeMEHEeM, MPOIOPIHOHAIBHBIM 3HAYCHHIO pa3Mepa BXOTHBIX JaHHBIX, Ye-
THIPEXKpPATHOE yBEIMYCHHE BBIUUCIUTEILHON MOIIHOCTH MO3BOJSET peliaTh
3aJ1a4d C Pa3MEPHOCTHIO B YETHIpE pas3a Oomblie, yeM panbire. C anropuTMom,
KOTOPBIN BBITIOJTHSIECTCS CO BPEMEHEM, IPOIIOPIUOHAIBHBIM KBaIpaTy pa3Mepa
BXOJHBIX JaHHBIX, BBl CMOXKETE PEIIaTh 3a/1a4M, pa3MEPHOCTh KOTOPBIX TOJIBKO
B JIBa pa3a OoJibllie, 9YeM paHblIe.
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1.6.4. Y10 TaKoe «ObICTPbIN» anroputm?

[IpuHUMas BO BHUMaHHE HAIM TPU PYKOBOMAIINX MPHHIHNIA, CHOPMYIHPYEM
cleytoliee onpeieieHne «ObICTPOTo aaropuT™Man:

«Bvicmpuiii ancopummy» — 2mo anreopumm, 0ns KOMOPO2o € y8eauyeHuem
pasmepa 6X0OHbIX OAHHBIX HAUXyoulee 8pemsi UCROTHEeHUs pacmen MeOleHHO.

IlenecooOpa3HOCTH UCHONB30BaHUS KAaTETOPUHU «HAUXYAIIEE BPEMsI HCTIOTHEHUSD
cllelyeT U3 Hallero MepBOro PyKOBOASALIErO MPUHIIMIA, OMUCHIBAs KOTOPBIA Mbl
000CHOBAJIM, YTO Ba)KHO OPHEHTUPOBATHCS HAa BPEMs HCIIOIHEHUS, KOTOPOE HE
HCXOJWUT M3 HAIMYMS KaKUX-JIHOO IMPEIMETHBIX 3HAHWH, TOMYIICHUH, YIIPOIICHUH
IIPUMEHHTENBHO K BXOIHBIM JaHHbIM. Hamim BTopoil v TpeTuii pyKOBOASIINE IPUH-
LUIBL, UCXO/SIIME U3 TOHUMAHUS TOTO, YTO 3HAUCHUS KOA((UIIUEHTOB 3aBUCST OT
0COOCHHOCTEH S3bIKA M MAIIIMHHOM apXUTEKTYPBI ¥ BBUY 3TOTO HaM HAJ/I0 YKPYITHATD
KO3(p(UIMEHTHI 1 OTMETaTh JETalH, SBISIOTCS NMPUINHAMH, [TOYEMy HaM Ba)KHO
COCPEOTOYUBATHCA MIMEHHO Ha TEMIIE POCTa BPEMEHH HCIIOIHEHUS aITOPUTMA.

JIEFTKOBECHbIE MPUMUTUBDI

ANropuTM C NMHENHBIM NN MOYTU IMHENHBIM BPEMEHEM NCTIOSTHEHUSI MOXHO
npeacTaBUTb Kak MPUMUTMB-3aroTOBKY, KOTOPbIN Mbl MOXEM NUCMOJIb30BaTh,
Mo CYLLLECTBY, «6e33aTpaTHO» C TOUKN 3PEHUS BIYUCIIUTENbHOM HArpy3ku, no-
CKOJbKY 06beM TpebyeMbix AJ1s1 ero UCNoJIHEHUS onepaunii egsa v 6oblue,
yem TpebyeTcs ans Toro, 4ToObl NPOYNTATh BXOAHbIE AaHHbIe. Knaccuiyecknm
NMPUMEPOM TaKoro JIErKOBECHOIO NPUMUTUBA SBASIETCS COPTUPOBKA, WU Mbl
Takxke N3y41Mm eLe HeCKONbKO Apyrux. Koraay Bac eCTb HEBEPOSITHO ObICTPbIN
NMPUMUTUB, OTHOCSALLIMIACA K Ballen 3aaade, noyemy Obl UM HE BOCMOJIb30-
BaTbCa? Hanpumep, Bbl BCerga MoXxeTe OTCOPTMPOBaTb JaHHbIE Ha aTane
npenBapuTenbHoli 06paboTkM, Jaxe ecyin Bbl HE COBCEM MNpeacTaBseTe,
KaK 970 npurogmtcs no3xe. OgHa 13 uenen 3Tom KHUrM — NonosIHUTL Ball
aNropUTMMNYECKNI apceHar Kak MOXHO 60bLIVM KONIMYECTBOM JIEFKOBECHbIX
NMPUMUTMBOB, TOTOBLIX K MPUMEHEHNIO NO BalLIEMY YCMOTPEHMIO.

UTto MbI UMEEM B BUJLY, TOBOPSL, YTO BPEMsI HCIIOJIHEHUS aJlfTOPUTMA «PacTeT MeJl-
neHHo»? Jleno B TOM, YTO MOYTH ISl BCEX 3a/1a4, PACCMaTPUBAEMBIX HAMH, UACaTIOM
(ataxum CeateM ['paaneM, K KOTOPOMY HAJI0 CTPEMUTECS ) SBISIETCS IUHEliHO-8pe-
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MEHHOT aneopumm — TOT, Ul KOTOPOr'O BPeMsl UCIIOJIHEHUS PSMO IPOIOPIHO-
HaJbHO 3aBUCHUT OT pa3Mepa BXOAHBIX JaHHBIX. 3HAYEHUE YCTAaHOBJICHHOTO HAMH
paHee mpeesia BpeMeHH HCTIOMTHEHNUS aJITOpUTMa MergeSort, MPOIOPIIHOHATIBHOE
n log n, SIBISIETCS HE3HAUYUTEIEHO CBEPXIIMHEHHBIM U TOITOMY BCE e XYKe, YeM
nuHeiiHoe BpeMs paboTel. HaM ynacTes cipoeKkTUpoBaTh JIMHEHHO-BpEMEHHbBIE
QITOPUTMBI [Tl HEKOTOPBIX 33714, HO He I BceX. B mro0om ciryuae, nmuHelHo-3a-
BHCHMOE BPEeMSI — 3TO HAWITYUIINH CIICHAPHIL, K KOTOPOMY MBI OyZIeM CTPEMHUTECSL.

BbIBO/JbI

X AJNTOPUTM — 3TO HAOOP YETKO CHOPMYIUPOBAHHBIX TPABUI IS
pelIeH s HEKOTOPOI BIYHCIUTENLHOM 3a/1a4H.

* Yuciao MPUMHTHBHBIX ONEpAlUii, BHIIOJHAEMBIX alTOPUTMOM
YMHOXKEHHUS JIByX A-3HAYHBIX YHCEN B CTOJOMK, KOTOPOMY BBI
00y4MIUCh B HAYAJIbHOW IIIKOJIE, OMMCHIBAETCS KaK KBaJApaTUdHas
(yHKIUS 4nCaa A,

X Ymuoxenue KapairyObl — 3T0 peKypCHBHBIN aJrOpUTM [EJI0UUCIICH-
HOTO YMHOXEHHUS, B KOTOPOM, B OTJIMYHE OT OOBIYHOTO PEKYPCHUBHOTO
QJITOPUTMA, UCTIONB3YeTCst MeToA I aycca ¢ LeTbio SKOHOMHH HA OTHOM
PEKYPCUBHOM BBI3OBE.

* OmbITHBIE MPOrPAaMMHUCTBI U CIIEHUAINCTHI B 00JIacTH computer
science 0OBIYHO MBICIAT U OOMEHHBAIOTCS MH(pOPMAIHEH 00 anro-
pUTMaX, HCIOJb3YsS HOBOJBHO aO0CTPAKTHBIC OIHMCAHUS BBICOKOTO
YPOBHSI, @ HE TOAPOOHEIC pea3alHu.

X ANTOPUTM COPTHPOBKH CIUSTHEEM MergeSort — 3TO aJTOPUTM THIIA
«pasziesii U BIACTBY», KOTOPBIH pa30MBaET BXOAHOW MACCHB Ha JIBE
MIOJIOBUHBI, PEKYPCUBHO COPTUPYET KaXkIyIO MOJOBUHY U O0BbEJUHSAET
PE3yJbTaThl, HCIIOJIB3Ys NOAIPOrpaMMYy CIUSHUSA Merge.

X [Ipu HTHOPUPOBAHUN TTOCTOSHHBIX KO (UIIMEHTOB U YWICHOB HU3-
LIMX MOPSIAKOB IIPU PACUETe BPEMEHU UCTIOIHEHUSI YU CIIO ONepalui,
BBIMOJHSIEMBIX AJITOPUTMOM MergeSort A1 COPTUPOBKH 7 SIIEMEHTOB,
pacret kak (yHKIus 1 log, n. B aHanm3e ucnonb3yercs 1epeBo pe-
KypCHH, 9TOOBI yI0OHO OpPraHn30BaTh padOTY, BEIIOIHIEMYIO BCEMHU
PEKypCHBHBIMH BBI30BaMU.
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% [lockonbky (yHKIWMs log, n pacTeT MeUICHHO B 3aBUCHMOCTH OT 7,
TO aJITOPUTM MergeSort, KaK MpaBuiIo, ObIcTpee, YeM OoJiee MpOCThIe
AJTOPUTMBI COPTUPOBKH, KOTOPHIE XapaKTEPU3YIOTCS KBaJpaTHy-
HBIM POCTOM YHcia onepanuii. st 60abIoro 7 yimydieHue oyaer
paauKaIbHBIM.

* Tpu pyKOBOASIIMX ITPUHIHIIA aHAIN3a AITOPUTMOB: (1) aHAJIU3 HaW-
XyJIIIETO CITydast, KOTOPBIH TaeT HaM alrOpUTMBL, XOPOIIIO paboTaromme
0e3 JJOMyIICHUH O IPUPOJIC BXOJHBIX TAHHBIX; (11) aHAIM3 3HAYUMBIX
JeTaleH, KOTOPBIH YPaBHOBEIIMBACT IPEICKA3ATEIBHYIO CHITY C Ma-
TEMAaTUYECKON MPOCTOTOM, UTHOPUPYS MOCTOSHHbBIE KOI(D(PUIIUECHTHI
Y YWICHBI HU3IIHNX MOPSAKOB; U (ii1) aCHMITOTUYECKUN aHAIN3, TIPe/l-
CTaBILIIOIINH COO0I CMEIIEHNE B CTOPOHY OOJBIINX BXOAHBIX TaHHBIX,
TO €CTh TAaHHBIX, TPEOYIOMINX AJITOPUTMUYCCKON H300pETaTeIEHOCTH.

X «BBICTPBII ANTOPUTM» — 3TO AITOPHTM, BpeMs paboThl KOTOPOTO
B XyAILIEM CIIy4ae pacTeT MEJIEHHO, B 3aBUCUMOCTH OT POCTa pas-
Mepa BXOJHBIX JAHHBIX.

X «JIerxkoBeCHBIH MPUMHUTHBY» — 3TO AJITOPUTM, KOTOPBIN BHIIOITHIETCSI
3a TMHEWHOE WIIH TI0YTH JIMHEHHOE BpeMsI, KOTOPOe eBa JIK OOoJIbIIre
TOTO, YTO TPEOYeTCs IS IPOUTCHNS BXOAHBIX JAHHBIX.

3a[ayuvm Ha 3aKpensieHMe martepuana

3agaya 1.1. JlomycTuM, MBI BBIIOIHSIEM QJITOPUTM MergeSort ¢ IPUBEICHHBIM
HU’KE BXOJIHBIM MaCCHBOM:

ITepeiinem cpasy k mary mocie 3aBeplIeHHs ABYX CaAMbIX BHEIIHUX PEKYPCUBHBIX
BBI30BOB, HO MEpe 3aKJIIOYUTENbHBIM IIaroM CIusiHusl Merge. Bo3bMeM J1Ba BbI-
XOJIHBIX MAaCCHBa C 5 3JIEMEHTaMHU MOCIIE PEKYPCUBHBIX BBI30BOB, TIPEJCTABUM HX
Kak ckjJeeHHbIH 10-omeMenThIii MaccuB. Kakoe uncio HaxoguTces B 7-H mo3unuun’?

3agaua 1.2. PaccmoTpuM cienyroniyo MOau(pUKaIK0 aaroputMa MergeSort:
pa3ienuTh BXOAHON MacCHB Ha TPU YacTH (HE Ha TIOJIOBUHBI), PEKYPCUBHO OTCOP-
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THPOBATh KAXIYIO TPETh U, HAKOHEIl, OOBEAMHUTD PE3yJbTaThI, HCIIONb3Ys TPEX-
apryMEHTHYIO TIOANpOrpaMMy ciusiHus Merge. KakuMm OyeT Bpemsl HCITOTHEHHUS
9TOTO aJrOpUTMa KakK (GYHKIMH JITUHBI 77 BXOJHOTO MacCHBa MPU HTHOPUPOBAHUH
MOCTOSTHHBIX KOA((UIIMEHTOB 1 WICHOB HU3MUX mopsiakoB? [[logckaska: oOparute
BHHUMaHHMeE, YTO TIOANIPOrpamMma Merge MOXeT OBITh PeaTi30BaHa TaK, YTOOBI KOJIU-
YeCTBO ONepaIyii ObUTO TMHEHHBIM KaK (DYHKITUSI CyMMBI JUTHH BXOJHBIX MACCHBOB. |

a) n
0) nlogn.
B) n (log n)>.

r) n?logn.

3anaua 1.3. [IycTh 1aHO kK OTCOPTHPOBAHHBIX MACCHBOB, KQXKIBIU C 72 3JIEMEHTAMH,
U BBl XOTUTE UX O0BEAUHUTE B OOUH MacCUB U3 kn neMeHToB. OQUH U3 ITIOAX0I0B
COCTOUT B TOM, YTOOBI HCIIOIB30BaTh MOANIPOTPAMMY CIUSHUS Merge W3 pasfe-
na 1.4.5 MHOTOKpAaTHO, CHaYasa 00beIMHsIsI IIEPBbIE IBA MACCUBA, 3aTeM OObEIMHSS
pe3yibTaT ¢ TPEThUM MAacCHBOM, 3aT€M C YETBEPTHIM MAacCHUBOM, U TaK jaajiee J0
TeX TOp, OKa Bl HE BBITIOJIHUTE CIUSHUE Pe3ysbTara Ha k-M Iare ¢ mociaeTHIM
BXOJHBIM MaccuBOM. Kakum OyieT BpeMsi HCIIOIHEHHUSI 3TOTO aJrOpUTMa IMOCIIe-
JIOBATEIILHOTO CIUSHUS KaK QYHKIIUK OT k ¥ 71 TIPU HTHOPUPOBAHUH TIOCTOSHHBIX
K03 (OUIMEHTOB ¥ YWIEHOB HU3LIUX TOPSIKOB?

a) nlogk.
0) nk.
B) nklog k.
r) nklog n.
) nk>
e) n’k.

3agaua 1.4. Eue pa3 paccMOTpuM 3a1a4y CIUSHUS K OTCOPTUPOBAHHBIX MACCHBOB
JUIMHOM # B OMH OTCOPTUPOBAHHBIA MacCUB JJIMHOH kn. PaccMOTpHUM anropurm,
KOTOPBIY CHAYaJIa JACIUT TPYIITY U3 k MAaCCHBOB Ha k/2 TTap MacCHBOB M HCIIONB3YET
MOATIPOTpaMMy Merge, YTOOBI OOBEANHUTE KXKIYIO MApy, B PE3yIbTaTe IMOMydast
k/2 oTCOPTHPOBAHHBIX MAaCCHBOB JUTMHOH 2. [lyCTh anropuT™M MOBTOPSET 3TOT
ar 0 Tex Mop, I0Ka He OCTaHEeTCs BCEro OIMH OTCOPTUPOBAHHBIN MAacCUB AJIU-
HOU kn. KakuM Oyaet Bpemst HCIIOTHEHHS 3TOTO aITOPUTMa KaK (PYHKIIHHU OT Kk ¥ 1
MIPY UITHOPUPOBAHUH MTOCTOSIHHBIX KO3(DPHUIIMEHTOB 1 YICHOB HU3IIUX TOPSAKOB?
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a) nlogk.
0) nk.
B) nklog k.
r) nklog n.
n) nk
e) n*k.

3agauya NOBbILLEHHOW CJZIOXXHOCTM

3agaua 1.5. B kauecTBe BXOIHBIX JaHHBIX UMEETCS HEOTCOPTUPOBAHHbII MacCHB
U3 1 pa3HbIX YMCEl, 1€ 7 — CTeNeHb uncna 2. [Ipemioxkure anropurm, KOTOpbIi
OIIpEAEISIET BTOPOE 10 BETMUMHE YHUCIIO B MACCUBE, IIPU ITOM JITOPUTM UCIIOIb3YET
He Oonee n + log, n — 2 cpaBHeHwui. [[loackaska: kakol nH(pOpMaIei BbI Oyaere
001a/1aTh TIOCJIC BEIUUCICHUS HAMOOJIBIIETo yncia? ]

3apada no nporpaMmmMmupoBaHUIO

3agaua 1.6. PeanusyiiTe anroputm 1enodrcieHHOro ymHoxxenus KapaiyOsl Ha
CBOEM JIFOOMMOM sI3bIKe TporpaMmmupoBanusi!. YTOObI MONTYyYUTh OT 3TOU 3a1a4u
MaKCHMAJIFHYIO OTJady, CIeNaiTe Tak, 9TOOBI Ballla MporpaMMa Ha BEIOpAaHHOM
BaMH $SI3bIKE BbI3bIBAJIa CBOM ONEPATOP YMHOXKEHHUS TOJIBKO Ha ONEpaLUsX C MapaMu
OJTHOPA3PSTHBIX YU CEI.

B kauecTBe KOHKPETHOTO IPUMEPA BBIYUCIIUTE, KAKUM OyZeT pe3ybTaT yMHOKCHHUS
MIPUBEICHHBIX HUKE ABYX 64-pa3psHbIX qucesn?’

3141592653589793238462643383279502884197169399375105820974944592

2718281828459045235360287471352662497757247093699959574966967627

! TlomymaiiTe: clieaet JIi Ballly KH3Hb POILE TOT (haKT, SCIU KOTNYCCTBO 3HAKOB KaXKIOTO
LIEJIOTO YHCIIA SIBIISIETCS CTEIEHBIO 27

2 Ecnu BaM Hy)KHA [OMOIIb HIJIM )K€ Bbl XOTHTE CPABHHUTH CBOM PE3YJIBTATHI C IPYTUMA
YUTATEISIMH, TIOCETUTE JIUCKYCCHOHHBIN hopyM Ha www.algorithmsilluminated.org.
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JlaHHas TIIaBa MOCBSINEHA TATbHEHIIIEMY pa3BUTHIO MaTeMaTHIECKOM a0CTPaKIINH,
KoTOpast popMaIu3yeT PYKOBOASIINE TIPHHIIUITBI aHAJIH3a aITOPUTMOB, BBIBE/ICH-
HBIC HAMH B IIpepLyIIeH mase (paszaen 1.6). Hamreit ensio OyaeT HOHCK «30710TOH
CepelMHBD) TPaHyIAPHOCTH HAIINX JOMYIIEHUH (paccyKIeHNI) B HCCIIeJOBAHNH
AJITOPUTMOB. MBI CTPEMHUMCSI HE YUHTBIBATB JI€TAJIN BTOPOTO MOPS/IKA, B YACTHOCTH
IIOCTOSIHHBIC KOB(b(I)I/H_[I/IeHTBI 1 WICHBI HU3IIUX IMMOPAIAKOB, X IIPU 5TOM UMETH BO3-
MOJKHOCTB COCPEIOTOYNTH BHUIMAaHHE HA TOM, KaKyIO 3aBHCHMOCTb IEMOHCTPHPYET
BpEeMsI NCTIOJHEHHMS aJiTOPUTMA 110 Mepe YBEJIMUCHHUS pa3Mepa BXOIHBIX JaHHbIX.
@DopManbHO 3TO ETACTCS C IIOMOIIIBIO0 MaTeMaTHIeckoro obo3nadeHust O-0onpIoe
1 COOTHOCHUTEIIBHBIX C HUM MOHATHH — KaTerOpHaJIbHOTO HHCTPYMEHTapH s, KOTO-
PBIM JIOJDKEH BIIaJIETh JTI000I Cephe3HBIH MTPOrpaMMUCT 1 CHEIUAIIMCT B 001aCTH
computer science.

2.1. OTnpaBHasa To4ka

[Ipex e yeM yrryOnaThCs B MATEMAaTHYECKUI (POPMaTM3M aCUMIITOTHYECKUX 000-
3HaYeHUH, AaBaiiTe yOeaumcs, 4To JIJIsl 9TOM TeMbI eCTh IocTaTouHas 0asa, y Bac
€CTh YETKOC IMOHMMAHHE TOTO, YeTO OHA IBITACTCS TOCTHUYh, U YTO BHI MTO3HA-
KOMUJINCH C HECKOJIBKHMH MPOCTHIMU ¥ HHTYUTUBHO MOHSITHBIMH TTPUMEPaMHU.

2.1.1. AKTyanbHOCTb

AcUMITOTHYECKHE 0003HAYEeHUsI 00eCTIeYnBatOT 0a30BbIi KaTeropuaibHbIi ar-
napar (HaOop MOHATHHN) JUIsl PAaCCMOTPEHHUS MPOIECCOB pa3pabOTKU M aHAIHM3a
aITOpUTMOB. Ba)kHO MOHMMATB, YTO IMEHHO ITPOTPAMMHCTHI HIMEIOT B BUTY, KOT/Ia
OHH TOBOPSIT, YTO OJHA YaCTh KOJa BBIMOJIHIETCS 32 BpeMst «O-00IbIIoe 1%, B TO
BpEMS KaK Jpyrast BBITOTHACTCS 32 BpeMs « O-00JIbIIIoe n-KBaapaT.

DTOT anmapaT MOJy4usl TAaKOe MOBCEMECTHOE PACIpPOCTPaHEHUE MTOTOMY, UTO
OH T03BOJISIET JOCTUTHYTh TOM CaMOW «30JI0TOH Cepe/IMHbDY PACCYKACHHUA 00
anropuTMax. ACHMITOTHYECKHE 0003HAUCHS B JOCTATOYHON Mepe IpyOBbI, 4To
JAeT BO3MOXKHOCTh HE YYUTBIBATh BCE JI€TaH, KOTOPbIE BBl XOTUTE MPOUTHOPH-
pOBaTh, — 3IEMEHTHI, KOTOPBIC 3aBUCSIT OT BEIOOPa apXUTEKTYPbI, BEIOOPA S3bIKa
IpOrpaMMHUpPOBaHUs, BEIOOpa KOMIIIIATOpa U Tak manee. C Ipyroil CTOPOHEL,
OHHM JOCTATOYHO TOUHBI, YTOOBI TIO3BOJIATH J1€]aTh MOJIE3HbIE CPAaBHEHUSI MEXKIY
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Pa3INYHBIMU BEICOKOYPOBHEBBIMH aJITOPUTMHUYECKUMH OAX0JAMHU K PELISHHUIO
3aJjaui, B 0COOEHHOCTH Ha 0OIBIINX 00beMaX BXOAHBIX JAHHbBIX (BXOAHBIX JaH-
HBIX, KOTOpBIE TPeOYIOT aIropuTMHUECKoi m3o0peTarensHocTH). Hanmpumep,
ACHMIITOTHYECKHH aHaIN3 TOMOTaeT HaM pa3Inydarh JTydIIne 1 XyAIIHe OIXO/bI
K COPTUPOBKE, JTYUIlINE U XYAIINE MOAXOAbI K YMHOXEHHUIO BYX LIEIbIX YUCEIN
U TaK Jaiee.

2.1.2. BbicOKOypOBHEBas napes

Ecnu BBI TMOMPOCUTE MNPAKTUKYIOLICTO IMTPOTrpaMMHUCTa 06’b$[CHI/ITI> CYTb CUCTCMbI
ACHMIITOTUYECKUX 0003HAYCHHUIA, TO OH, CKOPEE BCETro, CKaKET NPUMEPHO CIICY-
Io1ee:

CUCTEMA ACUMIITOTUYECKHUX OBO3HAYEHU
B CEMHU CJIOBAX

YCTPAHUTB MOCTOSIHHBIE KOI(M(UIMEHTBl ¥ WICHBI HU3IINX ITOPSIIKOB

CJIMIIKOM CHCTEMHO-3aBHCHMBI HEPENIEBAHTHBI /111 GONMBIINX 00BEMOB TaHHBIX

B nanpHeiinieM Mbl yBUIUM, 9TO 33 UCMOJIL30BAHUEM aCUMIITOTHYECKUX 0003HA-
YeHUH, KOHEYHO, CTOUT OOJIbIIIE, YEM IIPOCTO 3TH CEMb CJIOB, HO CITYCTS, ITOJIOXKUM,
JIECATH JICT, €CJIM BBl 3aIIOMHUTE TOJLKO ATH CEMb CJIOB, OHH BCE PaBHO OymIyT
BBIPAXKATh CaMYIO CYTh.

3aueM IpH aHAIN3€ BPEMEHN HCIIOMHEHHS allrTOpUTMa HEOOXOIUMO 0TOPACHIBATh
UH(POPMALIUIO, TAKYIO KaK MNOCTOSHHbIE KOA(D(UIIMEHTHI 1 WICHB! HU3IMINX TOPS-
koB? Jle710 B TOM, YTO WICHBI HU3IIHNX TOPSIKOB TI0 ONIPEACTICHUIO CTAHOBSTCS BCE
Oonee u Oosee HeaKTyaIbHBIMH, IOCKOJIBKY BBI COCPEIOTOUMBACTECH HA OOJBIIHX
00BbeMax BXOJHBIX JAHHBIX, TO €CTh BXOJHBIX JaHHBIX, KOTOpPbIE TPEOYIOT aJIrOpUT-
MHYECKOH N300peTaTeIbHOCTH. MeKTy TeM OCTOSHHBIC KO3 (HIIHEHTH OOBITHO
CHJIBHO 3aBHCST OT Jetaneil peanusanun. Eciam npn aHanmse aaropurma Mbl He
XOTUM IPUBS3BIBATHCS K ONPEICICHHOMY SI3bIKY NMPOIPAMMHUPOBAHUS, apXUTEK-
TYpe WIH KOMIHJISITOPY, IMEET CMBICI HCIIOIb30BaTh (hOPMATbHBIN MOAXO U HE
COCPEIOTOYNBATHCS Ha IOCTOSHHBIX KO duIrenTax.
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Hampumep, momuuTe Ham ananus anroputMa MergeSort (pazznen 1.4)? Mt onpe-
JIEJIAIA BEPXHUH Mpe/iel ero BpeMEeHU UCTIOIHEHUs!, PaBHBII

6n log, n+6n

MPUMUTHBHBIX OTIEPAIUii, TIE 77 — AJTNHA BXOJHOTO MaccrBa. YIeH HU3IINX T10-
psnkoB 3aech 6n. [lockonbKy 7 pacTeT Me/uIeHHee, yeM 7 log, n, oH OyzaeT ycrpa-
HEH B aCUMNTOTHYECKUX 0003HaueHUAX. OCHOBHOI OCTOSTHHBIN KOAPPUITUEHT
6 Toke OyZIeT yCTpaHEH, B pe3yibTaTe MBI IOIydaeM HaMHOTO Oojee mpocToe
BEIpaxkeHue n log n. B pesynbrare 3THX YIPOMICHUH YCIOBUMCS TOBOPHUTH, YTO
BpeMs paboThI aNropuT™Ma MergeSort coctasiser O-0ombinoe ot 7 log n, uTo 3a-
nuceiBaeTcs kak O (n log n), Wity 94TO anropuT™ MergeSort SBISETCS aITOPUTMOM
«O(n log n)»'. B HHTYUTHBHOM IJIaHE BBICKA3bIBAHKE, UTO HEYTO PabOTAET CO
BpemeneM O (f(n)) mst dyHkuuu f(n), o3Hadaert, uto f(7) — 3TO TO, C YEM BHI
OCTaHETECh MOCIC YCTPAHCHHS ITOCTOSHHBIX KOA(P(PHUIINCHTOB U WICHOB HU3IIIX
nopsaakos?. IIpumenenue 06o3HadeHus O-00JbINOE MMO3BOJSIET PAHKHUPOBATH
QJITOPUTMBI 110 TPYIIIAM COIIACHO MX ACHMIITOTHYCCKH HAUXYALINM BpEMEHAM
WCIIOJIHEHUs, HanpumMep: nHelHbie O (n) anroputmsl, O (n log n) anropuTmsl,
kBajgparuunbie O (n*) anroputmsl, O (1) aIropuTMbI ¢ TOCTOSHHBIM BPEMEHEM
U TaK jaiee.

Byny OTKpOBEHHBIM: 0€3yCI0OBHO, S HE YTBEPIKAAI0, YTO MOCTOSHHBIC KO-
(bMIIMEeHTHI HUKOT/Ia HE MMCIOT 3HAYCHHsI TIpH pa3padoTke anroputma. Cropee,
BEpPHO TO, YTO, KOTJIa BBl XOTUTE TIPOBECTH CPABHEHHE MEK/y NPUHITUITHATBHO
Pa3IMYHBIMU CIIOCOOAMH pPEIICHHUS 3a7a4d, aCHMIITOTHUCCKAN aHAIM3 YacTo
SABJIISICTCA HpaBI/IJ'H)HI)IM I/IHCprMeHTOM JJIL IIOHUMaHUs TOTO, KaKOﬁ N3 HUX 6leeT
paborars nydiie, B 0COOCHHOCTH Ha JOCTATOYHO OOJBIINX 00beMax BXOTHBIX
JlaHHBIX. B m000M citydae, Kak TOJIBKO BbI HAIIUTH JIYYIIHHA BHICOKOYPOBHEBBIH
AJTOPUTMHUYECKHUM MOAXO0J K 33j1aue, MoKy, BaM BCE K€ CTOUT NMPUIIOKHUTh
YCHITHSI, 9TOOBI YIIYYIINATh BEAYIINN MOCTOSHHBIN KO DHUIIMEHT U, BOZMOXKHO,
JlaXKe WICHBI HU3MINX TMOpsakoB. Kak Obl TO HU OBLIO, €CIIKM pe3ylbTaT BaIllero

UrHopupyst HOCTOSTHHBIC KOA(D(MUIIUEHTHI, HAM JaXe HE HY)KHO YKa3blBaTh OCHOBAaHHUE
sorapudma (MMoCKOJIbKY pas3Hble JorapudmMuueckne QyHKIMN pa3IHYaroTCs TOJIBKO T0-
CTOSTHHBIM MHOXKUTeNeM). CM. pazaen 4.2.2 1 moapoOHOr0 U3y4eHHUSL.

Hampumep, naxe pynkiust 10'° x n texanaecku umeet O (n). B 910#t KHure Mul Oyaem
M3y4arh TOJIBKO TAKKE IIPEICIIbl BDEMCHH UCIIONHECHHS allTOPUTMOB, [I€ YCTPaHCHHBII
MOCTOSIHHBIN KO3()(QUIIHEHT OTHOCHTEIBHO MaJl.
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HaYMHAHHS 3aBUCHT OT d(PPEKTHBHOCTH Ballell peann3alnd KOHKPETHOTO
(parmMenTa xoga, HaliuTe B ceOe CHIIBI CAeNIaTh €ro OBICTPBIM, HACKOIBKO TO
BO3MOYKHO.

2.1.3. YeTbipe npumepa

MBI 3aBepiiaeM 3TOT pa3fed YEThIPbMsI OYEHb HPOCThIMU IpuMepaMu. OHU
HACTOJIBKO TPOCTHI, YTO €CIIH y BaC €CTh KaKOU-IIMOO MPEIIeCTBYIOIINI OIBIT
¢ obo3HaueHreM O-00JbIIOE, TO BaM, BEPOSITHO, CIEAYET cpa3y MepeuTu K pas-
Jeny 2.2, 9ToObl yIIIyOUThCS B M3y4eHUE MaTeMaTHueckoro ¢popmanmsma. Ho ecu
9TH TTOHATHS IS BAC COBEPILICHHO B HOBUHKY, TO 3TH MTPOCTHIC IPHUMEPHI JTOJKHBI
BaC MPaBUIbHO COPUEHTHPOBATD.

CHauaza paccMOTpHUM 3ajladyy MOMCKa B HEKOTOPOM MAacCHBE 3aJJaHHOTO LIEJIOT0
ymcna t. Jlapaiite mpoaHamu3upyeM IpoCTOM aaroOpuT™, KOTOPBIi BBITIOIHAET JIU-
HEHOEe CKaHMPOBAHHE MAcCHBA, MPOBEPSIS KAKIBII 27IEMEHT, YTOOB! yOeTUThCS,
YTO €ro 3Ha4YeHHE PaBHsETCS TPeOyeMoMy LIeJIOMY YHCIy f.

IHOUCK B OJHOM MACCHUBE
Bxon: maccuB A U3 1 LETIBIX YUCET M HCKOMOE LIEJIOE YUCIIO 1.

BrbIXoa: conep KUT Wil HET MAacCUB A YnCIIO 7.

for 1 :=1 to n do
if A[i] = t then
return TRUE
return FALSE

DTOT MCEBAOKO MPOCTO MPOBEPSIET KAXK/IBIN SJIEMEHT MaccHBa 1o ouepean. Eciu
[IUKJI HAXOJUT IIE€JI0€ YHCIIO £, TO OH BO3BPAIIAET UCTHHY, €CIIN JK€ IIHKJI 3aKaH9IH-
BaeT nepe0op MaccuBa, HE HAWIs 7, TO OH BO3BpAIIACT JIOKb.

M1 emrie He 1anu (OpMaTBHOTO OpeeNieHns 0003HaueHNI0 O-00ITbIIOe, HO HHTY-
UTHUBHO, OJIarofiapst HaIIUM MPEAbITYIIUM PACCYKACHUSAM Bbl MOXKETE J0TaAaThCs
00 aCHMITOTHYECKOM BPEMEHHU pabOThI MPUBEICHHOTO BBIIIE KOJA.
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TECTOBOE 3AJAHME 2.1

KakoBo acuMnToTHUEeCKOE BPEMSA UCITIOJIHCHUA ITPUBCICHHOTO BBIIIEC
KOZa JJIsd IIOMCKa B OJJTHOM MaCCHBE KaK (1)YHKI_II/II/I JUIMHBI 71 MaccuBa?

a) O(1).
0) O(logn).
B) O(n).
r) O®?).

(Pemrenue u ero ananus cM. B pazuene 2.1.4.)

Crnenyrolye Tpu MpuUMepa KacarTcs Pa3luYHbIX CIIOcO00B OOBEIMHEHHS JBYX
nukIioB. [Ipexae Bcero, naBaiiTe pacCMOTPUM OJIUH IHKII, 32 KOTOPBIM CJIETyET
apyroii. JlomycTum, HaM Teneph JaHbI 1Ba [EJTOUUCICHHBIX MaccuBa, 4 u B, 06a
JUTMHOW 71, U MBI XOTHM Y3HaTh, HAXOJUTCS JIA 11€JI0€ YHCIIO { B OTHOM M3 HUX.
JlaBailiTe CHOBa pacCCMOTPHUM IMIPOCTOM AJIITOPUTM, TJI€ MBI IIPOCTO BBITIOIHSIEM T10-
HCK B A, U €CJIM HaM He yJIaeTCsl HalTH ¢ B A, TO Mbl TOT/Ia BBITTOJIHSEM MTOUCK B B.
Ecnu Mb1 HE HaxonuM ¢ 11 B B, TO MBI BO3BpAIIIAE€M JIOXKb.

ITOUCK B IBYX MACCHUBAX

Bxoxa: maccuBbl 4 U B U3 n LEIbIX YACEN KaXKIbIH U UICKOMOE LIEJI0€
YHUCJIO 1.

BbIX0a: COAEPIKUT UK HET MAaCCUB A WK B 4ucio ¢.

for 1 :=1 to n do
if A[1] = t then
return TRUE
for 1 := 1 to n do
if B[1] = t then
return TRUE
return FALSE

KakoBo, B 0003HaueHnu (O-0071b1110€, BPEMSI HCIIOTHEHHS STOT0 OoJiee ATUHHOTO
(parmenTa koma?
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TECTOBOE 3AJAHUE 2.2

KakoBo acuMnToTHuecKoe BPEMA UCIIOJIHCHUA ITPUBCICHHOTO BBIIIC
(bparMeHTa KOJa JJIs IIOMCKa B IBYX MaCCHBaX KakK (1)YHKLII/II/I JJIMHBI 1
BXOOHBIX MacCHBOB?

a) O(1).
0) O(logn).
B) O(n).
r) O(n?.

(Penrenue u ero ananus cM. B pazuene 2.1.4.)

Janee maBaiite paccMOTpuUM OoJiee MHTEPECHBIN MPUMED JIBYX BIOXKEHHBIX (HE
MIOCJIEZIOBATENIbHBIX) LUKIIOB. JlOMyCTUM, MBI XOTUM NPOBEPUTH, BKIIIOYAIOT JIHU
JIBa 3a/IaHHBIX MacCHBa JUIMHOMW 7 HEKOTOpoe old1iee uncio win Het. Camoe mpo-
CTO€ peLIeHNEe — IIPOBEPUTH BCE BO3MOXKHOCTU. TO €CTh JUIsl KayKA0Tr0o MHIEKCA i
B MaccuBe A U KaXKJI0ro MHJEKCa j B MaccUBe B Mbl IpoBepsieM, sBiseTcs Jin A[i]
TEM e YHCIOM, 4To U B[j]. Ecau 3T0 Tak, To MbI BO3BparaeM UCTHHY. Ecian Mbl
HCUEPIIBIBAEM BCE BOBMOXKHOCTH, HE Hali/Isl OIMHAKOBBIX 2JIEMEHTOB, TO Mbl MOYKEM
CMEJIO BEPHYTh JIOKb.

IMPOBEPKA HA HAJIMYME OBIIEI'O DJIEMEHTA
Bxoa: maccuBbl A 1 B 13 1 LIENIBIX YUCEIT KAXKIbIN.

BbIXoa: coepiKuTCs JIM 1EN0e YUCIIo ¢ B 00oux maccuBax, 4 u B,
WIN HET.

for 1 := 1 to n do
for j :=1 to n do
if A[1] = B[j] then
return TRUE
return FALSE
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Bormpoc, kak 00bIYHO, OJMH: KAaKOBO B 0003HaueHWH O-00JbIIOE
BpEMsI UCITOJTHEHUS ATOTO (hparMeHTa Koxa?

TECTOBOE 3AJIAHME 2.3

KakoBo acumMnToTndeckoe BpeMst HCIIOTHEHUS TPUBEICHHOTO BBIIIE
(parMeHTa Kofa IS MPOBEPKU Ha HAJIMUHE OOIIEro 3JIeMEHTa Kak
(DYHKITIH JJTHHBI 7 MACCUBOB?

a) O(1).
6) O(logn).
B) O(n).
r) O®?).

(Pemenwuie u ero aHanmm3 cM. B pazuene 2.1.4.)

Hamr mocnennuit npumep cHOBa CBSA3aH C BIOKEHHBIMU ITUKJIAMH, HO Ha 3TOT Pa3
Mbl OTBICKMBAEM ITOBTOPSIOLIMECS 3HAUEHUS B OJHOM MaccuBe 4, a HE B ABYX
pasHbIX MaccuBax. [IpuBeneM ¢parMeHT Koma, KOTOPBIH MBI coOMpaeMcsl mpo-
aHAJIM3UPOBATh.

ITPOBEPKA HA TYBJIUKATBI
Bxox: maccuB A U3 7 LEJIBIX YHUCEIL.

Beixoa: cofepKuT Ju MaccuB 4 HEKOTOpOe Ielioe Yucio Oosee
OJTHOTO pa3a WU HET.

for 1 := 1 to n do
for j :=1 + 1 to n do
if A[1] = A[J] then
return TRUE
return FALSE

EcTb n1Ba HEOOIBIINX PA3INYMA MEXKTY STUM (PparMeHTOM KoJa U IPEAbLAYIIHM.
[lepBoe 1 6onee 0YEBUAHOE U3MEHEHHE 3aKITIOUACTCS B TOM, YTO MBI CPABHUBAECM
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i-# BIEMEHT A C j-M 2IIEMEHTOM A, a HE C j-M AIIEMEHTOM HEKOTO APYroro MacCH-
Ba B. BTopoe, 6oiee TOHKOE M3MEHEHHE COCTOUT B TOM, YTO BHYTPEHHHUH LUK
Tereph HAUWHAETCS C MHIEKCHOW MO3UIMH i + 1, a He ¢ MHIEKCHOH no3uuuu 1.
[Touemy ObI He HaUaTh ¢ 1, Kak u panbine? [loToMy 9TO TOTIA OH TaK)Ke BEPHET HC-
THUHY B CaMOU MepBOi UTepaluu (IOCKOIbKY O4e€BUAHO, UTO A[1] = A[1], snemeHT
MacCHBa paBeH caMoMy cebe) He3aBUCHUMO OT TOTO, IMEET JI MaCCHB KaKue-Tr00
MOBTOpsTIOIIHECs 3HadeHns1! MO)KHO, KOHEUHO, TIPOIYCTUTH BCE UTEPALIHH, TIE i H ]
PaBHBI, HO 3TO MO-MIPEKHEMY OyAET PACTOUMTENBHO: KK/IYIO Mapy JIEMEHTOB,
A[h] n A[k], He cnexyeT cpaBHUBATH APYT C JPYTOM JABaXKIbI (OAMH pa3, Korna
i=hwuj=k, ucnenyromuii pa3, korja i = k uj = h), B TO BpeMs KaKk IPUBEACHHBIN
BBIIIIE KOJI CPABHUBAET UX TOJBKO OAMH Pa3.

Borpoc 110 3a/1aHu0, Kak BCETJIa, OJIUH M TOT JKe: KaKOBO B 0003HaueHnH O-00IbIII0e
BpeMsI UCIIOTHEHUs TOTO (hparmeHTa koma?

TECTOBOE 3AJIAHME 2.4

KakoBo acumritoTiHaeckoe Bpemst paboThI IPUBEIICHHOTO BhIIe (par-
MEHTa KOJla JIJISl TIPOBEPKK Ha JyONHMKAThl KaK (QYHKIIMA MacCHBa
JUTHHOM n?

a) O(1).

6) O(logn).

B) O(n).

r) O(n?).

(Pemrenue u ero ananus cM. B pazuene 2.1.4.)

HpI/IBeI[eHHLIe BbIIIIC 3JIEMEHTAPHBIC MMPUMEPHI JOJDKHBI 1aTh BaM AOCTAaTOYHO
OYEBHAHOE HHTYUTHBHOE TIOHUMAHHUE TOTO, YTO MPEACTABIIET OO0 0003Haue-
Hue O-0o1b110€ U Kakoi 3(h(eKT OHO JaeT JIsl PEeLIeHUs TOCTaBICHHOM 3aJauH.
Janee Mbl epeiiieM K MaTeMaTH4ecKoi pa3paboTke aCHMITOTHIECKUX 0003Ha-
YEeHHUH, a TaKXKe K aJTOpUTMaM, emie Ooee HHTEPEeCHBIM, YeM PaCCMOTPEHHBIE
paHee.



72 FnaBa 2. AcumnToTnyeckne 0603HaueHNs

2.1.4. PewweHunda TecToBbIX 3apaaHun 2.1-2.4

PeweHue TecrtoBoro sagaHmsa 2.1

[paBunbHelii oTBeT: (B). [IpaBuibHbil otBeT — O (7). pyruMu cl1oBaMH, MbI
TOBOPHM, YTO aJITOPUTM HMEET BPEeMs UCIIOTHEHUS, JIHHeHHoe oT 1. [louemy 310
BepHO? ToYHOE YKCIIO BEIMOMHICMBIX ONEPAIIUi 3aBUCHT OT BXOAHBIX JaHHBIX —
COJIEPIKUTCSL MIIM HET LIeJICBOe YMCIIO ¢ B MacCHBE A, U, €CIIU J1a, IJie B MacCUBE
OHO HaxoAuTcs. B Xyamiem ciydae, Korjia ¢ He HaXOAWUTCSI B MAaCCUBE, allTOPUTM
BBIIIOJIHUT HEYIAYHBIN TIOMCK, IIPOCKAHUPOBAB BECh MACCUB (32 1 UTEPALHi IIHKJIA),
U BepHeT JIoKb. KiroueBast 0COOCHHOCTh MCEBAOKOA B 9TOM 3a/laHUU COCTOUT
B TOM, YTO OH BEITIOJHSET MOCTOSHHOE YUCIIO OTIEPALUH I KaXKIOTO dIIeMEHTa
MaccuBa (cpaBHEBas A[i] ¢ ¢, yBelu4nBasi MHACKC i IIUKIA, U Tak aajiee). TepMun
«TIOCTOSIHHBI», MPUMEHHUTEIBHO K YHCITy ONepalrii, 3/1eCh 03Ha4aeT HEKOTOpOoe
YHCII0, HE 3aBHCSIIEE OT /1, HarpuMep 2 win 3. MOJKHO CIIOPHUTE O TOM, KaKoe 3Ha-
YeHHe Ta KOHCTaHTa IPHHUMAET B IIPHBE/ICHHOM BBIIIE IICEBIOKO/IE, HO KaKoH OBl
OHa HU ObLJ1a, OHA YIOOHO yCTpaHseTcs B 0003Ha4YeHUH O-00IbIIoe. AHAIOTHYHBIM
00pa3zoM, alTOPUTM BEITIONTHSET ITOCTOSIHHOE YHCIIO OTIEPAIlid 10 Hadaa [IUKIa
U TIOCJIE €T0 3aBEePILIECHNS, U HE3aBUCHMO OT TOT0, KAKOW HIMEHHO KOHCTaHTa MOYKET
OBITh, OHA MPEJACTABISAET COOOH UICH HUBILIETO MOPSAIKA, KOTOPBIH OMycKaeTcs
B 00o03HaueHnn O-0osbioe. [10CKoIbKY UTHOPHUPOBAHUE TTOCTOSHHBIX KOA(PhH-
LIUCHTOB U WICHOB HU3IIUX MOPSIKOB IPUBOIUT HAC K TPaHUIIE /7 OOIIEro yucia
OTIepaIyii, ACUMIITOTHYECKOE BpeMsl pabOTHI 3TOTO asiropuT™Ma coctasisieT O (n).

PewwieHue TectoBOoro 3agaHua 2.2

IpaBuabHblii oTBeT: (B). 31€Ch OTBET TOT *e, O (n). [lpuunHa B TOM, 4TO Hau-
Xy/JIIIEe YHCIIO BBITOJHAEMBIX OIepalnii (Ipu HeyJaYHOM TIOMCKE) BIIBOE OOJIbIIIE,
9eM B IpeAbITymieM (parMeHTe MCeBI0KOa, — CHAJYasla MBI BHIIONHSIEM ITOHCK
B [IEPBOM MACCHUBE U 3aT€M BO BTOPOM MAaCCUBE. DTOT JOMOIHUTEIbHBII MHOXKH-
TeJb 2 BHOCUT BKJIAJ TOJIBKO B BeyIuil ko3 duimeHT B hopmyrie npenena Bpeme-
HU HCTIOTHEHHS 3TOT0 aJITOPUTMa, TOITOMY OH YCTPAHSETCS, KOT/Ia MBI HICIIOJIB3YeM
o0o3HayeHue O-0ombinoe. Takum 00pa3oM, 3TOT AITOPUTM, KaK U MPEIbIIyIIni,
SIBIISICTCSI TMHEHHBIM JITOPUTMOM.
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PewieHue TecTtoBoro 3agaHua 2.3

MpaBunbHelii oTBeT: (1). Ha 3TOT pa3 orBer uzmenuics. s storo pparmenta
nceBaokoaa BpeMs pabotel He O (n), a O (n?). («O-60bIIOe n-KBAIPAT», TaK Ha-
3BIBAEMBI KBaIPaTHUHEIH anroput™.) Takum 00pa3zoM, B Cirydae ¢ STHM alIrOpUT-
MOM, €CIIM YMHOXXUTh JUIMHBI BXOJIHBIX MaccHBOB Ha 10, TO BpeMsl UCTIOIHEHHS
yBenmuntes B 100 pa3 (a He B 10 pa3, Kak B ciiydae ¢ JMHCHHBIM aJITOPUTMOM ).

IMouemy stoT anroputm nmeet Bpems ucronnenus O(n?)? Ero ncesnokos cHOBa
BBITIOJTHSCT TIOCTOSTHHOE YHCIIO OTIEePAIUi JIIS KaXKJOW UTepaliy [UKiIa (TO eCTh
JUTSI KQXK/IOTO BApHAHTA MHJIEKCOB i U f), @ TAK)KE IIOCTOSTHHOE YUCIIO OTIepaIiuii BHE
UKITOB. I3MEHMIIOCH TO, UTO TEEeph MbI UMEEM B O0IIIEH CIIOKHOCTH 712 UTEPALlHid
ATOTO JIBOMHOTO ITUKJIA for — TI0 OAHOMY JIJISl K&KA0T0 BapuanTta i € {1,2, ..., n}
uje {1,2, .., n}. B Hamem nepBoM npumepe ObUTIO BCErO 71 UTEPALUN OIHOTO
uukia for. B Hamem BTOpoM npuMepe, MOCKOJIbKY MEePBBIH UK for 3aBepIInCs
JI0 Havalla BTOPOTO, Y HAC OBLIO BCETO 271 MTEpalUil. 3MeCh Ke I Kaxcoou U3
7 UTepalliii BHEUITHETO IMKJIA for KOJI BRITIOIHSIET # UTEPAIMiA BHYTPEHHETO ITHKJIA
for. B utore 310 1aeT n X n = n? UTEpaIyii.

PewieHune TecTtoBOro 3agaHua 2.4

[MpaBuabuelii oTBeT: (). OTBET HA ATO 33/IaHKE TAKOW Ke, KAaK U HA TIPEIbIY-

iee, O (n?). Bpemst paboThl CHOBA IPOIIOPIIMOHATHLHO YHCITY UTEPALU ABOHHOTO

nukia for (C MOCTOSHHBIM YHCIIOM OTIepaIliil Ha UTepaluio). MTak, CKOJIbKO ke
2

. n
nMeercs urepaunit? OTBET — NPUMEPHO > OpuH U3 crroco00B MOHATH 9TO —

BCIIOMHHUTB O TOM, YTO IICEBIOKOJ 3TOrO AJITOPUTMA BBIMOIHICT MPUMEPHO I10-
JIOBHHY pabOTHI aNTOPUTMA U3 TMPEABIAYIIETO 3aJaHus (TI0CKOIBKY BHYTPSHHUI
uuki for HaunHaerca ¢ j =i + 1, a He ¢ j = 1). Bropoii cnoco6 — o0paTuthb
BHHMAHHKE Ha TO, YTO UMECTCsI POBHO OJ[HA UTEPALIHSI TSI KAXKIOTO TIOIMHOKECTBA
{i,j} NBYX pa3HbIX HHACKCOB U3 {1, 2, ..., n}, U TAKUX IMOJMHOKECTB Mbl HIMEEM

pOBHO(;):n(nT_l)I.

! ( Z) MPOU3HOCUTCS «H3 2 TI0 n» U Ha3bIBaeTCs «OMHOMUATBHBIM KO3()(UIIIEHTOMY.
CM. TakKe perieHrne TeCToBoro 3amanus 3.1.
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2.2. 0603HaueHue O-0onbLUOE

B atom paznene naercs popmanbHoe onpeaenenne 0003HadeHuss O-6ompinoe. Mbl
HAYHEM C ONPE/ISICHHUsI Ha IIPOCTOM Pa3rOBOPHOM SI3bIKE, IPOUILTFOCTPUPYEM €ro
HAIJISITHO U, HAKOHEII, 1a/IMM MAaTeMaTU4IeCKOE OIpEe/Ie/ICHHUE.

2.2.1. OnpepeneHne Ha PyCCKOM A3biKe

Ob603HaueHne O-001bI1110€ OTHOCUTCS K (QyHKIUAM Buaa 7'(71), onpe e ICHHbIM Ha
TTOJIOKUTEIIBHBIX MEJbIX unciax n = 1, 2, ... . Jlnsg vac T'(n) moutH Beerma OymeT
0003HauaTh Mpejes XyAIero BpeMEeHH UCIIOIHEHUST alropuT™Ma Kak QyHKIIUIO
JUTMHBI 7 BXOTHBIX JaHHBIX. UTO jKe MMeeTcs B BHIY, KOIjia roBopsT, uto 7'(n) =
= O(f(n)) nus HEKOM «KAaHOHMUYECKOW» (DYHKIMH f(71), B YACTHOCTH 71, 1 log n uim
n*? Jlamum onpe/iesieHue Ha PYCCKOM SI3bIKE.

OBO3HAYEHMUE O-BOJIBIIOE (PYCCKAS BEPCHS)

T(n)= O(f(n)), Toraa 1 TONBKO TOTAA, Korna 7'(77) B KOHEYHOM UTOTe
OTpaHMYCHA CBEPXY IMOCTOSHHOMN, KpaTHOH (GyHKINH f(7).

2.2.2. UnniocTtpupoBaHHOe onpeaenieHue

Barmistaute Ha puc. 2.1, mokaspIBaromii onpeseneHue o0o3HaueHus O-0ompIioe.
Ochb X COOTBETCTBYET MapameTpy 1, och ¥ — 3HaueHHI0 QyHkuu. [lycts T(n)
ecTh (DyHKIUS, COOTBETCTBYIOIIAsA CIJIOIIHOW JTUHUH, a f(n) — QyHKUHS, CO-
OTBETCTBYIOIIAsT HIKHEH MyHKTUpHOH jauHHMU. DyHKust 7'(n) He orpaHUYeHa
cBepxy QyHKIHEH f(n), HO yMHOXKeHHUE f(n) Ha 3 B pe3ysbTare JacT BEPXHIOK0
MyHKTUPHYIO JMHUIO, KOTOpas Oyaer jexars Bblie 7'(71), MOCIe TOro Kak MBI
3aifileM JOCTaTOYHO JaJIeKO BIPABO Ha TpaduKe MOCiIe «TOUKH MEepeCcedeHUs»
B 7,. [lockonbky, kak MBI BUIUM Ha rpaduke, 7 (n) 1eHCTBUTEIBHO B KOHEUHOM
WUTOre OTPAHUYMBACTCS CBEPXY IMOCTOSAHHOM, KpaTHOM f(7), MBI MOXKEM CKa3aTh,

yto T'(n) = O (f(n)).
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n — oo

Puc. 2.1. NokasbiBaeT, korga T(n) = O(f (n)). KoHcTaHTa ¢ (paBHas 3 B JaHHOM
npryMepe) KONNYECTBEHHO UIMIIOCTPUPYET BbICKAa3blBAHME «MOCTOSTHHASA
KpaTtHas» oT f(n), a KOHCTaHTa N, KOJIMYECTBEHHO UIJIIOCTPUPYET BbiCKa3blBaHNE
«B KOHEYHOM UTOre»

2.2.3. MatemaTtnyeckoe onpeageneHume

[IpuBenem maremarudeckoe onpezeneHne ooo3HaueHusi O-00bioe. 1o Ta Jie-
(UHHISL, KOTOPYIO BBI TO/DKHBI HCIIOIB30BaTh B (POPMaIbHBIX JOKA3aTe/IbCTBaX.

OBO3HAYEHHME O-BOJIBIIOE
(MATEMATHYECKASI BEPCHSI)

T'(n) = O(f(n)), TOraa 1 TOJBKO TOT/A, KOT/IA CYIECTBYIOT TTOJIOKH-
TeJIbHBIC KOHCTAHTHI ¢ U 71, TAKHE YTO

T(n)<cxf(n) 2.1)

JUIS BCEX 1 = 1.
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3TO mpsMoe TepeIoKeHHE Ha MaTeMAaTHYCCKHUN SI3BIK OTPEICIICHHST Ha PYCCKOM
sI3BIKE, TIpUBEIEHHOTO B paszene 2.2.1. Hepasenctso B (2.1) o3nauaer, uro 7'(n)
JIOJDKHA OBITH OTPaHUYCHA CBEPXY BBIPAKEHHEM, KPaTHBIM f(n) (U 9TOM KOH-
cTaHTa ¢ 0003HadaeT kpatHoe). O003HAYEHHE VI BCEX 71 > 7y O3HAYaeT, 4TO
HEPaBEHCTBO JOJDKHO COOMIONATHCS TOJNIBKO B KOHEYHOM MTOTE, TO €CThb KOrja 7
JOCTaTOYHO BEJIUKO (IIPH 9TOM KOHCTaHTa 1, 0003HAYaeT, HACKOIBKO BEJIHKO).
Hanpumep, Ha puc. 2.1 KOHCTaHTa ¢ COOTBETCTBYET 3, a 11, — TOYKE [1ePeCEUeHHs
Mexny pyaxuusimu 7' (n) u ¢ X f(n).

HNuTepnperanus onpeneseHust ¢ TOUKH 3peHus Teopuu urp. Eciu Bam Tpely-
eTcs joka3arb, uyto T(n) = O(f(n)) (Hanpumep, 10Ka3aTh, YTO ACUMIITOTHYECKOE
BpPEMS UCTTIOJTHEHHU A aJITOpUTMa JIMHEWHO OT pasMepa BXOAHBIX JaHHBIX, YTO COOT-
BETCTBYET f(n) = n), TO Ballla 33Jia4a COCTOMUT B TOM, YTOOBI MOJ00PATh KOHCTAHTHI
€ U n, TaK, 94To05! (2.1) cobmronanocs BCSKUA pas, koraa # > n,. OIuH u3 coco0oB
JOOUTBCSI 3TOTO — HCIIOIB30BaTh TEOPETUKO-UTPOBOM MOIXO/, TO €CTh PACCMO-
TPETh IIOMCK PEIICHUS KaK HIPY MEKAY BAMHU U IIPOTHBHUKOM. BBI X0HTE IIepBBIM
W JIOJDKHBI 3a()MKCHPOBATh KOHCTAHTHI ¢ U 7,. Ball MPOTHBHUK XOJUT BTOPHIM
U MOXKET BBIOPATH JIF000E IIeTI0€ YNCIIO /1, KOTOPOE HE MEHBIIE 71, BBl BEIMTpHIBa-
eTe, eci coOoaaeTcst HepaBeHCTBO (2.1), a Balll MPOTUBHUK BBHITPHIBACT, €CITH
COOITI0/IaeTCs MPOTUBOIIONOKHOE HepaBeHCTBO 1'(n) > ¢ X f(n).

Ecimn T(n) = O(f(n)), TO cyIecTBYIOT KOHCTAaHTHI ¢ U 7, Takue, 49to (2.1) co-
OromaeTcst st BCEX 1 > M, Uy BaC €CTh BBIMIPHIIIHAS CTPATErus B 3TOM UTpe.
B npoTtnBHOM ciTyuae, HE3aBUCHMO OT TOTO, KaK BBI BEIOEPETE ¢ U 1, BAIll OIIMOHEHT
MOXKET BBIOpATh I0CTAaTOYHO OOJIBIIOE /1 > 1, YTOOBI IEPEBEPHYTH HEPABEHCTBO
Y BBIUTPATh UTPY.

NMPEAOCTEPEXXEHME

Korga Mbl roBOpMM, 4TO C U N, ABASIOTCSH KOHCTAHTAMM, Mbl UMEEM B BUAY,
4YTO OHW He MOryT 3aBuceTb OT n. Hanpumep, Ha puc. 2.1 ¢ n n, Obinn 3a-
durkcmpoBaHbl B 3HadeHusx 3 1 1000. 3atem Mbl NepeLusniv K paCCMOTPEHUIO
HepaBeHcTBa (2.1), NpUHMMAasa BO BHMMAHME, YTO N PacTeT CKOJib YroAHO
nonro (Harpaduke B HanpasieHun ocu abecumcc oo 6eckoHedyHocTn). byaste
BHUMATEbHbI: €CNV Bbl KOrAa-H1MOyapb (B NpeanonaraeMomM 00oKa3aTeNbCTBe
O-60nbLUOE) 3acTaHeTe cebs 3a NponsHeceHnem Gpasbl «<NyCTb N, = N» NN
«MyCTb € = log, nN», TO BaM HYXXHO OCTaHOBUTbLCS M Ha4YaTb 3aHOBO C Bblibopa
KOHCTaHT C 1 Ny, HE 3aBUCALLMX OT N.
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2.3. ABa npocCTbiX npumMmepa

[poiins uepes TepHUH GOPMATEHOTO MATEMATHYECKOTO OMPEETICHUS 0003HAYCHUS
O-0o7bII0€, TaBaiiTe pACCMOTPUM HECKOJIBKO IPUMEPOB. DTH MIPUMEPHI HE Ay T
HaM HUKAaKHX HOBBIX UJICH, HO OHU IIOMOTYT AOCTYITHEE OOBSCHUTH C TOUKHU 3PEHHS
37paBOTO CMBICTA, YTO 0003HaueHHe O-00JbIIOE JOCTUTACT CBOCH HAMEUCHHON
[eNH YCTPAHEHHSI MOCTOSTHHBIX KOA(P(QHUIIMEHTOB W WICHOB HU3IIUX MOPSIKOB.
OHU TaKoKe SBIAIOTCS XOpOILIel pa3MUHKOW Ui MEHee OYeBUIHBIX MPUMEPOB,
C KOTOPbIMU MbI CTOJIKHEMCS ITO3KE.

2.3.1. Ansg mMHorou4neHoB cteneHun k O-60nbLUNM
apngaetca O (n*)

Hame nepBoe GopmaiibHOE yTBEpKIEHUE COCTOUT B TOM, 4TO eciu 1 (n) 31O
MHOTO4JIEH C HEKOTOPO# cTerneHbio k, To 7'(n) = O (n*).

YrBep:kaenue 2.1. [Tycmo
T(ny=an*+...an+a,

20e k >0 — amo neompuyamenvioe yenoe yucio u da, — Geujecmsernble Yucid
(nonoxcumenvuvle uru ompuyamensueie). Tocoa T(n) = O (nb).

Cwmbicn yTBepkaeHHus 2.1 B TOM, 4TO B Cllydae ¢ MHOTOYJICHOM B 0003HAuCHUH
O-00IBI10€ BaM HY)KHO O€CTIOKOUTHCS TOJIBKO O CaMO BEICOKOH CTETICHH, KOTOPast
UMeeTcs B MHOTOWIEHE (CTerneHb MHOrowieHa). CiemoBaTebHo, 0003HAUCHHE
O-60mnbI110€ ACHCTBUTEBHO YCTPaHIET OCTOSHHBIE MHOYKUTEH U YWICHBI HU3IIHX
MIOPSIKOB.

Hoxazamenvbcmeo ymeepoicoenus 2.1. UToObI OKa3aTh 3TO YTBEPXKACHUE, HAM
HY>XHO HCIOJB30BaTh MaTeMaTH4eckoe orpenercHne odo3HaueHuss O-0ombiioe
(pa3men 2.2.3). B coOTBETCTBUY C ATUM OIPEAETICHUEM Hallla 3a]ja4a — HANTH napy
HOJIOKUTENBHBIX KOHCTAHT, ¢ U 1, (KaXJasi He3aBUCUMas OT 1), Tie ¢ KOJINYECTBCH-
HO HCTOJIKOBBIBACTCS KaK IOCTOSIHHAS, KpaTHast n¥, a 1, KOJIMYECTBEHHO MCTOJIKO-
BBIBAETCS KaK «JI0CTAaTOYHO OO0JIBIIOE 71%. YTOOBI HE YCIIOXKHATE XOJI PAacCyKACHHH,
HO, 0€3yCIIOBHO, OCTABUTh HAJIET 3araJIOYHOCTH, [TPOCTO BHITALINM 3HAUCHUSI 9THX
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KOHCTAHT U3 LULSIIBL: 31eCh 71, = | U ¢ paBHACTCS CyMMe aOCONIOTHBIX 3HAYCHHI
K03 (QHUIMEHTOB MHOTOWICHA !

c=lal+...+la]|+|a,.

O06a »TrX ymcia He 3aBUCST OT 7. Teneps HaM HyXKHO TI0Ka3aTh, YTO AT BapPHUAHTHI
KOHCTAHT YAOBJIETBOPSIIOT ONPEACICHHUI0, TO ecTh 7(n) < cn® st Bcex n > n, = 1.

YToOBI IPOBEPUTH ITO HEPABEHCTBO, 3aJalUM TIPOU3BOIIEHOC MOJIOKUTEIBLHOE
nesnoe 4uciao n > n, = 1. Ham Hy’Ha nocneqoBaTeIbHOCTh BEPXHUX MPEIEIOB
BPEMEHH UCTIONHEHUs anroputma 7'(n), KydIbMHHAIUEH KOTOPBIX CTAaHET BEPXHUH
npeaen ¢ X n*. CHagana npuMeHnM onpeneserue 7'(n):

T(n)=an'+ ... +an+a,

Ecnu B3sTh aOCONMOTHOE 3HaUEHUE KaX/10r0 Kod(h(HIUEHTa ¢, B IIPaBOil 4acTH,
TO BBIPa)KEHUE CTAHOBUTCS JMIIb BCe OOMbIe. (Ja,| MOXKET ObITh OOJIBIIE TOIBKO
a,, ¥, TTIOCKOJIBKY 7' TIOJIOKUTEIIBHO, |a |1’ MOXKET OBITH OOJNBIIIE TOIBKO a;1'.) DTO
03HAYaeT, 4TO

T(n) <la|n*+ ... +laln+|a.

[Touemy atot mar none3en? Teneps, korna k03 GUIMEHTH HE MOTYT OBITH OTPH-
LATeIbHBIMU, MBI MOXKEM HCITOI30BaTh AHAJIOTHYHBIH METOJ, YTOOBI IIPEBPATUTD
pasHbIe CTENEHH 71 B OOIIYIO cTerneHb /1. IIoCKobKy 7 > 1, nf Gobiie TOIBKO 7!
st kaxxporo i € {0, 1, 2, ..., k}. ITockonbKy |a,| HeoTpHLaTensHo, |an* 6omnbie
TOJIBKO |a|n’. DTO O3HAYALT, 4TO

T(n)S|ak|nk +...+|al|nk+|a0|nk :(|ak|+...+|al|+|a0|)><nk.

=c

OT0 HEpaBEHCTBO CHPABEATINBO JUIS KaXKJOTO /1 > 1y = 1, TO €CTh TO, YTO MBI H XO-
TeIU J0Ka3aTh. Y. m. 0.

Kax y3Harb, kakiuM 00pa3oM BEIOpaTh KOHCTAHTHI ¢ U 71,7 OOBIYHBIA MOAXOT —
PEKOHCTPYUPOBATh MX OT OOPATHOTO. DTO PEANHU3YETCS IIyTEM IPOXOKICHHS
BBIYHCIICHUA, HOI[O6HOF0 MMPUBCACHHOMY BBIIIE, U BBIACHCHUSA HaA JICTY BI)I60pa

! HamomuuMm, 410 abconomuoe 3Ha4CHUE |x| BELIECTBEHHOTO YKCIIA X PABHSCTCS X, KOT/Ia

x>0, u—x, xorna x < 0. B wactHocTH, |x| Bceria HEOTPHUIIATEIBHO.
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KOHCTAHT, KOTOpPbIE TI03BOJIIIOT BaM MIPOBECTH J0KA3aTeIbCTBO. Mbl yBUIUM He-
KOTOpBIE IPUMEPBI 3TOT0 METO/a B paszaeie 2.5.

2.3.2. Ang MHoro4neHoB cteneHun k O-60JibLUMM
He aBnsgeTcs O (nk1)

Ham Bropoii npumep B A€MCTBUTENBHOCTH ABIAETCS HEIPUMEPOM: MHOIOUYJIEH
crenienn k sBistercst O (n¥), ogako e sisiercs O (' ).

YrBep:kaenue 2.2. [lycmo k > 1 ecmv nonoxcumensmoe yenoe yucio u 3a0aHoO
T(n) = n*. Toecoa T(n) ne pasno O (n*1).

W3 yrBepxkaenus 2.2 ciemyer, YTO MHOTOUWICHBI C PAa3HBIMU CTETICHSIMU Pa3JIv-
YaroTcs OTHOCUTENBHO oOo3HaueHus O-Oombmioe. (Ecmu Obr 9T0 HEe OBLIO HC-
THHOH, TO 4TO-TO OBIJIO ObI HEMPABIWIBHO C HAIIUM OIpeAeICHHEM 0003HauUCHUS
O-6onbimoe!)

Hoxazamenvcmeo ymeepoicoenusa 2.2. YToObl 10Ka3aTh, 4TO OfHA (QYHKIHS HE
aBisgeTcss O-00mbIIe APYTOit, KaK IPaBUIIO, MOJIB3YIOTCS T0Ka3aTeIbCTBOM OT IPO-
TUBHOTO. B 3TOM THIIE ]0KA3aTENbCTBA BBI JIOITYCKACTE NPOMUBONON0ICHOE TOMY,
YTO BBl XOTHTE JIOKA3aTh, a 3aT€M, OCHOBBIBASICH HA 3TOM JOMYIIECHUH, CTPOUTE
MOCIIE0BATENEHOCTD JIOTHYECKH BBIBEPEHHBIX I1aroB, KyIbMUHAIIEH KOTOPBIX
SIBIISICTCSI IBHO JIOXKHOE yTBepakJaeHHe. M3 Takoro mpoTuBOpeuns CleAyeT, 4To
HCXOHOC MPOTUBOMONOKHOE AOMYIIECHHE HE MOXKET OBITh HCTUHHBIM, a 3TO JI0-
Ka3bIBaeT TpeOyeMoe BBICKa3bIBAHHE.

HUrak, mpeamnonokuM o6paTHOE 1 A0MYCTHM, uTo 71 paBro O (1nF!); MBI epexoaum
K BBIBOAY IipotuBopeuns. Yro 3nauwr, ecim 7 = O (n*1)? A T0, ut0 n* B KOHEYHOM
UTOTE OTPAaHUYMBACTCS TIOCTOSIHHBIM KpaTHBIM 7%, TO €CTh CYIIEeCTBYIOT MOMOMKH-
TEJbHBIC KOHCTAHTBI C U 71, TAKHE, YTO

n"S c X nk*l

JUIs BeeX 1 > 1. [10CKOJIBKY 72 — 3TO MONOKUTEIBHOE YUCIIO, MBI MOYKEM COKPATUTh
1113 00enx yacTeil 3TOro HEPaBEHCTBA, U B HTOTE MOIYYIHM

n<c
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IUISL BCEX 11 > 1. DTO HEPABEHCTBO yTBEPIXKIALT, YTO KOHCTAHTa ¢ OOJIbIIe JIF000T0
MOJIOKUTEIBHOTO IEJIOr0 YKCa, YTO SBHO JIOKHO (B Ka4eCTBE KOHTPIpUMEpa
BO3bMHTE ¢ + 1, OKpyDIIeHHOE 10 Omkaiiiero 1enoro). [loaydeHHoe ToKHOE
YTBEPIKIEHHE TOBOPUT O TOM, YTO Hallle HCXOIHOE Iomymienue, 9ro n* = O (n* '),
HE MOXET OBbITh MCTHHBIM, CJIeJ0BaTeNbHO, #* He sBusercsa O (n“). Y. m. 0.

2.4. O6o3HayeHue Omera-oonbLioe
n Teta-0onbLIOE

O6o3Hauenne O-00JbIlIOe HA CETOAHSINIHUN JICHD SIBISIETCS HanOoJiee BaKHON
1 O0IENPU3HAHHON KaTeTropuei s 00Cy X IeHHS aCHMITTOTHYECKOTO BPEMEHH pa-
00TBI anropuTMOB. KpoMe Hero HeoOX0IMMO TIO3HAKOMHUTHCS C ITAPOH POJICTBEHHBIX
IOHATHH, 3T0 0003HaYeHuss OMera-0onbiroe u TeTa-0ombinoe. Ecin O-6oibmioe
AQHAJIOTUYHO OTHOIICHHUIO «MEHbIIIe Wi paBHO (<)», To OMera-6onbiioe u Tera-
OOJIBIIIOE AHAIOTUYHBI, COOTBETCTBEHHO, OTHOIICHHUSM «OOJIbIIIEC WITH PABHO (>)»
" «paBHO (=)». JlaBaliTe Tenepb pacCMOTPUM MX HEMHOTO TTOJIPOOHEE.

2.4.1. O6o3HaYeHne Omera-0onbLuoe

dopmanpHOE ompeaenenne o6o3nadeHusT OMera-00IbIIoe COBIAIACT C OIpe-
nenenreM obo3HaueHus O-6ompiroe. Ha pycckoM si3pIKe MBI TOBOPHM, YUTO OTHA
¢yukuus T'(n) seaserca Omera-0osbinoe Apyroil GyHKuuu f(7) TOraa 1 TOJIBKO
Torza, Korna 7'(77) B KOHEUHOM MTOTe OTPAaHWINBACTCS] CHU3Y KOHCTAHTOM, KPaTHOM
f(n). B atom ciiygae mbl irmem 7'(n) = Q(f(n)). Kak 1 paHbIie, MbI HCHIONB3yeM
JIB€ KOHCTAHTBI, C U M, JUI KOTMUECTBEHHOH OLIEHKH «IOCTOSHHOTO KPAaTHOTO»
U «B KOHEYHOM HTOTE».

OBO3HAYEHUE OMETA-BOJIBIIOE
(MATEMATHYECKAS BEPCHSI)

T(n)=Q(f(n)), TOrAa ¥ TOIBKO TOT/IA CYIIECTBYIOT MOJIOKUTETbHBIE
KOHCTA@HTHI ¢ U 11, TAKHE, 4TO

T'(n) = cx f(n)

JUIS BCEX 1 2> 1.
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BoT kak BBIVIIAUT COOTBETCTBYIOUIUN PUCYHOK:

ot

3neck T'(n) cHOBa COOTBETCTBYET (PYHKIIMH CO CIUTOIIHON JInHUeH. DyHKIwus f(71)
SBISICTCSL BEPXHEH NMyHKTHPHOM auHHEH. Jta QpyHKIMsa He orpanudnBaet 7'(n)
CHH3Y, HO €CII MBI YMHOXKHM €€ Ha KOHCTaHTY ¢ = 1/4, TO pe3yasrar (HWKHSS
MYHKTHpHAs JMHUSA) OyaeT orpaHn4mBarh 7'(n) CHU3Y JUIS BCEX 71 MOCJE TOYKH
nepecedeHus B n,. Cnegosarensro, 7'(n) = Q(f(n)).

2.4.2. O603HayeHue TeTta-0onbLUOE

O6o03Hauenue Tera-0ombInoe, WK MPocTo 00o3HaYeHne Tera, aHATOTMYHO OTHO-
LIEHUIO «paBHOY». ['oBops, uto T'(n) = O (f(n)) MbI, B CYLTHOCTH, [IOAPA3yMEBAEM,
yto 7'(n) = Q(f(n)) u, onHoBpemenHo, 7'(n) = O (f(n)). DKBUBaJICHTHBIM 00pa3oM
T'(n) B KOHEYHOM HTOTE 3a)KaTa MEKTy JABYMS Pa3HBIMHU MTOCTOSHHBIMU KpPaTHBI-

Mmu f(n)'.

! Jloka3aTenbCTBO ATOM SKBUBAJICHTHOCTH CBOAUTCS K ICMOHCTPALIUH, YTO OJAUH BapHAHT
OIIpEe/ICIIEHHs YIOBIETBOPSIETCS TOTAA M TOJIBKO TOT/IA, KOT/IA YOBIETBOPSIETCS IPYTOM.
Ecmu T'(n) = O (f(n)) cormacHO BTOPOMY OTPENENICHHUIO, TO, B3B KOHCTAHTEI C, H 1, MBI
BuIuM, 9t0 7'(1) = O(f(n)), a B3B KOHCTAHTHI ¢, U 1y, MBI BHAUM, 4T0 7(n) = Q(f(n)).
C npyro# CTOPOHBI, MPEIIOIOKHIM, YTO BBl MOXKETE JT0Ka3ath, uto T'(n) = O(f(n)), uc-
HOJB3Ys KOHCTAHTHI ¢, U 1, 1 T'(n) = Q(f(n)), ncnonb3ys KOHCTAHTHI ¢, U 1. 3ateM 1'(n) =
= O (f(n)) B 3HAYCHUU BTOPOTO OTIPENENCHHS, C KOHCTAHTAMH C,, C, U 1, = max{ng, n;}.
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OBO3HAYEHHUE TETA-BOJIBIIOE
(MATEMATHYECKAS BEPCHSI)

T(n)=0(f(n)), TOrAa 1 TOIBKO TOTJIA CYHIECTBYIOT MOJIOKUTEIbHBIE
KOHCTAHTHI C,, ¢, U 1, TAKUE, YTO

cle(n)ST(n)Sczxf(n)

JUIS BCEX 1 = 1.

NMPEAOCTEPEXXEHUE

Pa3paboTunky anroputMOoB 4acTo UCMOosb3yloT 0603HavyeHne O-6onbluoe,
naxe koraga o6o3HadveHue Teta-6onblioe 6ynet 6onee To4HbIM. B 9ToM kKHure
Mbl Byfem crnefoBaTh 3TOM Tpaavumu. Hanpumep, paccMoTpuM QyHKUMIO,
KOoTOpasi NpocMaTpMBaeT MacCuB OJIMHONM N, BbINOJIHAS NOCTOSIHHOE YMCIIO
onepaunii Ha anemMeHT (Hanpumep, NoanporpaMMy cnmsHus Merge 13 pas-
nena 1.4.5). Bpemsa paboTbl Tako noanporpamMmbl, O4EBUOHO, PABHSAETCS
0 (n), Ho 0ObIYHO YNIOMMHAETCS TOJIbKO O TOM, 4TO OHO O (n). 3T0 06YyCNoBNEHO
TEM, YTO KaK paspaboTymKn anropmuTMOB, Tak U Mbl B HALLIMX PACCYXOEHUSX
006bI4HO COCPEeaoTOYMBAEMCS HA BEPXHUX MPaHULAX — rapaHTUsIX TOro, Kak
[0J1IF0 HaLLW afirOPUTMbl MOTYT BbIMOJIHATLCS.

Creayroliiee TeCTOBOE 3aJaHKe MPEIHA3HAUCHO 15 IPOBEPKH Ballle-
ro nmonnMmanue odosnauennii O-6onwiroe, Omera-6oinbinoe u Tera-
OobIIoe.

TECTOBOE 3AJJAHHUE 2.5

1 .
Hycte T(n) = —n’ +3n. Kakoe U3 CleIyrOMKX BHICKA3bIBAHMI HC-

tuaHOE? (MOXKeT ObITH G0JIee OHOTO MPABHIILHOTO OTBETA.)
a) T(n)=0(n).
6) T(n)=Q ).
B) T(n)=0"?).
r) T(n)=0®%).

(Pemrenne n mosicueHue cM. B paznene 2.4.5.)
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2.4.3. O603HayeHue o-manoe

Ectb emie ogun, IOCHENHMI BUJ aCHMIITOTHYECKOTO 0003HauYeHMsI, 0003HaYeHNE
0-MaJjoe, KOTOPOE MOXET BCTPEUaThCs BpeMs OT BpeMeHU. Eciiu 00o3HaueHue
O-0071b1110€ YIKBUBAJICHTHO OTHOIICHUIO «MEHBIIIE WA PABHO», TO 0003HAYCHHE
0-MaJI0€ YKBUBAJICHTHO OTHOILICHHUIO «CTPOTO MEHBIIE yeM» .

OBO3HAYEHHUE O-MAJIOE (MATEMATHYECKAS BEPCHUS)

T'(n)=o(f(n)) TOTHA ¥ TOIBKO TOTA, KOTIA ISl KAYKAOH MO0KHUTEINb-
HOM KOHCTaHTHI ¢ > () CyIIecTByeT BBIOOP BApHAHTOB /1, TAKOM, UTO

T(n)<cxf(n) (2.2)

JULA BCEX 1 > 1,

s nokasarenbcTBa TOro, 4To ofHa (GyHKIMS siBisieTcss O-0ombIle APYrou, Tpe-
OyeTcs BCero ABe KOHCTAaHTHI, ¢ U 7, BRIOpaHHBIE pa3 1 HaBcerna. UToOsl 1oKa-
3aTh, UTO OFHA (PYHKIUS SIBISICTCS O-MEHBIILIE IPYToi, TpeOyeTcs JoKa3ars Ooiee
CHJIbHOE YTBEPIKICHHE, & IMEHHO YTO JIJISl KAXCOOU KOHCTAHTBI ¢, HE3aBUCHMO OT
TOTO, HACKOJIBKO OHA Maja, 7 (1) B KOHEYHOM HUTOTE OTPAaHUIMBACTCS CBEPXY II0-
CTOSIHHBIM KpaTHbIM ¢ X f(n). O6paTuTe BHUMaHUE, YTO KOHCTAHTA 1, BbIOpaHHAs
JUTSL KOJIMYIECTBCHHON OICHKH «B KOHEYHOM HTOTE», MOXKET 3aBHCETh OT ¢ (HO He
ot n!), IpU4YeM MEHbIINEe KOHCTAHTHI ¢ OOBIYHO TPEOYIOT OOIBIINX KOHCTAHT 7).
Harpumep, JUtst Ka10ro MOJIOKUTEIBHOTO [EeI0ro uucia k, n* ! = o (n*)2

' Tlo aHaJIOrnu, CyluecTBYeT 0003Ha4YeHUE «OMera-Majaoe», KOTOpoC COOTBETCTBYCT

«cTporo Oomble», HO y Hac He OyeT BO3MOXKHOCTH €r0 UCIIOb30BaTh. O003HAUCHUS
«TEeTa-Majoe» He CYIIECTBYET.

IIpuBenem noka3arenbCTBO. 3a1aUM IPOU3BOJIbHYIO KOHCTAHTY ¢ > 0. COOTBETCTBEHHO,
BBIOEPEM 71, PABHBIM ~» OKPYIICHHEIM JI0 Omxaiiiiero nenoro uucna. Torna s Bcex
n>ng, ny x n*' <n* u, cnegosarensHo, n*! Sni x n* <c¢xn*, 9ro u TpebOBATOCH
JIOKa3aTh. 0
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2.4.4. OTKkypa B39/10Cb 0003Ha4YeHue?

AcuMmnToTnueckne 0003HaueHUsT HEe ObUTH M300pPETEHBI CIICIHAINCTAMH 110
computer science — OHHU MUCIOIb30BAIKNCH B TECOPUH YHUCET MIPUMEPHO C Hayasia
XX Beka. [onanpn KnyT, pomoHadaqbHUK (OPMAILHOTO aHAIM3a aJITOPUTMOB,
MIPEATIOKIIT UX MCIONB30BATh B KAYECTBE CTAHAAPTHOTO SI3BIKA JJISI 00CYKICHHS
TEMIIOB POCTA U, B YaCTHOCTHU, BpEMEHH PadOThI aJIrTOPUTMOB (LIUTATA):

«Ha ocnose sonpocos, oocyscoaemvix 30ecw, s npeonazaio uienam SIGACT!
U pedaKmopam JdcypHaios no computer science u Mamemamuxe RPUHsms 060-
sHavenus O, Q u O, kax onpedeneHo sviuLe, eciu MoabKO 8 Onudcaliulee 8pems
He 6yoem HalloeHa Ayuuas aibmepHamuear®.

2.4.5. PeweHue TecTOBOro 3agaHua 2.5

IIpaBunbublie oTBeTHI: (0), (B), (). [locnennue Tpu oTBeTa BCe MpaBUIIbHEIE,
U, HaJCIOCh, MHTYUIUS MOICKA3bIBACT BaM, [MOYEMyY ITO HMEHHO Tak. 1'(n) —
9TO KBajparuuHas QyHKIus. JIMHEHHBIM uieHoM 37 11 OOJBIINX 71 MOYKHO
npeHedpedb, MO3TOMY ClAeaAyeT OKHuaaTh, uto 1'(n) = O(n?) (otBeT (¢)). DTO
aBTOMAaTH4YecKH o3HadaeT, uto I'(n) = Q(n?), u, cnenosareiabuo, T (n) = Q(n)
takke (oTBeT (b)). OO6parute BHUMaHue: (2(71) HE SIBJISIETCS 0CO00 BIEYATIIAIOLICH
HWKHEHW rpanuneid 7'(n), HO TeM He MEHEe OHO SIBIISICTCS 3aKOHHBIM. AHAJIOTUYHO,
T (n) = © (n?) o3Hauaer, uro T'(n) = O (n?) Takxke, U, ciepoBarenbho, T'(n) = O (n®)
(otBet (d)). oka3zaTenbCTBO ATHX BbICKAa3bIBAHUH ()OPMaTIbHO CBOJUTCS K JEMOH-
CTpAIX COOTBETCTBYIOIINX KOHCTAHT, KOTOPBIC YAOBICTBOPSIOT OTIPEICIICHISIM.
Hampumep, ucnons3oBanue n,= 1 u ¢ = 1/2 gokaseBaer (b). McnonszoBanne
n,=1u ¢ =4 nokassiBaet (d). O6beauHEHNE 3TUX HAOOPOB KOHCTAHT (1, = 1,
¢, = 1/2, ¢, = 4) noxazeBaer (c). Jns popmaapHOTO JOKA3aTEIBCTBA TOTO, YTO

! SIGACT sBnsieTcst crieruaibHoi rpymoii B paMkax ACM (Acconnanus BEIYUCITUTETb-
HOW TEXHHUKH), KOTOpasi 3aHUMAETCS TCOPETUUYCCKOH MHPOPMATHKOM, U B 4aCTHOCTU
QHAJIM30M aJlTOPUTMOB.

2 Nonamsx Kuyt, «bombimoit OMukpoH, u 6ombiras Omera, u 6ombinast Tera» (Donald E.
Knuth, «Big Omicron and Big Omega and Big Theta», SIGACT News, Apr.-June 1976,
page 23. Reprinted in Selected Papers on Analysis of Algorithms (Center for the Study
of Language and Information, 2000).
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(a) He ABNACTCS MPABHIBLHBIM OTBETOM, MOXET OBITh HCIOIH30BAaH apTyMEHT U3
JI0Ka3aTeNIbCTBA yTBEPKACHUS 2.2.

2.5. JonosiHuTesibHbIE NPUMepbI

OTOT paszen NpefHa3HaYeH AJIsl YUTaTeleil, KOTOPbIM HyKHa JOMOJIHUTEIbHAS
MIPAKTHKA 110 ACUMITOTHUECKUM 0003HaueHUsIM. OCTaabHbIe MOTYT IPOITYyCTUTh
9TH TPH JIOTIOTHUTEIBHBIX IPHIMEpa U MEPeiTH HEMOCPEACTBEHHO K ITIaBe 3.

2.5.1. Jo6GaBneHne KOHCTaHTbI K 9KCMNOHEeHTe

B mepByro ouepenn, 310 ellie OMH MPUMEp T0KA3aTeIbCTBA TOT0, KaK OHA (QYHKITHS
siBisieTcst O-00mbIe Ipyroi.

YrBep:xkaenue 2.3. Eciu
T(n) =210,

mo moeoa T(n) = O (2").

Takum 006pa3oM, 100aBICHIE KOHCTAHTHI K TOKA3aTENI0 CTEIIEHH SKCITOHCHITAIb-
HOW (DyHKIIMM HE M3MEHSET €€ aCUMITTOTUYCCKHI TEMIT pOCTa.

Jokazamenvemeo ymeepoicoenus 2.3. UTOOBI COOTBETCTBOBATH MATEMATHICCKOMY
ompeeneHnto obo3HadeHus: O-6ounpinoe (paszaen 2.2.3), 10CTaTOYHO HAWTU TTOJI-
XOJSIIYIO Mapy MOJOKUTENbHBIX KOHCTAHT, ¢ U 7, (KaXXJast He3aBUCUMA OT 1),
Takux, 9to 7'(n) He Gonee ¢ X 2n 1 Bcex n > n,. JlokasbiBas yTBepkaeHue 2.1,
MBI IIPOCTO BBITAIIMIIN TH BE KOHCTAHTHI M3 IIUIAIBL, ceivac ke JaBaiTe 000-
CHYEM 3TOT BBIOOD.

BriBenenue ¢opmynsl HaunHaetcs ¢ 7'(n) B JIGBOW YacTH, 32 KOTOPBIM CIIEIyeT
MOCIIEIOBATEIBHOCTD TOJILKO OOJIBINX YMCEIN, KyJIbMHHALMEH KOTOPOTO SBIISCT-
csl mocTosTHHOE KpatHoe 2n. Kak HauHeTcs Takoe Beruncienue? Hamnume uncna
«10» B cTereHn pa3apaxaeTt, MOPTOMY, €CTECTBEHHO, ITEPBLIM IIarOM SIBJISIETCS
€ro BBIJCIICHHE:

T(n)=2"10= 210 x 27 = 1024 x 27,
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Teneps yke Jrydrie; mpaBast 4acTh (POPMYIEI SIBISICTCSI IOCTOSTHHOW KpaTHO#H 27,
Y Halll BBIBOJI IPEAINOJIAraeT, YTO Mbl JOJDKHBI B3ATh ¢ = 1024. YuuThiBas 3TOT
BBIOOp ¢, MBI uMeeM T'(n) < ¢ X 2n i Bcex n > 1, T0ITOMY MBI IPOCTO OepeM
n,=1. DTa mapa KOHCTaHT NoATBepKAAET, uTo 71'(1) aerictBurensHo O (2"). Y. m. 0.

2.5.2. YMHOX€EHUe 3KCMNOHEeHTbl HA KOHCTaHTY

JHaiee ujer emnie oUH «HEIPUMEpP», MOKa3bIBAIOIINI, YTO OfiHa (QYHKIHS HE sIB-
astiercst O-00mbIiIe pyToi.

VYrBepikaenne 2.4. Eciu
T(n) =210

moeda T (n) ne sensiemes O(2").

Takum 00pa3oM, YMHOKEHHUE TIOKa3aTellsl CTEIIEHN YKCIIOHCHIIMATBHON QyHKITUH
Ha KOHCTAHTY U3MEHSET €€ aCUMIITOTUYECKUI TEMIT POCTA.

Jokazamenvemeo ymeepoicoenus 2.4. Kak v B citydae ¢ yTBepKaeHHueM 2.2, 00bI4-
HBIU CIIOCOO TOKa3aTh, 4YTO onHAa (DYHKIUS HE sBisieTcss O-00Ible APyrou, —
noiTu ot obparHoro. [ToaToMy MOMycTHM MPOTHUBOIIOJIOKHOE BBHICKAa3bIBAHHE
Y NIpenookuM, 9to T'(n) Ha camoM jese paBHseTcs O (2"). CornacHo omnpeserne-
HUI0 0003HaueHust O-00JbII0E 3TO O3HAYAET, YTO CYILECTBYIOT MOJOKHUTEIbHbIE
KOHCTAHTHI C U 1, TAKHE, YTO

210)1 S c X 2n

JIJIsT BCEX n > ny. HOCKOJ'H)KY 2" IBASETCS TOJOKHUTETHHBIM YHUCJIIOM, MBI MOXEM
COKpaTuTh €ro 13 00eHXx yacTel 3TOro HEPaBCHCTBA, B UTOT'C IMMOJIYYUM

29n§c

Ui Bcex n > n,. Ho 3T0 HEepaBEeHCTBO SBHO JIOKHOE: TMpaBasi 4acThb SBIAETCS
(DMKCHUPOBAHHON KOHCTaHTOH (HE3aBHCHMOU OT 71), B TO BpeMsl KaK JieBasi 4acTb
CTPEMUTCA B 6eCKOHe‘IHOCT]>, Korga 7 CTaHOBUTCS 6OJ'H>H_[I/IM. 9t10 IIOKa3bIBACT, UTO
Halle jgonyineHue, uto 7'(n) = O(2"), He MOXKeT ObITh TPAaBUIILHBIM, CJIEJ0BATEIHHO,
21 ge snsiercst O (2"). Y. m. 0.
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2.5.3. MakcuMyM NpOTUB CYMMbI

B Hamem mocnenHeM mpuMepe HCIONb3yeTcs: 00o3Hadenne Tera-0onpmioe (pas-
nen 2.4.2), aCUMOTOTHYECKUI SKBUBAJICHT OTHOLICHUS «paBHsSETCs». JlaHHBIH
MIPUMEP IMOKA3bIBALT, YTO ACUMIITOTUYECKU HET HUKAKOW Pa3HUIIBI MEXKY B3SITHEM
MTOTOYEYHOTO MAaKCHMyMa JIBYX HEOTPHIATEIBHBIX (PYHKINI U HX CyMMOH.

YrBepxkaenue 2.5. Obosnavum ynkyuu, npeoopasyioumjue noiodiCumeibHble
yenvle Yucia 6 HeOMpUYAmeibHble 6eueCmaeennble Yucia, Kax fu g u onpeoenum

T'(n) = max{f(n), g(n)}

ons kaxcoozo n > 1. Toeda T(n) = O (f (n) + g(n)).

OnHuM U3 CleACTBUll yTBepKACHUS 2.5 ABISIETCSA TO, YTO AJTOPUTM, KOTOPBIN
BBITIONTHSET TIOCTOSIHHOE YHCIIO (MMeeTcsl B BUAY HezaBucumoe ot n) O (f(n))-
MOATIPOTPaMM, BEITTONHsIeTCs 32 Bpemst O (f(n)).

Joxazamenvemeo ymeepoicoenus 2.5. Hanomuanm, uto T'(n) = O (f(n)) o3HavaeT, 9To
T(n) B KOHEYHOM MTOT€ OTPAaHWYEHA JBYMS PAa3HBIMU MOCTOSHHBIMHU, KPaTHBIMU
f(n). UTOOBI COOTBETCTBOBATH ITOMY, HAM HY>KHO IIOKa3aTh TPU KOHCTAHTHL: OOBIY-
HYIO KOHCTaHTY 1, 1 KOHCTAHTHI ¢, H C,, COOTBETCTBYIOIINE MEHBIINM H OOJIBIINM
KpaTHBIM f(71). PeKOHCTpyHpyeM 3HaueHUs ITUX KOHCTAHT.

PaccmoTpum npon3BoNIBHOE HATYpAIBHOE YKCIIO 1. MBI HMeeM
max {f(n), g(n)} <f(n) + g(n),

MOCKOJIBKY TIpaBasi 4acTh — 3TO MPOCTO JIeBasi 4aCTh IUTFOC HEOTPHLIATEIEHOE YHCIIO
(f(n) mmm g(n), B 3aBUCUMOCTH OT TOTO, KAKOE MEHbIIIEC). AHAIOTUYHO,

2 x max{f(n), g(n)} > f(n) + g(n),

MTOCKOJIBKY JIeBast YacTh SABJISIETCS ABYMs KOUAMU OouibIiero u3 f(n), g(n) u npasas
4acTh SBJISCTCS ONHOM Komuer kaxmoro. OObEMHUB ITU JIBa HEPABEHCTBA, MBI
BUJUM, YTO

() +g(n) < max{ 1 (n), g(n)} < 1 (m)+(n) 3)
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JUIs Kaokioro 1> 1. Takum o6pazom, max {f(n), g(n)} neldCTBUTEIBHO «BKIMHHBA-
eTcs» MEXy JAByMs Pa3HbIMU KpaTHeIMU f(n) + g(n). DopmanbHO BBIOOD 71, = 1,
¢,=1nc,=1mnoxkassBaer (1o (2.3)), uro max {f(n), g(n)} = O (f(n) + g(n)). 4. m. 0.

BBIBO/JbI

X [lenpio UCIOIb30BAaHUS ACUMITOTHUYECKUX 0003HAYCHHUH SIBIISIETCS
YCTpaHEHHE TIOCTOSIHHBIX MHOKUTENEH (KOTOPBIE CIIUIITKOM 3aBUCH-
MBI OT pEaJIN3aIUH AJITOPUTMA) ¥ YWICHOB HU3IIUX MOPSIKOB (KOTOPHIE
HE UMEIOT 3HAUCHUS JUIsI OOJIBIIMX BXOIHBIX JAHHBIX ).

X ToBopsr, uro ¢yukiws 7'(n) sBisiercs «O-6ombimoe ot f(n)» (mu-
mercs kak «7'(n) = O (f(n))»), eciu oHa B KOHEYHOM UTOTe (1151 10-
CTaTOYHOTO OOJBIIOTO 77) OTPaHUYEHA CBEPXY KOHCTAHTOU, KPATHOM
f(n). To ecTb CymeCTBYIOT HOIOKUTENbHBIE KOHCTAHTHI C U 71, TAKHE,
gro 7'(n) < ¢ X f(n) nns Bcex n > n,,.

X @ynkmws T(n) sBisercs «Omera-6omnbinoe GyHKImM f(7)» (TAImeTcs
Kak «1'(n)=CQ(f(n))»), eciii OHa B KOHEYHOM MTOT€ OTPaHIMYCHA CHU3Y
KOHCTaHTOH, KpaTHOH f(7).

X Oynknus T'(n) seusercst «OMera-0ombmoe oT f(n)» (MHAIeTcs Kak
«T'(n) =0O(f(n))»), ecmu u T'(n) = O(f(n)), u T'(n) = Q(f(n)).
* (-00JbII0C SKBUBAJICHTHO OTHOIICHHIO «MEHBIIE WUJIH PABHOY,

OMera-00JIbII0e YKBUBAJIEHTHO OTHOIIEHHIO «OOJIBIIIE WITH PaBHO»
u Tera-00/bI1I0€ SKBHBAIEHTHO OTHOIICHHIO «PaBHACTCS.
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3apauun Ha 3aKpernJjieHme martepuana

3anaua 2.1. [1ycth /1 g ecTh HEeyObIBatOIIHE BEIIECTBEHHBIE (DYHKIIMH, ONIPE/ICIICH-
HBIC Ha TIOJIOKUTENBHBIX IEJIbIX YHCIIax, pudeM f(n) u g(n) He MeHee 1 st Bcex
n> 1. lomyctum, uto f(n) = O(g(n)), 1 MycTh ¢ €CTh MOJIOKUTEIbHAS KOHCTAHTA.

Bepro s, uro f(n) log,(f(n)) = O(g(n) x log,(g(n)))?
a) [la, ns Bcex TakuXx f, g ¥ C.
0) Hukorma, He3aBUCHMO OT TOTO, KAKHMH SIBIISIFOTCS f, g U C.
B) MHorma na, MHOTIA HET, B 3aBUCHMOCTH OT KOHCTAHTEHI C.

r) WHorna na, vHOTIA HET, B 3aBUCUMOCTH OT (DYHKIMHU [ 1 g.

3agaua 2.2. Emie pa3 I0MyCcTHM JBE MOJIOKHUTEIbHbBIC HeyObIBatoIue (QYHKIINH,
fu g, rakue, uto f(n) = O(g(n)). Bepuo mu, uto 2/™ = O (28™)? (IIpaBUIBHBIX OT-
BETOB MOXKET OBITh HECKOIIbKO; BEIOEPUTE BCE BEPHEIE. )

a) /[la, nst Bcex Takux fu g.
0) Hukorma, HE3aBUCHMO OT TOTO, KAKHUMH SIBIISTFOTCS f U .
B) MHorna ja, MHOTIA HET, B 3aBUCMMOCTH OT (QDYHKIMH f 1 g.

r) Jla, Bcsikuii pas, xoraa f(n) < g(n) misi BceX J0CTaTOuHO OOJBIINX 7.

3amaua 2.3. OtcopTHpyiiTe IEPEUNCICHHBIC HUKE (DYHKIIUH B MOPSIIKE YBEIIHUC-
HUS TEMIIa pOCTa, TIPUYEM B BallleM CITUCKe g(71) TOJDKHA CIIeIoBaTh 3a f(71) Torjaa
M TOJIBKO Tor/a, Koraa f(n) = O(g(n)).

a) Jn.
6) 10"
B) n'’.

r) e,

Z[) n5/3_
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3agaua 2.4. OTcopTupyiiTe IepeurciIeHHbIe HIKe (DYHKIIMU B TOPSIKE YBETHue-
HUS TeMIIa POCTa, IPUYEM B BallleM CIMcKe g(#) ToIbKHA ceioBath 3a f (1), Toraa
1 ToNIbKO Torna f(n) = O(g(n)).

a) n’log, n.
0) 2n.

B) 27

F) nlogzn‘
n) n’.

3amaua 2.5. OtcopTHpyiiTe IEpeUnCICHHbIC HUKE (DYHKIUK B MOPSIIKE YBEIIHUC-
HUS TEMIIa pOCTa, IPUYEM B BallleM CITUCKe g(71) TOJDKHA CIIeIoBaTh 3a f(7) Toraa
M TOJIBKO Tor/a, Korna f(n) = O(g(n)).

a) 210g2 n‘
6) 2210g2 /1.
B) n5/2'
r) 2"

n) n*log, n.



Ancopummoi
«paszoensil u 81acmeyuy
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Ora 11aBa MoCBsIIeHa MPAKTHKE IMapagurMbl pa3paboTKH aITOPUTMOB «pa3Iesid
Y BJIACTBYI» MPUMEHUTENIBHO K TPEM OCHOBHBIM 3ajadam. [lepBblit mpumep —
9TO aJATOPHUTM IOJCYETa KOJINYeCTBA HHBepCcHii' MaccuBa (pasaen 3.2). Jlanuas
3ajava mpeIHa3HaueHa [Tl H3MEPEHUS TTOI00HS MEKIY AByMS PAHKUPOBaHHBIMA
CIHMCKaMHU. DTO TaK Ha3bIBaeMast «COBMECTHAs (PUIBTpaIMs», KOTa, OUpPasch Ha
Balll 3HAHWA O NPEATIOYTCHUAX YCJIOBEKA U MPCATIOYTCHUAX APYTUX moneﬁ, eMy
MPENOCTABIISIOTCS MOJIE3HbIE peKOMEHJANN. BTOpOil alroput™ Trmna «pa3aensi
U BIACTBYI» — 3TO BOCXUTHUTEIBHBIN peKypcuBHbIi anroputM llltpaccena mist
YMHOXCHHSI MaTPUI], KOTOPBIH padOTaeT JydyIlle IO CPAaBHEHUIO C OYCBUIHBIM
WTEpaTuBHBIM MeTooM (pazzen 3.3). Tperuit alropuT™, KOTOPBIH SIBISIETCSI TTPO-
JBUHYTBHIM U JIOTIOJIHUTENILHBIM MaTepUaJIOM, MpeIHa3HaYeH A peleHus QyH-
JAMEHTAITLHOW 3aJ1a9¥ BBIYMCIMTEIBHON I€OMETPHUHU: BBIUYUCIICHUE ONvKaimen
mapsl TOYEK Ha TUIOCKOCTH (pasaen 3.4)%,

3.1. Napapgurma «pasgensai v BNnacTBymn»

MpI yke paccMaTpHBalld KAHOHUYECKHUH MTPUMEp alTOpUTMa «pasieisasd U Bia-
CTBYI», MergeSort (pa3nen 1.4). B Gosnee o0mem 1uiaHe napajaurma pa3paboTKku
QITOPUTMOB «Pa3JeNai U BIACTBYI» COCTOUT U3 TPeX KOHUENTYalbHbIX 1IaroB.

TITAPAJIMTMA «PA3JIEJISIA U BJTACTBY M»
1. Paszoenums BXOIHBIE JaHHBIE HAa 00J€€ MEIKHE 0133 1a4H.
2. Pewums oa3agauu peKypCcUBHBIM METOJIOM.

3. Obvedunums pelieHns NoA3aaad B pelieHne UCXOIHON 3aauH.

' B uH}opMaTHKe U TUCKPETHOM MaTEMATHKE IT0CIICI0BATEIFHOCTh HMECT HHBEPCHIO TaM,
TJIe /IBa ee DJIEMEeHTa HaXOsTCsl BHE CBOETO €CTECTBEHHOTO Nopsaka. Hampumep, mycthb
JlaHa YUCIIOBas MOCIENOBATENLHOCTE 1, 2, 5, 7, 4, 6, Torna napsl (5, 4), (7, 4) u (7, 6)
00pa3yioT HHBEPCHH B 9TOH MOCIIENOBATEILHOCTH. — [Ipumeu. nep.

2 JlemoHCTpanust B pasaeiax 3.2 u 3.4 yepraet BIOXHOBEHNE 13 TIaBsI 5, «[IpoekTnpoBanue
anroputMoBy, Jlxona KierinOepra u Dbl Tapnoc (Algorithm Design, Jon Kleinberg,
Eva Tardos Pearson, 2005).
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Hampumep, B anroputme MergeSort miar «pasIeinTh pa30HBacT BXOTHOH MacCHB
Ha JICBYIO U IIPABYIO MOJIOBHHBI, IIIAT «PEIIUTH UCTIONIB3YET IBa PEKYyPCUBHBIX BbI-
30Ba TSI COPTHPOBKH JICBOTO U IIPABOT'0 ITIOIMACCHBOB, a IIar «00bEANHHUTEY pea-
JM3yeTCs MOANPOrpaMMOii ciusiHust Merge (paznaen 1.4.5). B anroputme MergeSort
Y MHOTHX JPYTHX aJTOPUTMax ATOT IMOCIEAHUI mar TpedyeT HanOombIIel n30-
OpetarenpHOCTH. CyIIECTBYIOT TAK)KE aITOPUTMBI THITA «Pa3Aeisiii U BIaCTBYI»,
B KOTOPBIX HEOOXOAMMO OBITh M300peTaTEIbHBIM YK€ Ha MEepBOM IIare (CM.
QuickSort BTiaBe 5) uim ke B crieliu(UKaMy peKypCUBHBIX BBI30BOB (paszen 3.2).

3.2. Nopcyet niBepcum 3a spems O (nlog n)

3.2.1. 3apaua

B stom pasaeiic pacCMaTpruBaCTCA 3a/lada BbIYMCIICHUA KOJIWMYCCTBaA I/IHBepCHﬁ
MaccCuBa. HHG@pCM}Z MacCCHUBa — 3TO apa 3JICMCHTOB, KOTOPBIC PACIIOIOKEHBI «BHE
CBOCTO €CTECTBECHHOT'O ITOPAIKAY . 910 O3HA4YacT, YTO DJICMCHT, KOTOpLIfI B MaCCHBC
BCTPEYACTCA paHEEC, 60J'IBH_IC, 4EM TOT, KOTOpBIﬁ BCTPCUACTCA IMO3KE.

3AJIAYA: ITOJCYET HHBEPCUI
Bxon: maccuB 4 pa3HBIX IENIBIX YUCEL.

Bbixoj1: KoJIMYeCcTBO MHBEPCHIA — YUCIIO Map (7, /) MHASKCOB MacCHBa,
rne i <ju A[i] > A[j].

Hanpumep, eciau MmaccuB A OTCOPTUPOBAH, OH HE UMEET UHBEPCUil. Bbl TOKHBI
yOeauThbes, 4To 00paTHOE TAaK)Ke BEpHO: KaXKAbI HEOTCOPTUPOBAHHBIA MacCHB
HWMEET 10 KpaliHel Mepe O/IHYy MHBEPCHIO.

3.2.2. Npumep

PaccmoTpum cnemyronuii Hike MacCHB JUTHHOM 6:

1 3 5 2 4 6
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CxonbKo MHBepcHii uMeeT 3ToT MaccuB? B rmaza Opocatorces 3Hadenus 5 u 2 (co-
OTBETCTBY [ = 3 U j = 4). IMeroTcs Be Apyrue HEyNnopaI04eHHbIE napbl: 3 U 2,
a Taoke S u 4.

TECTOBOE 3AJAHME 3.1

KakoBo HamOosbIlIee KOJIMYECTBO WHBEPCUH I 6-3JIEMEHTHOTO
maccuBa?

a) 15
0) 21
B) 36
r) 64

(Pemrenne n mosicHeHue cM. B paznene 3.2.13.)

3.2.3. CoBmecTHasa dounbTpauuns

1 yero He0O6XOMMO MOJCYUTHIBATH KOJTMUECTBO MHBEpCHii B MaccuBe? OaHa U3
MIPUYMH 3aKITI09ACTCSI B TOM, YTOOBI BHIUUCIUTD YHCIOBYIO MEpPY KaueCTBEHHOTO
moA00MsI, KOTOpast KOMWISCTBEHHO OMPENENsIeT, HACKOJIBKO ONM3KM J1BA PaHKH-
POBaHHBIX CIIMCKA APYT K Apyry. Hanpumep, npeamnonaokum, 4To s Mpouly Bac
U BAIlIETO JIpyTa PaHXUPOBATh ACCATh (PUIBMOB, KOTOPBIE BBl 00a CMOTpPEIH, OT
TF0OMMOTO 710 HAaMMEHEE JTIOOMMOTO. SIBIISIOTCS JTH BAIllK BKYCBI IIOXOKIMIY WIIN
JKE OHU «pa3nuyaroTcsn»? OIUH U3 CII0CO00B PEIUTH 3TY 33/1a9y KOJITHISCTBEHHO —
UCTONB30BaTh 10-37€MEHTHBIN MacCUB A: MycTh A [1] cOAepKUT OLEHKY BallllM
JIPYTOM BaIIleTo JIFOOMMOTO (PHITbMa B €r0 CITUCKE, 4 [2] — JIMYHYIO OIICHKY BaIlTUM
JIPYyroM Balllero BTOPOro JroouMoro puibma... u 4 [10] — JIMYHYIO0 OLIEHKY BalllUM
JpYTOM Balllero HauMeHee TF00UMOoro (unbMa (BbI €ro MocTaBunu Ha 10-e Mecto).
Takum 00pa3om, €CIIH BaIiM JTIOOMMBIM (PHITEMOM SIBISICTCSI «3BE3HBIC BOMHBDY,
HO Y BaIlIero Jpyra OH TOJILKO IMSATHIN B ero crucke, 70 A [1] = 5. Ecnu Bamm peii-
THHTH UACHTUYHBL, HTOT MACCHUB OyAET OTCOPTUPOBAH U HE OyAET UIMETh UHBEPCHIA.
YeMm Oombllie HHBEPCHI MAacCUB UMEET, TeM OoIIbIIe map (GUIBMOB, IO KOTOPBIM
BBI HE CXOIUTECh BO MHEHUH 00 MX JIOCTOMHCTBAX, U TEM OOJBIIC Pa3INIaOTCs
BaIllU NPEATIOYTCHUSI.
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OjiHa U3 3aj1a4, JIJIsl KOTOPOW BaM MOYKET IMTOHAI00UTHCS BBIYUCICHHE MEPbI TI0/10-
Oust peUTHHTOB, — ATO cosmecmuas purbmpayus (collaborative filtering), cnoco6
co3maHus pekoMmeHnanui. Kakum o0pa3om BeO-calThl HAXOMAT PEKOMEHIAINH
JUTSl TOBapoOB, (PMIIBMOB, MEeCeH, HOBOCTeW W Tak jajiee? [Ipu mcroib3oBaHUH
COBMECTHOU (PUIIBTpAINH UESI COCTOUT B TOM, YTOOBI HJICHTU(UIIUPOBATH JIPY-
T'nux HIOI[eﬁ, KOTOPBIC UMEIOT aHAJIOTMYHBIC C BaMH NPEAINIOYTCHUA, IITO6I)I 3aTEM
PEKOMEHJIOBATh BaM TOBAPHI, KOTOPbIE OBLIH MOMYJSAPHBI Y HUX. Clie/I0BaTeIbHO,
AJTOPUTMBI COBMECTHOU (PHIIBTPAIIMU OCYIIECTBIISIFOT MAaTeMaTHIECKY0 (hopMa-
JIN3AIUK0 KAYCCTBCHHOI'O ITOHATUA ((HO)Z[O6I/I$I>> MCXKAY NPEANOYTCHUAMU HIO}:[CI‘;I.
Brrunciienne HHBEPCUI YaCTUYHO IMOMOTAET B 3TOM BOIIPOCE.

3.2.4. Nouck NonHbIM Nnepedopom

Kak 6b1cTpO MBI MOXKEM BBIYHCIUTH KOJIMYESCTBO HHBEepCUil B MaccuBe? Ecii Mbl
JIUIICHBI BOOOPaKCHHUS, TO B HAIIEM PACTIOPSKEHUH €CTh MOJHBIHN 1epedop, WiH
MeTon «rpy6oit cuie» (brute force).

MOJIHBIN MEPEBOP JIJIS1 MOJICYETA UHBEPCHI
Bxoa: MaccuB A U3 n pa3HbIX LEIbIX YHUCEL.

BrIxoa: koauuecTBo I/IHBepCI/Iﬁ MaccuBa A.

numInv := ©
for 1 :=1ton-1do
for j :=1 + 1 to n do
if A[1] > A[Jj] then
numInv := numInv + 1

return numInv

310, 6€3yCIIOBHO, TPAaBUIILHBIN aJITOPUTM. A Kak Hac4eT BPEMEHH €ro NCTIOTHEHHU S ?
W3 pemenns TectoBoro 3aaanust 3.1 Mbl 3HaEM, YTO KOJIMYECTBO UTEPAIUI 1IUKIIA
BO3pacTaeT KBaJpaTHIHO B 3aBUCIMOCTH OT JUTMHBI 71 BXOIHOTO MaccuBa. [Tockomb-
Ky aJIT'OPUTM BBIIOJHSET MOCTOSIHHOE YUCIIO OTIEpPALUi B KyKJION UTEPALluy [IUKIIA,
€ro aCHMITTOTHYECKOE BpeMsl UCTIONHEeHUs paBHsiercst O (n?). Ho moMHuTE J1K BBI
MaHTPY OTBITHOTO MPOSKTHPOBIIUKA AITOPUTMOB: MOJNCHO it 00OUMbCSL IyUULe2o?
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3.2.5. NMNoaxop «paspensaii n BNacTeyn»

OrtBerT: 12, Ty4IIero J0OUTHCS MOKHO, M pEIICHHEM OYIeT alrOpUTM THIIA «pa3ie-
TSI ¥ BIACTBYI», KOTOPBIH UcnionHseTcs 3a Bpems O (n log ), 4To ropaszio jiydiie
I10 CPABHEHHIO C AITOPUTMOM ITOMCKa METOZIOM «Tpy0oii cuibmy. I1lar «pa3nenutsy
OyZIeT TOYHO TaKHM JKe, KaK W B alIrOpuT™Me MergeSort, ¢ OMHIUM PEKypPCHBHBIM
BBI30BOM JIJIs1 JIEBOI MTOJIOBUHBI MAaCCHBA M OJHUM JIJIsl IPABOii IOJIOBUHBL. UTOOBI
MOHSTh OCTAJbHBIC OTEPAINU, KOTOPHIE JOJDKHBI OBITh BBIMOJIHEHBI BHE JBYX
PEKYpCHUBHBIX BBI30BOB, JaBaiiTe OTHECeM WHBepcHu (i, j) MaccuBa A UTMHOH n
K OJTHOMY U3 TPEX THUIIOB.

1. Jlesas uneepcus: iHBepcus, B KOTOPOil 00a WHEeKca, 7, j, HAXOIATCS B Iep-

. .. n
BOI1 MoJI0OBUHE MaccuBa (TO ecTh i, j < 5).

2. Ilpasas uneepcusi: MHBEpCHUsl, B KOTOPOil 00a WHIEKCA, i, /, HAXOMATCS BO

L
BTOPO# MOJIOBUHE MaccuBa (TO €CThb i, j > 5).

3. Paszoenennas uneepcus: HBEPCHs, B KOTOPOU { HAXOIUTCS B JICBOM MOJIOBH-

. o . _n_ .
He, aj — B IIPaBOl OIOBUHE (TO €CTh I < 5 <J).

Hampumep, B mecTusaeMeHTHOM MaccuBe B pasneie 3.2.2 Bce TpU MHBEPCUHU
SIBIISIFOTCS pa3/ielIeHHBIMHU.

[lepBBIii peKypCHUBHBII BEI30B B IIEPBOI ITOJIOBHHE BXOIHOTO MACCHBA PEKYPCHBHO
MOJICYUTHIBACT BCE JieBble MHBEepcHUU (M Oombliie HUYero). TOYHO Tak ke BTOPOH
PEKYpCUBHBII BBI30B TIOICUUTHIBACT BCE TpaBble HHBEPCHH. JlanpHelmas 3a1ada
COCTOUT B ITOJICUCTE UHBEPCUH, HE BBISBICHHBIX HU OJHUM PEKYPCHUBHBIM BBI30-
BOM, — pa3JieJIeHHbIX HHBEPCUH. DTO mar «00beANHUTEY aIrOPUTMa, U HaM HYKHO
OyZeT peaan30BaTh sl HETO CIEUABHYIO THHESHHYIO (PYHKIINIO, aHAIOTHIHYIO
MIOATIPOTPaMME CITHSIHUSI Merge B allTOPUTME MergeSort.

3.2.6. BbiICOKOYPOBHEBbIN afirOPUTM

Ham nmoaxoxn «paszgensii U BIacTBYyH» TPaHCIUPYETCsI B MPUBEACHHBIN HUXKE
TICEBIOKO; MOAIIpOrpaMMa NoAcUeTa pa3aCICHHBIX HHBepcnﬁ CountSplitInv Ha
JTaHHBIA MOMEHT HE peajJnu30BaHa.
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COUNTINV
Bxon: MmaccuB 4 U3 1 pa3HBIX LEJBIX YHCET.

BrbIxon: KouecTBO MHBEPCHUN MaccuBa A.

if n =0 or n =1 then // 6a3oBble cny4dau
return ©

else
LeftInv := CountInv(nepBas nososBuHa A)
rightInv := CountInv(BTOopas nosoBuHa A)

splitInv := CountSplitInv(A)
return leftInv + rightInv + splitlnv

[IepBblil 1 BTOpOIl peKypCUBHBIE BBI30BBI MTOACUUTHIBAIOT KOJIUYECTBO JIEBBIX
Y nipaBbIX MHBepcuil. [Ipu ycnoBuu, yTo noamnporpaMma CountSplitInv MpaBUiIbHO
BBIYUCIISIET KOJTMYECTBO PA3eICHHBIX HHBEPCHUH, alTOpUTM CountInv MPaBUIbHO
BBIYHUCIIUT 00IIIee KOMNIECTBO HHBEPCHIL.

3.2.7. KnioueBaqa npes: 3agencreoBaTtb
anroputm MergeSort

[Moncuer yncna pa3neaeHHBIX HHBEPCUH MacCHBa 3a TUHEHHOE BPEMS SIBIISICTCSI
aMOWIIMO3HOM 11ebI0. MOXKET CyIIecTBOBATh MHOTO pPa3/ICICHHBIX WHBEPCHIA:

n

eciau A COCTOUT U3 YHUCET 5+1,...,n 0 TIOPSIKY, 38 KOTOPBIMH UIYT YUCIa
n ) .

1,2, .., 5 10 TIOPSAJIKY, TO UMeeTcs n/4 pa3niescHHbIX HHBepcHid. Kak BooOIie

MOJICYUTATh KBAPAaTHIHOE KOITUIECTBO JIEMEHTOB TOIBKO B paMKaX JIMHEHHOTO

o0bema paboThl?

JBMxKyImas uuesi COCTOMT B TOM, YTOOBI pa3paboTaTh HaIl PeKypCUBHBIH ajro-
PUTM TOACYETAa MHBEPCUN TaKUM 00pa3oM, 4TOOBI OH 3aJ€HCTBOBAI AITOPUTM
MergeSort. DTo TpeOyeT OT HAaIIMX PEKyPCHBHBIX BBI30BOB OOJIBILETO PaIH TOTO,
4TOOBI OOJNErYHUTh MOACUYET KOJIMYECTBA Pa3eieHHbIX HHBepcuit'. Kaxaplii pe-

! AHAIIOTUYHBIM 06pa30M, WHOTIa 10Ka3aTCIbCTBO M0 MHAYKIIUU CTAHOBUTCA JICTYEC pea-

JIM30BaTh I0ciie 000CHOBAHUS Balleil HHZ[yKTHBHOﬁ THUIIOTC3bI.
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KYPCHUBHBIN BBI30B OyJIET OTBEYATh HE TOIBKO 32 MOACUYET KOINICCTBA MHBEPCHIA
B MacCHUBE, KOTOPbIIl eMy nepejaH, HO U 3a BO3BpaT OTCOPTHUPOBAHHOU BepCHU
MaccuBa. MBI yke 3HaeM (13 TeopeMsbI 1.2), 9T0 COPTHPOBKA SIBISETCS JICTKO-
BECHBIM NMPUMHUTHBOM (paznen 1.6.4), ucnonuswomumcs 3a BpeMs O (n log n),
MI03TOMY, €CIH MBI HalleJIeHbl Ha BpeMeHHY!o rpanuny O (n log n), HeT npu4yuH
HE HCIIONB30BaTh COPTUPOBKY. MBI YBUIUM, YTO 3ajaya CIUSHUS JIByX OTCO-
PTHPOBAaHHBIX MOJMACCHBOB HUACATBHO TOAXOIUT I OOHAPYKECHUS BCEX pas-
JICIEHHBIX HHBEPCUI MaccuBa.

Bor NEPECMOTPEHHAA BEPCUA IICEBAOKOAA U3 pa3aciia 326, KOTOpasi NoaACYUThIBACT
HWHBCPCHUH, a TAKIKC COPTUPYET BXOJHOM MacCHB:

SORT-AND-COUNTINV
Bxoa: maccuB A U3 n pa3HBIX LEJbIX YUCEIL.

BbIxoa: oTcopTUpOBaHHBIN MacCUB B ¢ TEMU K€ CaMbIMU LIEJIBIMU
yycllaMi U KOJIMYECTBO UHBEPCUI MaccuBa 4.

if n =0 or n =1 then // 6a3oBble cny4vau
return (A,0)
else
(C, LleftInv) := Sort-and-CountInv(nepBaa mnosioBuMHa A)

(D, rightInv) :=

Sort-and-CountInv(BTopas nonoBuHa A)
(B, splitInv) := Merge-and-CountSplitInv(C, D)
return (B, leftInv + rightInv + splitInv)

Hawm Bce emie Hy>kHO peann3oBarh moanporpammy Merge-and-CountSplitInv. Msl
3HaeM, Kak OObeIMHUTB JIBa OTCOPTUPOBAHHBIX CITUCKA 32 IMHEHHOE BpeMsl, HO Kak
BOCIIOJIb30BAThCSl TUM ANTOPUTMOM TaK, YTOOB! TAKXKe MOACUUTATh KOIUYECTBO
pa3aeneHHbIX HHBEPCU?
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3.2.8. K Bonpocy o nognporpamme Merge

UYroOBl MTOHATH, MTOYeMy OOBEJMHEHHE OTCOPTUPOBAHHBIX MOAMACCHBOB ecTe-
CTBEHHBIM 00pa30M OOHApYy>KHBAET Pa3JACICHHbIE NHBEPCUH, JJaBaliTe BEpHEMCS
K IICEBIOKOAY ITOAIIPOrPaMMBI CIIUSHUSA Merge.

MERGE
Bxon: orcoptupoBanHbie MaccuBbl C 1 D (JUTHHOM 71/2 KaXKIbIiA).
Boixon: orcopTrpoBaHHBIA MaccuB B (IUIMHOH ).

anomalomee AomylmeHue: 7 — 4Y€THOC.

i:=1, 7 :=1
for kR := 1 to n do
if C[1] < D[Jj] then
B[R] := C[1], 1 :
else // D[] < C[1]
B[k] :=D[j], j :=J +1

Il
[
+
[y

OOparute BHIMaHHE Ha TO, YTO IMOATIPOTpaMMa CITUSHIS Merge BBITIOIHSCT ITepeMe-
LIEHUE [0 OTHOMY MHJEKCY BHU3 MapajlIeJIbHO 110 KaXKJIOMY U3 OTCOPTHUPOBAHHBIX
nogmaccuBoB (i it C uj 1utst D), 3aroiHsist BRIXOAHOHM MaccuB (B) ciieBa HalpaBo
B OTCOPTHPOBAHHOM HOPSIKE (MCIIONB3Ys HHICKC k). Ha Kakmoit ureparin nukia
MOJNPOrpaMMa ONpeessieT HAUMEHBIINN AIEMEHT, KOTOPBIH ellle He CKOITUPOBaH
B B. Ilockonbky C n D oTCOpTUPOBAHBI M BCe 31eMeHThI BIUIOTh 10 C[i] u D[]
yIKe OBLTH CKOITUPOBAHEI B B, €IMHCTBEHHBIMH JIBYMsI KaHIUIaTaMH sBIstioTes C 1]
u D[ j]. llognporpaMmMa onpenessieT, Kakoil U3 JByX MEHbIIE, a 3aTeM KOIHUPYET
€r0 B CIICAYIONIYIO MTO3HUINIO BEIXOAHOTO MAaCCHBA.

Kakoe oTHO1ICHNE HMeeT MoAIIporpaMma Merge K MOJICYETy KOJTMYECTBA MHBEPCHIA?
Haunewm ¢ wactHOTO Cityuyasi MaccuBa A, KOTOPBIA BOOOIIE HE UMEET Pa3IelIeHHBIX
WHBEPCUN — KaKJasi MHBEPCHUSl MaccuBa A sSIBISIETCS JIMOO JICBOM, THOO TPaBOit
HMHBEpCUEN.
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TECTOBOE 3AJAHMUE 3.2

[Ipenmonoxum, 4To BXOJHOW MAacCHB A HE MMEET pasJeiICHHBIX
uHBepcui. Kak cooTHOCATCS MKy COO00H OTCOPTHPOBAHHBIC MO~
maccussl C u D?

a) C colepXuT HaUMEHbIIUI AeMeHT MaccuBa A, D — BTOpoi
HauMeHbIUH, moToM C — TPETHII HANMEHBIITUHN U TaK Jajee.

0) Bce snemenTsl MaccuBa C MEHBIIE BCEX IEMEHTOB B D.
B) Bce snementsl MaccuBa C 0oJibllie BCEX 3JIEMEHTOB B D.
r) Jlus oTBETa Ha 3TOT BOMPOC HEMTOCTATOYHO MH(DOPMAITUH.

(Pewenue u nosicienue cM. B pazaene 3.2.13.)

PemmmB TectoBoe 3amanue 3.2, BBl yBUINTE, UTO MTOAIPOTpaMmMa Merge UCTIOMHSIETCS
JIOBOJILHO TIPEJICKa3yeMO Ha MacCUBe 0e3 pa3jielieHHbIX uHBepcuid. [10CKONIbKY
KaKJIbIM 271eMeHT B C MEHbIIIE KayK0T0 dJIEeMEHTAa B 1D, HAUMEHBIIMI OCTAIOLIHICS
aneMeHT Beerga Haxoautes B C (10 Tex mop, IMoKa He 3aKoHvarcs eMeHTsl B C).
Takum oOpazom, noanporpamma Merge npocto o0benunser C u D — cHaudana
OHa KONUPYeT Bce, yTo Haxonutes B C, a 3aTeM — Bce, 4To B D. ITO HABOIUT Ha
MBICJTb, YTO, BO3MOXKHO, Pa3eICHHbIE NHBEPCHH MMEIOT KaKOe-TO OTHOIICHHE
K KOJTMYECTBY DIIEMEHTOB, OcTaroIuxcs B C, KOTaa 3JeMeHT D KOMHUPYETCs B BbI-
XOJTHOU MacCCHB.

3.2.9. MNoanporpamma Merge
1 paspesieHHble MIHBepcum

UtoOBl pa3BUTh HAIy MHTYUTHBHYIO JOTAJKy JaJIbIIE, JaBalTe pacCMOTPUM
HCIIOJIHEHUE aNTropuT™Ma MergeSort Ha IIecTHIIeMeHTHOM MaccuBe 4 = {1, 3, 5,
2,4, 6} u3 pa3nena 3.2.2; cm. taxke puc. 3.1. JleBas U mpaBas MOJIOBUHBI 3TOTO
MaccHBa yXe OTCOPTHPOBAHBI, TOATOMY HET HHU JIEBBIX, HU TIPABBIX WHBEPCHUH,
COOTBETCTBEHHO, JIBA PEKYPCUBHBIX BbI30Ba Bo3BpamiatoT 0. B mepBoii urepanuu
MOANPOrpaMMBbI Merge miepBbIid dnieMeHT C («1») komupyetcst B B. DT0 HUYETO He
TOBOPHUT O KaKMX-JIMOO pa3/IelIeHHBIX HHBEPCHUSIX, U JICHCTBUTEIILHO HET HUKAKAX
pa3leneHHbIX HHBEPCUH, KOTOPBIE COMEPIKAT ITOT MEPBhIN neMeHT. OgHaKo BO
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BTOPOH UTepaLUK AIEMEHT «2» KOMUPYeTCsl B BBIXOAHOH MaccuB, faxe eciu C
MO-TPEXKHEMY COIEPHKUT IEMEHTHI «3» U «5». DTO BBISBISIET JBE pa3/ClICHHbIE
HMHBEPCUM MaccuBa 4 — JIB€ TaKUE MHBEPCUU BKIIOYAIOT «2». B TpeTheil urepanuu
«3» xonupyetcs u3 C, 1 HeT MOCIEAYIOIINX pa3/Ie/IeHHbIX HHBEPCHUIL, KOTOPBIE CO-
Jepokat 3ToT AeMeHT. Korna «4» konupyerces u3 D, maccus C BCe €I1e COAEPKUT
«5», ¥ 3TO KOIIUPOBAHUE BBIABIIET TPETHIO U MOCIIEIHIOIO Pa3I€IEHHYI0 HHBEPCHIO
MaccuBa A (¢ ygactueM «5» u «2»).

C 5 416 |D
i /' j
L’
B|1/[2]3

[

k

Puc. 3.1. HeTtBepTasn ntepauns nognporpammsel Merge ¢ yuetom
OTCOPTMPOBaHHbIX Noamaccueos {1, 3, 5} n {2, 4, 6}. KonupoBaHue «4» n3 D,
npuyem «5» Bce ele B C, BbISBNSET pa3aeeHHYI0 MHBEPCUIO C yHacTUEM ITUX
[BYX 3/IEMEHTOB

[IpuBenenHas HUXKe JeMMa KOHCTaTUPYET, YTO MOAXOA, IPOAEMOHCTPUPOBAHHBIH
B IIPUBEJEHHOM BBIIIE MIPUMEpPE, cOOII0NaeTcs B 00IEM Ciydyae: KOJIUYECTBO
pa3aelcHHbIX UHBEPCUM, KOTOPBIE COAEPKAT AIIEMEHT ) BTOPOro noamaccusa D,
ABIIETCS B TOUHOCTU KOJIMUECTBOM NIEMEHTOB, ocTaromuxcs B C B UTepaluu
[IOJIPOrpaMMbl Merge, B KOTOPOH y KOMUPYETCs B BBIXOJHON MacCUB.

Jemma 3.1. Ilycmo A ecmb maccus, u C u D — omcopmuposantule 6epcuu nepou
u 8mopotl nonosun A. dnemenm X uz nepeou non08uHvl A u snemenm y uz 6mopou
nonosurvl A 06pazyiom pasoenenHyr0 UHBEPCUr, Mo2od U MoabKo moz2od 8 nOOnpo-
epamme Merge ¢ 8xoonvimu maccusamu C u D snemenm y Konupyemcsi 8 6blX0OHO1
maccus nepeo 1eMeHmMoM X.

ﬂoz«wameﬂbcmeo: ITOCKOJIBKY BI)IXO,Z[HOﬁ MAaCCHUB 3aIlOJIHACTCA CJICBA HAIIpaBO
B OTCOPTUPOBAHHOM MNOPAAKE, TO KOMMUPYETCA CHa4Yajia MEHBIITUN U3 2JIEMEHTOB X
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win y. ITOCKOIBKY X HaXOAKUTCS B TIEPBOM TIOJIOBUHE A, a Y HAXOAUTCS BO BTOPOA
MIOJIOBHHE, X U y 00pa3yIoT pa3aelieHHYI0 HHBEPCHUIO, TOTIA ¥ TOJIBKO TOTAA X > ),
U 9TO BEPHO, TOTJA U TOJBHKO TOT/A Y KOMUPYETCs B BHIXOMHOM MACCHB TEPET X.
Y m.o.

3.2.10. Nognporpamma Merge-CountSplitinv

Hcnonb3oBas jieMMy 3.1, Mbl MO’KEM PacCIIMPUTh PeAIU3aLUI0 NOAIPOrPAMMEI
Merge 110 peann3anuu Merge-and-CountSplitInv. Ml 6y,II€M HapalluBaTh BbI-
SIBJICHHOE KOJIMYECTBO Pa3leICHHBIX HHBEPCUH, U BCAKUHI pa3, KOINa DJIEMEHT
KOIIMPYETCs U3 BTOPOTo NoAMaccuBa D B BBIXOIHOM MacCuB B, Mbl yBEJINUMBAEM
HapacTaloulee KOJIMYECTBO HAa KOJMUYECTBO DJIEMEHTOB, OCTABIIUXCS B IIEPBOM
noamaccuse C.

MERGE-COUNTSPLITINV
Bxon: orcoptupoBanHbie MaccuBbl C v D (JUTMHOM 1/2 KaXKIblid).

Bsbixoa: orcopTUpOBaHHBINA MaccHB B (ATMHOM #) U KOJTMYECTBO pas-
JICJICHHBIX MHBEPCUH.

Ynpomaruee JonyieHue: 7 — YETHOE.

i:=1, j :=1, splitInv := 0
for k :=1 to n do
if C[1] < D[j] then
B[R] := C[1], 1 =1 + 1

else // D[j] < C[1]
B[k] :=D[j], J :=J +1
splitInv := splitInv + (g - i+1j
%/—/

# octasmieecs kon-Bo B C

return (B, splitInv)
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3.2.11. KoppekTHOCTb

IIpaBUIBHOCTE MOAPOrpaMMBI Merge-and-CountSplitlnv BBITEKAET U3 JEM-
Mol 3.1. Kaxpaast pazaesnieHHas HHBEPCHs BKJIIOYAET POBHO OJMH DJIEMEHT ) U3
BTOPOTO MMOJMAaCCHBa, U 3Ta WHBEPCHS YUUTHIBACTCS POBHO OJWH pa3, Korja y
KOIUPYETCsI B BBIXOIHOW MaccuB. M3 3TOro BbITEKaeT KOPPEKTHOCTh BCETO aJlro-
put™Ma Sort-and-CountInv (pa3zaen 3.2.7): nepBblii peKypCUBHBIN BHI30B KOPPEKTHO
BBIYHCIISIET KOJIMYECTBO JICBBIX HHBEPCHUI, BTOPO pEKypCUBHBIN BBI30B — KOJIH-
YeCTBO IIPAaBbIX MHBEPCUH, OANIporpamma Merge-CountSplitlnv — ocTajibHbIe
(pazneneHHbIE) HHBEPCHHU.

3.2.12. BpeMsi UCNOJIHEHUSA

MBI Tax)ke MOYKEM MPOAHAIN3UPOBATh BpEeMs UCTIOJIHEHHS! allropuT™Ma Sort-and-
CountInv, ONEPEBIINCH HA aHAIN3, KOTOPBIM MBI YK€ JIeNalld JJIsl aJropuT™Ma
MergeSort. CHayasia pacCMOTPUM BPEMs KCIIOJTHEHUS OJTHOTO BBI30Ba MTOJIIIPOT PaM-
MBI Merge-and-CountSplitInv ¢ y4eTOM JIBYyX MTOJIMACCHBOB JITUHOM £/2 KaXKbIil.
Kax n moamporpamma Merge, oHa BBITIOJHSAET TMTOCTOSSHHOE YHCIIO OTIEpaIvii Ha
UTEpaLNIO LUKJIA IUTI0C TOCTOSHHOE YHCIIO IOMOJIHUTENIbHBIX ONepauii 3a BpeMst
ucnojiHenust O (£).

OrnsAbIBasCh Ha HAIl AHAJIM3 BPEMEHH HCIIOIHEHHs alropuT™Ma MergeSort B pas-
Jene 1.5, Mbl BUIUM, YTO UMEJIOCh TPU Ba’KHBIX CBOMCTBA alrOpUTMa, KOTOpbIE
npuBenH K BpeMeHHOH rpanune O(n log n). Bo-nepBbIX, KaKAbli BBI30B ajro-
pUTMa JENaeT JBa PEKYPCUBHBIX BbI30Ba. BO-BTOpBIX, [UIMHA BXOAHBIX JAHHBIX
JETTUTCS MOII0TIaM ¢ KaXKIbIM YPOBHEM peKypcuH. B-TpeTsux, o0beM onepanui,
BBINOJHSIEMBIX B PEKYPCUBHOM BBI30BE, HE CUMTAsI ONEPALUii, BHIIOIHAEMBIX I10-
CJIEAYIOUMMHU PEKYPCUBHBIMYU BBI30BAMU, JIMHEHHO 3aBUCHUT OT Pa3Mepa BXOAHbIX
JaHHbIX. [TockonbKy aaroputm Sort-and-CountInv TakkKe XapaKTepU3yeTCsl ITUMU
TpeMs CBOMCTBAMU, aHAJIN3 B pasziene 1.5 KoppeKTeH U Ajsl 3TOro aaropuTMa, co-
OTBETCTBEHHO, TSI HETO TaKKe BepHa BpeMeHHast rpanuna O (n log n).

Teopema 3.2 (moacuer uHBepcHii). /[is kaxcoozo 6xo0Hozo maccusa A OnUHOU
n > 1 aneopumm copmuposxu u noocuema Sort-and-CountInv @biuucisem Koau-
yecmeo uneepcull maccusa A u evinonusemes 3a epema O (n log n).
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3.2.13. PewweHunda tectoBbix 3apaHun 3.1 — 3.2

PeweHue TecroBoro sagaHms 3.1

IMpaBuabHbIi oTBeT: (a). [IpaBunbHbBIN 0TBET HA 3TOT Bonpoc — 15. Makcu-
MaJbHO BO3MOKHOE KOJHMUECTBO WHBEPCHU HE OOJBINE KOIWYIECTBA CIIOCOOOB

BbIOOpa 7, j € {1, 2, ..., 6}, rne i <j. [locneaHee koIMueCcTBO 00O3HAYACTCS KAK
6 n) n (n - l) 6
St TO €CTh «u3 6 1o 2». B o0mem ciyudae, 5 :T, U TI03TOMY ) =15.

B mecTmaneMmeHTHOM MaccrBe, OTCOPTUPOBAHHOM B 00paTHOM Topsiake (6, 5, ...,

1), kaxxas mapa JIEMEHTOB He YIOPsI0YeHa, U IIOATOMY 3TOT MAaCCHUB COICPKHUT
15 unBepcwuil.

PeweHue TecrtoBoro 3agaHua 3.2

[paBuabHeblii oTBeT: (0). B MaccuBe 0e3 pa3iereHHbIX UHBEPCUN BCE DJI€MEH-
ThI B IEPBOM TIOJIOBUHE MEHBIIIE BCEX 3JIEMEHTOB BO BTOPO# mnosioBrHe. Eciu Obl
o . . n o
B IIEPBOI MOJOBUHE ObL1 dNEeMEHT A[i] (tne i € {l, 2, ..., 5}), KOTOpBIN OoJIbIIIe

aneMeHTa A[ j] Bo BTOpo# nojioBuHe (/e j € {gﬂ, §+ 2, ..., n}), To mapa (i, j)

00pa3oBbIBaja OBl pa3ieNeHHYI0 HHBEPCHIO.

3.3. YMHOXEeHUs maTtpuL,
no anroputmy LLiTpacceHa

B sTOM paznene paccmaTpuBaeTcs IPUMEHEHHE MapaJIUTrMbl IPOEKTHPOBAHUS
AJTOPUTMOB «pa3/eiisiii ¥ BIACTBYI» K 3a/laue YMHOKEHUsI MaTpull. B pesynbrare
OyIeT MPOAEeMOHCTPUPOBAH BOCXUTHTEIBHBINA aITOPUTM YMHOXCHHS MaTpPHIL
Itpaccena cyOkyOMYECKOro BpEMEHHU MCIOJIHEHHUS. JTOT alIrOPUTM SIBJIIETCA
KaHOHWYECKUM MPUMEPOM BOJIIEOCTBA U CHJIIBI MMPOAYMAHHOHN aJITOPUTMHU3AIUH
1 TOTO, KaK alTOPUTMHYECKAsi N300peTaTeIbHOCTh MOXKET YIYUIIHTh IPOCTEHIC
pelIeHus naxe A1 Ype3BbluaifHo (GyHIaMEHTANbHbIX 3a1a4.
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3.3.1. YMHOXEeHUue matpuu,

IMycte X 1Y €CTh MaTpPHIIbI PA3MEPOM 71 X 71 HEJIBIX YUCeT — /1* SIEMEHTOB B KaX-
noii. B npoussenennn marpun Z = X X Y 3JIEMEHT z; B i-i CTPOKE U j-M CTONOLE
MaTpULbl Z ONpenesseTcsl KaKk CKaJsipHOe IIPOu3BeNeHue i-i cTpoku X U j-T0
cronbua Y (puc. 3.2)'. To ectb

n

z; = inkykj . 3.1)
=

=

Q

O

=

X X gi Y = z

o

=

oy R

i-s1 CTpOKa : z

Puc. 3.2. OnemeHT (i, j) nponseeaneHus matpuu X x Y npeacrtaBsnsiet cobom
ckansipHoe Npou3BeneHune i-i cTpokn X u j-ro ctonbua Y

3.3.2. NMNpumep (n=2)

JaBaiite mopoOHO pacCCMOTPUM MPOCTOM CITydall YMHOKEHHUS MaTPUIL [T 1 = 2.
MBI MOJKEM OITUCATh BE MATPHIIBI 2X2, UCIIOIH30BaB BOCEMb ITapaMETPOB!

a b e f
u
c d g h
—_— [
X Y

B npoussenennn matpun X X Y JE€BbIil BEpXHUN 3JEMEHT SIBISIETCA CKAJISPHBIM
(TOYeyHBIM) TPOU3BEIEHUEM IIEPBOH cTpoku X U nepBoro cronbdua Y, uiu ae + bg.
B obmem ciyvae, s ykazaHHBIX Bbilie X 1 Y,

ae+bg af +bh

XxY = 3.2)
ce+dg cf +dh

! Jlisi BEI9MCICHHS CKAISPHOTO IPOM3BEACHNS IBX BEKTOPOB, a = (dy, ..., a,) u b= (b, ...,

b,) IUTMHOM 1, HAZIO CJIOKHUTH PE3YIBTATHl YMHOKCHHS TOKOMITIOHEHTHO: @ X b = Za,-b[.
i=1
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3.3.3. NMpocToun anropntm

PaCCMOTpI/IM AJITOPUTM BBIYUCICHUSA IIPOU3BCACHUA IBYX MATPHUIIL.

3AJJAYA: YMHOXKXEHUE MATPUILL
Bxon: nBe nenovncieHHbIe MaTpUIb pazmepom 71 X 1, X 1 Y'.

Boixoa: npoussenenue marpur X X Y.

Pa3mep BXOIHBIX JaHHBIX [IPOIMOPIIHOHAIICH /1%, KOJIMYECTBY JJICMEHTOB B KaXKI0H U3
Marpurl X u Y. I1oCKOIBKY MBI, pa3yMeeTcs, JOJDKHBI IPOYHUTATh BXOIHBIC TaHHBIC
Y 3a1CcaTh BHIXOJHbBIE JAHHBIE, TO JIy4llee, Ha YTO Mbl MOYXXEM Ha/IeAThCS, — 3TO
QJIITOPHUTM CO BpeMeHeM paboThl O (n*) — TUHEHHBIN [0 pa3Mepy BXOAHBIX JaHHBIX
1 KBaJpaTUIHBIN 10 pa3MepHOCTH. HacKoIbko MBI MOYKEM MPUOIH3UTHCS K ITOMY
HaWJIy4dlleMy CLIEHapHI0?

Cy1ecTByeT NpOCTOM aJIrOPUTM YMHOXKEHHUS MaTPULL, KOTOPBIH IPOCTO MEPEBOAUT
MaTeMaTHYECKOE ONpPECICHUE B KOJI.

MPOCTOE YMHOXEHUE MATPUI
Bxon: nenounciiennpie MaTpuils pazmepom n X n, X n'Y.

Boixon: Z =X x Y.
for i := 1 to n do
for j :=1 to n do
Z[i][j] := o
for kR := 1 to n do
Z[1][J] := Z[1]1[3] + X[i][R] x Y[R][J]
return Z

! AJIrOpHUTMBI, KOTOPBIE MBI 00CY)KIaeM, TAK)KE MOT'YT OBITH TOPAOOTAHBI ISl YMHOKCHUSI
HEKBaJ[paTHBIX MAaTPHIl, HO Ul IPOCTOTHI MbI Oy/eM NpUAEPKUBATHCS KBaJPaTHOTO
cirydasi.
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KakoBo BpEMs UCIIOJIHCHUS 3TOTrO aJII OpI/ITMa?

TECTOBOE 3AJIAHME 3.3

KakoBo acMMIITOTHYECKOE BPEeMsI HCITOTHEHHUS IPOCTOTO alTOpUTMa
YMHOXXEHHSI MaTpUI] Kak (pyHKINH pasMepHOCTH # MaTpuubl? [Ipu
3TOM MPEIIOIOKHUM, YTO CIIOKEHUE T YMHOKEHHUE JIBYX 3JIEMEHTOB
MaTpULBI SBJISIETCS ONEpalreil ¢ MOCTOSIHHBIM BPEMEHEM.

a) O(nlogn).
0) O?).
B) O (n).
r) O@[mY.

(Pewienue u nosicienue cM. B pazzaene 3.3.7.)

3.3.4. NMNoaxop «paspensi n BNacTeByn»

AJTOpUTMHYECKas H300peTaTeIbHOCTD, KAK 00BIYHO, HCXOAUT U3 3aIPOCa: MONCHO
au 0obumvwcs ryuuezo? [lepBol peakuyeit OyneT 3aKkIFoueHe O TOM, 4TO YMHOXKe-
HHE MaTPHIIbI JOJDKHO, B CYIIIHOCTH, 10 ONpe/esieH o 3annmarh Bpems Q (7). Ho,
BEPOSITHO, HA BAC yXKE OKa3aJI BIUSHHE YCIIEX allfTOPUTMA IEIIOYUCICHHOTO YMHO-
eHus Karatsuba (pasaedn 1.3), e npoayMaHHOe IPUMEHEHHUE MOJIX0J1a «pas3aeisii
M BIIACTBY#D» CYIIECTBEHHO YIy4IIA€T POCTON HIKOIBHbII aJrOPUTM YMHOKEHHS
B cTos10MK'. MOKET JIH aHATIOTUYHBIN TTOX0/] PA0OTATh H JUISl YMHOKCHHSI MATPHIL?

UToOBI MPUMEHHUTH MapaIurMy «pasjelisi u BiIacTByi» (pasaen 3.1), HaM Hy»XHO
BBISICHUTD, KaK Pa3/ielIUTh BXOJHbIC JaHHbIC Ha Oojee MENKHe MOJ3aaul U Kak
O00BEIMHNUTH PEIICHHUS STHX M10/[3a/1a4 B PEIICHIE HCXOIHOM 3axaun. Camblii mpo-
CTOH cHoCO0 pazJesnuTh KBaJpaTHYK MaTpUIly Ha MEHbIINE KBaJpaTHbIE MOJ-
MaTpHulbl — pa3pe3aTh ee MOMolaM, KaKk M0 BEPTUKAIH, TaK U 110 TOPU3OHTAIIH.
Jpyrumu cioBaMu, HalMucaThb

! Ha camom [esie MBI €llie He TOKa3ad 9T0, HO cjeaeM B pasuene 4.3.
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X A B Y EoF 33
= u = .
CD G H (3-3)
n n
e A, B, ..., H — 3710 marpuusl pazmMepoM 5 X 3 I

OpiHa BOCXHUTHUTENIbHAS OCOOCHHOCTh YMHOKEHHUSI MATPHI] 3aKJIFOUACTCS B TOM,
YTO OJIOKHM OJIMHAKOBOTO pasMepa BedyT ceOsl Tak ke, KaK OTACTbHBIC AIICMEHTHI
matpuubl. To ecTh A1 NpUBENEHHBIX BhIIIE X U Y MBI UMEEM

AxE+BxG AxF+BxH
XxY = (3.4)
CxE+DxG CxF+DxH

YTO MOJHOCTHIO aHAJIOTUYHO ypaBHEeHMIO (3.2) s ciydas n = 2. (D10 cienyeT
U3 ONpPECICHHUS YMHOKEHUSI MATPHUII, B YeM BBI JOJKHBI YOSAUTHCS CaMHUM.)
B (3.4) cnoxxenue AByX MaTpPHIL IPOCTO O3HAYAET WX TIOAIEMEHTHOE CIIOKEHHE —
anemeHT (i, j) matpun K + L sBisgercs cymmoii anemenTos (i, j) marpun K u L.
PaznoikeHne MaTpuIl ¥ MOCICIYIONINE BEIUUCICHHUS B (3.4) TpaHCIUPYIOTCS eCcTe-
CTBEHHBIM 00pa30M B PEKYPCHUBHBII aITrOpUTM YMHOKEHHS MaTpPHII, RecMatMult.

RECMATMULT
Bxon: nenounciennsle MaTpuLbl pasmMepoM 1 X n, X u Y.
Beixon: Z=X xY.

Jlonyuenue: n SBISETCS CTETICHBIO 2.

if n = 1 then // 6a30Bbli cny4aii
return 1x1 — marpuma c snementom X[ 1][1] x Y[1][1]
else // peKypcuBHbIA cny4ain

A, B, C, D := nogmarpuisl X kak B (3.3)
E, F, G, H := nogmarpuns! Y kak B (3.3)

PCKYPCUBHO BBIYUCIUTL BOCCMb MATPUYHBIX HpOHSBCHeHHﬁ,
KOTOpBIC NOSBISIFOTCA B (3.4)

return pe3ynabrar BelYuciIcHUs B (3.4)

' Kak 00b19HO, 17151 yIoOCTBa MBI IPHHIMAEM JIOITYIIEHHE, YTO /1 — deTHOE. U, Kak 0OBITHO,
3TO HE UMEET 3HAYCHHS.
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Bpewmsa ucnonmuenus anroputMa RecMatMult He cpasy O4eBHUIHO. SICHO TO, UTO
CYILIECTBYET BOCEMb PEKYPCHBHBIX BBI30BOB, KaXIbIH C BXOAHBIMU JAHHBIMH
MOJIOBUHHOM PasMCpHOCTH. IToMHMO BBITIOJIHEHHS 3THUX PEKYPCHUBHBIX BBI3OBOB,
TpeOyeTCsl TOJIBKO BBITIOJHUTE CIOKEHHUS MaTpull contacHo (3.4). [Tockonbky Ma-
TPHIIA 7 X 1 UMEET 1* BIIEMEHTOB, & YUCIIO OTEPAIHil, HEOOXOAUMBIX JUTS CIIOKCHUSI
JBYX MaTpull, IPOIIOPLHOHAJILHO KOJIMUYECTBY MIEMEHTOB, TO PEKYPCHUBHBIN BBI30B
¢ mapoit marpuil £ X £ BeimosHseT O ({2) onepaliyii, He CUnTast BBIYUCICHUH, BbI-
MIOJTHSEMBIX COOCTBEHHBIMH PEKYPCHUBHBIMH BBHI30BAMHU.

K coxaneHunro, 3TOT peKypCHBHBIN aJropuT™M UMeeT Bpems padbotsl O (), Takoe
ke, KaKk U Y TIPOCTOTO ajrOpUTMa.

(D10 cnemyer M3 «OCHOBHOTO METOJa», KOTOPHIH OyaeT MOApOOHO O0O0BsACHEH
B CJIEyIOLIeH TIaBe.)

Wrak, Heyxenu Bce HalM yCuilns ObUIH HaripacHbl? [IoMHUTE, YTO B 33/1a4€ LeJI0-
YUCIICHHOTO YMHOXCHHS KITFOYEBYIO POJIb B TOOEIEC HAl AITOPUTMOM YMHOKCHHSI
B CTOJIOMK CBHITpas MeTox ["aycca, KoTOpBIil yMEHBITHI KOMUIECTBO PEKYPCHBHBIX
BBI30BOB € 4YeThIpex 10 Tpex (pa3zen 1.3.3). CymecrtByet iu aHajor merona [a-
ycca [l YMHOKEHHUSI MaTpPUIl, KOTOPBIA TIO3BOJIIET HAM COKPAaTUTh KOTUYECTBO
PEKYPCHUBHBIX BBI30BOB C BOCBMH JI0 CEMH?

3.3.5. AKOHOMUS BPpEMEHU Ha PEeKYPCUBHOM BbI30OBE

BbICOKOYPOBHEBBIH IIJ1aH aIrOPUTMA Strassen 3aKJII0YAETCA B DKOHOMUH Ha OJHOM
PEKYPCHUBHOM BBI30BE OTHOCHUTEIBHO aIrOpUTMa RecMatMult B 0OMEH Ha MOCTO-
SHHO€ YHUCJIO JOTOIHUTENIbHBIX MATPUYHBIX CIOKEHUN U BBIYUTAHUM.
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STRASSEN (KPAMHE BBICOKOYPOBHEBOE OITMCAHMUE)
Bxox: nenouncineHHbie MaTpUIBI pazMepoM n X n, X n Y.
Boixon: Z=X xY.

I[onymelme: 7 SABJISIETCS CTETIEHBIO Yuca 2.

if n = 1 then // 6a30Bblil cny4ai
return 1x1 — marpuna c snementom X[1][1] x Y[1][1]
else // PpeKypCWBHbIA cay4dan

A, B, C, D := nogmarpuusl X, kak B (3.3)

E, F, G, H := nogmarpuiist Y, kak B (3.3)

PekypcHBHO BBIYHCIUTE CEMb (TIPEABAPUTETHHO OTOOPAHHBIX)
MIPOU3BEICHUN

Cyuactuem A, B, ... , H

return COOTBETCTBYIOIINE (TIPEABAPUTEIHLHO OTOOPAHHBIC)

CJIOKCHUS U BBIYUTAHUA MaTpHUL, BBIMUCICHHBIX Ha NPEAbIAYIIIEM
miare

DKOHOMHUSI BPEMEHH Ha OJHOM M3 BOCBMH PEKYPCHUBHBIX BBI30BOB — 3TO OOJIb-
mast modena. OHa He MPOCTO YMEHbIIAET BpeMsl paboThl anroputma Ha 12,5 %.
PexypcuBHEI BEI30B 9KOHOMHUTCSI CHOBA M CHOBA, TaK YTO YKOHOMUS CYMMHUPYETCS
U — o0paTuTe BHUMAaHHE — JTO MPUBOAUT K ACUMIITOTHYCCKH ITPEBOCXOTHOMY
BPEMEHU MCIONHEHUS. MBI y3HaeM TOUHYIO IPaHMIly BPEMEHHU PabOTHI B pasje-
ne 4.3, Ho ceivac TIIaBHOE TOHUMATh, YTO SKOHOMHUS HA PEKYPCHUBHOM BBI30BE JA€T
QITOPUTM C CyOKyOUYeCKHM BPEMEHEM UCIIOTHCHUSI.

CoOCTBEHHO, Ha 9TOM 3aBEPIIAIOTCS BCE 0A30BBIC CBEACHUS, KOTOPHIC BHI JTOJDKHBI
3HaTh 00 anropuT™Me ymMHokeHus marpul Ltpaccena. Bo3moxxkHO, BBl COMHEBa-
€TeCh B TOM, YTO ONMHCAHHBIM 3/I€Ch CIIOCOOOM MOYKHO YAYUIIUTh OYEBHIIHBIN
QITOPUTM OOBITHOTO YMHOKEHUSI MaTpuIl? Vin xe BaM Bce jKe HHTEPECHO, KaKHM
00pa3oM Ha caMOM JieJie BEIOUPAoTCs CIOCOObI TpoU3BeeHUs U ciokeHus? Ecin
9TO TaK, TO CICAYIOIIUH pa3aesn s Bac.
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3.3.6. AeTanu

O603naunM uepe3 X 1 Y /B BXOTHBIC MAaTPHUIIBI Pa3MEPOM 72 X 1 M ONIPEACTHM
A, B, ..., H xak B (3.3). IlpuBeseM ceMb peKypCHUBHBIX MaTPUYHBIX YMHOXECHUH,
BBINONHAEMBIX anroputmoM IlTpaccena:

P, =Ax (F-H)
P,=(A+B)xH
P,=(C+D)xE

P,=Dx(G—-E)
P.=(A+D) x (E+H)
P,=(B-D)x (G +H)
P.=(A-C)x(E+F).
IMorparuB O (n°) BpeMeHH Ha BHINOIHEHNE HEOOXOAMMBIX MATPHYHBIX CIIOMKEHHI

u BbuuTaHui, P, ..., P, MOTYT OBITh BBIYHCIICHBI C UCIIOIb30BAHUEM CEMH pe-
n o n .

KYPCHUBHBIX BBI30BOB Ha Mapax MaTPHUI] pa3MepoM — x — . Ho gocTaTtodHo jim 3Ton
2 2

uH(OPMAIHMH AJIsI IOy YEHHsT MAaTpUYHOTO npousBeeHus X u'Y 3a Bpemst @ (n?)?
HpI/IBe}leHHOG HHNXE yI[I/IBI/ITCJ'[LHOC ypaBHeHI/Ie nacTt yTBepIII/ITeHI)HBII;‘I OTBET.
AxE+BxG ‘ AxF+BxH
XxY =
CxE+DxG | CxF+DxH
[g+m—g+n P +P, j

P,+P, |P+P,—P P,

[TepBoe ypaBuenue konmpyetcs u3 (3.4). Uto kacaeTcss BTOPOro ypaBHEHHS, TO
HaM HY’KHO YIOCTOBEPUTLCS, YTO PABEHCTBO BBIIIOJIHSIETCS B KaX10M U3 YETBIPEX
KBaJlpaHTOB. UTOOBI ONIPOBEPTHYTH CBOE HEBEpUe, 00paTuTe BHUMAaHUE Ha CyMac-
[Ie/IIIMe COKPAIIEHUS B IEBOM BEPXHEM KBaJ[paHTe:
P.+P,—P,+P,=(A+D)x(E+H)+D x(G—E) -

- (A+B)xH+(B-D)x(G+H)=
=AXE+AXH+DXE+DxH+DxG -
-DxE-AXH-BxH+BxG+

+BxH-DxG-DxH=
=AxE+BXG.
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Brruncnenne i mpaBoro HMKHETO KBAJIPaHTA aHAIOTHYHO, M PAaBEHCTBO JIET-
KO YBUJETh B JIByX APYTUX KBaJpaHTax. Takum oOpa3oM, aJIrOPUTM Strassen
Z[eﬁCTBHTCJ'ILHO TMMO3BOJISICT YMHOXKATh MaTpUIlbl C UCIIOJIB30BAHHUEM BCEI0 CEMU
PEKYPCHUBHBIX BBI30BOB, IIPH 3TOM BpPEMsI €ro ucroiHenus O (n?)!'!

3.3.7. PewneHue TectoBoro sapgaHms 3.3

MpaBuasuselii orBer: (B). [IpaBunbHbiii otBeT — O(7°). 316Ch UMeeTCs TpH
BJIO)KEHHBIX 1IMKIa for. DTO NPUBOIMT K #° WTEpalMsIM BHYTPEHHEro LuKia (1o
OJTHOM JIJIsI KayKJIOTO BapuaHTa Beibopa i, j, k€ {1,2, ..., n}). B pe3yibrare airoputm
BBIMOJHSIET TOCTOSTHHOE YHCIIO OIIEPAIMi B KOXKIOH UTEepaliun (OHO YMHOXKCHIE
U OJIHO CJIOKEHHUE). B kauecTBe ajgbTepHATHBBI ISl KAKIOTO U3 12 SJICMEHTOB
B Z. anroputm Tpatut G(n) Bpems Ha Bbraucienue (3.1).

*3.4. Anroputm co BpemeHem O (nlog n)
ang nunxanwen napbil

Ham nocnequuii npumMep airopuTma THIA «pa3iessi U BIACTBYI» — 3TO OU€Hb
KpPYTOM aJTOPUTM ISl PEIICHUs 3a/1a4d O OJVDKaHIIel mape, B KOTOPOH JaeTcst
71 TOYEK Ha MJIOCKOCTH, U BaM HEOOXOIUMO BBISIBUTD Mapy TOUEK, KOTOPbIE JIEKAT
OMKe BCETo APYT K JIPYTy. DTO Oy/JeT Halll IEPBbIH OIBIT B BBIMUCIUTEILHON I'e0-
METpHH, 00JIaCTH, KOTOPAst HCIONB3YET aITOPHUTMBI [T OOBSICHEHUS CBOICTB reo-
METPUYECKUX OOBEKTOB U MAHUITYIMPOBaHUs UMHU. COOTBETCTBYIOIINE AITOPUTMbI
UMEIOT IIPUIIOKEHHSI B POOOTOTEXHUKE, KOMITBIOTEPHOM 3PSHUN U KOMITBIOTEPHOM
rpaduke’.

! HayneM ¢ TOro, 4to, 6€3yCI0BHO, IPOBEPUTD YCHCIIHOCTE PA0OTHI AJITOPUTMA HAMHOT'O

npoiue, 4eM npuaymars ero. 1 xak Boodme @ombkepy IlTpacceny yaanoch ero mpu-
IyMarth eme B 1969 rony? Bot uro o ckasan (B au4HOM Oecene, ntonb 2017 rona):
«HackoIbKo sl HOMHIO, 51 IOHS, YTO OoJiee OBICTPBIIl HEKOMMYTATHBHBII AITOPUTM IS
HEKOTOPOTo HEOONBLIOTO Cllydast AACT JIy4LIMH MoKa3areib. Sl MOmbITalcs A0Ka3arh,
YTO MPOCTOH aJIrOPUTM ONTUMAJIEH U1 MaTpull 2 X 2. YToObl yIPOCTHUTS, 51 paboTa o
MOJIYJIIO 2, a 3aTeM OOHapy KU1 OoJiee OBICTPBIN AITOPUTM KOMOWHATOPHOY.
ITomeueHHbIE 3B€3/104KOI1 pa3enbl, HOAOOHBIE ITOMY, SIBISIOTCS 00JIee CIOKHBIMHU, U ITPU
IIEPBOM YTEHUH UX MOXHO HPOIYCTUTb.
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3.4.1. 3apaua

3anaua o OwsKkaiiiei mape kacaerces Touek (x, y) € R? na mockoct. J{jist u3amepe-
HUSI PACCTOSIHUSI MEXY IBYMsI TOUKaMH, p, = (X, ¥,) U p, = (x,, ¥,), UCIIOIb3yeTCA
OOBIYHOE EBKJIMIOBO (TIPSIMOTMHEHHOE) PACCTOSIHUE:

d(pl’ pl):\/(xl_x2)2+(y1_yz)2‘ (3.5)

3AJIAYA: BJAMKAMIIIAS ITAPA
Bxon: n > 2 Touexk p, = (x,, ), ..., p, = (x,, ¥,) Ha INIOCKOCTH.

Boixon: Iapa TO4CK, p,, p]., C HAUMEHBbIIUM €BKJIMIOBBIM PACCTOSHUEM

dp, p)-

21_]'[51 yIIO6CTBa MbI HOHYCTI/IM, YTO HUKAKHEC ABC TOYKHW HEC UMCHT OZ[HHaKOBOﬁ
X-KOOPJAHMHATHI WM y-KOOPAMHATHI. BBl JOIDKHBI ITOAyMaTh O TOM, Kak q0pabo-
TaTh AJTOPUTM K3 3TOTO pasjesa A TOro, YTOObI afanTHPOBATh €ro MO TaKHe
coBIajeHus’'.

3agada o Ompkaified mape MOXeT OBITh pellleHa 3a KBaApaTHUHOE BPeMs C I10-
MOIIIBIO TTONCKA TI0 METORY IPy0OOii CHIIBI — JOCTAaTOYHO BBIYUCIUTD PACCTOSHUE
MexIy Kaxaoi O(n?) mapoil Touek MO MOPSAKY M ONPEIeINTh Kpardaiiliee u3
HUX. UTo KacaeTcs 3a/1a4M MoACUeTa HHBEpCHUil (paszaen 3.2), To HaM yKe yIanoch
YITYHIIAT KBaJPATHIHBIHA aJITOPUTM ITOMCKA IT0 METOLy OJTHOTO Nepebopa IpH 11o-
MOIIH aJTOPUTMA «Pa3/ieNisid U BIACTBYI». MOXHO JI1 TOOUTHCS JIYHIIIero U 37eCh?

3.4.2. PasMunHKa: ogHOMEPHbIN cny4an

Paccmotpum cHavana 6osiee mpocToi OAHOMEPHBII BapUaHT 3a/1a4y: JaHO 71 TOUEK
Dys - P, € R?B npousBonbHOM nopsike. Tpedyercs onpeneauTs napy, Kotopas

! B peanpHOI peanusaniy airopuT™ Omrkaiiiieil napsl He OyneT yTpyxkaarh cedsi Bbl-

YHCICHUEM KBaJpaTHOTO KOpHsA B (3.5) — mapa To4eK ¢ HAaMMEHBIIUM €BKJIHIOBBIM
pacCTOSIHMEM HMYEM HE OTIMYAeTCsl OT TOM, Yy KOTOPOW HaWMeHbIlee KBaJpaTUUYHOE
€BKJINJIOBO PACCTOSHUE, U TIOCIIEAHEE PACCTOSHUE JIErY€ BEIYUCIINUTD.
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00s1a/1aeT MUHUMAIBHBIM PACCTOAHUEM |p; — p)|. DTOT 4aCTHBIA Ciydai JIerko
pewuth 3a Bpemst O (n log 1), UCIIONB3ysI KHCTPYMEHTBI, KOTOPBIC YK€ HAXOISATCS
B HatieM apceHane. OCHOBHOE HaOJIOJICHHE 3aKITI0UAeTCs B TOM, UTO, KaKoi ObI HH
ObUTa ONKanIIas mapa, 1Be TOYKH JOJDKHBI OBITH PACIIONOKEHBI ITOCIET0BATEIEHO
B OTCOPTUPOBAHHOM BepcHH MHOKeCTBa Touek (puc. 3.3).

OTHOMEPHAS BJIMKAMIIAS ITAPA
OTCOPTUPOBATH TOYKH;

UCIIOJIb30BATh JTMHEHHBIH IPOCMOTP OTCOPTUPOBAHHBIX TOUCK, YTOOBI
OTMpENeNNUTh OIKANIIYIO mapy.

[lepBBIit 1 BTOPOI! IIaru aropuT™Ma MOTYT OBITH PEaTN30BaHBI COOTBETCTBEHHO CO
BpemeneM O (n log n) (mpu moMo1y anroputMa Mergesort) u co BpemeneM O ()
(rerocpencTBeHHO), ¢ 00muM BpemeneM O (n log n). Takum 06pazom, B oyHOMEp-
HOM CITy4ae IeHCTBHTEIHHO CYIIECCTBYET allTOPHTM, KOTOPEIi paboTaet OpicTpee
MIOUCKA [T0 METO/Y MOJIHOTO mepedopa.

!

Y

A

-~

. Gmukaitnias mapa

Puc. 3.3. B ogHOMepHOM BapuaHTe Touku B Gnvxkalillein nape nosBnsoTcs
nocnenoBaTesibHO B OTCOPTMPOBAHHOM BEPCUN MHOXECTBA TOYEK

3.4.3. NpepBaputenbHas o6pabdoTka

MOosKeT JTi COPTUPOBKA IIOMOYB PEIIUTH JBYMEPHYIO BEPCHIO 33/1a4H O ONVKaiIeit
nape 3a Bpems O (n log n)? [maBHas mpoOneMa 3aKIIF0YaeTCsl B TOM, YTO HMEIOTCS
JIBE pa3HbIe KOOPAWHATHI, KOTOPbIE MOYKHO MCIIOJIb30BaTh JJISi COPTUPOBKHU TOYEK.
Ho Tak kak copTHpOBKa SIBIISIETCS JIETKOBECHBIM IIPUMHUTHBOM (CM. ¢. 31), mouemy
OBI IPOCTO HE UCIIOIB30BaTh ee (110 obonM m3mMepeHwsM)? To ecTh Ha mIare mpen-
BapUTEIbHON 00pa0OTKHU HAIl AJITOPUTM CO3/1AET ABE KOITMH MHOXKECTBA BXOTHBIX
TOYEK: KOIHUIO P, C TOYKaMH, OTCOPTUPOBAHHBIMA I10 X-KOOPAMHATE, U Komuio P,
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OTCOPTHUPOBAHHYIO 10 y-KoopauHate. J1o 3anumMaet O (n log n) BpeMeHH, KOTopoe

HaXO4UTCSA BHYTPU BpeMeHHOﬁ I'paHULlbl, HAa KOTOPYIO Mbl HAIlCJICHbI.

Kaknm 06pasoM MOXKHO KCIIONB30BaTh OTCOPTHPOBaHHbIe Bepcun P u P.? K co-
JKAJCHUIO, OmKaiias napa Touek He OyleT MOSBISATHCA MOCIeA0BaTeIbHO HU
B P, nu B P, (puc. 3.4). Mbl I0JOKHBI ClIENaTh 4TO-TO 60JIEE XUTPOE, YEM IIPOCTOH

JIMHEWHBIN IPOCMOTP.

OmmKkaiitas B X-KOOpIUHATE
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OmKaiias B y-KOOpIHHATE

Puc. 3.4. B aByx namepeHusix To4km B Gavxaiilein nape He o6s13atenbHo OyayT
NosIBNATLCS MNOCNea0BaTeNIbHO, KOraa TOYKU OTCOPTUPOBAHbI
rno KoopAuHaTam X Unu y
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3.4.4. Noaxop «pa3penam u BlacTBymn»

MbI MOXKEM cjIeiaTh Jydliie IPY TIOMOIIH TTOAX0/Ia «pa3aesssi u BiaacTByi»'. Kak
pa3nenuTh BXOAHBIE TaHHbIE Ha 00JIee MENKHE MMO/3a/1a4H U KaK 3aTeM OObEIMHUTh
pelIeHus 3TUX Mo3ajia4 B OHY JJIsl HICXOHOM 3a7a4un? YTo KacaeTcst epBoro Bo-
Ipoca, MBI UCTIONIB3YeM TIEePBBIil OTCOPTHPOBAHHBIM MacCHB P, 9TOOBI Pa3IeHTh
BXOJIHbIE JJaHHBIE Ha JIEBYIO U MIPaBYO MOJIOBUHBL. Ha30BeM napy To4ek 1egoti napot,
ecii 00e PUHAIJICKAT JICBOH IMOJIOBUHE MHOYKECTBA TOUECK, IPABO napoli, eciu 00e
MIPUHAIIICKAT TIPABO TIOJIOBUHE, M pa30eleHHOl NApoll, €CITA TOUKH TPHHAIKAT
pa3HbIM nosioBUHaM. Hampumep, B Touke Ha puc. 3.4 Ommxaiiiias napa sBisieTcs
pa3neNeHHo mapoi, a mapa ToueK, ONMMKAMIIIX K X-KOOpMHATE, — JICBOH Mapoi.

Ecnu 6mkaiiias napa siBsieTcs JIGBOM Mapoi WK NpaBoil mapoi, To oHa OyzeT
UACHTH(UITPOBAHA OHUM M3 JIBYX PEKYPCHBHBIX BBEI30BOB. Ham monamoOuTcs
yYHHBepcanbHash (GYHKIHS TSI OCTABIIETOCS CIlydas, Korna Oirpkaimias mapa
SIBISIETCS. Pa3JeNICHHON mapoil. OTa (yHKIHs UTPACT aHAJIOTHYHYIO PONb B MOJI-
nporpamme CountSplitInv B pazuene 3.2.

[IpuBeeHHBIN HUXKE TICEBIOKOJ PE3IOMHUPYET OTH HJICH; MOJMpoTrpaMma
ClosestSplitPair sl onpeesieHus ONrbKarIIe pa3neleHHOM maphl Ha JaHHBIH
MOMEHT HE pean30BaHa.

CLOSESTPAIR (ITPEABAPUTEJIbBHAS BEPCHUS)

Bxox: nse konvuu P u P n3 n > 2 TOYEK HA INIOCKOCTH, OTCOPTUPO-
BaHHBIX M0 KOOPJMHATAM X U Y COOTBETCTBEHHO.

Boixon: mapa p,, p; pasHbIX TOYCK C HANMEHBIINM CBKJIN/IOBBIM pac-
CTOSTHMEM MEXKly HUMHU.

// 6a30Bbiii cny4aln ana <= 3 ToYeK onyueH

1 L := nepBas nosoBruHa B P, OTCOPTUPOBAHHAS 110 X-KOOPIMHATE

2 L, := mepsast IOJIOBMHA B P, OTCOPTUPOBAHHASA [0 y-KOOP/IMHATE

! Takum o6pa3om, mapagurMa «pasessil 1 BIACTBYI» MCIONB3YETCs Kak Ha Iare mpej-

BapHTEIbHOI 00pabOTKH AJIs peain3annn anropurma MergeSort, tak u ee pa3 B oc-
HOBHOM aJITOPUTME.
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3 R, := BTOpast OJIOBUHA B P, 0OTCOPTUPOBAHHAS 10 X-KOOPANHATE
4 R, = BTOpas MOJIOBUHA B P, OTCOPTHPOBAHHAS 110 -KOOPAMHATE
5(,, 1)) :=ClosestPair(L,, L,) // ny4was nesas napa

6 (r), r,) '=ClosestPair(R,, R // ny4was npasas napa

7 (s,, 5,) := ClosestSplitPair(P,, Py) // nydwas pasgeneHHas napa

8 BepuyTh Myumyto u3 (/, 1), (r,, 7,), (s, 5,)

B onymenHoM 6a30BOM cilydae, KOrja UMEeTCsl IBe WJIM TPH BXOJHBIC TOYKH,
AITOPUTM BBIUUCIIACT ONIDKANIIY IO TApy HETTOCPEICTBEHHO 3a MMOCTOSHHOE BPeMs
O(1). Homyunts L _u R_n3 P, nerko (HyXKHO IPOCTO pa3aenuTs P nononam). [
BBIYHCIICHUS Ly u Ry AJITOPUTM MOJKET BBINOJIHATH JUHEUHBIA IPOCMOTP Py, Io-
MeILast KaKIy0 TOUKY B KOHEL] Ly UIn Ry B COOTBETCTBHUHU C X-KOOPJIMHATON TOUKH.
MBI 3aKITI04aeM, 9TO CTPOKH 1—4 MOTYT OBITh peann3oBaHbl co BpeMeHeM O (n).

IIpu ycnoBuu npaBUIBHOM peanu3alliu HOANporpaMMmsbl ClosestSplitPair an-
TOPUTM TapaHTHPOBAHHO BBIYMCIIACT OMIKANIIYIO Mapy TOYEK — TPH BBI30BA
MOANPOIPaMMBL B CTPOKax 5—7 OXBaTbIBAIOT BCE BO3MOXKHOCTU HAXOXKIEHHUS
OmmxalIeit mapsol.

TECTOBOE 3AJAHMUE 3.4

HomycTuM, 4TO MBI TIPaBUIBHO peaju3yeM MOAIPOTpaMMy
ClosestSplitPair co BpemeneM O (n). Kakum Oynmet oOGriee Bpemst
pabotel anroputMma ClosestPair? (BpiOepuTe HAaMMEHBINYIO MPH-
MEHUMYIO BEPXHIOIO TPaHHMILY. )

a) O(n).

0) O(nlogn).
B) O(n(logn)®).
r) O(n?).

(Penrenue u nosicuenue cM. B pazneie 3.4.10.)
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3.4.5. ToHkasa HacTpomka

Pemrenne TecroBoro 3amanus 3.4 menmaeT HamIy Ieb SICHOH: MBI XOTHUM, YTOOBI
O (n)-peanuzanus noanporpamMmmsl ClosestSplitPair mpuBena K oOlIel BpeMeH-
Hoii rpanuie O (n log n) u coBnaa co BpeMeHeM padoThl HAIIIETO aJIrOPUTMA TSI
OIHOMEPHOTO YaCTHOTO CITydasl.

MpI co3naauM ciierka yrnpoleHHY0 OAIIporpaMMy, COOTBETCTBYIOILYIO HALLIUM
nensiM. KirroueBast 0COOEHHOCTE: Ham HYydcHa noonpoepamma ClosestSplitPair,
umoobwl onpedensims OAUNCAUULYIO PAZOETIeHHYIO Napy MOIbKO moedd, K020a OHA
saensiemes onudxcaiiueti napoil 6 yenom. Eciam Onvokaiiinas mapa sBisieTcs JISBOM
WJIY TIpaBOM mapoi, To noanporpamma ClosestSplitPair BIOJIHE MOXKET BbIIaTh
MyCOp — CTpOKa 8 IceBA0KoAAA B pazzeie 3.4.4 npourHopupyeT MpeuIoKeHHYIO ei
rapy TOYeK B JIFOOOM CITydae B IMOJb3y (DakTHUECKOH OnvKaiIiei mapsl, BBIYUCIICH-
HOM OZJHMM U3 PEKYPCHBHBIX BbI30BOB. B HallleM aJiropuT™Me 3TOMY CMATY€HHOMY
TpeOOBAHHUIO K MPABUILHOCTH OTBOAMTCS PELIAIOIIAs POJIb.

UToOB! peain30BaTh AAHHYIO UICI0, Mbl SIBHBIM 00pa3oM MepeajuM MOIIpo-
rpamMMe ClosestSplitPair paccTosiHMe 0 Mexay OirbKalinei mapoi, KoTopas
SIBIISICTCS JIEBOW WJIM TIPABOM TApoif; Torma moanporpaMmma OylaeT 3HaTh, 4TO ed
MPUAETCS UCKATh PELICHUE TOJIBKO B Pa3/ECICHHBIX MMapax ¢ MEKTOYEUHBIM pac-
CTOSIHHEM MeHee O. J[pyrumu cioBaMu, Mbl 3aMEHSEM CTPOKH 7—8 TCeBAOKoIa
B pazzene 3.4.4 Ha cleayromre HuxKe.

CLOSESTPAIR (AOITOJITHEHUE)
76 =min{d(l}, L), d(r,, r,)}
8 (s,, 5,) := ClosestsplitPair(P, P,, d)

9 BepHyTh Myumyto u3 (/,, 1), (r,, 7,), (s,, 5,)
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3.4.6. Nopgnporpamma ClosestSplitPair

Terneps MBI IPEIOCTABUM PEATTU3AINIO MOAIPOrpaMMbI ClosestSplitPair, KOTO-
pasi BBITTOITHSIETCS 32 IMHEWHOE BPEMsI ¥ IIPABUIILHO BBIYUCIIACT OFKANIIYIO TTapy
BCAKHUH pas, Korna Ta sIBJsieTCs pas/ieJIeHHON nmapoi. Bel MokeTe He TOBEpUTH,
YTO MPUBEJCHHBIN HUKE TCEBJIOKO]] YAOBIETBOPSAET dTUM TPEOOBaHUSAM, HO 3TO
Tak. BeicOKOypOBHEBas HJiesi COCTOUT B TOM, YTOOBI BBIITOIHATH TIOUCK 110 METOLLY
rpy0o0ii CHIIbI HA TIPEIBAPUTEIHHO OIPAaHUYEHHOM MHOXKECTBE Map TOYEK.

CLOSESTSPLITPAIR

Bxon: age xormu, P v P, U3 n =2 TOYEK Ha IUIOCKOCTH, OTCOPTUPO-
BaHHBIX 110 KOOPJIMHATAM X U ) M TTapaMeTp O.

Boixoa: Ompkaiiiiasi napa pu yCJIOBUH, UTO OHa — pasJieNieHHas napa.

1 X:= HanOonpIas X-KOOpAWHATA B JICBOH IIOJIOBUHE // MeHaHa
// X-KOOPIUHATHI
2S, = {TOYKH q,, Gy, ..., 4, C X-KOOPJIUHATON
MEXIY X — O U X + §, OTCOPTUPOBAHHBIE MO y-KOOPIUHATE }
3 best :=0
4 bestPair := NULL
Sfori:=1tof{—1do
6 forj:=1tomin{7,{—i} do
7 if d(q,, q/+j) <best then
8 best := d(q,, qi+j)
9 bestPair := (g, q,.,,)
10 return bestPair

JlanHast moxmporpaMma HauuHAeTCsI B CTpoke 1 ¢ naeHTudukanyuu camoit mpaBoi
TOYKHU B JIEBOH MOJOBHHE MHOXECTBA TOUEK, KOTOpasi OMpPEACNIseT «MEeIUaHy
X-KoopAHHATHI X». [lapa Touek siBIgeTcs pa3[eieHHON mapoil Toraa U TOJIBKO
TOrJa, KOrJa o/lHa TOYKa MMEeT KOOpJIMHATY X He OoJblie X, a Apyras — OoJiblie
X. Beruucnenue x 3anuMaet nocrostiaoe (O (1)) BpeMs, MOCKOIbKY P, cOlepKUT
TOYKH, OTCOPTHPOBAHHBIE TT0 KOOPIMHATE X (MEIHaHA PABHSIETCS 71/2-My DJIEMEHTY
MaccuBa). B crpoke 2 moanporpaMma BBITIOIHSET Iar (GUibTpamuy, oTopachiBast
BCE TOYKH, KPOME TeX, KOTOpbIE JIe)KaT Ha BEPTUKAJIbHOU TOJ0Ce MHUPUHON 20
C LeHTPOM B X (puc. 3.5). MHOKECTBO S, MOXKET OBITH BBIYHCICHO 32 JIMHEHHOE
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____---------------------------.--
!
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Puc. 3.5. MNoanporpamma ClosestSplitPair. S, — 970 MHOXECTBO TOYEK,
3aKJIl0YEHHbIX B BEPTUKANBHON Nnosoce. © — 3TO HAMMEHbLLIEE PACCTOSIHUE MexXay
NIeBOM Napom nnm Npasor Napon To4ek. Napbl pasaeneHHbIX TOYEK UMEKT OOHY
TOYKY Mo 06e CTOPOHbI OT MYHKTUPHOW JINHAN

BpeMsl IyTeM IPOCMOTpa P, ¥ ynaleHus J0ObIX TOUeK C X-KOOpJHHATaMH BHE
uHTepecyomero auamnazona’. CTpoku 5—9 BBINOIHSIOT MIOMCK METOAOM IPy0oii
CHJIBI B T1apax TOYEK U3 MHOXKECTBA S,
(1M YNOPAZOYEHHOCTH S, 10 -KOOPJMHATAM ), i BEIYHCIISIIOT OIMKaMIIy O TaKyro

y KOTOpOro He Oosee 6 Touek B 1uarna3oHe

napy Touek’. Bce 3To MOKHO paccMarpiBaTh Kak MPOIOIHKSHHE HALIIETO aJITOPUTMA
IUTSL OJHOMEPHOTO cliydasi, B KOTOPOM MBI pacCMaTpUBacM BCE «IOYTH MOCIE-
JloBaTeNbHbIe» Tapbl Todek. OOIee YMCIo Tepaluil IIMKIa COCTABIIET MEHee

DTOT 1Iar BEIOIHSAETCSI, TOTOMY YTO MBI OTCOPTHPOBAIH TOUKY, 33/IaHHYIO V-KOOPANHATOM
pa3 ¥ HaBCeI/la Ha HAuaJIbHOM IlIare mpeaBapuTebHOi 00paboTku. [T0CKOIbKY MbI Ha-
LIEJICHBI Ha JTHHEWHYTO TOATPOTPaMMY, ceiidac HeT BPEeMEHH! UX COPTHPOBATH!

Ecnu Taxoli mapbl TOUEK Ha PACCTOSHUM MEHBIIE § HET, TO IOAIPOrpaMMa BO3BpaIIaeT
NULL. B stom ciyuae B ClosestPair ata NULL-mapa urHOpupyeTcs, 1 OKOHYATEb-
HOE CPaBHEHHE BBINOJIHIETCS TOJNBKO MEXIY MapaMH TOYEK, BO3BPALIAEMBIMH JBYMS
PEKypPCHBHBIMH BBI30BAMH.
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70 <7n= O (n), 1 aNITOPUTM BBIIIOTHSET IIOCTOSIHHOE YHCIIO IIPAMUTHBHBIX OIlepa-
WU B KQXI0W nTepanuy. MBI 3aKiII04aeM, 4To moanporpamMma ClosestSplitPair
BhIMONTHsIeTCs 32 BpeMst O (1), kak u Tpedyercsi. OJHaKo moYeMy 3Ta OAIporpaMma
BOOOIIIE JOJDKHA HAUTH ONvpkaiinyro napy?

3.4.7. MpaBUNbHOCTDb

ITonmporpamma ClosestSplitPair BEIMONHAETCS 3a IMHEHHOE BPEMS, IOTOMY YTO
W3 KBAaJPATUIHOTO YKCIIa BOZMOKHBIX [Tap TOYEK OHA MUIIET TOJBKO JINHEHHOE UX
grciio. OTKya MBI 3HaeM, YTO OHA HE TIPOIyCTHIA OirpKaiinyto napy? Ciemyromiast
HIDKE JIEMMA, KOTOpasi HEMHOI'O IIIOKUPYET, TApaHTUPYET, YTO IIPH YCIOBHUHM, KOI1a
Onmkalmas mapa siBJISeTCs Pa3/IeJICHHON Mapoi, ee TOUKH MOSBISIOTCS MOYTH
MIOCTIEIOBATENEHO B OTQHUIBTPOBAHHOM MHOKECTBE S,

Jlemma 3.3. B noonpoepamme ClosestSplitPair nycms (p, q) ecms pazoenennas
napa ¢ d(p, q) < 9, 20e & — Mo HauMeHbULIee PACCMOAHUE MENHCIY 1eBOLU NaApPoll
unu npasoti napot mouex. Toeoa:

(@) p u q 6yoym exniouensl 60 MHodNCECME0 S,;

(D) ne bonee wecmu mouex 6 S, umerom y-KoOpOUHAMY MENCOY MOUKAMU P U g.

Ora JleMMa JAJICKO HE OUCBUAHA, U MbI JJOKAXXEM €€ B CJICAYIOIIECM pa3aeiic.

W3 nemmbl 3.3 BeITEKAET, 4TO Moxaporpamma ClosestSplitPair KOPpEeKTHO BbI-
TIOJIHAET CBOIO 3a/1auy.

CaencrBue 3.4. Koeoa bnudxcaiiwas napa a61s1emcs pazoenenHol napotl, noonpo-
epamma ClosestSplitPair ee Haxooum.

Hoxaszamenvcmeo: nomycTuM, 9To Onmikaiimas mapa (p, ¢) SABISETCS pa3ieIeHHOMI
napoi, u nosromy d(p, q) < 6, 1€ & — MHHAMAJIBHOE PACCTOSTHUE MEXKIY JICBOH
Wiy npasoi napoil. Jlemma 3.3 rapaHTUpyer, 4To U p, U ¢ IPUHAAIEKAT MHOXKE-
CTBY Sy B mojmnporpamme ClosestSplitPair U 4TO MeXAy HUMHU €CTh HE Oonee
HIeCTH To4eK S, o koopauHare y. [lockonbky noamnporpamma ClosestSplitPair
BBIIOJIHAET UCUEPIIBIBAIOIINI [TIOMCK IO BCEM IapaM TOYEK, YAOBIETBOPSIOIIUM
9THUM JIBYM CBOWCTBAM, OHA BBIYHUCIUT ONMKANIITYIO TaKyIO Tapy, KOTOPas JOIDKHA
OBITh (pakTHUYECKOU Onmkaiimeit napoi (p, q). 4. m. 0.
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B npennsepun nokasarenbcTBa JeMMBbI 3.3 Tenepb Y Hac yKe €CTh IPaBUIIbHbII
Y HEBEPOATHO OBICTPBIM aJropuT™M JJIs PELIeHHUs 3a7a4u 0 ONvKaiiieil nape.

Teopema 3.5 (Borunciienue oamkaiinei mapsi). s kaxxaoro MHOXecTBa P u3
7 > 2 TOYEK Ha IUIOCKOCTH alTOpUTM ClosestPair MpaBUILHO BBIYUCISAET OJU-
Kalmryro mapy P u BeimonaseTcs 3a Bpems O (n log n).

Hoxazamenbcmeo: MBI C BAMH YK€ ONPEIEIIHIN BPEMEHHYIO I'PaHHILy: aITOPHTM
tparut O (n log n) BpeMeHU Ha 1Iar npeIBapuTeIbHON 00padOTKH, U OCTAIIbHAS
9acTh ajJrOpUTMa UMEET TAKOE KE aCHMIITOTHYECKOE BPEeMs, UTO U aJITOPUTM
MergeSort (C IBYMSI pEKYPCUBHBIMH BBI30BaMHM, KaXJIbIi C IIOJIOBUHON BXOTHBIX
JAHHBIX TUTIOC JOTIONHUTENbHBIC INHEIHBIC BEIYNCICHNUS), KOTOPBIH TOXKE BEI-
nonasiercs 3a O (n log n).

Ecnn 6nmokaiiniast mapa siBJsieTes JISBOM Mapoi, OHa BBIIACTCS TIEPBBIM PEKYPCHB-
HBIM BBI30BOM (CTpoka 5 B paznene 3.4.4); eciid 3To IpaBasi napa, OHa BbIIAETCS
BTOPBIM PEKYPCHBHBIM BBI30BOM (CTpoKa 60). Eciit 310 paszaenenHas napa, To ciea-
cTBue 3.4 TapaHTUPYET, YTO OHA BBIJIACTCS TTOATPOTpaMMOi ClosestSplitPair.
Bo Bcex ciryuasx Onmkaiinas napa HaXOAUTCS CPeAr TPeX KaHIUIaTOB, pacCMO-
TPEHHBIX AITOPUTMOM (cTpoka 9 B pasmene 3.4.5), n OyaeT BeIJaHA B KaueCTBE
OKOHYATEIHLHOTO OTBeTa. Y. m. 0.

3.4.8. loka3saTenbCTBO ieMMmbl 3.3 (a)

UYacrs (a) temMsl 3.3 sBiisieTcs Ooliee MpoCToi AJ1st oKazaTeabeTBa. JlomycTum, 4To
CYIIECTBYET pa3/eleHHas mapa (p, g) ¢ p B JIEBOU MOJOBUHE MHOXKECTBA TOUYCK U ¢
B IPaBO# TIOJIOBUHE, Takast, 9To d (p, ¢) < 6, T1e 6 — 3TO MUHMUMAJIbHOE PACCTOSTHUEC
MEKY JIeBOI uau mpaBoit mapoil. O0o3HauuM p = (x,, y,) 4 ¢ = (x,, ,) 1 0003HaUNM
yepe3 X KOOpJAUHATY X caMOi IpaBoi TOYKHU JIeBOI MOJ0BUHBL. [I0CKOIBKY p 1 ¢
HAXOJSATCS B JIEBOW U MTPaBO TOJIOBUHAX, COOTBETCTBEHHO, MBI IMEEM

X <X <X,

B T0 e Bpems x, 1 X, HE MOTYT OBITb CHJILHO OTAaTeHbl. DOpPMaIbHO, HCIONb3YS
OTIpeIeIICHNE SBKIIMI0BA PACCTOSHUS (3.5), MBI MOXKEM HaIUCaTh
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8>d(p, q)
:\/(xl —x2)2+(y1—y2)2
2\/max{(x1 —xz)z’(yl —y2)2}

:rnax«“)cl —x2|>|y1 _y2|}'

210 O3Ha4YacT, 4YTO p U ¢ OTAAJICHBI MCHEC YEM Ha 4 1o 0beuM KOOpAUHATaM x U y:

yi—»|<8. (3.6)

2

|x, —x,

IMockonbky x, < X ¥ X,, KAK MaKCUMyM, Ha O OOJIbIIE X, MBI HMeeM X, < X + 3.
ITockonmbKy X, > X 1 X, KaK MAKCHMYM, Ha 6 MEHBIIIE X,, X, > X — 0.

B wacTHOCTH, p 1 ¢ IMEIOT X-KOOPANHATHI, KOTOPBIC BKIMHUBAIOTCS MEXKITY X — O
1 X + 0. Bce Takue TOUKH, B TOM YHCIIE P U ¢, IPUHAIUIEIKAT MHOKECTBY S,.

Puc. 3.6. JokazarenbcTtBo nemmebl 3.3(a). 1 p, n g UMeT X-KOOPANHATHI
Mexay X—0ux +9

3.4.9. Joka3zaTtenbcTBO Nnemmbl 3.3 (b)

HamomunM ycTaHOBICHHBIE HAMHU IOMYIICHUS: CYIIECTBYET pa3[eficHHAs Iapa
(», q), B XOTOpOH p = (x|, ;) HAXOAUTCS B JIEBOI MOJOBUHE MHOXECTBA TOUEK
u g = (x,, y,) — B IIpaBoil MOJIOBUHE, Takast, 4To0 d (p, ¢) < J, T7Ie 6 — ITO MUHUMAITb-
HOE PacCTOsTHHE MEXTy JICBOH MK TIpaBoit mapoii. Jlemma 3.3(b) yTBeprKaaer, 4to
P ¥ ¢ HE TOJIBKO MOSIBISIFOTCS B MHOXKECTBE S, (4TO COACPIKHUTCS B I0KA3aTEIBCTBE

! TlpeacraBere cede, 4TO p U g — ITO JIFOAH, CBSI3AHHBIC 32 TAJIUIO BEPEBKOI JUTHHOM 0.

Touka p MOXET TEpPEMEIIAThCS BIPABO TOJBKO HA X, TEM CAMBIM OTPAaHMYUBas TIEPe-
MEILCHUS ¢ BEJIMYMHOM X + & (puc. 3.6).
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4acTH (a)), HO M YTO OHH IIOYTH TIOCIIE0BATEIBHBIC, T/I¢ ECTh APYTHX TOUCK S,
0051a1a10T y-KOOPAUHATAMH MEXIY V| U V,.

Jlnst foka3aTesbCTBa Mbl HAPHCYEM BOCEMb Y€K Ha IUIOCKOCTH MO cxeme 2 X 4,
IJIe KaXas ssueiika uMeeT JJIMHY cTopoHbI 8/2 (puc. 3.7). JIBa cTtonOua siueek pac-
TOJIOXKEHBI 110 00€ CTOPOHBI OT MENAHbI X-KOOPAHHATHI X . HUKHsIS 4acTh siueek
BBIPOBHEHA C 00JIee HIDKHEH U3 TOUCK p ¥ ¢ B min{y,, ,} y-KOOpIHHATHI'.

p.

5/2 { g

x—9 X x+90

<
<

\4

Puc. 3.7. okazatenbctBo nemmebl 3.3 (b). Toukn p n g HacensoT ABe U3 3TUX
BOCbMW SiY€EK, U B KaXO0WN Heike ecTb He 6onee 0QHON TOUKM

W3 noxaszaTenbcTBa 4acTH (a) MBI 3HAEM, UTO U p, U ¢ UMEIOT X-KOOPAHHATHI
MEXIY X — O 1 X + J. JI71s1 KOHKPETHOCTH MIPEATIONOKNM, UTO ¢ UMEET MEHBIIYIO
Y-KOOpAMHATY; APYToW Cilydai aHajorudeH. TakuMm oOpa3oMm, g MOSBIseTCS
B HIDKHEH 4acTH HEKOTOPOIl A4ueiiku B HUXKHEH CTpOKe (B MpaBOW MOJOBUHE).
[TockonbKy y-KOOpJMHATA p MOXKET OBITH TOJILKO Ha O Oodbiie ¢ (cM. (3.6)), To
P TaKke MOSABJIACTCA B OAHOW M3 siueek (B JieBoi mosoBnHe). Kakmgas Touka S,
C Y-KOOPJMHATON MEXIy p U ¢ UMEET X-KOOPJHHATHI MEKAY X — O U X+ d (Tpedo-
BaHUE JUIS BXOXK/ICHUS B MHOXKECTBO S)) U y-KOOPAMHATY MEXIY V, Uy, <), +
U, CIIeJIOBATEIbHO, JIEKNT B OAHON M3 BOCEMH stdeeK. OCTaroTCsi COMHEHUS, YTO
B 3TUX YEHKAX €CTb MHOI'O TOYEK, KOTOPbIE UMEIOT J-KOOPJAUHATY MEKIY V', U V,.
UYTtoObI TOKA3aTh, YTO TOTO HE MOXKET IPOU30UTH, IAaBANTE TIOKAKEM, YTO KasK/Iast
s4elika CofepKuT He Oostee o1HOM ToukH. Torna BoceMsb siueek copepxkar He Ooee
BOCBMU TOYEK (BKJIIOYAS p U ), U, CIEOBATEIbHO, MEXKAY p U ¢ B y-KOOPAUHATE
MOXET OBITh TOJIBKO MIECTh TOYEK S,%.

He 3a0bIBaiiTe: 3TH sSUCHKHU NpeIHA3HAYCHBI HCKITFOYUTEIILHO ISl PACCYKICHUN O TOM,
nouemy anroput™ ClosestPair sBisieTcs npaBmibHEIM. CaM ajJropiuT™M HUYETO He 3HAeT
00 3TUX sUelKax U OCTACTCS TOJBKO ICEBIOKOIOM B paszzienax 3.4.4-3.4.6.

Eciut TouKa MMeeT X-KOOpIMHATY TOYHO B X, OTHECHTE €€ K SUElKe ClieBa OT KOOPIHHATHIL.
Jlpyrue TOYKy Ha rpaHuIle HECKOJIBKHX sUeeK MOYKHO OTHECTH MIPOU3BOIBHO K OHOHM U3
HUX.
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[Touemy kaxxas sideiiKa COAEPIKUT He OoJiee OJJHON TOYKH? DTa yacTh apryMeHTa
WCIIOIB3YET Hallle HaOmoeHue B pasaene 3.4.5 u Tot (akT, 4To & — ITO HaU-
MEHBIIIeE PACCTOSHUE MEXK/TY JICBOW Mapoil WK paBoi mapoit. UToObl JIoTnYecKu
BBIBECTU IIPOTUBOPEUME, AOMYCTHUM, YTO HEKOTOpas sdeilka UMeeT IBE TOUKH,
an b (onHA U3 KOTOPBIX MOXKET OBITh p WJIH ¢). JTa Mapa To4eK SABJsieTcs Iu0o
JIeBOU Mapoil (ecau TOUYKH HAXOMATCS B MEPBBIX JIBYX CTOJIOIAX), TMOO MpaBoif
mapoif (eci OHM HaXOISITCS B IOCIEeTHIX ABYX ). Hanbompimee paccrosHue npyr
OT JIpyra, Ha KOTOPOM MOTYT OBITb @ ¥ b, HAXOAUTCS B IPOTHUBOIIOJIOKHBIX YIIax
stueitku (cM. puc. 3.7), u B 3TOM ciaydae mo teopeme [Tudaropa' paccrosiaue

MCXKAY a 1 b cocraBuseT \/§x§ <9 Ho st1o0 MPOTUBOPECYUT AOMYUICHUIO, YTO
2

HE CYLIECTBYET JIEBOI MM MpaBOil Maphl HA PAacCTOSHUU MeHblue d! M3 3Toro
MIPOTUBOPEUHSI CIISAYET, YTO KaXKast 13 BOChMHU sSYeeK Ha puc. 3.7 umeet He Oomee
OIIHOM TOYKH; CIIE/IOBATENBHO, HE DOJIEE MECTH TOYEK S, UMEIOT Y-KOOPAUHATY
MEXIY TOUKaMu p U ¢. Y. m. 0.

3.4.10. PewneHue TecTtoBOro 3agaHvd 3.4

I[MpaBuabHelii oTBeT: (0). [IpaBunbHbI oTBeT — O (11 log 1). O (n) He sBNSETCS
MIpaBUIIbHBIM, ITOCKOJIBKY, CPEIU NPOYUX IPUYUH, aJTOpPUTM ClosestPair yxe
TpatuT BpeMms O (n log n) Ha mare npeaBapUTEIbLHON 00pabOTKH, CO3/1aBasi OTCOP-
THPOBAHHbIC CIIUCKH p, U p,. Bepxusist rpanuua O (n log 1) BbITEKAET U3 TOYHO
TAKOTO K€ apTyMEHTa, YTO U U1 aJITOpUTMa MergeSort: anroput™ ClosestPair
JIeNaeT Ba PEKyPCUBHBIX BBI30Ba, KAXIbI CO BXOJHBIMH JJaHHBIMH B JBa pa3a
MEHBIIIe, ¥ UCTIONHsETCs 3a Bpemsi O (1) BHE CBOMX PEKYPCUBHBIX BhI30BOB. (Ha-
ITOMHHUM, 4TO CTPOKH 1—4 1 8 MOTYT OBITh peann3oBaHbl co BpeMeHeM O (71), | JIIst
9TOT0 TECTOBOTO 3aJaHMsI MBI IOIyCKaeM, 4TO nmoamnporpamma ClosestSplitPair
TaKXXE UCTIOJHACTCS 32 IMHEHHOE BpeMsl.) DTH BBIBOABI HJICAIEHO COOTBETCTBYIOT
HAIIAM 3aKITIOUCHHSIM IS alTOpUTMa MergeSort, KOTOPBIH OBLT IIpOaHATH3H-
poBaH B pazzene 1.5. [ToaToMy Mbl 3HaeM, 4TO 0OIee YUCIO BBIMOIHAEMBIX
omnepanuit papasercs O (n log n). [lockonbKy Imar npeaBapuTeabHON 00paboTKH
TOXe BbITIONHsETCS 3a BpeMst O (n log n), okoHYaTe IbHas BpeMEHHas TpaHuIla
pasusiercst O (n log n).

! JIy1st IpsIMOYTOJIBHOTO TPEYTOJNBHUKA CyMMa KBaAPAaTOB CTOPOH paBHA KBA/IPATy THIIOTE-
HY3BbI.
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BBIBO/JbI

X AJTOPHUTM THIIA «PA3ICIISTH U BIACTBYID) Pa30MBACT HCXOMHYIO 3a1a9y
Ha 0Oojiee MENKHE I0[3aa4d, PSKYPCUBHO PEIIACT 3TH MOA3aauH
1 00bEMHACT PEIICHHUS T10/13a/1a4 B PEIICHHUE UCXOTHOW 3a/IauH.

X BrluncieHre KOJMUECTBA MHBEPCHI B MACCHBE MOXKET OBITH MPH-
MEHHMO JJISl U3MEPEHHS TIONOOHSI MEKAY IBYMSI PAH)KUPOBAHHBIMH
CIHCKaMH. AJITOPUTM MTOUCKA METOIOM IIOJIHOTO TIepebopa [Uist 3TOM
3a]a49M BBITIOIHSACTCS 32 Bpemst O (%) Uisi MACCHUBOB JIJTHHOM /1.

% CyIecTByeT ajJropuTM «pas3ielisii 1 BIACTBY», KOTOPBIN ONUpaeT-
Csl Ha aJITOPUTM MergeSort U BBIYUCIAET KOJIMYECTBO HHBEPCUH 32
Bpems O (n log n).

X Cyoxkyounueckuii anroput™ llITpaccena «pasmeinsii U BIACTBYI
JUIsL YMHO)KEHUSI MaTpUILL — 3TO MOPA3UTENIbHBIA IPUMEpP TOTO, KaK
AITOPUTMUYECKAsT M300PETATEIPHOCTh MOXKET YITydIaTh MPOCTHIC
pemenwnst. Ero xirroueBast uziesi COCTOUT B TOM, YTOOBI SKOHOMHTE Ha
PEKYpPCUBHOM BBI30BE 10 CPABHEHUIO C 60JIe€ IPOCTHIM AJITOPUTMOM
«pazaesnsi U BIacTBYI», YTO aHAJIOTUYHO MTOJIXO/TY, PEaIN30BAHHOMY
B yMHOXXeHUU KapairyOsl.

* B 3aaue o moucke Oirkaiiieii mapbl BXOAHBIMHU JTAHHBIMH SIBIISTFOTCSI
71 TOYEK Ha IIOCKOCTH, U €€ [[eJIb COCTOUT B TOM, YTOOBI BEIYUCIHUTE
napy TOYEK C HAMMEHBIIHM €BKJIHIOBBIM PACCTOSHUEM MEXKTY HUMHU.
AJITOPUTM TIOMCKA METOJOM TMOJHOTO Tiepebopa BHIMONHACTCS 3a
Bpems O (12).

X CyniecTByeT H30IIPSHHBIN AJITOPUTM THTIA «PA3JICIISH U BIACTBY I,
KOTOPBIN peliaeT 3ajady o Onrokaiinei mape 3a Bpems O (n log n).

3apaua Ha 3aKkpenseHme matepuana

3amaua 3.1. PaccMOTpHM CIIeIyrONINIA HIDKE IICEBIOKO TS BBIYUCIICHUS a’, Te
a 1 b — 3T0 NOJIOKUTENBHBIE LIEJIbIe Yuca';

! | x | o603Hauaer dynximo «floor, KOTOpast OKPYIIAET CBOI apryMEHT BHU3 10 OIIvKaii-
IIETO LEJIOT0 YHCIIA.
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FASTPOWER
Bxoa: monoxuTeabHbIC TETbIC YCTa a U b.

Beixox: a’.

if b = 1 then
return a
else
c :=bxb
ans := FastPower(c,Lb/ZJ)
if b is odd then
return a x ans
else
return ans

Jomyctum Juist 9TOW 3a]]a4u, YTO KaxJA0€ YMHOXXCHHE U JeNICHUE MOXKET OBbITh
BBITTOJTHEHO 32 IIOCTOSTHHOE BpeMs1. KakoBO aCHMIITOTHYECKOE BPEMsI HCIIOTHEHHS
9TOTO anropuTMa Kak GpyHkuuu b?

a) O(logb).
6) O(\Vb).

B) O(b).

r) O(blogb).

3aaauv NoBbILLEHHOMW CJIOXKHOCTU

3angaua 3.2. [lan ynumooanvubiii MAaCCUB U3 1 PA3IMUYHBIX 3JICMEHTOB, 3TO O3Ha-
YaeT, YTO ero AJIEMEHThI HaXOSATCS B CTPOro BO3PACTAIOLIEM MOPSIKE 10 CBOETO
MaKCHUMAaITbHOTO DIIEMEHTA, TIOCIIE YETO ero 3JIEMEHThI HAXOIATCS B CTPOTO YObIBA-
roreM nopsiake. PazpaboTaiiTe alropuT™ BEIYHCICHUS MAKCHMAaIBHOTO DJICMEHTA
YHHMOJIAJIbHOTO MacCHBa, KOTOPbIH BbiNoHsIeTCs 3a Bpems O (log n).

3amaua 3.3. [laH OTCOPTUPOBAHHBIH (OT HANMEHBIIIETO 10 HAMOOJBIIIETO HIICMEHTA)
MacCcHuB 4 M3 1 Pa3HBIX LEJBIX YHCEJ, KOTOPbIE MOTYT OBITh TOJIOKUTEbHBIMH,
OTPULIATENILHBIMU WK HyJIeBbIMU. OIpeesnTe, CyIecTBYeT JIU MHIEKC i TaKoi,
uT0 A[i] = i. Pa3paboTaiiTe camMblii OBICTPBIN AITOPUTM JJISl PEIICHHS 3TOW 3aJ1auu.
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3anaua 3.4. (Cnoxnast.) [lana pemerka n Ha n pa3HbIX uncen. YUnco sBisercs
JIOKATIbHLIM MUHUMYMOM, €CTI OHO MEHbIIIE, 4eM Bce ero cocenu. (Coced uncia —
9TO JIEMEHT, KOTOPBII HAXOAMUTCS BBIIIE, HUXKE, CJIeBa MITH CIipaBa. BolbITMHCTBO
YHUCeNl UMEIOT YeThIPEX COCE/ICH; YKciia, PaclioOKEHHBIE [0 CTOPOHAM pellieT-
KH, IMEIOT TPEX; YeThIPE YIIOBBIX YHCJIa UMEIOT IBYX cocezeid.) Mcmonb3yiiTe
napagurmMy pazpaboTKu alTOPUTMOB «Pa3leNsiii U BIACTBYW» ISl BBIYHCIICHHS
JIOKAJIbHOTO MUHHMYMa, CO CPaBHEHHUSMHU MEXIy IapaMH 4uCell, CO BpeMEHEM
ucnosiaenus O (n).

(TIpuMevaHHe: TTOCKOJIBKY BO BXOIHBIX JAHHBIX UMEETCS 712 YUCEI, BBl HE MOXKETE
MO3BOJINTH ceOe MPOCMaTPUBATh UX BCE.)

n n
[HOI[CKa3KaZ BBISICHUTC, KaK BBIIIOJIHATH PEKYPCHUIO Ha PCIICTKE E Ha 5 3a BpeMs:A

ucnosiaenus O (n).]

3agayum no NnporpaMMupoBaHUIO

3amaua 3.5. Peanmsyiite Ha cBOeM JIFOOMMOM SI3bIKE TPOIPAMMHPOBAHHS aJTO-
puT™ CountInv U3 pasfena 3.2 as NOAcYeTa KOJIMYECTBA MHBEPCUI MaccuBa.
(Cm. www.algorithmsilluminated.org /Tt TECTOBBIX CiTy4aeB U HAOOPOB UCXOHBIX
JaHHBIX JUIS 3a/1a49.)
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B 9710i1 m1aBe mpencTaBIeH METOJ «9EPHOTO SIIUKA» IS OTPEICIICHHST BPEMEHH
paboOTBl PEKYPCUBHBIX aJITOPUTMOB — IIOJICTABISCIIb B (POPMYITy HECKOJIBKO
KIIFOUCBBIX XapaKTCPUCTUK aJITOPUTMa U NOJTy4Yacllb BECPXHIOIO I'PaHUILy BpeMe-
HU paObOTHI aIrOpUTMa. DTOT «OCHOBHOW METOI» TPUMEHSETCS K OONBIINHCTBY
QITOPUTMOB «PA3JeIsIil U BIACTBYI» U3 TE€X, C KOTOPHIMU BbI KOTJA-TN00 UMEIH
JIeNI0, BKJTFOYasi aITOPUTM IIeJIOYHUCICHHOro yMHOKeHus: KapaiyOsr (pazaen 1.3)
u anroput™ Illtpaccena ymuokenust marpuil (pasmen 3.3)'. Dra riaBa Taxke uil-
JFOCTpUpYeT OoJee 001y 0 00JIaCTh B U3YUCHHH AITOPUTMOB: ITPABUIIbHAS OLICHKA
HOBBIX QITOPUTMUYECKHX HICH 9acTo TpeOyeT HEOUEBHIHOTO MAaTEMaTHICCKOTO
aHaJm3a.

[Tocne 3HaKOMCTBA C peKyppPEHTHBIMHA COOTHOIIIEHUSIMU B pazzaene 4.1 Mbl gannm
(hopMyIHPOBKY OCHOBHOTO MeToIa (pasaen 4.2) M pacCMOTPHUM IIECTh IPUMEPOB
npunoxenuit (pazaen 4.3). B pazaene 4.4 paccmarpuBaeTcsi J0Ka3aTelbCTBO OC-
HOBHOT'O METO/Ia C aKHEHTOM Ha CYITHOCTHU €r0o TPEX 3HAMECHHUTHIX CJIyYacB. Hpa—
BUJIbHOE IMOCTPOEHHE J0KA3aTeIbCTBA NPOU3BOAUTCSA HA OCHOBE HAIIETO aHajIu3a
anropurMa MergeSort B pazgene 1.5.

4.1. KBOnpocy o0 uesio4ncieHHomMm
YMHOXEHUN

YroObl 000CHOBATH OCHOBHOI METO[], 1aBaiiTe BCTIOMHUM OCHOBHBIE acIEKTHI
Hamero o0CyKJIeHHsI eJOYHCIEHHOr0 YMHOKeHUs (pa3aensl 1.2—1.3). 3agaua
COCTOHMT B TOM, YTOOBI yMHOJKHUTB BA /1-3HAYHBIX YNCIIA, TIPUYEM IPUMHTHBHBIMH
OTICpalMsAMHE SABIISIOTCS CIOKEHNE WM YMHOXKEHHE JIBYX OJHO3HAYHBIX YHCEL.
WTepaTnBHBIH IIKOIBHBINA anropuT™ Tpedyet O(n?) onepanuii, 4T00bI YMHOKHTb
IIBa n-3HAYHBIX dHciia. MOXKeM JIM MBI CAETaTh 3TO MPOILE TPH TOMOIIY METoaa
«paznensiii ¥ BIacTBY»?

4.1.1. Anroputm RecintMult

Anroputm RecIntMult u3 paznena 1.3 co3naer Oosnee Melkue 1moj3aauu, pa3ousas
3aJaHHbIC #-3HAYHBIC YKCIIA X U Y HA UX MIEPBYIO U BTOPYIO MOJOBHUHBEL: X = 1072 X

' OCHOBHOM METOJ] TaK)Ke HA3BIBAETCS «OCHOBHOM TEOPEMOI».
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xa+buy=10"xc+d,taea, b, c,d— 310 n/2-3Haunble YnciIa (I IPOCTO-
ThI 3aJa1UM, YTO 1 — 4eTHoe). Hanpumep, ecinu x = 1234, to a = 12 u b = 34.
Torma

xxy=10"x(axc)+10"™x (axd+bxc)+bxd, (4.1)

KOTOPOE MTOKA3bIBACT, UTO YMHOKEHHE JIBYX 7-3HAYHBIX YMCE CBOAUTCS K YMHO-
JKEHUIO YeThIpeX map n/2-3Ha4HbIX yucedn, wioc O (n) AONOIHUTEbHAS padoTa
(mnst moOaBIIEHUST COOTBETCTBYIONIMX HYJICH U IIKOJIBLHOTO CIIOXKCHHS).

DopManbHO 3TO MOXKHO OMHCATh KaK pexyppenmuoe coommuouenue. OO03HAINM
yepes T'(n) MaKCUMaJIBHOE YUCIIO OTIePAIUid, HCIIOIb3YEMBIX THM PEKYPCUBHBIM
QITOPUTMOM YMHOKEHHUSI IBYX 71-3HAUHBIX YHCEN, — 3TO KOJTHYCCTBO MBI XOTHM
OTpPaHUYUTh CBEPXY. PEKyppeHTHOE COOTHOIIEHNE BBIPAYKAET BPEMEHHYIO I'PaHUILY
T'(n) B paMKax KOJIMYECTBA OIIEPAIT, BBITIOTHIEMBIX PEKYPCUBHBIMU BBI30BAMH.
PexyppeHTHOE COOTHOIICHHE TSI AITOpUTMa RecIntMult paBHSIETCS

T(n)< 4><T(§j . o

—
paboTa BHE PEKYPCUBHBIX BEI30BOB
paboTa peKypCHUBHBIX BbI30BOB

Kak u [y pekypCUBHOIO ajlropuTma, sl peKyppEeHTHOIO COOTHOILEHUS TaKkKe
Hy)KeH 0a30BBIM CITy4aid, B KOTOPOM YCTaHaBIUBAeTCs, Kakou siisiercs 7'(7) Iuist
3HA4YEHUH 7, KOTOPbIE CIMIIKOM Mallbl JIJIsl 3aIlyCKa PEKYPCUBHBIX BBI30BOB. 37€Ch
0a30BBIM SIBISCTCS CIy4ald, IPU KOTOPOM 7 = | M aNrOpuUTM MPOCTO BEITOIHSET
OJTHO YMHOXeHwHe, modtomy 7 (1) = 1.

4.1.2. Anroputm Karatsuba

Pexypcunsrii anroputm KapairyOsl A71s IIETOYHCICHHOTO YMHOKEHHUS HCIIONB3YET
MmeTon [aycca, 4TOObI COKOHOMHTH Ha OJJHOM PEKYPCHBHOM BbI3oBe. CyTh METO/Ia
3aKJIFOYAETCsl B TOM, YTOOBI PEKYPCHBHO BBIUUCIISATH MIPOU3BEACHUS a U ¢, b 1 d,
ua+buc+ duu3Bnekars cpenHuii KOOXPPUIUCHT a X d + b X ¢ MOCPEICTBOM
(a+b)(c+d)—ac— bd. IToro 1oCTaTOYHO /IS BBIYUCICHUS TpaBoit yactu (4.1)
¢ O(n) OCPEACTBOM JOMOTHUTEIHHBIX IIPAMUATHBHBIX OTIEPALIHiL.
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TECTOBOE 3AJAHME 4.1

Kakoe PEKYPPEHTHOC COOTHOMICHUEC JIYYIIC BCETO OIMMCBIBACT BPEMA
pa6OTLI ajJropuTMa Ka ratsuba U1 HEITOYHUCIIEHHOTO YMHO)KCHI/ISI?

a) T(n)<2 x T@ Low).
6) 3 x T[gj +0(n).
B) 3 x T(gj +0(n).

r) 4x T(gj +0(n).

(PemeHvie ¥ OSICHEHHE CM. HHKE.)

I[paBuabHblii oTBeT: (0). EqMHCTBEHHOE U3MEHEHUE 110 CPAaBHEHMIO C aJITOPUT-
MOM RecIntMult COCTOMT B TOM, YTO YHCJIO PEKYPCHUBHBIX BBEI30BOB IIPHUIIIOCH HA
enuHULy. CripaBe/UINBO OTMETHTB, 9TO 00BEM PabOTHI, BHIIOIHIEMOI BHE PEKyp-
CHBHBIX BBI30BOB, OOJIbILIE B aIrOpUTME Karatsuba, HO TOJNBKO HA MOCTOSHHBIN
MHOKHTENIb, KOTOPBIN yCTpaHseTcs B 0003HaueHnu O-0ombmioe. COOTBETCTBYIOIIEE
PEKypPEHTHOE COOTHOILIEHHUE UL alropurMa Karatsuba, ClIe10BaTENbHO,

T(n)< 3><T[§j + O(n)

—
paboTa BHE PeKYPCHBHBIX BbI3OBOB

paboTa peKypCHBHBIX BbI30BOB

cHOBa ¢ 6a3oBbIM citydaem 7'(1) = 1",

4.1.3. CpaBHEeHMe peKyppPeHTHbIX COOTHOLUEHUN

Ha nmanHBIl MOMEHT MBI HE 3HaeM BpeMmsi paboThl aaropuTMma RecIntMult wim
Karatsuba, HO HUHCIIEKTUPOBAHNE UX PEKYPPEHTHBIX COOTHOIIEHUN HABOIUT HA
MBICITb O TOM, YTO TIOCTICTHUI MOXET OBITh TOJBKO ObICTpee, YeM TepBhIi. Eme

! TexHU9IeCKN PEKYPCUBHBIN BBI30B C @ + b U ¢ + d MOKeT comeparh (g + 1)-3HauHbIC
yucna. /laBaiite TOroBOpUMCS MEXKAy cOOO#, YTO MBI 3TOT (PAKT POUTHOPUPYEM —
B KOHEYHOM UTOTE 3TO HE MMEET 3HAYCHHSI.
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OJJHUM IPUMEPOM JIJIsl CPABHEHUS SBJISETCS alIrOPUTM MergeSort, B paMKax Ko-
TOPOTO Halll aHAJIK3 B pasjene 1.5 MpUBOAUT K PEKypPPEHTHOMY COOTHOIIEHHUIO,

n
T(n)< 2><T(Ej o)
b
paﬁOTa BHC PCKYPCHBHBIX BBI30BOB

—_———

paboTa peKypCHBHBIX BHI30BOB

IJe # — JUTMHA COPTUPYEMOTO MacCHBa. ITO TOBOPUT O TOM, YTO BPEMEHHBIC
TpaHUIIb 7151 aJITOPUTMOB RecIntMult 1 Karatsuba HE MOTYT OBITh OOJIbIIIE, YEM
rpaHuIia Jis MergeSort, paBHas O (n log n). 3a UCKITFOYCHHEM 3THX TOJICKA30K,
MBI JCUCTBUTEILHO HE UMEEM MOHSTHSI, KAKOBO BpPEeMs pabOThI JIIOOOTO U3 3THUX
anroput™MoB. O3apeHue NpUAET BMECTE ¢ OCHOBHBIM METOAOM, KOTOPHBI OyaeT
PacCMOTpEH HHKE.

4.2. dopmynupoBka

OCHOBHO# METOJ — 3TO UMEHHO TO, YTO BaM HYXHO JUI aHAJIM3a PEKYPCUBHBIX
anropurMoB. Ha BXozie OH IpuHUMaeT peKyppeHTHOE COOTHOILIEHHE [l aJITOPUT-
Ma i — 0a-0ax! — Ha BBIXOJIE ITepeceKacT BEPXHIO IPaHHILy BPEMEHHU paboThI
aJIrOpUTMa.

4.2.1 CtaHpapTHble PeKYPPEHTHbIe COOTHOLLUEHUSA

Mps1 00cynuM BEpCHIO OCHOBHOTO METO/Ia, padOTAIONIYI0 C TeM, YTO MBI OyJeM
Ha3bIBaTh «CTaHIAPTHBIMH PEKYPPEHTHBIMH COOTHOILCHUSIMU», KOTOPhIE UMEIOT
TPHU CBOOOIHBIX mapameTpa U GopMy, YKa3aHHYO HInKe'.

' D10 mpeacTaBicHIE OCHOBHOTO METO/IA YEPIIaeT BIOXHOBEHUE U3 INIABBI 2 KHUTH «AJITO-
putmbDy Canmkost Jlacryntsl, Xpuctoca [Tanagumutpuy, Ymema Basupanu (Algorithms,
Sanjoy Dasgupta, Christos Papadimitriou, Umesh Vazirani; McGraw-Hill, 2006).
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OOPMAT CTAHIAAPTHOI'O PEKYPPEHTHOI'O
COOTHOULIEHUA

Ba3zoBsiii ciayuaii: 7'(n) sBnsercs He Oosiee 4eM KOHCTAHTOM JUIs
BCEX JOCTATOYHO MaJIbIX 71'.

OO0muii cory4aii: uist OONBIINX 3HAYCHUM 71

n d
T(n)<axT|—|+0(n").
() <axt(2)+0()
IMapameTpsi:
* ¢ = KOTMYECTBO PEKYPCHBHBIX BHI30BOB;

* b = xoa(ppunEeHT cxarTus pazmMepa BXOHBIX JIAHHBIX;

* d = DKCIIOHCHTA BO BpEMCHHA pa6OTLI «aIara O6’BCZ[I/IHCHI/ISI».

ba3oBblil cityyail cTaHZapTHOI'O PEKYPPEHTHOIO OTHOILEHUS YTBEPXKAAET, UTo,
KOTJja pa3Mep BXOJIHBIX JaHHBIX HACTOJBKO Majl, YTO PEKYPCUBHBIE BBI30BbI
HE HY)XHBI, 3a/1a4a MOXeT ObITh pemieHa 3a Bpemst O (1). OTo kacaercs Bcex
paccMaTpuBaeMBbIX HaMU NpuiaokeHnid. OO ciayyail mpuHIMAaeT AOIyIe-
HUE, YTO aJITOPUTM JeJlaeT @ PeKypPCUBHBIX BBI30BOB, KaXK/Iblil ¢ Moja3angaye,
uMerlei pasMep Ha k03(G(ULUHUEHT b MEHbIIE, YEM €T0 BXOAHbIC JaHHBIE,
u BeimontasieT O (n?) paboTy BHE 9THX PEKYPCHBHBIX BBI30BOB. Hampumep, B ai-
rOpUTME MergeSort €CTh 1Ba PEKYPCUBHBIX BbI30Ba (a = 2), KQXIblil U3 KOTOPBIX
C MacCHBOM, UMEIOIIUM pa3Mep B MOJIOBUHY pPa3Mepa BXOIHBIX JaHHbIX (b = 2),
n O(n) paboTa BBHINOTHICTCS BHE PEKYPCHBHBIX BBI30BOB (d = 1). B menom a
MOXKET OBITH JTFOOBIM MOJIOKUTEIEHBIM IIEIBIM YHCIOM, b MOXKET OBITH JTFOOBIM
JEHUCTBUTENBHBIM dncioM Oosbiue 1 (ecnu b < 1, TO alTOPUTM HE 3aBEPLIUTCH)
U d MOXET OBITh JTHOOBIM HEOTPUIATEILHBIM BEIIECTBEHHBIM YHCIIOM, Te d = ()
YKa3bIBaeT TOJBKO Ha MOCTOSHHYIO (O (1)) paboTy BHE PEKYPCUBHBIX BBI30BOB.

n
Kak 00BIYHO, MBI HTHOPHpPYEM TOT (DAKT, YTO, BO3MOXKHO, s HnoTpedyeTcs OKpy-
IINTh BBEPX HJIM BHU3 JIO LIEJIOTO YMCIIA, — M, KaK OOBIYHO, 9TO HE BIUSCT HA

HaIlIi OKOHYaTeIbHbIC BBIBOJIBI. He Oynem 3a0biBatTh, uTo @, b U d TOMKHBI OBITH

! CDOpMaJILHO CYIICCTBYIOT IOJIOKHUTCIBHBIC IEIBIC TNUCIA 1) U €, HE3aBUCHUMBIC OT 71,

takue, 9to T (n) < ¢ s Bcex n < n,,.
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KOHCMAHmMamu — YUCIIaMU, KOTOPBIE HE 3aBUCST OT pa3Mepa /1 BXOJHBIX JaHHbIX ' .
TUNUYHBIMY 3HAYEHUAMHU ITHX MapamMeTpoB sABisitoTcs 1 (it a u d), 2, 3 u 4.
Ecnu BBI KOT1a-HUOYIE OOHAPYKUTE, YTO TOBOPHUTE YTO-TO BPOJIE KITPUMEHHUTH

OCHOBHOU METOJ, C a = n WU b= —1», TO BBI UCIIOJIB3YCTE €TI0 HCIIPABUJIBHO.
n—

OJ1HO orpaHuYeHre B CTaHIaPTHBIX PEKYPPEHTHBIX COOTHOILIEHUSAX COCTOUT B TOM,
4YTOOBI KaXIblil PEKYPCUBHBIN BBI30B JeIalcs ¢ O3a1a4eli OIMHAKOBOTO pa3Mepa.
Hanpumep, anroputm, KOTOpbIi A€1aET OAUH PEKYPCUBHBII BBI30B C IEPBOH TPETHIO
BXOJHOTO MacCHBAa M €llIe OJMH C OCTaBILEHCs 4acThlo, IPUBEIET K HECTAHIapT-
HOMY PEKYPPEHTHOMY COOTHOILEHHIO. BOIBIIMHCTBO (HO HE BCE) €CTECTBEHHBIX
AJITOPUTMOB «pa3lelisiii U BIACTBYI) MPUBOIAT K CTaHAAPTHBIM PEKYPPEHTHBIM
cootHomeHusM. Hanpumep, B anropurme MergeSort 006a peKypCHBHBIX BBI30Ba
paboTaroT ¢ 3a1a4aMu, pa3Mep KOTOPBIX BABOE MEHBIIIE pa3Mepa BXOIHOIO MACCUBA.
B nammx anropurmax peKypCUBHOIO LEJIOYUCIEHHOIO YMHOKEHUS PEKYPCUBHBIM
BBI30BaM BCET/a IIEPEIaloTCs YHUCIIa, KOTOPhIE BABOE MEHBIIE?.

4.2.2. DopmMmynmpoBKa U 06cyXXxaeHme OCHOBHOIo metoaa

Teneps MBI MOXeM c(HOPMYIUPOBATH OCHOBHOI METOM, KOTOPBIH MPEICTaBIIsCT
BEPXHIOI0 I'PaHUIly CTaHAAPTHOTO PEKyPPEHTHOTO COOTHOIICHHS KaK (DYyHKIIHIO
KITIOUEBBIX TTAPAMETPOB ¢, b M d.

Teopema 4.1 (ocHoBHOM MeTon). Ecau T(n) onpedensiemca cmanoapmuuim pekyp-
PEHMHBIM coomHouteHuem ¢ napamempamu a > 1, b>1ud> 0, mo

O(n" logn) ecmua = b? |Cyqaii 1]
T(n)= O(n") ecmna < b’ |Crnyuait 2| (4.2)
O(nl°g””) ecmna < b’ |Crywait 3|.

! B 6azoBoMm ciyuae u B wieHe «O (n9)» ecTb KOHCTaHTBI, KOTOPBIE TAKKe ObLIN YCTPAHCHBI,

HO BBIBOJI OCHOBHOTO METOJa HE 3aBUCUT OT MX 3HAYCHUH.

2 CymecTByIOT 6ostee 001Ire BEPCHH OCHOBHOTO METO/IA, KOTOPhIE MOAXOIST s Goree
IIHPOKOTO CEMEICTBA PEKYPPEHTHBIX COOTHOIIEHUH, HO TIPEICTABICHHON 3/1€Ch TIPOCTOM
BEPCHH OCTATOYHO VIS ITOUTH JIFOOOTO aJrOpUTMa «pas3lelisiid i BIACTBYID», C KOTOPBIM
BBI, BEPOSTHO, CTOJIKHETECE.
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YT0 3TO 3a TPH CIy4asi U MOYeMy OTHOCHTEIbHbIC 3HAUYCHHS ¢ U b TaKk BaHbBI?
MoskeT 11 BO BTOPOM CiTy4ae BpeMsi padOThI BCETO aIrOpuT™Ma JeCTBUTENIBHO CO-
CTaBIATH TOJBKO O (1%), B TO BpeMs KaK BHEITHUM PEKYPCUBHBIN BBI30B YK€ J€1aET
pa6ory 3a Bpemst O (n9)? VI 9T0 MPOUCXOTUT C SK30THUECKUM BPEMEHEM PabOThI
B TpeTheM ciyyae? K KoHIy 9TOH I1aBbl Mbl y3HAeM YIOBIETBOPSIOIINE HAC OT-
BETHI Ha BCE 3TH BOIMPOCHI, ¥ (POPMYJIUPOBKA OCHOBHOTO MeToa OYyIeT KazaThCst
caMmoii eCTeCTBEHHOH BEIbIO B MUpe. !

ELLIE PA3 O JIOTAPUD®MAX

Ewe oamH 03agaymBatoLmin acnekT Teopembl 4.1 kacaeTcs HeNocneaoBaTesb-
HOro NCNONb30BaHUSA TorapudMoB. B TpeTbeM criyyae ¢ NpeaocTOPOXHOCTLIO
[enaeTcs 3asBfieHne, YTO paccMaTpyBaeMbIi Iorapudm MMeeT OCHOBaHKME b,
TO €CTb CKOJIbKO Pa3 MOXHO AENUTb N Ha b, Noka pe3dynsTaTtoM He ByaeT Yncio
He 6onee 1. Mpun 3TOM B NEpPBOM Clly4ae 0OCHoBaHue norapmudma BooobLLe He
ykasbiBaeTcs. [1puymHa B TOM, YTO J1106bIE ABE /1I0rapudmMmu4eckme QyHKUm
pPasnnN4atoTCs TOJIbKO MOCTOSIHHBbIM MHOXUTEEM (KoapduLmeHTOM). Hanpun-
Mep, lorapndm N0 OCHOBAHWMIO 2 BCEraa NPEBbILLAET HATYPasbHbIN TIorapndm
(TO ecTb norapudm No ocHoBaHuio e, rae e =2,718...) B 1/In 2 = 1,44 pa3za.
B nepBomM cnyyae OCHOBHOrO MeToAa U3MEHEeHMe OCHOBaHUA norapuoma
VN3MEHSIET TOJIbKO MOCTOSHHbIA MHOXUTENb, KOTOPIM IErKO ONyckaeTcs B 000-
3HayeHun O-6onbLioe. B TpeTbeM cnyyae norapndm nosiBnseTcs B 3KCno-
HeHTe, rae PasHble NOCTOSIHHbIE MHOXMTENN NPeobpa3yoTCs B O4eHb padHble
BPEMEHHbIE pamMku paboTbl (Hanpumep, n? npoTus n'%).

! T'pannnp B Teopeme 4.1 umeror popmy O (f(n)), a He O (f(n)), TOTOMY 4TO B HaIIeM
PEKYPPEHTHOM COOTHOILICHUU MBI JIOMYCKaeM TOJIbKO BepxHiowo rpanuily 7'(n). Eciu
B OIPEJICNICHUH CTAHIAPTHOTO PEKYPPEHTHOTO COOTHOLIEHHs 3aMeHuTh < Ha =, a O (n?)
Ha O (n%), To rpanuisl B Teopeme 4.1 cobmonatorcst ¢ 3amenoit O(+) Ha O (+). Bepudu-
KaIlMsl 9TOTO YTBEPXKICHHUS CTAHET XOPOIIeH MPOBEPKOil Ha MOHUMAaHKE T0KA3aTeIbCTBA
B pazzaene 4.4.
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4.3. LlecTtb NnpumepoB

OcHoBHOI1 MeTox (Teopema 4.1) o4eHb TPYIHO YCBOUTH B MEPBHIi pa3, KOTIA BbI
ero BuauTe. JlaBaiiTe ero KOHKPETU3HPYEM IIECTHIO PA3HBIMU IPUMEPAMH.

4.3.1. KBonpocy 06 anroputme MergeSort

B kauectBe mpoBepKH pabOTOCIIOCOOHOCTH JaBaiiTe BEPHEMCS K aITOPUTMY, BPEMSI
PpaboThI KOTOPOTO MBI YK€ 3HaeM, — K MergeSort. UToObI MPUMEHUTH OCHOBHOM
METO]I, OT HaC TPeOyeTCsI TOITBKO ONPEACTUTE 3HAYCHHS TPEX CBOOOTHBIX ITapaMeT-
POB: @, KOIMYECTBO PEKYPCUBHBIX BEI30BOB; b, KOO(P(HUITECHT, Ha KOTOPBIHA pa3mep
BXOJIHBIX JIAHHBIX C)KUMAeTCs Mepe]] peKypCUBHBIMU BBI30BAMHU, U d, TOKAa3aTelb
CTEIeHH B rpaHuIle 00beMa padoThl, BBINOIHAEMOM BHE PEKYPCHBHBIX BHI30BOB'.
B anropurme MergeSort mMeeTCs [Ba PEKypCHUBHBIX BBI30BA, MMOITOMY a = 2.
Kaxxp1il pexypcHBHBIN BBI30B MOJIYyYaeT MOJOBUHY BXOAHOTO MAacCHBa, MOITOMY
b =2 toxe. Pabota, BeIMOMHsIEMAast BHE 3THX PEKYPCHUBHBIX BBI30BOB, OIIPEICIIACTCS
MOJIITPOTPaMMOK Merge, KOTOpast BBITIOJIHAETCS B JIWHEHHOE Bpemst (pazmen 1.5.1),
u nostomy d = 1. CneioBaTesbHO,

a=2=2"=b7

YTO BO3BpAIIAET HAC K IEPBOMY CIIy4at0 0CHOBHOTO MeToxa. [Ipu moncraBnernn
mapaMeTpoB U3 TeopeMbl 4.1 cieayert, 4To Bpems paboThl anroputMa MergeSort
O (n? log n) = O(n log n). Takum 06pa3om, MOTOPSIETCS HAII aHAIU3 U3 Pa3-
nema 1.5.

' 'V BceX peKyppEHTHBIX COOTHOIICHHU, KOTOPBIE MBI paCCMaTPUBAEM, €CTh 0a30BbIH CITy-

vaii B popme, HEOOXOIUMOM JUIsl CTaHJAPTHBIX PEKYPPEHTHBIX COOTHOLIEHHH, U C 3TOT0
MOMEHTa MbI He OyIeM UX 00CYykaTh.
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4.3.2.  BONYHbIN NOUCK

B kauecTBe BTOporo npuMepa Mbl pacCMOTPUM 33a4y TOUCKA 331aHHOTO 3JIEMEHTA
B OTCOpPTUPOBaHHOM MaccuBe. [logymaiite, Hampumep, 0 HOUCKE COOCTBEHHOTO
MMEHH B ali(haBUTHOM CIHCKe OOJbION KHUTH'. BBl MOXeTe MCKaTh JIMHEHHO,
Ha4YMHAas ¢ caMOTo Havaja, HO TOT/a MPEHMYIIECTBO CIIMCKA B al()aBUTHOM IO-
psake OyneT yTpadeHo. bomnee pasyMHBII MOAXOM 3aKIOYAETCS B TOM, YTOOBI
OTKPBITH CEPEIUHY KHUT'H U PEKYPCHUBHO MCKATh MO0 B MIEPBOH MOIOBUHE (€CIIH
UM B CEpelIHE HJET MOCIIe BAIero COOCTBEHHOTO), THO0 BO BTOPOIl MOJIOBHHE
(B IPOTUBHOM Cilyuae). TOT aJArOPUTM, TPAHCIUPOBAHHBIH B 3a/1a4y MOUCKA B OT-
COPTHPOBaHHOM MAacCHBE, Ha3bIBACTCSl IBOMYHBIM ITOUCKOM?.

KakoBo Bpemst paboTsl JBOMYHOTO noucka? Ha 3TOT BOmpoc JIerko OTBETUTH Ha-
pSAMYIO, HO TaBalTe MOCMOTPHM, KaK C HUM 00pamiaeTcsi OCHOBHOI METO.

TECTOBOE 3AJIAHME 4.2

KakoBbl COOTBETCTBYIOIIME 3HAYCHUS a, b U d 7S aIrOpUTM™Ma JIBO-
WYHOI'O MOoucKa?

a) 1,2, 0 [coyyaii 1].
0) 1,2, 1 [cnyuaii 2].
B) 2,2, 0 [cmyuaii 3].
r) 2,2, 1 [cnyuait 1].

(Pemenwue u nmosicieHue cM. B pasgene 4.3.7.)

! Yurarensm CpeHHUX JIET ITO HAIIOMHHUT TEIC()OHHYIO KHHUTY.

2 Ecnu BBI elie HE 03HAKOMIJIACH C KOJOM 3TOTO alrOPUTMa, MOCMOTPUTE €ro B CBOCH
JIFOOMMOM KHUTE 110 OCHOBAM ITPOTPAMMHUPOBAHUS HJIH B y4eOHOM ITOCOOHH.
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4.3.3. PekypCuBHOE LLEeN04YUCIEHHOE YMHOXEeHne

Tenepb MbI IepeleM K XOPOLIMM BellaM, alTOPUTMaM «pas3iesisiil U BIacTBYW»,
JUISL KOTOPBIX MBI €1l He 3HaeM IpaHHIly BpeMeHH paboThl. Haunem ¢ aaroputma
RecIntMult /Uil HEIOYHUCIIEHHOTO YMHOXEHUS. B pasnene 4.1 Mbl Buzenu, 4rto co-
OTBETCTBYIOLIEE PEKYPPEHTHOE COOTHOLLEHHE AJISl TOrO aArOPUTMa BBIPAYKACTCS

(hopmyoit
T(n)S4><T(§j+O(n),
unodromy a =4, b =2 u d = 1. CnenoBarensHo,
a=4>2=2'=p9

YTO BO3BpallaeT Hac K TPEThEeMY CIydyar OCHOBHOTO MeTona. B 3Tom ciydae
MBI HOJTy4aeM MPHYYIIMBO BHINISIANLYIO TPAHKIy BpeMeHH pabothl O (n°% ).
Jlns Hammx 3Hadenuit mapamerpos O (n'°2°) = O (n?). CenoBaTesbHO, aITOPUTM
RecIntMult cOBIaJaeT, HO HE MPEBOCXOANUT UTCPATHBHBIN IIKOIBHBIN aITOPUTM
LEJIOYHMCIIEHHOTO YMHOXKEHHsI (KOTOPBIN HCIonb3yeT @ (n?) oneparmii).

4.3.4. YMHOoXeHue KapauyObl

[Monxon «pa3nensait 1 BIACTBYID» K LEJIOYMCIEHHOMY YMHOXKEHUIO OKyMaeTcs,
TOJIBKO KOTJ]a MCTOJIb3yeTcs MeTox ['aycca, KOTOpbIi SKOHOMHUT Ha PEKYPCHUBHOM
BbI3oBe. Kak Mbl Bunenu B paszzuene 4.1, Bpemsi paboThl anropurMa Karatsuba
OIpeIeNIIeTCs PEKYPPEHTHBIM COOTHOILIEHUEM

T(n)£3xT[gj+O(n),

KOTOPOE OTIAMYAETCSI OT MPEABIAYIIETO PEKYPPEHTHOTO COOTHOIICHHS TOIBKO TEM,
4yT0 a cHu3WiIcA ¢ 4 10 3 (b no-npexHeMy paBeH 2, d mo-npexHeMy paseH 1).
MsI oxumaem, 9To BpeMst paboTsl Oyaet rae-to mexxay O (n log n) (rpanuma npu
a =2, XaK B anroputMme MergeSort) u O (n?) (rpanuiia npu a = 4, Kak B aJITOPUTME
RecIntMult). Ecau HEM3BECTHOCTb Bac yOUBAeT, OCHOBHOW METO[ Mpelaraet
OBICTpOE pelICHUE: Y HAC €CTh

a=3>2=2'=p7

1 TIO3TOMY MBI [TO-TIPEKHEMY HCTIONB3yeM TPETHH Clydail OCHOBHOTO METO/a, HO
C yBeJIMYEHHBIMM BPEMEHHBIMM paMKaMu pabotel: O (1% ) = O (n°%’°) = O (n').
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Takum 00pa3oM, IKOHOMHS Ha PEKypCHBHOM BBI30BE NMPHBOIUT K 3HAYUTEIHEHO
OonblIeMy BpeMEHU padOoThl, U aITOPUTM LIETOYHCICHHOTO YMHOKEHU S, KOTOPBIH
BbI M3YYWJIA B TPETHEM KJIacCe, HE SIBIISCTCS CaMBIM OBICTPBIM U3 BO3MOYKHBIX'!

4.3.5. YMHOX€EeHue maTpuy

B paznpene 3.3 paccmarpuBanack 3amada yMHOXKEHHS JABYX n X n-marpwui. Kak
U B CITy4ae C [eJIOYNCICHHBIM YMHOXXEHHEM, MbI 00CYAMIN TPU aIropuUTMa: Ipo-
CTOH UTEPATUBHBIN AITOPUTM, IIPOCTOM PEKYPCUBHBIH aJIFOPUTM RecMatMult u re-
HUAJIBHBIN AITOPUTM Strassen. VITepaTuBHBIN anropuT™ ucmoib3yet O (1) omepa-

uui (TectoBoe 3axanue 3.3). AJIroput™ RecMatMult pa30ouBaeT KaXIyro U3 IBYX
n

n
BXOIHBIX MaTPHII HA YETHIPE ) X 5 MaTpHIIbI (10 OHOM ISl K&KI0TO KBAJIpaHTa),

BBITIOJIHACT COOTBETCTBYIOIIHUEC BOCEMb PEKYPCUBHBIX BBI3OBOB C 0oJree MEITKHUMHU
MaTpulaMm U COOTBETCTBYHOIIUM 06p330M O6TJCI[I/IH$[CT PE3YJIbTAThI (I/ICHOHLSYSI

MIPOCTOE CIOKEHNE MATPHII). AJTOPUTM Strassen JJOBKO HACHTH(HUIMPYET CEMb
n n o
rap MaTpHIl 5 X 5 MPON3BENICHNH KOTOPBIX TOCTAaTOYHO ISl PEKOHCTPYHUPOBAHUS

MNMPON3BCACHHS IICPBOHAYAJIbHBIX BXOJIHBIX MATPHUII.

TECTOBOE 3AJAHME 4.3

Kaxkue BpeMeHHbIE paMKU paOOThI ITPelyCMaTpUBAET OCHOBHOM METO
JUISL alTOPUTMOB RecIntMult U Strassen COOTBETCTBEHHO?

a) O(n*)u O(n?).

6) O(n®) u O (n"=").

B) O(n) u O(n%).

r) O logn)u O).

(Pemienue u nosicieHue cM. B pasaene 4.3.7.)

! WurepecHblii (akT: B A3bIKe MpOrpaMMupoBanus Python BcTpoenHas mommporpamma
YMHO)KEHHS LIEJIOUNCIICHHBIX 0OBEKTOB HCIIONB3YET aJrOPUTM HAYaJIbHOM IIKOJBI VIS
LIeNBIX "ncen ¢ He 6oee ueM 70 3HaKaMU U anropuTM Karatsuba B mpoTHBHOM ciTydae.
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4.3.6. PUKTUBHOE PEKYPPEHTHOE COOTHOLUEHue

B Hamux nsaTH npenpliyliyx npuMepax 1Ba peKyppeHTHBIX COOTHOLIEHHS OT-
HOCSITCSI K IIEPBOMY CJIy4ar0 OCHOBHOI'O METOJa, & OCTAJIbHBIC — K TPEThEMY
ciryyaro. Kpome Toro, CyIecTByIOT €CTeCTBEHHBIC PEKYPPECHTHBIC COOTHOIICHHS,
KOTOPbIE OTHOCATCSI KO BTOpOMY citydaro. Harprumep, npeanonoxum, 4To y Hac eCTb
AITOPUTM «pa3leisii U BIACTBY», KOTOPBIN paboTaeT Kak MergeSort, 3a HCKIIIO-
YCHUEM TOTO, YTO ITOT AIITOPUTM paboTaCT CIIOKHEE BHE PEKYPCHUBHBIX BHI30BOB,
BBITTOJHSISI KBAJPATUIHBIN, a HE IMHEWHBIH 00beM paboThl. To ecTh paccMOoTpiM
PEKYPPEHTHOE COOTHOILLICHUE

T(n)S2><T(§j+O(n2).

311ech MBI BUITUM
a=2<4=22=5p"

YTO BO3BpAIlaeT HAC IPSMO KO BTOPOMY CITy4ar0 OCHOBHOTO METO/Ia JIJIsl BpeMEHHOM
rpanuns! O (n9) = O (n?). DT0 MOKET HOKa3aThCst HEMOrHYHBIM. C y4eTOM TOTO, YTO
QITOPUTM MergeSort BBIITOJIHSICT JTHHEHHYIO paO0Ty BHE IBYX PEKypPCHBHBIX BbI-
30BOB U €10 BpeMs padotel O (1 log 1), MOXKHO OBLITIO 0KUATh, YTO KBAAPATUIHBII
nrar o0beIMHeHUs puBeaeT K Bpemenn padotsr O (n? log n). OCHOBHOM MeTOx
MTOKA3bIBACT, YTO ATO 3aBBINICHHAS OIICHKA, M 00ECIICYNBACT CAMYIO BBICOKYIO
BepxHioto rpanuily O (n?). [lpuMedaresibHO, 4TO 3TO 03HAYACT, YTO 00IIIEe BpeMsl
paboTHI aNTOPUTMA OTIPEAEIIIETCS pabOTOH, BRIIOIHACMON B CAMOM BHEIITHEM BHI-
30Be — BCE MOCICAYIONINE PEKYPCUBHBIC BBI30BHI TOJBKO YBEIMYUBAIOT 00IIce
YHCJIO OTepaluii, BBITOJIHIEMBIX C TOCTOSHHBIM MHOKUTEIEM .

! MbI yBHIHMM €lIe OfUH OPUMEp Cilydas 2 OCHOBHOIO METOfia, Korma Oymem o0CyxaaTh
TUHEHHBIN BBIOOp B TI1aBe 6.
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4.3.7. PewneHus TecTtoBbIX 3apaHnmn 4.2—-4.3

PelweHue TectoBoro sagaHusa 4.2

I[MpaBuibHbIi 0TBeT: (a). J{BOMUHBII MOKUCK BBITIOIHAET PEKYPCHIO THOO C JIEBOM
MTOJIOBHHOM BXOJIHOTO MAacCHBa, JINOO C IPaBOH MOJIOBUHOM (M HUKOTIIA C 00CHMH),
MIO3TOMY CYILIECTBYET TOJIBKO OJIMH PEKYPCHUBHBIH BbI30B (¢ = 1). DTOT pexkypcus-
HBII BBI30B BBHITIOJHSETCS C TOJOBHHOW BXOJHOTO MacCHBa, TOATOMY b CHOBa
paBHsieTcs 2. BHe pekypcHBHOTO BEI30Ba IBOMIHBIN MONCK BHIIOIHSET JIUIITH OJTHO
€IMHCTBEHHOE CPaBHEHHUE (MEXKIy CPEIMHHBIM 3JIEMEHTOM MacCHBa U JIEMEHTOM,
KOTOPBIN WUIIETCS), YTOOBI ONPEACTUTh, CIACIYET JIH PEKYPCUBHO BBHITIOIHSTH 10~
WCK B JICBOW WJIM TIPaBOM TIOJIOBHHE MaccuBa. I1o Tpanciupyercs B O (1)-padoty
BHE PEKYPCUBHOIO BbI30Ba, 103ToMYy d = 0. ITockonbky a = 1 = 2° = b4, MbI cCHOBa
BO3BpalaeMcs K MepBOMy CIIy4ald OCHOBHOTO METOZA M MOJy4aeM BPEMEHHYIO
rpanuity O (n?log n) = O(log n).

PeweHue TectoBoro sagaHumsa 4.3

IpaBuabHblii oTBeT: (0). Haunem ¢ anropurma RecMatMult (pasmen 3.3.4).
O6o3naunm uepe3 7'(7) MaKCHMaIbHOE YHCIIO IPUMUTHBHBIX OIIepaniii, KOTOPHIE
QJITOPUTM HCIOB3YET ISl yMHOXKEHHUS IBYX 72 X n-MaTpuil. YHUCI0 peKypCHUBHBIX
BbI30BOB paBHsAeTCs 8. Kaxblil U3 9TUX BBI30BOB BBINOJIHAETCS C IapOH MaTpHULL

n_n
5 X > nosToMy b = 2. Pabora, BEIIIOTHAEMAast BHE PEKYPCHBHBIX BHI30BOB, BKIIIOUACT

MOCTOSIHHOE YHCIIO CIOKEHUI MaTpuil, u uM HYx)HO Bpemst O (n?) (IOCTOSHHOE
BpeMsi [T KOKIOTO M3 12 DIIEMEHTOB MaTpuil). Takum 0Opa3oM, peKyppeHTHOE
COOTHOIIICHHE PABHSAETCS

n
T(n)SSxT(EjJrO(nZ),
1 MMOCKOJIbKY
a=8>4=2=p

MBI BO3BpalaeMcs K TPETbEMY CIIydat0 OCHOBHOI'O METO/1a, KOTOPBIN OIpeesnseT
BPEMEHHYI0 I'PaHHULLY

O (") = 0(n"=*) = O ().
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EnuHCTBEHHOE pas3nuune MEeXIy PeKypPEHTHBIM COOTHOMIECHUEM IS allTOPUTMA
Strassen U peKyppPEHTHBIM COOTHOIIIEHUEM, TIPUBEJICHHBIM BBIIIIE, COCTOUT B TOM,
YTO KOJIMYECTBO PEKYPCUBHBIX BBI30BOB a Majaaet ¢ 8 1o 7. HecomuenHo, 4to no
AITOPUTMY Strassen MojiydaeTcs OOJIbIIe MAaTPUYHBIX CIIOKEHUH, YeM IO aJiro-
pUTMy RecMatMult, HO TOJIBKO C TIOCTOSTHHBIM MHOXHUTEJEM, U, CIEIOBATEILHO,
d no-npexxHemy paseH 2. CieoBaTensHO,

a=7>4=22=p"

MBI no-npexHeMy MCIONb3yeM TPETUi CiIydaid OCHOBHOTO METOJa, HO C yBeJu-
YEHHBIMH BPEMEHHBIMU PaMKaMH paOOThI:

O™ %) = 0(n"=") = O (1),

CreoBaTenbHO, alTOPUTM Strassen JEHCTBUTENBHO aCHMITOTHYECKH MPEBOC-
XOJIUT MPOCTOM UTEPATHBHBIN aaropuT™!!

*4.4. loKka3aTeNbCTBO OCHOBHOIO MeToaa

B sTom pasnene nokassiBaeTcs ocHOBHOM MeTox (Teopema 4.1): ecu 7'(n) ynpas-
JISIETCs CTAaHAAPTHBIM PEKYPPEHTHBIM COOTHOLICHHUEM BHUIa

T(n)< axT(%j+O(nd),

Torzaa

O(nd logn) ecmu a =b? | Cryuait 1
T(n)= O(nd) ec a < b’ |Cyuaii 2|

O(n"’g”“) ecmu a > b’ |Cryuait 3|.

' CymiecTByeT LEJIbIid Psijl HCCIIENOBATEIBCKUX Pa0OT, B KOTOPBIX pa3pabaThIBAIOTCS BCE

6oJIee CIT0KHBIC AITOPUTMBI YMHOKEHHUSI MATPHIL CO BCE YITyULIAFOIIMMUCS HAUXYALIUMA
ACHMIITOTHYCCKAMU IIEPHOIAMH PAOOTHI (XOTS ¥ C GOJIBIINMHE HOCTOSHHBIMA MHOKUTEJISI-
MH, KOTOPBIC HCKJIFOYAIOT MPAKTHUCCKHIE pean3alin). TeKyi MUpOBOH peKOpI — 3TO
BpeMeHHbIe paMKH paboThl mpumepHo O (7>37%), 1, HACKOIBKO HAM H3BECTHO, OXKMIACTCS
obHapyKeHue anroputMa co Bpemenem O (1?).
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BaxHo MOMHUTB 3HaYEHUS TPEX CBOOOIHBIX MApaMETPOB:

Mapa-
p 3HauyeHue
meTp
a YHCJIO PEKYPCUBHBIX BHI3OBOB
b KOO PHUIUECHT, C KOTOPBIM pa3Mep BXOAHBIX JAHHBIX C)KUMAETCS B PEKyPCHB-
HOM BBI30OBC
d 9KCIIOHEHTa Pa0OThI, BBITOIHAEMON BHE PEKYPCUBHBIX BHI30BOB

4.4.1. Npeambyna

Jloka3arenpecTBO OCHOBHOTO METO/IA BAXKHO HE ITOTOMY, UTO MBI 3a00THMCS 0 (hopMats-
HOCTH Paay Hee CaMoM, a IOTOMY, YTO OHO J1aeT (pyHIaMeHTanbHOe 0ObCHEHHE TOMY,
MoyeMy Bce Tak, Kak eCTh, — HalpHMep, TI0YeMy B OCHOBHOM METOJIE TPH CITydasi.
Wmest 3T0 B BHY, BB JOIDKHBI pa3inyarh ABa THIIA COIECPKUMOTO B TOKa3aTEIbCTBE.
B HEKOTOpBIX MOMEHTaX MbI MPUOETHEM K alreOpandecKuM BBIYMCICHUSIM, YTOObBI
IMMOHATH, YTO MPOUCXOAUT. Ot pacyueThbl CTOUT YBUACTH OAUH pPa3 B JKU3HHU, HO UX HE
0COOEHHO Ba)KHO TIOMHUTH B JIONITOCPOYHOH TIepcrieKTHBe. CTOUT HOMHHTH KOHIICTI-
TyaJIbHbI CMBICII TPEX CIIy4aeB OCHOBHOIO MeToza. Jloka3aTenbeTBo OyneT UCIOob-
30BaTh MOJXO ACPEBA PEKYPCHH, KOTOPBIH TaK XOPOIIIO MOCTY>KHII HaM JUTsl aHAIN3a
anroputMa MergeSort (paszaen 1.5), 1 Tpu ciydasi COOTBETCTBYIOT TPEM Pa3HBIM THUTIaM
JepeBbEB peKypcHu. ECiii Bbl HOMHUTE 3HAYEHHE TPEX CIY4aeB, HET HEOOXOIUMOCTH
3ariOMUHAaThL BPEMsL pa6OTI)I B OCHOBHOM MECTO/I€ — BbI CMOXKETE PCKOHCTPYHUPOBATH UX
10 Mepe HeOOXOMMMOCTH, CXOIS M3 BAIIETO KOHIIETITYalbHOTO OHUMAHHS METO/IA.

B OesxX Q)opMam,Horo JOKa3arcJIbCTBA MbI JJOJIXKHBI IBHO BBIIIMCATH BCC ITOCTO-
SHHBIC MHOXXHUTCIIN B PEKYPPCHTHOM COOTHOIICHUM:

Basosblii cayyaii: 7(1) <c.
OO0mwmii cayvaii: st n > 1

T(n)SaxT(%j+cnd. (4.3)

JJ1s IpOCTOTHI MBI IPUHUMAEM JOIMYIIEHUE, YTO KOHCTAHTA 71, yKa3bIBaIOIasl,
KOTJIa HauWHaeTcs 0a30BbIN ciydai, paBHsieTcs |; J0Ka3aTenbCTBO IS OTIIHYAr0-
LIeiCsl KOHCTAHTBI 71, IOYTH OAMHAKOBO. MBI MOKEM JOIMYCTUTb, YTO OIyILEHHbIE
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KOHCTaHTBI B 0a30BOM cityuae u wied O (1) B 0011eM ciiydae paBHbI OJHOMY H TOMY
e YHCIY ¢; eci Obl OHM ObUIM Pa3HbIMHM KOHCTaHTaMH, Mbl MOIJIM OBl MPOCTO
paborarb ¢ O0nbIIe u3 nByX. HakoHel, JaBaiiTe coCpeoOTOYMMCS Ha cliydae,
KOTJIa 71 SIBJSICTCSI CTETICHBIO b. JI0Ka3aTeNbCTBO IS OOIIETO CiTydasi aHaJIOTHIHO,
0€e3 IOMOIHUTENFHOTO KOHIIENTYaJIbHOTO COJIEpyKaHus, HO Oosiee KpONOTINBOE.

4.4.2. K BOnpocy o0 aepeBbax peKkypcum

BBICOKOYpOBHEBBIH IJIaH JHOKA3aTEIbCTBA SIBISCTCS HACTOJIBKO €CTECTBEHHBIM,
HACKOJIBKO 3TO BO3MOKHO: 0000IIHUTh apTYMEHT JIepeBa PeKypCHH JUIs alropuTMa
MergeSort (pasmei 1.5), 4ToObl OH BMELIAN JPYTUe 3HAYCHHS KJIFOUEBBIX TApaMeT-
POB a, b u d. HamoMHuM, 4TO JepeBO PEKypCUH 00ECIICUNBACT MIPUHIMITHATBHBII
CII0CcO0 OTCIICKUBAHUS BCel pabOThI, BBITOIHIEMOH PEKYPCHBHBIM aJIrOPUTMOM,
BO BCEX €ro PEKYPCHUBHBIX BbI30BaX. Y3JIbI IEPEBa COOTBETCTBYIOT PEKYPCHBHBIM
BBI30BaM, a JIOYCPHUE IEMEHTHI y3Jia COOTBETCTBYIOT PEKYPCUBHBIM BBI30BaM,
BBITIOJIHAEMBIM 3TUM y3i10M (puc. 4.1). Takum oOpa3om, kopeHb (ypoBeHb 0)

ypogend 0
(camulil
BHEUHUTI BbI308)

yposers 1
(nepsvie
peKypcugnbvle

8b1306bl)

yposeHs 2

S/000/0/0/0/0.00,000.0.00)

yposendv log, n: y3nwt (bazosvie ciyuau,)

Puc. 4.1. [lepeBo pekypcumn, COOTBETCTBYIOLLEE CTAaHAAPTHOMY PEKYPPEHTHOMY
COOTHOLLIEHMIO. Y3J1bl COOTBETCTBYIOT PEKYPCUBHBLIM Bbi30BaM. YpoBeHb 0
COOTBETCTBYET Hanbonee yaaneHHOMY Bbi30BY, yPOBEHb 1 — CBOUM
PEKYPCUBHBLIM BbI30BaM, U Tak aanee



146 FnaBa 4. OcHoBsHol MeToA

JiepeBa PeKypCHUH COOTBETCTBYET CAMOMY BHEIITHEMY BBI30BY AJITOPUTMa, YPOBEHD |
HMEET Y3JIbl, COOTBETCTBYIOIIE €T0 PEKYPCHUBHBIM BBI30BaM, H Tak fainee. JIncTos
B HIDKHEH 4acTu JiepeBa COOTBETCTBYIOT PEKYPCUBHBIM BbI30BaM, IIPU KOTOPBIX
cpabarbiBaeT 0a30BbIH CITyJau.

Kak u B Hamem aHanmuse MergeSort, MBI XOTEIH OBl BECTH ITOYPOBHEBBIH ydeT
paloThl, BBIIOIHAEMO IO PEKYPCUBHOMY aJITOPUTMY. DTOT ILIaH TpeOyeT MOHU-
MaHMs JBYX BEIlel: KOJIMYECTBA Pa3HbIX I10/13a/1a4 Ha 3aJJaHHOM YPOBHE PEKYPCUU |
U JAJIMHBI BXOJAHBIX JAHHBIX JJIS KOKIOM U3 3TUX MOA3a1ad.

TECTOBOE 3AJIAHME 4.4

B uem ma0ion? 3anoHNTE MPOIYCKH B CIISTYIOIIEM BEICKa3bIBAHNH:
Ha Kaxaom ypoBHe j = 0, 1, 2, ... m1epeBa pekypcun uMeeTcs [Ipo-
MycK| moa3anad, KaKaas U3 KOTOPBIX OIEPHPYET C MOIMACCHBOM
JUTMHOM [mpomyck],

a) a’ v n/a’ COOTBETCTBEHHO.
0) a’u n/b/ COOTBETCTBEHHO.
B) b/ M n/a’ COOTBETCTBEHHO.
r) b/ u n/b’ COOTBETCTBEHHO.

(Pemrenne n mosicuenue cM. B paznene 4.4.10.)

4.4.3. Pa6oTa, BbinosiHeeMasa Ha O4HOM YpPOBHe

BnoxHOBIEHHBI HAIIMM aHAJTH30M MergeSort, IUIAaH COCTOUT B TOM, YTOOBI
MOJICYUTATh O0IIee YUCIIO ONepaliii, BBIMOIHAEMBIX [10/33a]Ja4aMH yPOBHS |
B QITOPUTME «Pa3/eisi U BIACTBYI», a 3aTeM CyMMHUPOBATh IO BCEM YPOBHSIM.
[ToaTOMy BO3bMEM YPOBEHB j PEKYPCHU KPYITHBIM IuTaHOM. COTIIaCHO PEUICHUIO
TECTOBOTO 3aJaHus 4.4 Ha ypOBHE j UMEETCS ¢ Pa3HBIX MOJ3aJau, KaKAas U3
KOTOPBIX UMEET BXOJHBIC IaHHBIC pa3MepomM n/b/. Hac uaTepecyer pa3mep moj-
3a[1a4d HACTOJIBKO, HACKOJIIEKO OHA OIpenessieT 00beM paboThl, BBIIOIHIEMON
pPEeKypCUBHBIM BbI30BOM. Hartie pexyppenTHoe cooTHomeHue (4.3) yTBepKaaer,
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4T0 paboTa, BBHINONHAEMAs B [0/3a/1a4e YPOBHS j, HE cuuTas paboThl, BBIIOI-
HSIEMOW B PEKYypPCUBHBIX BBI30BaX, HE OOJBIIE TOCTOSHHOW, ITOMHOKEHHON Ha
pasMep BXOIHBIX JaHHBIX, BO3BEACHHOU B creneHb d: c¢(n/b)?. Cymmuposanue
BCEX M0/(3a/1a4 YPOBHSI j Ia€T BEPXHIOK TPaHUILy 00beMa paboT, BBIMOIHIEMbIX
Ha YPOBHE j IepeBa PeKypCUu:

paboTa Hajl moazamady
—

d
. / n
paboTa Ha ypoBHE j < a,  xex | —
YHMCIIO noa3ajaa4y b
= =

pasmep BXosa

JaBaiiTe ynpocTHM 3TO BBIpa)KEHHUE, BBIJICJIUB YaCTH, KOTOPBIE 3aBUCST OT YPOBHS J,
Y 4aCTH, KOTOPbIE OT HETO HE 3aBUCHAT:

J
pabota Ha ypoBHe j < cn® x [b%} )

IpaBast 4acTh OTMEYAET Mapa IHbII BXOJI KPUTHUECKOTO COOTHOILICHNUS a/b?. YUuThI-
Bast, YTO 3HAYCHHE ¢ [0 CPABHEHHIO C b SIBISIETCS MIMEHHO TEM, KOTOPOE TUKTYET
COOTBETCTBYIOIIUH CITy4ail OCHOBHOTO METOJIa, MBI HE JIOJDKHBI YIIUBISTHCS, YTO
9TO COOTHOLLEHHE MOSABUTCS B aHAJIU3E.

4.4.4. CymmupoBaHue ypoBHen

CKOJIbKO MMeeTcsl ypoBHel? Pa3Mep BXOIHBIX JIaHHBIX M3HAYAJIBHO PaBEH 7
M YMEHbIIAeTCst ¢ KOAPPUIUEHTOM b ¢ KaXIbIM ypoBHEM. [10CKOIBKY MBI HCXO-
JIUM U3 TOTO, YTO 7 SIBIISIETCS CTETICHBIO b 1 uTO 0Aa30BBIN Cllydail akTHBUPYETCH,
KOTJIa pa3Mep BXOJHBIX JIAHHBIX PaBHSIETCS 1, KOJIMYECTBO YPOBHEH B TOUHOCTH
paBHSIETCSI KOJTMYECTBY pa3, KOT/a HYXKHO pa3ieuTh # Ha b, 9T00BI JOCTUTHYTH |,
Tak HasbpiBaeMoro log, n. [Ipocymmuposas Bce yposuu j = 0,1,2, ..., log, n, MbI
MOJTy4aeM CJICIYIONIYI0 HEMOCTH)KHUMYIO BEPXHIOK TPAaHUILy BpEMEHHU paOOThI
(ucrmonb3ys TOT GaxT, 4To n¢ He 3aBUCHUT OT j U MOKET OBITh BBIHECEH HAPYXKY):

log, n J
obmas padora< cn’ x ; [b_d} . (4.4)

XoTHTE BepbTe, XOTUTE HET, HO Mbl IOCTUIIIN BaXHON BEXH B JOKAa3aTeJIbCTBE OC-
HOBHOTO MeTo/1a. Bo3MoxkHO, ipaBasi 4acTh (4.4) ¥ BBINIATUT KaK «CyI U3 OyKBY,
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HO INpH NPaBUIbHONW MHTEPIPETALNU U3 HEe MOXKHO M3BJI€Ub KIIIOYHM, KOTOpbIE
«OTKPBIBAIOT» IITyOOKOE MOHMMaHUEe OCHOBHOTO METO/IA.

4.4.5. NoOpo NpoTKB 31a: NOTPeOHOCTb
B Tpex cny4asx

Jlanee MBI IpeICTaBUM HEKOTOPYIO CEMaHTHKY BPEMEHHBIX paMOK palOoThI B (4.4)
U Pa30BbEM MHTYWIIMIO B OTHOLIEHHH TOTO, TIOYEMY TPAaHHIBI BPEMEHH PAOOTHI
B OCHOBHOM METO/I€ TaKHE, KAKHE OHU €CTb.

IMouemy coortHomIeHke a U b? Tak BaxkHO? T10 CyTH, 3TO CpaBHEHHE MTPE/ICTABIISET
co0Ol mepeTsAruBaHKe KaHaTa MEXIy CHIIAMH J00pa U CHiIaMH 3ia. 3110 mpei-
CTaBICHO a, memnom pazpacmanus noosadauu (TPII) — ¢ kaxIpIM ypoBHEM
PEKypCHH YHCIIO TOA3a7ad B3PBIBACTCS C KOXPPHUIMECHTOM ¢, U 3TO HEMHOTO
nyraer. Jlo6po npuaumaer Gopmy b?, memn cocamus pabomor (TCP). Xopomias
HOBOCTb 3aKIIIOYaeTCs B TOM, YTO C Ka)K/[bIM YPOBHEM PEKypCHU 00beM paboThI
Ha Tmoa3aaady yMeHbInaeTcs ¢ kosdumuentom b¢!. Torma KIrOUeBONW BOIPOC
B CJICAYIONIEM: KaKasi CTOPOHA MOOCINT, CHIlbl [oOpa win cuibl 31a? Tpu cinydas
OCHOBHOT'O METO/Ia B TOYHOCTH COOTBETCTBYIOT TPEM BO3MOKHBIM HCXO/IaM 3TOT'0
nepersiruBanus kanata: HU4bs (TPIT = TCP), mo6ena nodpa (TPII < TCP) umu
nobena 3na (TPII > TCP).

Yro0bl Jydllie 3TO MOHATH, MOTPATETE HEMHOIO BPEMEHHU Ha Pa3MBIILICHUS 00
o0beMe paboThI, BHIONHAESMOI Ha KaXKJIOM YPOBHE JepeBa pekypcuu (puc. 4.1).
Korza 00beM BbINoOJIHsAEMOW pabOThl YBEIHMYHBACTCSI BMECTE C YPOBHEM j JepeBa
pekypeuun? Korna on ymenbinaercs? OcraeTcs Jid OH BCEra OJAMHAKOBBIM Ha
KaXXI0M YpOBHE?

' Tlouemy b9, a se b? IToToMy 9TO b — 3TO TEMII, C KOTOPBIM CKUMAETCS pa3Mep BXOIHBIX

JAHHBIX, 1 HAC MHTEPECYeT pa3Mep BXOIHBIX JaHHBIX TOJBKO B TOH Mepe, B Kakoi OH
ompeenseT 00beM BBITIONHAEMON paboThl. Hanmpumep, B anroputMme «pasziensii u Bia-
CTBYI» C KBaApaTHYHBIM IIaroM o0beIuHeH s (d = 2), Korna pa3Mep BXOIHBIX JaHHBIX
COKpaIaeTcs HarmoNoBuHy (b = 2), Uit pelieHus] KXo 0ojiee MEJIKON To/3a1a4u
(mockombky b? = 4) TpebyeTcst TonbKo 25 % paboThI.
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TECTOBOE 3AJAHMUE 4.5

Kakoe u3 cieayromux Bbicka3piBaHuil uctuaHO? (Bbibepure BCe,
YTO IPUMEHHUMO. )

a) Ecmu TPIT < TCP, To 00beM BBITIOIHAESMON PadOThl yMEHBIIACTCS
C YPOBHEM j PEKYPCUH.

0) Ecmu TPIT>TCP, To 00beM BBITOIHAEMO# pabOThI YBEITHUHUBACTCS
C YPOBHEM j PEKYPCHH.

B) Hukakme BBIBOIBI O TOM, Kak 00beM pabOTHl MEHsETCS
B 3aBHCHUMOCTH OT YPOBHS j PEKypCHH, CHEIaTh HEIb3sl, CCIIU
TPII ne paBen TCP.

r) Ecmu TPIT=TCP, To 00beM BBITIOIHIEMO# PabOThI OJIMHAKOBBIH
Ha KakJIOM YPOBHE PEKypCHUH.

(Pemrenne n mosicuenue cM. B paznene 4.4.10.)

4.4.6. NpepckasaHue rpaHuL, BpemMeHu padoTsl

Teneps MBI IOHUMaEM, TI0YEMY OCHOBHOM METOJI BKITFOUAET TPH cirydast. CyIecTBy-
€T TpY NPUHIUIHAIBHO PA3HBIX TUIIA IEPEBbEB PEKYPCUU — C paOOYUM YPOBHEM,
KOTOPBIM OCTAeTCS MPEKHUM, YMEHBIIAIOIUMCS WK YBEJINIUBAIOIUMCS, ¥ OT-
nocurenbHbie pasmepsl a (TPIT) u b¢ (TCP) onpenensior TUI AepeBa PeKypCHH
AITOPUTMA «Pa3lesii U BIACTBYII».

U naxe mydiie, y Hac TeNeph €CTh TOCTATOYHO HHTYHUTUBHOTO IIOHUMAaHUS, YTOOBI
TOYHO TPEJICKa3aTh BPEMEHHbIC PAMKH PaOOTHI, KOTOPBIE MOSIBISIOTCS B OCHOB-
HOM MeToie. PaccMOTpuM mepBbIii Citydaid, Korma a = b¢ U anIropuT™ BBITIOIHACT
OIMHAKOBBIH 00beM pabOTHl Ha KaXKJIOM YPOBHE CBOETO JepeBa PEKypCHH. MBI,
0e3yCIIOBHO, 3HAEM, CKOJIBKO PabOTHI ¢JIeJaHo B KOpHe, Ha ypoBhe 0 — O (n9), co-
[JTACHO SIBHOMY OTIMCAHHIO B PEKYPPEHTHOM cooTHOIeHNnH. C paboToif B 00beMe
O (n) B pacuerte Ha ypoBeHb 1 ¢ 1 +1og, n = O (log n) ypoBHIMH B 9TOM CIIy4yae MbI
JOIDKHBI 0XKUIaTh BpeMeHHyto rpanuiy O (n log n) (cp. cny4ait 1 teopemsr 4.1)".

' CokparieHne «cp.» 03Ha4aeT «CPaBHUTHY.
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Bo Bropom ciydae nodexnaror a < b? u cuibl 100pa — 00bEM BBINOTHIEMBIX
paloT yMeHbIIaeTcs BMecTe ¢ ypoBHeM. ClienoBaTenbHo, Ha ypoBHE O BBITOMNHS-
eTcs 0oplIe paboThl, YeM Ha JII000M IpyroM ypoBHE. CaMblii TPOCTOH M Ty JIITHHA
Ppe3yiIbTaT, Ha KOTOPBIH MBI MOTIIN OBl HaJIEAThCS, 3aKJII0YaeTCs B TOM, 9TO padoTa,
BBINONHsIEMAs B KOPHE, JOMUHUPYET HaJl BpeMeHeM padoThl anroputma. Ilockonbky
O (n?) pabGoTHI BBITIONHACTCS B KOPHE, 3TOT HAMIYUINNH CIieHapuit Oymer mpeos-
pasoBan B o61ee BpeMst padboter O (n) (cp. ciay4aii 2 Teopemsr 4.1).

B TpeTpeM ciydae, Korma mon3agadn pa3pacTaioTes emme ObICTpee, 9eM CoKparia-
eTcs paboTa Ha mo3aaaqy, 00beM BBITOTHIEMOH pabOThl YBEITHUIUBACTCSI BMECTE
C YPOBHEM PEKypCHH, TpudeM OoJbliasi 4acTh pabOThI BBITIONHSAETCS B JIUCTHIX
nepesa. OnsiTh ke, CaMbli POCTON M HAWITYUIINH CIIEHAPHUNA 3aKITI0YAETCS B TOM,
9TO BpeMsI pabOTHI ONpeesIeTCsl padOTOH, BRIIONHAEMOH B THCTHsIX. JIUCT COOT-
BETCTBYET PEKYPCUBHOMY BBI3OBY, IIPH KOTOPOM cpadaThIBacT 0a30BbIil Ciryuaif,
MTO3TOMY aJITOPUTM BBITIONHSIET TOIbKO O (1) onepartuii Ha TucT. CKOJIBKO UMEETCSI
muctheB? M3 pemieHus TecToBoro 3aaanust 4.4 MBI 3HaEM, UTO Ha Ka)KIOM YPOBHE
J uMeercst a; y3i0B. JINCTbsl HAXOIATCS Ha MOCIeIHEM YPoBHE j = log, n, moatomy

log, n

nmMeercs a =" nuctheB. CleoBaTeabHO, HAMITYUIINNA CIIEHAPUA TPAHCIUPYETCs

BO BpeMeHHyIo rpanuiy O (a"*").

Ocraercs 3araJikoi CBsI3b MEX/y HallIUMU [IPEICKa3aHHBIMU BPEMEHHBIMU PaMKa-

log,, n

MU pabOThI AJIs TPEThero citydas ocHoBHOro meroaa (O (a**")) u pakruyeckumu
BpPEeMEHHBIMH paMKaMH, KOTOpbIe MOsBIsAtoTca B Teopeme 4.1 (O (n°**)). Cpasb

COCTOMT..., 1a, OHM a0COII0THO ognHaKkoBbeie! TokaecTBO

log, n log, a

= n
BEPOSATHO, BEIVINT KaK OIIMOKA HOBUYKA, CAETaHHAS CTYIEHTOM-IIEPBOKYPCHH-
KOM, HO Ha caMoM JieJie 3To npasaa'. Takum 0O6pa3oM, BpeMeHHbIe paMKH paOoThI
O (n"°*“) IpOCTO TOBOPAT O TOM, 4TO paboTa, BHIMOIHAEMAs B JHCTHAX JCpeBa
PEeKypCHH, TOMUHHUPYET B BBIYHCICHUH, IPUYEM BPEMEHHBIE PAMKH H3JI0KEHBI
B (opme, y10OHOM A7 MOACTABICHUS MapaMeTPOB (OTHOCUTENBHO AJITOPUTMOB

YMHOXKEHHUSI [IEJBIX YHCE U MaTPHII, TPOaHATU3UPOBAHHbBIX B pazene 4.3).

! Yr00bI HPOBEPUTH ITO, IPOCTO BO3bMHUTE JIOrapudM 110 OCHOBaHHIO b 00enx yacreil: log,

log, log
(@*®"y=log, n x log, a =log, a x log, n=log,(n""). (4, nockonbky log, sBisiercs
MOHOTOHHO BO3pacTarolel (yHKIHeH, eTMHCTBEHHBIH cI10co0, IpH KoTopoM log, x
u log, y MOTyT OBITH PABHBIMHU, — 9TO €CJIM X U ) PABHBL. )
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4.4.7. 3aknouuTenbHble pacyeTbl: cnyyan 1

Hawm Bce erie Hy;KHO POBEPUTH, YTO HAIla MHTYHUIHS B MPEABILYIIEM pa3ieie
cpaboTtana MpaBUILHO, U 3TO MOKHO CJIeJaTh MOCPEACTBOM (OPMaTbHOIO J10-
Ka3aresbcTBa. KyabMuUHALNCH HANX TPESIBIAYIINX PACUCTOB OBLIH CIICIYOIIHE
IMyTalolIie BEpXHUE BPEMEHHbBIE PAMKH pabOThI aJITOPUTMA «pa3aesisiii U BIaCTBY»
B 3aBUCUMOCTH OT MapaMeTpoB a, b u d:

log, n J

a

< en? -
o6murast pabora < cn® x ;:0 [ bd:| . 4.5)
MBI HONyYHIIA 3T PaMKH, aKIECHTUPOBAB BHUMAaHHE Ha KOHKPETHOM YPOBHE j
7y i -
Jiepesa pekypenn (¢ ero a, nopsanadamu u ¢ (n/b’)! pabotoi Ha noazanady) u 3a

TEM MIPOCYMMHUPOBAB YPOBHHU.

Korna cunbl 100pa ¥ 3718 HAXOSITCSl B TPEKPACHOM paBHOBeCHH (TO eCTh a = b¥)
U aNropUTM BBITIOIHSET OJIMHAKOBBINA 00beM paboThl Ha KaXk/IOM YPOBHE, MpaBast
yacTh (4.5) cylecTBeHHO YIIpOIIaeTcs:

J
log;, n

a
en’ x Yy 7 =cn' x(1+1+...41)
: |
j=0 - 1+log, n pa3

=1

=1 ju1st KaxKI0ro j

kotopas pasusiercst O (n log n)'.

4.4.8. OTKNOHEHUEe: reoMeTpUu4YecKum paa

M&I HageeMcst, 9TO [UTSI BTOPOTO M TPETHETO THUTIOB JICPEBHEB PEKYPCHH (COOTBET-
CTBEHHO YMEHBILAIOIIECHCS U YBEIIMUUBAIOIIEHCst paboTOMN B pacyeTe Ha yPOBEHb)
oOmiee BpeMs paboThI onpeiensercs padboToi, BBIMTOTHIEMON HAa CAMOM CIIOKHOM
ypoBHE (KOpHE H JICTHSIX COOTBETCTBEHHO). J{JIst peann3anum 3Toi HaIeKIBI Tpe-
OyeTcsl MOHUMaHUE TE€OMETPUIECKUX PSIOB, KOTOPBIE SBSIFOTCS BBIPAKCHUSIMU
puma 1 +r+r2+ ...+ rf s HEKOTOPOI'0 BEIIECTBEHHOTO YHCJIa 77 M1 HEOTpHUIla-
TENBLHOTO 11eJI0r0 uncia k. (st Hac 7 OymeT KpUTHYECKUM COOTHOMICHHEM a / bY.)
Bcsikmii pas, Korna Bbl BUIHUTE TAKOE TaPaMETPU30BAHHOE BBIPAKECHHE, PEKOMEHTY -

! TlomHuTE, 9TO, TIOCKOIBKY pa3HbIe IOrapuGMIIecKie HYHKIMN Pa3IHIalOTCs IIOCTOSH-

HBIM MHOXHTCJIEM, HCT HeO6XO,Z[I/IMOCTI/I YKa3pIBaTb OCHOBAHHEC norapmbMa.
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€TCsl UMETh B BUJY I1apy KaHOHMYECKUX 3HaueHui napamerpos. Hampumep, ecinu

7 =2, TO 3TO CyMMa IOJIOKUTEIbHBIX CTENeHeH ABOUKU: 1 +2 + 4 + 8 + -+ + 2k
1 1 1 1 1
Kormar= 5> TO 9TO CYMMa OTPHLATEINbHEIX CTEMNEHEH ABOHKI: 1+ 5 + 2 + 3 +..+ >
Korma r # 1, cymecTByeT mojie3Hast 3aMKHyTast (popMylia FeOMETPUYECKOro psifa’:
k+1

1+r+r2+...+rk:11_;' (4.6)
—-r

Jlnist Hac BaXKHBI J]Ba CIICACTBHA ATOH (opMynbl. Bo-nepBrix, korma » < 1,
2 k 1
l+r+r+... +7r< - = koHcTanTa (mesaBucumast ot k).
—-r

CretoBatenbHO, 8 Kadtcoom eeomempuyeckom psoy ¢ v < 1 domunupyem e2o nepaulii
ujleH — TIePBBIN ulieH paBeH 1, a cymma cocranisier Beero O (1). Harmpumep, HeBaXkHO,
CKOJTBKO CIIOKUTH CTETICHEH Y4 , pe3yasTHPYIOIas CyMMa HUKOT/IA He TIPEBbIILIACT 2.

Bo-Bropsix, xorga » > 1,

k+1 k+1
=1 r

l+r+r+... +7r= < =rFx .
r—1 r—1 r—1

Creq10BaTeNIbHO, 8 KAACOOM 2eoMempuieckom paoy ¢ r> 1 oomunupyem e2o nocieo-
HUl wieH — NOCTIEHNI WICH paBeH ¥, B To BpeMst Kak CyMMa SIBIISIETCS He OoJiee YeM
MTOCTOSTHHBIM MHOXKUTENEM (7/(7 — 1)), yMHOXKEHHBIM Ha 3TO urcio. Hanpumep, ecriun
CYMMHpOBaTh cTereHu ot 2 1o 1024, utorosasi cymma OyneT MeHbIe 2048.

4.4.9. 3akniouuTenbHbie BblYUCNIeHus: cny4yam 2 m 3

BosBpamasich k Hamemy ananusy (4.5), momyctum, 4to a < b?. B aTom criydae
paspacTtaHue B IoA3anadax KOMIICHCHPYETCS SKOHOMHEH B paboTe B pacdyere Ha
M0/133/1a4y, a YHCJIO BBIMOIHAEMBIX ONEpalnii yMEHbIIAeTCsI BMECTE C YPOBHEM
JiepeBa peKypcuH. 3aaaum » = a / b¢; NOCKOIBKY a, b ¥ d SBISIOTCS KOHCTAHTAMH
(He3aBUCHIMBIMU OT pa3Mepa /1 BXOAHBIX JaHHBIX), TO U 7 Toke. [Tockompky 7 < 1,
reoMeTpuueckuil psaa B (4.5) siBnsiercs He Oonee yeM KoHctantou 1/(1-r), a rpanuna
BpEeMEHH paboTHI B (4.5) cTaHOBHUTCSA

' YT06BI TPOBEPUTH ITO TOKAECTBO, TIPOCTO YMHOXKETE 06e wactr Ha 1 —7: (1 —7)(1 + 7 +

+rt+ )=l -rtr=rP PPt - = R
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log,, n
d J o d
cn® x Z r’ = O(n ),
j=0
-o(1)
r7ie BeIpakeHne O-00IbIoe yCTpaHseT KoHCTaHThI ¢ U 1/(1 — r). DTo moaTBepkaaeT

Hallly HaZeX1Iy Ha TO, 9TO B CIy4ae cO BTOPHIM THIIOM JepeBa PEKypCHH o0IIast
CyMMa BBIIIOJHAEMOI paboTHI onpenenseTcs paboToH, BEIMONHAEMOI B KOpHE.

B nocieanem ciydae IOIYCTHM, 4TO a > b?, Tie paspacraHue 4mclia 1moa3anad
OIePEeKaeT CKOPOCTh CHKATHsI pabOThI B pacyeTe Ha 1Mo/3aaqy.

VYeranosum r = a/b?. TIockoibKy 7 Tenepb 6oJbliie 1, mocieHui YieH reOMeTpu-
YECKOTO psiia JOMUHHPYET, ¥ TpaHuIia B (4.5) cTaHOBHUTCS

log,, n a log, n
d j d It d
cn® x Zr’ :0(11 ><r°g””):O n x(—dj . 4.7)
/=0 b
=
—o(w)

OTO BBIIISLIUT 3allyTaHHO, [TOKAa MBI HE B3IJISTHEM Ha HEKOTOPBIX YYIECHBIX KaH-
JMIaTOB Ha cokpamieHne. [10CKoIbKy BO3BEICHUE B CTENICHb b U JIOTapu(M 110
OCHOBAHUIO b SBISIFOTCSI OOPATHBIMHE OTIEPAIISIMU, MBI MOYKEM 3aITHCATh

(b,d )log,,n — b—dloghn — (blog,,n )7“7 — n*d

log )
CnenoarenbHo, uieH (1/5)"" B (4.7) orMensieT 4ieH n’, IpUBOJIS K BepXHeit
rpanute O (a
paboThl B ATOM citydae OyZleT omnpeneisiThes padOTOM, BBITOIHIEMON B JIUCTHIX

log;, n

). 2710 MOATBCPXKAACT HAIly HAaACKAY Ha TO, 4TO 06]].[66 BpeM:A

logy, n 0gy @

nepesa pexypeun. [TockonbKy @' " coBmasiaet ¢ 7', Mbl 3aBepITIIIH JIOKA3aTeb-

CTBO OCHOBHOIO MeTona. 4. m. 0.

4.4.10. PewneHnd TecToBbiX 3apaHun 4.4-4.5

PeweHue Tecrosoro 3agaHusa 4.4

[paBuibHbIi oTBeT: (0). CHauana, o onpeneeHuto, «ko3(hHUIMEeHTOM BeTBIIe-
HUS IEPEBA PEKYPCUU SABIISIETCS @ — KaX/Iblil PEKYPCHUBHBIN BbI30B, KOTOPBIHA He
3amyckaeT 0a30BBIH CITy4aid, IeacT HOBBIE PEKyPCHBHEIC BHI30BEL. JTO 03HAYALT,
YTO KOJMUYECTBO Pa3HbIX IO/33]ad YMHOXAETCS Ha g C KaXJbIM ypoBHEM. Ilo-
CKOJIBKY Ha ypoBHe (0 nmeertcs 1 moj3agada, Ha ypoBHE j UMeeTCs a/ Mof3aad.
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Yt0 KacaeTcsi BTOPO# YaCTH PELICHHUS, OIISATh JKe 110 OMPEACICHHIO, pa3Mep o133~
JIaY¥ YMEHBIIAETCS B b pa3 ¢ KaxIsiM ypoBHeM. [lockonbky Ha ypoBHE 0 pasmep
3a7a4M PaBeH 71, BCE MO3a1a4y HA YPOBHE j UMEIOT pasmep n/b’ !,

PelwieHue TecroBoro sagaHums 4.5

I[IpaBuibHbIE 0TBETHI: (a), (0), (r). CHavama npenmnonoxkuMm, uro TPIT < TCP,
a 3HAYMUT, CHJIBI 10Opa MOIIHEEe CUII 371a: cxxaTtue B paboTe, BBIMOJIHAEMON B pac-
4eTe Ha 10/13a,/1a4y, O0JTbIIIe KOMIICHCAIMI 32 YBEIMYCHUE YMCIIa oA3anad. B aTom
ciydae ajJropuTM padoTaeT MEHBIIE ¢ KaXKIbIM MOCIICIYIOINM YPOBHEM PEKyp-
cuu. CrenoBarenbHO, MEPBOE YTBEPKIEHNE UCTHHHO (a TPEThe YTBEPKACHHE
JOXHO). BTopoe yTBepskJeHHe HCTHHHO TI0 TEM e MPUYMHAM: €CJIU MT03a]a49H
PacTyT HaCTOIBKO OBICTPO, UTO OTEPEIKAIOT FKOHOMHIO B pacueTe Ha 1oJ3a/1aqy,
TO KaX/Jblii yPOBEHb peKypcUH TpelyeT Ooiblie padoThl, YeM MpeabLAYIIHH.
B zaxmrounTtensaom ytBepxkaenuu, korna TPII = TCP, cymectByer coBepiieHHOE
paBHOBeCHE MEXIy cHiiaMu 100pa W 3i1a. [lon3amaun paspacrarorcs, HO Halla
9KOHOMHS B paboTe B pacueTe Ha MOA3a/ady YBEJIMYMBACTCS TOYHO TAKUMH XKe
TEMITaMHU. DTH JIBE CHIIbI YPaBHOBEIIMBAIOTCS, M pab0Ta, BBITOTHIEMAs HA KOKIOM
YPOBHE JIepeBa PeKypCHH, OCTAETCS HEN3MEHHOM.

! B ommumne OT HAIIETO aHAIN3a AITOPUTMa MergeSort, TOT (DaKT, YTO YHUCIIO TO3a1ad

Ha YPOBHE j paBHSCTCS @/, HE 03HAYACT, YTO pa3Mep KaKIoW Moi3anaavyd paBeH n/a’.
B anroputme MergeSort BXOIHBIC JaHHBIC IS [T0/13a/1a9 YPOBHEH j 00pa3yrOT CErMEHT
NEePBOHAYAIBHBIX BXOIHBIX JAHHBIX. DTO HE OTHOCHUTCS KO MHOTHUM APYTUM HAIIAM
AIITOPUTMAaM «pa3/eisiii U BIacTByi. Hanmpumep, B peKypCHBHBIX aropuTMax EI09nc-
JICHHOTO i MATPHYHOTO YMHOKCHHS YaCTH IIEPBOHAYATBHBIX BXOIHBIX JaHHBIX IIOBTOPHO
HCIIONIB3YIOTCSI B Pa3HBIX PEKYPCHBHBIX BBI30BaX.
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BbIBO/JbI

PexyppeHTHOE COOTHOIIEHUE BBIpaXKaeT rpanuimy 1 (7) BpeMeHHU
PpaboThI C TOUKH 3PEHHUS YUCIIA OIIEPALIUA, BBIIIOJIIHAEMBIX PEKYPCUB-
HBIMH BbI30BaMHU.
n

CrangaptHoe peKkyppeHTHoe cooTHouienue 7'(n) < al (ZJ +0(n")
onpenessiercs TpeMsl apaMeTpaMu: YUCIOM d PEKYPCHUBHBIX BbI-
30BOB, KO3 (HUIIMEHTOM cxKaTus b pazmepa BXOAHBIX TaHHBIX U 9KC-
MMOHEHTOU d BO BpEMEHH PaOOTHI I1ara 00beANHEHHS.

OCHOBHOM METOI MPEACTABISIET ACAMITOTHYECKYIO BEPXHIOIO TPa-
HUILY JUIS KaXIOTO CTaHJAPTHOTO PEKYPPEHTHOIO COOTHOUIEHHS
KaK QyHKnuio a, b u d: O (n?log n), ecnmu a = b%; O (n?), ecnu a < b,
u O(n***), ecnu a > be.

YacTtHbIe cllyyad BKJIIOYAIOT BpeMeHHYIo rpanuny O (n log n) ans
ayropuT™a MergeSort, BpeMeHHyto rpanuiy O (n'°) aist anroputma
Karatsuba 1 BpemerHyo0 rparuity O (n*8") mis anropurma Strassen.

JlokazaTeabCTBO OCHOBHOTO MeToja 0000IIaeT apryMeHT AepeBa
PEeKypCHH, UCTIONB30BAaHHBIN [UIS aHAIIM3a alTOpUTMa MergeSort.

KonmuectBa a u b¢ mpeACTaBIAIOT CHIIBI 372 (TEMIT pa3pacTaHus
MoJ13a]1a4) U CHJIbI 10Opa (TEeMII CxKaThsl pabOThI).

Tpu citydast OCHOBHOTO METO[a COOTBETCTBYIOT TPEM Pa3IUIHBIM
THUIIAM JICPEBBEB PEKypPCHH: T€, B KOTOPBHIX BBINOIHsEMasi padoTa
B pacyere Ha yPOBEHb OJMHAKOBAs Ha KasKIOM YPOBHE (COBIIaZCHHUE
MEXKIY JOOPOM H 3JI0M), YMEHBIIIAETCS ¢ KaXKIbIM YPOBHEM (KOraa
J00PO OOEKIAET) U YBETMUUBACTCS C KAXKIBIM YPOBHEM (KOT/IA 3710
MOOEKIACT).

W3 cBOMCTB reOMETPUUYECKOTO Psifia BBITEKAET, YTO pabOTa, BBIOIHS-
emasi B KOpHe JiepeBa pekypcuu (kotopast pasHa O (1)), TOMAHHPYET
HaJl OJHBIM BPEMEHEM paboThl BO BTOPOM CIIydae, B TO BPEMsI Kak
pabota, BbINoNHsAeMas B TUCThAX (O (a'**") = O (n"** "), noMuHUpyeT
B TPETHEM CITydae.



156 FnaBa 4. OcHoBsHol MeToA

3apauun Ha 3aKpernJjieHme martepuana

3ajgaua 4.1. BcmiomHUTE OCHOBHOM MeTox (Teopema 4.1) u ero Tpu napamerpa: d,
b u d. YTo 13 HWKECIICAYIOIIETO SIBIICTCS JIydlliell HHTeprpeTauen b9?

a) Temm, c KOTOPBIM pacTeT MoIHAs paboTa (B pacyeTe Ha ypOBEHb PEKYPCUH).
6) Temrr, ¢ KOTOPBIM PACTET YNCIIO ITOA331a4 (B pacueTe Ha YPOBEHb PEKYPCHH).

B) Tewmrr, ¢ KOTOPBIM YMEHBIIIAETCS pa3Mep Mmoa3aaad (B pacyere Ha YPOBEHb
PEKYpCHH).

r) Tewrt, ¢ KOTOPBIM YMEHBIIACTCS pabOTa B pacyeTe Ha MmoA3anaqy (B pacyere
Ha YPOBEHb PEKypPCHUH).

3amaua 4.2. DTOT ¥ cleqyIONMEe [Ba BOMPOCA JaayT BaM JAIbHEHIINN OMBIT
paboThl ¢ OCHOBHBIM METONIOM. JlomycTum, 4To Bpems padoTsl 7'(n) anropurMa

n
OrpaHUYEHO CTAaHJIAPTHBIM PEKYPPEHTHBIM coOoTHOLIeHUeM, e 7' (n) <7 % T (Ej +

+ O (n?). Kakas 13 IpuBeICHHBIX HIDKE TPAHHUII SBIIICTCS HANMEHBIIICH IPaBUIILHOM
BEpXHEH rpaHuIeH aCHMIITOTHYECKOTO BPEMEHHU pabOoThI aropuT™Ma?

a) O(nlogn).

0) O(m?).

B) O(n’logn).

r) O@>%).
3apaua 4.3. Jlonyctum, uro BpeMst paboTsl 7'(77) anropuTMa OrpaHUYEHO CTaH-
JAPTHBIM PEKYPPEHTHBIM COOTHOIIEHUeM, rie 7'(n) <9 x T (gj + O (n?). Kakast

U3 NpUBEICHHBIX HUXKE I'PAHUIL ABISETCS HAUMEHbIIEH MPaBUIbHON BEpXHEH
IpaHMIEH ACUMITOTUYECKOTO BpEMEHH PadoTHI anropurma?

a) O(nlogn).
0) O(n?).

B) O(n*log n).
r) Omn*").
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3anpaua 4.4. Jlonyctum, uto BpeMs paboTsl 7'(77) anropuTMa OrpaHUYEHO CTaH-

JIAPTHBIM PEKypPPEHTHBIM COOTHOMIIEeHUeM, rae 7'(n) <5 x T (gj + O(n). Kakas

U3 NPUBEICHHBIX HUKE I'PAHUIL ABISETCS HAUMEHBIIECH MPaBUIbHON BEpXHEH
TpaHMIICH ACHMITOTHYECKOTO BPEMEHH PadoTHI anroputma?

a) O(n").
6) O(nlogn).
B) O(n"%").
r) On").

n) O(n?).

e) O(n*¥).

3aaavya NoBbILLEHHOW CNIOXHOCTHU

3agaua 4.5. [lonyctum, uto Bpemst padoTsl 7'(77) anropuTMa orpaHu4YeHo (HecTaH-
JapTHBIM!) peKyppeHTHBIM cooTHomeHueM, Tae 7(1)=1u T(n) < T( L\/Z J) +1 st
n > 1'. Kakast 3 NpUBEICHHBIX HIDKE TPAHHUII SIBJISICTCSI HAMMEHBIICH MTPaBUIIBHOM
BEpXHEH TpaHUIIell aCHMIITOTHYECKOTO BpeMeHH padoThl anroputma? (Obparute
BHHUMaHHE, YTO OCHOBHOUW METO/I HEMPUMEHHUM!)

a) O(1).

0) O(loglog n).
B) O(logn).

r) OWn).

' 3nech | x| o6o3Hauaer QyHKIMIO «floory, KOTOpast OKpyIIsET CBOI apryMeHT BHH3 JI0
OIDKaRIIero eIoro yucia.
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B ot0i1 T1aBe paccMarpuBaeTcs OBICTpasi COPTHPOBKA QuickSort, anropuTM, Ko-
TOPBII 3aHUMAET MOYETHOE MECTO B 3aJI€ aITOPUTMHIECKO cinaBbl. [IpenocTaBus
BBICOKOYPOBHEBBI 0030p TOTO, KaK 3TOT aJITOPUTM padoTraeT (pasmen 5.1), MbI
00CyIMM, KaK MOAPA3IEIATh MACCHB BOKPYT «OIIOPHOTO 3JIEMEHTa 33 JINHEHHOE
Bpems (pazzaen 5.2) ¥ Kak BEIOMpaTh XOPOLIUK OMIOpHBIHN drieMeHT (pasaen 5.3). Pas-
Jien 5.4 BBOIUT paHI0MU3UPOBAHHBIN aIropuT™ QuickSort, u pa3nen 5.5 qokas3bl-
BaeT, YTO €r0 ACUMIITOTHYECKOE cpentHee BpeMs padothl paBHsieTcs O (n log n) mtst
n-3NIEMEHTHBIX MACCHBOB. Pa3nen 5.6 3aBepinaet Hare 00CyKIeHHe COPTHPOBKH
JIOKA3aTeIbCTBOM, YTO HUKAKOW aJTOPUTM COPTUPOBKH «HA OCHOBE CPABHEHUS
He MOXKeT ObITh ObicTpee O (n log n).

5.1. 00630p

[Monpocute mpodeccuoHaIBHOTO CIEIUANINCTa B 001acTH HHHOPMATUKH WITH
MIPOrpaMMHCTa NEPEUUCIUTH CBOIO IECATKY JYUIINUX aJrOPUTMOB, U BBl HaiieTe
QJITOPUTM OBICTPOIl COPTUPOBKU Quicksort BO MHOTHX CIIUCKAX (BKIOYAs U MOK).
W B yem ke mprunHa? MBI yKe 3HAeM OIMH HEBEPOSATHO OBICTPHIN aJITOPUTM CO-
pTUPOBKH (MergeSort) — 3a4eM HY)XEH eIle oanH?

C MpaKkTUYeCKOM TOYKH 3PESHUS AJITOPUTM OBICTPON COPTUPOBKH QuickSort KOHKY-
PEHTOCIIOCOOCH, HEPEIKO MTPEBOCXOIHT allTOPUTM MergeSort U IO ATOH MpUYnHE
SIBIISICTCS] METOIOM COPTHPOBKH, MPUHATON MO YMOJIYaHHUIO BO MHOTHX OUOIMO-
TEKax MporpaMMHUpoBaHus. bonpiioe npenmymnecTBo anroputMa QuickSort Haj
QITOPUTMOM MergeSort 3aKIIOYacTCs B TOM, YTO OH BBITIONHSCTCS HA MOM dice
Mecme — OH paboTaeT ¢ BXOAHBIM MACCHBOM TOJBKO MYTEM MOBTOPSIOLIETOCS
pSMOTO OOMEHa Iap AJIEMEHTOB, U 110 3TOH MpHYHHE TPeOyeT BHIICICHNS JINIIb
HEeOONBIIOro 00beMa JOTIOTHATEIEHON OIIepaTUBHOM MaMSITH JJTS IIPOMEKY TOUHBIX
BbIUUCIIeHUH. C 3CTEeTUYECKON CTOPOHBI aJITOPUTM QuickSort — 3TO MPOCTO YIu-
BUTENHHO KPACUBBIH aITOPHTM C OANHAKOBO KPACHBBIM aHAJIM30M BPEMEHH PaOOTHI.

5.1.1. CoptupoBka

Anroput™m Quicksort pemaeT 3ajauy COPTUPOBKM MAacCHUBa, Ty K€ 3aJady MbI
pewanu B pazzene 1.4.
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3AJJAYA: COPTUPOBKA
Bxoa: MaccuB U3 1 9MCEN B TPOU3BOJIBHOM ITOPSIIKE.

BbIX0I: MaccHB TEX K€ CaMbIX YHCEJ, OTCOPTUPOBAHHBIX OT HAH-
MEHBILETO 10 HAauOOJBIIIETO.

Taknum 06pa3om, €Ciiu BXOTHOH MacCUB

Kak u B HameM o0CyXIeHNHU anropuT™Ma MergeSort, IUIS IPOCTOTHI TOHMMAHHS
JOIYCTHM, YTO BXOJHON MacCHB UMEET Pa3HbIC JIEMEHTHI, 0€3 1yOauKaros'.

5.1.2. PaspeneHune BOKpPYr ONOPHOro afieMeHTa

QuickSort mOCTpPOEH BOKPYT OBICTPOM MOANPOrpaMMBI «YaCTUYHOM COPTUPOB-
Kn», 3a71a4a KOTOPOil COCTOUT B TOM, YTOOBI JETTUTh MACCHB BOKPYT «OIOPHOTO
9JIEMCHTa».

lar 1: BeiopaTs onopHbIii d1emMeHT. CHavYasa BLIOUpaeM OJIFH JIEMEHT MacCH-
Ba, KOTOPBIiA Oy/IeT BHICTYNIaTh B KAY€CTBE 0nOpHO20 dnemenma. Paznen 5.3 Oynet
MOJIHOCTBIO TIOCBSIIEH TOMY, KaK UMEHHO 3TO JIOJDKHO OBITh CIeNaHo. A TOKa
OyleM HaWBHEI U IPOCTO BOCIIONB3yeMCsI IEPBBIM JJIEMEHTOM MaccuBa («3» Ha
PHUCYHKE BBILIE).

' B MaJoBEepOSTHOM CilydYae, Cild BaM Hy)KHO peann30Barh anroput™ QuickSort camo-

CTOATENBHO, UMENTE B BUAY, UTO NTPaBUIIbHAS U (D PeKTUBHAS 00pabOTKa COBIAIAIOIIHX
2JIEMEHTOB HEMHOTO CJIOKHEe, 4eM B anroputMme MergeSort. [TonpobHoe mosicHeHHE CM.
B paszene 2.3 «AnroputMoBy (uetBeptoe nznanue Pooepra CemxBrka u Kesuna Yoitna
(Algorithms, Robert Sedgewick, Kevin Wayne, Addison-Wesley, 2011).
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lar 2: [leperpynnupoBaTh BXOJHOIl MacCHB BOKPYI OIOPHOIO 3/J1eMeHTA.
[Ipu HANMYMK OMIOPHOTO 3JIEMEHTa CIEAYIOast 3aJa4a COCTOUT B TOM, YTOOBI
CTPYTIIAPOBATH MIICMEHTHI MacCHBA TaK, YTOOBI BCE, UTO PACIIONIOKEHO B MACCHBE
nepes p, ObIJI0 MEHBLIIE p, a BCe, UTO Moce p, Obu1o Ooblie p. Hampumep, B ciryuae
C MPUBCACHHBIM BBIIIC BXOAHBIM MaCCUBOM OJUWH W3 3aKOHHBIX CImoco6oB nepe-
TPYIIHPOBAHUS JIEMEHTOB OyIeT CICIYIOMINIA:

(3])8]2[s5]t]4]7]6] => [2]1[3]6 7 ]4]5]8]
~ f F

OMOPHBIN IEMEHT
P MEHBILE OIOPHOT0 OOJIBIIE OOPHOTIO

OTOT NpUMep ACHO IOKA3bIBAET, YTO HJIEMEHTHI IIEpe/l OIIOPHBIM HE HYKHO pas-
MellaTh B NPaBUILHOM OTHOCUTENBHOM Hopsake («1» U «2» UHBEPTHPOBAHBI)
U TO K€ KacaeTcs AJIEMEHTOB IOCJIe OMOPHOT0. JTa MOANPOTrpaMMa pasacicHHs
rmoMernaeT (HEOMOpHbIE) AIEMEHTHI MAacCHBa B 1Ba ONOKa, ONWH JUIS DIEMEHTOB
MEHbIIIE OIIOPHOTO, a JPYror — JUIst IIEMEHTOB OO0JIbIIIE OTIOPHOTO.

[IpuBenem nBa KIFOYEBHIX (pakTa 00 ATOH MOATIPOTpaMMe pa3leliCHHs MacCHBa.

BeicTpora. [TonmporpamMma pasaeneHuss HEBEPOSTHO OBICTPO BHEIPSIETCS, 3a-
myckasich 3a jJuHeitHoe O (n) Bpems. M, naxe mydine, KIFOUYOM K MPAKTHYECKON
MOJIE3HOCTH aJIrOpUTMa QuickSort ABIIETCA TO, YTO JAHHAS MOAPOrpaMMa MOXKET
OBITh peaTM30BaHa Ha TOM K€ MECTE C TIPAKTHUECKU HYJIEBBIM MIOTPEOICHUEM Olle-
PaTHBHOM MMaMSITH, HE CYMTas TOM, KOTOpas 3aHUMAaeT BXOAHON MaccuB'. B paszmene
5.2 9Ta peanusanus OMUCHIBACTCS TOAPOOHO.

3HavyuTeNbHBINA nporpecc. Pa3nenenne MaccuBa BOKPYT OMOPHOTO 3JeMEHTa
MIPUBOJIUT K COPTHPOBKE MaccuBa. Bo-TiepBbIX, OMIOPHBII AJIEMEHT OKa3bIBACTCS
Ha CBOEM 3aKOHHOM MECTE, TO €CTh B TOH K€ TIO3UITHH, YTO U B OTCOPTHPOBAHHOM
BEPCUU BXOJHOI0 MaccuBa (T BCE IIEMEHThI MEHBIIIE OTMIOPHOT0 HAXOIATCS Mepes
HUM U BCE DJIEMEHTHI OO0JIbIIIE OMTOPHOTO — TIOCie Hero). Bo-BTophIX, paszaeneHue
MaccHBa CBOJIUT 33/1a4y COPTHPOBKH K JABYM OOJIee MEITKUM 3aadaM: COPTHPOBKE
3JIEMEHTOB MEHbIIIE OIIOPHOIO (KOTOPBIE YIOOHO pa3MEIlaoTCsl B CBOEM COOCTBEH-

' 3710 KOHTpACTHpPYyET ¢ anroputMoMm MergeSort (pasmen 1.4), KOTOPBIH MHOTOKPATHO
KOIHUPYET JIEMEHTHI U3 OHOT0 MacCHBa B APYTOH.
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HOM TIOJIMAaCCHBE) U 3JIEMEHTOB 0OJIbIIIE OMOPHOTO (TAKXKE B CBOEM COOCTBEHHOM
noamaccuBe). [locne pekypcUBHON COPTUPOBKH JIEMEHTOB B KXKIAOM H3 3THUX
JIBYX IIO/IMACCHBOB QJITOPUTM 3aBepiiaeT padbory'!

5.1.3. BbiICOKOYypOBHEBOE ONUcaHue

B npuBeeHHOM HIKE BEICOKOYPOBHEBOM OIIMCAHHMH alropuTMa QuickSort «mep-
Bas 4acTh» M «BTOPAs 4acTh)» MAcCHBA OTHOCSTCS K 3JIEMEHTaM, KOTOpbIe COOT-
BCTCTBCHHO MCHBIIIE U OOJIBIIIE OTIOPHOTO:

<p|P = P

\ 0

nepBas 4aCThb BTOpAaA 4aCTb

QUICKSORT (BBICOKOYPOBHEBOE OIIMCAHHUE)
Bxoa: maccuB A U3 n pa3HBIX LEJbIX YHCEIL.

Bbixo: a1eMeHThl MaccuBa A OTCOPTUPOBAHBI OT HAMMCHBIICTO 10

HauOOIIBIIIETO.

if n <1 then // 6a30BBIN cy4ail — y>ke OTCOPTUPOBAH
return

BBIOpATh OMOPHBIN AIIEMEHT p // IPEICTOUT pealin30BaTh

paznenuts A BOKPYT p // IPEICTOUT peasn30BaTh

PEKYPCHBHO OTCOPTUPOBATh MEPBYIO YaCTh A
PEKYPCHBHO OTCOPTUPOBATh MEPBYIO YacTh A

XOTs aJITOPUTMBI MergeSort U QuickSort U ABJISIOTCS alropuTMaMH «pas3aessiii
W BJIACTBYW», OPSJOK ONepaluii B HUX pa3nuyaercs. B MergeSort cHauasa BbI-
TIOJTHSIOTCS PEKYPCUBHBIC BHI30BHI, @ 3aTEM IIIar 00beMHEHUS, Merge. B anroputme

' OpHa 3 Mo/13a/1a4 MOXKET OBITH ITyCTOl, €CIIHM B KAYECTBE OMOPHOTO BEIOPaH MUHUMAIIb-
HBIM WM MaKCUMAJbHBIM 2eMeHT. B 9TOM ciTydae cOOTBETCTBYIOMIMIA PEKYpPCHUBHBII
BBI30B MOYKET OBITh IPOIYILEH.
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QuickSort peKypCHBHBIC BBI30BBI IIPOMCXOMIAT MMOCIIE PA3/ICICHUsI MACCHBA, U UX
PE3YIBTaThl HE HYXKHO 00BEIHHATH BOOOMIe! !

5.1.4. 3aberaq Bnepep,

Ham ocrasiniicst ciiCOK HEOTIIOKHBIX JIET:

1. (Paszmen 5.2.) Kak peanu3oBars NoAmporpaMmy pasjieieHust MaccuBa?
2. (Pazgen 5.3.) Kak BbIOpaTh OMOPHBIH JIEMEHT?

3. (Pazgenst 5.4 u 5.5.) KakoBo BpeMst paboThl anroputma QuickSort?

Ei1ite omuH BOIIPOC COCTOUT B CIICAYIONIEM: MbI ICHCTBUTEIBHO YBEPEHBI, 4TO ajl-
ropuT™ QuickSort Bcerma MpaBHIBHO COPTHPYET BXoaHOU MaccuB? Jlo cux mop
sI MaJIO YIIENsT BHUMAHUS apryMeHTaM (hopMalibHOW MPaBUIBHOCTH, TOTOMY YTO
y CTy,Z[eHTOB, KaK HpaBI/IHO, NMECTCS yBepeHHoe 1 TOYHOC I/IHTyI/ITI/IBHOG IIOHUMAHHUEC
TOTO, TIOYEMY AITOPUTMBI «Pa3aeiisiii U BIAaCTBYi» npaBuibHbIe. (CpaBHUTE 3TO
C MOHMMAaHUEM BPEMEHH pabOThI aIrTOPUTMOB «Pa3eisiii U BIACTBYI», KOTOpOE
00BIYHO J1aj1eKo oT oueBuaHOr0!) Ecin y Bac octanuck kakue-1u00 BOTIPOCHI, J10-
CTaTOYHO MPOCTO (GOPMAITBLHO PACCMOTPETH PABHIBHOCTD aaropuTMa QuickSort,
HCIIOJIB3YS I0KAa3aTeIbCTBO 10 MHIYKIIUHZ,

' Anroput™ QuickSort 6puT mpuayman Toru Xoapom B 1959 romy, korma emy ObBLTO

Bcero 25 net. Xoap MpoaobKUII BHOCHTE OOJBIION (DyHIaMEHTAIbHBIN BKIIAJ B SI3BIKH
MPOrPaMMHUPOBAHUS 1 ObLI HArpakieH npemuei ThropuHra, Bpydaemoi Accoruarei
BhIUUCITUTEIbHON TexHUKH (ACM) — skBuBaneHToM HobGeseBckoll ipemMun B 001acTu
computer science — B 1980 roy.

2 Cremysi urabIoHy [UTsl HHIYKTHBHBIX IOKa3aTeIbCTB, PACCMOTPEHHOMY B IIPHIIOKCHHHU A,
0003HaYMM yepe3 P (1) BEICKa3bIBaHUE «UTS KaXKIO0TO BXOJHOTO MAaCCHBA [UIMHOM 71 a-
TOPUTM QuickSort ero copTHpyeT MpaBUIbHOY». ba3oBklii cityyait (n = 1) HEUHTEpECeH:
MAacCHB C | 2IeMEHTOM HEeH30EKHO COPTHPYETCSI, M TOITOMY aJITOPUTM QuickSort aBTO-
MaTHYeCKH MPaBUIICH B 3TOM Cllydae. B kauecTBe MHAYKIIMOHHOTO Iepexona 3a1aauM
MPOU3BOJIBHOE MOJOKUTEIBHOE TIeTI0€ YUCIO 72 > 2. MBI MOXKeM NPHHSATH JOMYIICHHE
MHIyKTUBHO# runote3sl (To ecTh P (k) sBIseTCs HCTUHHOM /171t BeeX k < 71), UTO 03HAYACT,
YTO aNropuT™ QuickSort MPaBUIBHO COPTHPYET KaXKABIH MAaCCHB C MEHBIINM KOJIHYE-
CTBOM 2JIEMEHTOB, YEM 71.

ITocne mrara pa3meneHns OIOPHBIN TIEMEHT p HAXOIUTCS B TOH YK€ TTO3UIINH, YTO U B OT-
COPTHPOBAHHO BEPCHU BXOJHOTO MAaCCHBA. DIIEMEHTHI TIepe]l p TOYHO TaKHe JKe, KaK U Te,
YTO MePe p B OTCOPTUPOBAHHOI BEPCHU BXOJHOTO MacCHBa (BO3MOXKHO, B HEIPABUIILHOM
OTHOCHTEJIFHOM TIOPSIAKE), M TO JKE€ caMoe KacaeTcst dIeMEHTOB Tociie p. CiemnoBaTenb-
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5.2. PasgeneHne maccuBa BOKpyr
OMOPHOro 3fiemMeHTa
Hanee MbI pazbepemcs ¢ IeTalsiMU TOTO, KaK HEOOXOIMMO pa3leisTh MacCHB

BOKpPYT OIIOPHOIO 2JIEMCHTA, TO €CTh PCOPraHu3alnuio MacCruBa Tak, 9TOOBI OH
BBIINIAACH CIICAYIOLIIUM 06pa30M:

<p|Pp ~p

5.2.1. Jlerkuii BbIXo4 U3 NOJIOXXEHUS

Jlerxo nmpumyMaTh JTMHEHHYIO TOMIPOrPAMMY pa3Ie/ICHUs, €CIIH HAC HE UHTEPECYeT
BbIJICJICHHE JIOMIONHUTENILHOW OTlepaTuBHO# amMsiTu. OJI1H U3 TIOXOI0B COCTOUT
B TOM, YTOOBI BBIMOJIHUTh OAWHOYHBIN IPOCMOTP BXOIHOTO MacCHBa A U CKOITHUPO-
BaThb €ro HEOIMMOPHBIC SJICMCHTLI OAWH 3a IPYTUM B HOBBII MaccHB B TOM ke JJINHBI,
3aITOJTHKB B KaK criepe i (JU1st 3IIEMEHTOB MEHBIIIE p), TaK ¥ 331 (J1s1 IIEMEHTOB
Oombire p). OMOPHBIN HIEMEHT MOXKHO CKOIIMPOBATh B OCTABIIYIOCS SUCHKY B B
nocie 0OpadOTKH BceX HEOMTOPHBIX AIIEMEHTOB. B kaduecTBe padoTaromero npumepa
BXOJIHOT'O MacCHBa MPUBEIEM CHUMOK CEPEIHHBI 3TOI0 BHIYHUCIICHUSL:

CJICAyIOIHA CIIeTYFOIITHI dJIeMEHT < 3

KOIUPYEMBIH 271eMEeHT .
CIICYFOIIHIA DIIEMEHT > 3

Blslefsfifalrfefe= [ | | [ ] [5]s]
OHOpHLIﬁ QJICMCHT ﬁ /

MCHBIIC OITOPHOT'O 0oJbIIIe OIIOPHOI'0

[Tockonbky 00beM pabOTHI Ui KXKAOTO U3 71 SIEMEHTOB BXOJTHOTO MACCHBa CO-
crasisieT Bcero O (1), Bpemst paboThl 3T0M iporpammsl paBHsieTcst O (n).

HO, €IMHCTBEHHON OCTABIIEHCS 3a/1aueii SBISICTCS PEOpraHU3aIisl YIEMEHTOB Teper p
B OTCOPTHPOBAHHOM IIOPSIIKE M TO XK€ caMoe JUIs dIIeMeHTOB 1ocie p. [Tockombky ob6a
PEKYpPCHBHBIX BBI30Ba BBITIONHSIOTCS € MMOAMACCUBAMU JIHHON He Oonee n — 1 (p uc-
KITFOYAeTCsl, €CIIM MHOE HE TPOUCXOANT), U3 MHAYKTHBHON TUTIOTE3Hl CIEMYET, 4To 00a
BBI30Ba ITPABHIIEHO COPTUPYIOT CBOX TOAMACCHBBL. Ha 3TOM 3aBepIaeTcst HHIYKIMOHHBIH
nepexof U opmManbHOE T0KA3aTeNLCTBO PABIILHOCTH AJITOPUTMa QuickSort.
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5.2.2. Peanusauusa Ha TOM Xe MecTe:
BbICOKOYPOBHEBbI NnJaH

Kak paznennts MaccuB BOKPYT OMOPHOTO AIIEMEHTA, HE BBIJICIHB IIPH STOM ITOYTH
HUKaKOM IOTIOJHUTENBHOHN onepatuBHOM mamsatu? Hail BEICOKOYpOBHEBBIH MTOIXO0A
OyleT Jenarbh €IMHCTBEHHBIH MPOCMOTP MacCHBa, OOMEHHBAsI Maphl 3JICMEHTOB
0 Mepe HEOOXOMMOCTH, YTOOBI MAaCCHB OBLT MPABHIILHO Pa3JIeJIeH K KOHILY Mpo-
XOXKICHHUS.

JIOIyCTHM, YTO OTOPHBIN DJIEMEHT SBISETCS TEPBBIM DJIEMEHTOM MACCHBa; 9TO
Bcerna MoxkeT ObITh noakpernieHo (3a Bpemst O (1)) 3a cuer oOMeHa OMOPHOTO
9JIEMEHTA C TIEPBBIM 3JICMEHTOM MACCHBA Ha IIare MpeaBapuTeIbHON 00paboTKH.
ITo xomy mpocMoTpa U Mpeodpa3oBaHms BXOIHOIO MACCHBA MbI OyZeM CTapaThCst
o0ecrneynBarh, 4TOOBI OH UMEJl CIIEAYIONIYIO (hopMYy:

p| <p >p ?
yKe paszeiieH HE pas3lelieH

Takum 00pa3oM, MOAMPOrpaMMa MOAJCPKUBACT CICAYIOIINI HHBAPHAHT': mep-
BBIM SBJISICTCS OHOpHLIﬁ OJIEMCHT, AaJICC UAYT HCOMNOPHBIC DJIEMECHTHI, KOTOPHIC
yke ObUTH 00pabOTaHbI, IPH ATOM BCE TAKKME AIIEMEHTHI MEHBIIIE OITOPHOTO MPeJI-
LIECTBYIOT BCEM TAaKHM 3JIEMEHTaM OOJIbIIE OMOPHOTO; 3aTeM B MPOU3BOJIHHOM
MOPSIZIKE UAYT elle He 00padOTaHHBIE HEOTIOPHBIC DIIEMEHTHI.

Ecnu Hamt rutad OyJeT YCIeIHbIM, TO TI0 3aBEPIICHUH THHEHHOTO MPOCMOTPA MBI
npeodpasyeM MacCHB Tak, YTOOBI OH BBITVISICH CICTYIOIUM 00pa3oM:

p <p ~p

YrtoObI 3aBCPIINTL pa3gejI€CHUE, Mbl MOXEM IMTOMEHATH OHOpHBIP'I QJIEMCHT C I1O-
CJICAHUM 3JICMCHTOM, KOTOpLIﬁ MCHBIIC HETO:

! VlHBapuaHT aIropuT™Ma — 3TO CBOWCTBO, KOTOPOE BCET/[a HCTHHHO B 33JaHHBIX TOYKAX
€r0 UCITIOTHEHUS (KaK B KOHIIE KaKI0W UTEPALIUH ITHKIIA).
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p <p >p I::> <p p >p

o0OMeH

5.2.3. NMpumep

[lasiee Mbl IOIIaroBO PacCCMOTPUM Ha KOHKPETHOM IIPUMEpPE NOANPOrpaMMy pas-
JieJieHus1, padoTalolyo Ha ToM ke Mecte. [lomaroBoe paccMoTpeHue npuMepa
MIPOrpamMMmBbl JI0 TOTO, KaK BbI TO3HAKOMUJIMCH C €€ KOJIOM, MOXKET [T0Ka3aThCsl CTPaH-
HBIM, HO TIOBEPBTE: ATO CAMbII KOPOTKUH ITyTh K HOHUMAaHHUIO 3TOM MOAMPOTPAMMBIL.

OCHOBBIBasICh Ha HAIIIEM BBICOKOYPOBHEBBIM ILIaHE, MbI OyJIeM OTCJIC)KUBATh JIBE
IpaHULIbl: TPAHUILY MEXK]Ty HEOITOPHBIMHU 3JI€MEHTaMH, KOTOPBIE MbI YK€ paccMo-
TpeIu, U TEMH, KOTOPBIE ellle HET, U BHYTPH MEPBOU IPYIIIbI — IPAHUILY MEKILY
3JIEMEHTAMH MEHBIIIE OTIOPHOTO, U TEMH, KOTOPBIE OO0JIbIIIE OMOPHOTO. MBI Oyem
HCTIONIE30BaTh HHACKCHI j U | COOTBETCTBEHHO, YTOOBI OTCIICKUBATh ITH JIBE Tpa-
HuU1bl. Ha sxenaeMblii ”HBApUAHT TOTJAa MOYKHO Tiepedpa3upoBarh Tak:

HNuBapuaHT: Bce dJIEMEHTBl MKy ONOPHBIM M i — MEHbIIE ONOPHOTO U BCE
AJIEMEHTBI MEXKAY i U j — OOJIbIIIe OTIOPHOTO.

WHpexcsl i M j MHULUATU3UPYIOTCS TPaHUIEH MEXIy OMOPHBIM 3JIEMEHTOM
U OCTaJIbHBIMU. TOTja MKy OTIOPHBIM U j HET 3JIEMEHTOB, M HHBAPHAHT COOIIO-
JlaeTcs B IyCTOM BHJIE:

iJ

CERF DI

—~—

'\ He paszeneH
OIOPHEIN DIEMEHT

Bo Bpems1 kax 101 HTEpaly MOAIPOrpaMMa pacCMaTpUBAET OJUH HOBBII JIEMEHT
U yBenuuuBaeT j. [l mopaepskaHus HHBApHAHTa MOXKET MOTPeOOBAThCS JIOMON-
HUTEIbHAS paboTa. B mepBsIii pa3, Koraa MBI yBETTMYMBAEM j B HAIlleM IIpUMepe,
MBI [I0JIy4aeM:
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[3]8]2[5 ]t [4]7]6

A ~— — ——
pasacicH HC pa3JaCiICH

Me>K)1y OINOPHBIM DJIEMCHTOM U i HET 3JIEMEHTOB, U C)II/IHCTBGHHI:Jﬁ OJIEMCHT MCKY
inj («8») — OobIle OITOPHOTO, [TO3TOMY HHBAPHUAHT ITO-TTPEKHEMY COOITFOIAETCSI.

Tenepb uHTpHra HapacTaet. [locie mpupalieHus j BO BTOPOM pa3 MEX1y i U j €CTh
AIIEMEHT, KOTOPBIH MEHBIIIE OIIOPHOTO («2%»), 9TO HapyIIeHNe HHBapHaHTa. UToOBI
BOCCTaHOBUTH MHBAaPHUAHT, Mbl OOMEHUBAEM «8» Ha «2», a TAK)KE YBEIUYUBAEM i,
YTOOBI OH BKIIMHHIICS MEXKIY «2» U «8» U CHOBA OYEPTHJI TPAHHUILY MEXIy 00pa-
0aTHIBAEMBIMH DJIEMEHTAMH MEHBIIIE H OOJIBIIIE OMIOPHOTO:

i J
A Vv
| 3[8]2]s[1[4]7]6] = 3][2]8]5]1]4]7]s6]

7_/ ——
C€IIC He pa3aCIICH HEPA3ACIICH pas3neicH HE pa3aeiicH

TpeTbs uTepalys aHaJIOTUYHA TIepBOd. MBI 00padaThiBacM CIIEIYIOLTHHA HIEMEHT
(«5») m yBenmmumBaeM j. [10CKOIBKY HOBBIH QJIEMEHT OOJIBIIE ONIOPHOTO, MHBAPUAHT
MIPOIOIIKAET COOMIONAThCA, M OOJIbILE IeIaTh HEYETO:

i J
J
13 ]2]8[5]1[4]7]6
—_—

/ N

pasfeneH  He pasjeieH

Uetsepras utepalus aHaornyHa BTopoil. [Ipuparienue j BHOCUT DIIeMEHT MEHbBIIIE
oropHOTo («1») MEXMY i 1 j, 4TO HapyIIaeT HHBapHaHT. Ho BOCCTaHOBUTH MHBA-
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PHAHT JOCTaTOYHO JIETKO — IMPOCTO HAI0 OOMEHATH «1» C IEPBBIM IIEMEHTOM
Oosnblie OOPHOTO («8») U YBETUUUTH 7, YTOOBI OTPA3UTh HOBYIO IPAHUILY MEXKITY
00pabaTHIBAEMBIMH JIEMEHTAMH MEHBIIIE M OOJBIIIE OIIOPHOTO:

. ; .
oOMeH

AN Vv

[3[ 2] 8]s5]1]4] 76|l =D[3]2[1[5]s8]4]7]6

| S S — ) S —
Clle He pa3feneH  HE PasJciCH pasnenex HE pazJieleH

[Tocnennue Tpu uTepanmn 00padaThIBalOT MIEMEHTHI, KOTOPbIE OOJIbIIIE OTIOPHOTO,
[TOTOMY HHYEro He HYXKHO JeiaTh, KpoMe mpuparienus j. [Tociae Toro kak Bce
3JIEMEHTBI OBLTH 00PabOTaHBI M BCE BIIEMEHTBI TIOCJIE OMTOPHOTO OBLITH pa3eiCHBbI,
MBI 3aBEpIIAeM OKOHYATEIHHBIM OOMEHOM OIMOPHOTO 3JIEMEHTA U MOCIICIHETO
JJIEMEHTA MEHBIIE HETO:

i J

obMeH
£\ l/
|3|i|1 [5 [8 |4|7|iJ|:>|1\|2|3|5 |8|4|7m
— <
OHOpHBII/I BJICMCHT pa3neneH pasaciicH

B coorBercTBUM C Tpe6OBaHI/ICM B KOHCYHOM MAacCCHBE BCC 3JICMCHTBHI MCHBIIIC
OMMOPHOTO NAYT N€pPE] HUM, U BCC DJICMCHTBI OoJrbIIe OIMOPHOTO UAYT MOCJIC HETO.
TO, qT0 «1» B «2» HaxXo4ATCs B OTCOPTUPOBAHHOM IOPAAKE, SIBIIACTCS COBIAAC-
HUEM. DIIEMEHTEHI IOCJIe OIIOPHOT0, OYEBHUIHO, HAXOAATCA HE B OTCOPTUPOBAHHOM

TOopAIKE.
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5.2.4. NceBnokop, Partition

IIceBmokon moanporpaMMbl pasaciICHUA Partition — 3TO UMEHHO TO, YTO BBI
0XKMJAACTC YBUACTD IOCJIC an/IMepal.

PARTITION

Bxon: MaccuB A U3 12 pa3HBIX LHENBIX YHCEIT, JICBAs U [IPaBasi KOHCUHbBIC
touku, £, r € {1,2,...,n}, tne L <r

MocrycaoBue: anementsl nogmaccusa A[L], A[€ + 1], ..., A[r] pa3-
JieieHbl BOKpyT A[{].

Bbixoa: koHeuHast IMO3UIKA OIOPHOTIO BJICMCHTA.

p = A[€]
1:=€+1
for j ;=€ + 1 to r do
if A[j] < p then // ecnn A[J] > p, Hu4dero
He AenaTtb
obmeHATb A[j] ¢ A[1]
1:=1+1 // BOCCTaHaB/AMBaeT WHBApWaHT
obmeHATb A[€] ¢ A[1 - 1] // NOMEeCTUTb OMOpPHbIN 3NEMEHT
npaBuAbHO
return 1 - 1 // COoObWMTb KOHEYHYH MO3ULMI0

OMNOPHOro 351eMeHTa

[Mopnporpamma Partition MpUHUMAET B KQY€CTBE BXOJHBIX JIAHHBIX MAcCHUB A,
HO Pa0OTaeT TONBKO C MOJMACCUBOM 3JIeMEHTOB A[{], ..., A[r], Tne € u r — 310
3aJlaHHbBIe TTapaMeTphl. 3a0eras BIiepel, KaK/Iblid PeKYPCUBHBIN BbI30B aJITOPUT-
Ma QuickSort Oymer oTBeuaTh 3a ONPECIICHHOE HEMPEPHIBHOE MOMHOXKECTBO
MEePBOHAYAILHOTO BXOJHOTO MAacCHBa, a mapameTpsl £ U » OyayT 3aj1aBaTh COOT-
BETCTBYIOIINE KOHCUHBIC TOUKH.

! Ecnu BBI 3aniIsTHETE B APYTHE YUCOHWKU WIIH B MHTEPHET, TO YBUAWTE HECKOJIBKO Ba-

PHAHTOB 3TOW MOIIPOrPaMMbl, KOTOpbIC pa3nuuaroTcs B netansax. (Ecte maxe Bepcus
B MICTIOJTHEHUH BEHTEPCKOTO aHcamO:st Hapoaubix TaHIeB! CM. https://www.youtube.com/
watch?v=ywWBy6]5gz8.) DTr BapraHThl OMUHAKOBO ITOIXO/AT JJISl HAIINX LIETeH.
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Kak u B mpuMepe, HHIEKC j OTCICKUBACT, KAKHE AIIEMEHTHI ObUIH 00paboTaHFbI,
B TO BpeMsl KaK i OTCIEKHUBAET IPAHUILy MEXAYy 00paOOTaHHBIMHU 3JIE€MEHTaMHU,
KOTOpBIE MEHbIIIE ¥ 00JIbIle onopHoro (rae A[i] — 3To camblii JieBbIii 00pado-
TAHHBIH AJIEMEHT OOJBIIIe OITOPHOTO, CITH TaKOBOW UMeeTcst). Kaxxnas ureparms
LuKiIa oOpabarbiBaeT HOBBIM aeMeHT. Kak u B mpuMepe, Korna HOBBINA JIeMEHT
A[j] — Gomnble OMOPHOTO, MHBAPHUAHT BBHIMIOIHACTCS aBTOMATHUCCKH, U JeTIaTh
Hedero. B mpotuBHOM cirydae GpyHKINS BOCCTaHABIMBACT HHBAPHAHT, MEHSISI Me-
cTamu A[ /], HOBBIH dNeMeHT, u A[i], caMblii JIEBbIHA 3JIE€MEHT OOJIbIlIEe OIIOPHOTO,
Y YBEIINYHBAs i, 9TOOBI OOHOBUTH TPAHHUILY MEKIY JIEMEHTaMH, KOTOPBIC MEHBIIIC
u Gosbiie onopHoro' 2. TlocienHuii mar, Kak ObUIO OOBSBICHO paHEee, CTABUT
OTIOPHBII JTEMEHT Ha CBOE 3aKOHHOE MECTO, CMEIl[asi IPaBblii 3JIEeMEHT MEHBbIIIE,
yeMm ero. [lognmporpamma Partition 3aBepiaeTcsi, BO3Bpallas 3Ty MO3UIUIO Ha3a/l
B BBI30B aJITOpUTMa QuickSort, KOTOPBIH €€ BbI3BAJL

Ora peanuzaiys HeBepoATHO ObicTpa. OHa BBITIOIHSAET TOJIBKO TIOCTOSHHOE YUCIIO
omepalui st Kaxaoro anementa A[{], ..., A[r] cOOTBETCTBYIOIIETO MOIMACCUBA,
Y [IO9TOMY BBIMOITHSETCS 3a BpeMs, JIMHEHHOE 110 AJTMHE 3TOTO MoJMaccBa. BaxkHo
OTMETHTB, YTO TIOANPOrpaMMa padOTAET Ha ITOM TMOJMACCHUBE Ha TOM K€ MECTE,
HE BBIJICIISISI HUKAKOW JIOTIOTHUTEIbHOU mamMsith 3a nipenenamu O (1) oobema, He-
00XOMMOTO JIJIsl OTCIICKUBAHUSA NIEPEMEHHBIX, TAKUX KaK i U j.

! OOMeH He HyKeH, eCJIU 3IEMEHTBI OOJIBIIIEC OMIOPHOTO CIIe HE BCTPEYAIIHCH, — IIOAMACCHB

00pabaTbIBaeMbIX JIEMEHTOB Pa3essieTcs] TPUBHAILHO. HO NONONHUTENBHBIH 00MeH
0e3BperieH (Kak BBI JOJIDKHBI YOSIUTECS ), TOITOMY MBI OyZieM NPHUAEPKUBATHCS HAILIETO
MPOCTOTO TICEBIOKOAA.

[Touemy >TOT OOMEH M NMpHpALICHUE WHIEKCA BCETNA BOCCTAHABIMBAIOT HHBAPUAHT?
WuBapuaHT coOmonaercs mepes caMbIM MOCJISTHAM MPpUpaieHneM j (10 HHIYKIHH, eCITH
BbI XOTHTE TIOJIOUTH K TOMY (POpPMAIIbHO). DTO 03HAYAET, U4TO BCE MeMEHThI A [{+ 1], ...,
A[i — 1] — MeHblIIe OTIOPHOTO0, U BCe ANeMeHTbI 4 [i], ..., A[ j — I]— GoJibliie OOpHOTO.
EnuucTBeHHast ipobiiemMa 3aKiovaeTcst B ToM, uto A4 [j] — MeHbiie ornopHoro. [Toce
oomena A4 [i] ¢ A[j] anementst A[€ + 1],..., A[i] u A[i + 1],..., A[j], COOTBETCTBEHHO
MeHble U Oosbiie ornopHoro. [Tocne yBenuuenus i snemMeHtsl A [+ 1], ..., A[i — 1]
uA[il], ..., A[j] COOTBETCTBEHHO MEHbIIIE U OOJIBIIIE OTIOPHOTO, YTO U BOCCTAHABINBACT
WHBapUaHT.
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5.2.5. NceBpokop anroputma Quicksort

Tenepb y Hac ecTh MOJIHOE OIMCAHKUE aIropuT™Ma QuickSort, B ocTaTKke MOANpPO-
rpamma ChoosePivot, KOTOpas BBIOMpaeT OMOPHBIN 3JIEMEHT.

QUICKSORT

Bxon: MaccuB A U3 12 pa3HBIX LHENBIX YHCEIT, JICBAs U [IPaBasi KOHCUHbBIC
touky, £, r € {1,2, ..., n}.

MoctycnoBue: snements! nogmaccusa A[ L], A[£+ 1], ..., A[r] orcop-
THUPOBAHBI OT HAUMEHBIIIETO JI0 HAUOOJIBIIETO.

if £> r then // ©- wnn 1-3neMeHTHbIN MOAMaccuBs

return

1 := ChoosePivot(A, {, r) // npeacTouT peanusoBaTthb

obmeHaTb A[€] c A[1] // chenaTb OMOPHbLIA MepBbiM

j := Partition(A, €, r) // j = HoBasa onopHas no3uuus

QuickSort(A, £, 7 - 1) // peKypcuBHO BbI3BaTb C MepBOM
YacTbh

QuickSort(A, 7 + 1, r) // peKypcuBHO Bbi3BaTb CO BTOPOIi
YacTbh

CopTHpOBKa n-3JIEMEHTHOTO MaccuBa A CBOIUTCS K BBI30OBY (pyHKIMH QuickSort
4,1, n)..

5.3. BaXXHOCTb XOPOLUUX OMOPHbIX 3JIEMEHTOB

JeiicTBUTeNnbHO 11 Quicksort — ObICTpBIi anroputM? CTaBKU BBICOKU: IPOCTHIE
aJITOPUTMBI COPTUPOBKH, TaKKE KaK InsertionSort, BEIMOIHSIOTCS 3a KBaApaTHy-
noe (O(n*)) BpeMsi, U MBI YK€ 3HAEM OJMH aJrOPHTM COPTUPOBKH (MergeSort),
KOTOpBIX BbINONIHAETCA 3a BpeMs O (n log n). OTBeT Ha ATOT BOMPOC 3aBUCHUT OT
TOT0, KaK MBI peajiin3yeM (yHKIHIO ChoosePivot, KOTopas BEIOMPAET OUH SICMEHT

! MaccuB A Bcer/a nepeaaeTcs Mo CChUIKE, TO €CTh BCE BBI30BBI (DYHKIHI paboTaroT He-
MMOCPEICTBEHHO C UCXOTHOU KOMHEH BXOHOTO MacCHBA.
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M3 YKa3aHHOTO TojiMaccrBa. UToObl QuickSort OBUT OBICTPBIM, BAYKHO, YTOOBI OBLITH
BBIOpaHBI «XOPOIIHE» OMOPHEIC TIEMEHTBI, TO €CTh OIMTOPHBIC IIEMEHTBI, KOTOPHIC
MPUBOIAT K IIByM I10/3a/1a4aM IIPUMEPHO OAUHAKOBOTO pasMepa.

5.3.1. HanBHaa peanusauus noanporpamMmmbl

ChoosePivot

B namewm 0630pe anroputMa Quicksort MBI YIOMSHYIH HAaUBHYIO PEaH3aIlHio,
KOTOpasi Bcerna BbIOMpaeT MepBbIi 3JIEMEHT.

CHOOSEPIVOT (HAUBHAS PEAJIN3ALINS)

BXOI[: MaccuB A U3 n Pa3HbIX TEJIBIX YUCECJI, JICBAsA U IpaBast KOHEYHLIC

touku £, r € {1,2, ..., n}.
Beixon: uanexcie {€, €+ 1, ..., r}.
return £

Pa3Be oTa HauBHas pcanusanua yrK€ HEA0CTATOUYHO Xopoma?

TECTOBOE 3AJIAHME 5.1

KaxkoBo Bpemst paGoThI anropuT™a QuickSort ¢ HAMBHOM peanm3aryeil
TOAIPOrpaMMbI ChoosePivot, €Clin n-3J1eMEHTHBIN BXOIHON MacCcuB
y’K€ OTCOPTHPOBAH?

a) O(n).
0) ©(nlogn).
B) O ().
r) ©®@).

(Pemenwuie u nmosicHeHue cM. B pasgene 5.3.3.)
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5.3.2. U36bITOYHaa peanu3auusa ChoosePivot

TecrtoBoe 3amanue 5.1 pucyeT HaUXyANIYIO KAPTUHY TOTO, YTO MOXKET IIPOU30HTH
B anropuTrMme QuickSort, Korjga B pacueTe Ha PEeKypPCHBHBINM BBI3OB yAaJIIeTCs
TOJIBKO OJIMH 3jeMeHT. KakuMm Oyner waurnyuwwuil cuienapuit? MaeansHo cba-
JAaHCHPOBAaHHOE pa30MECHHE JOCTUTACTCS MeOUaHol HIEMEHTa MacCHUBA, TO €CTh
9JIEMEHTOM, AJI1 KOTOPOTo OJUHAKOBOE KOJIMYECTBO JIPYTUX JIEMEHTOB MEHbBIIIE
Hero u Gosnblie Hero'. [T09TOMY, €ciii MBI XOTHM MPUIJIOKHUTH yCHIINs B paboTe
C OTIOPHBIM DJIEMEHTOM, MBI MOKEM BEIUHCIATh MEINAHy dJIEMEHTa 3aTaHHOTO
[OJIMacCHUBa.

CHOOSEPIVOT (M3BBITOYHAS PEAJIM3ALIUS)

Bxox: MaccuB A U3 12 pa3HBIX LENBIX YHCEIT, JICBAs M [IPaBasi KOHCUHbBIC
touku £, r € {1, 2, ..., n}.

Beixon: uanexcie {£,{+1,...,r}

BEPHYThH IMO3UITUI0 MeTUaHbI aneMenTa {4 [{], ..., A[r]}

B CHCIIYIOHICP'I TJ1aB€ Mbl YBUIUM, YTO M€AHAaHa 2JIEMCHTA MaCCUBA MOXKCT OBITh
BbBIYHMCJICHA 3a BPEMH, JIMHEHHOE TI0 JJIMHE MaCCHUBa, naBaﬁTe IIPpUMEM 3TOT (baKT
Ha BEpYy A CJICAYIOUICTO TECTOBOTO Sa,I[aHI/I}IZ. CYH.IGCTBYCT JIM KaKasA-TO Harpajia
3a YCEPAHYIO pa60Ty I10 BBIYUCIICHUIO NACAJIBHOTO OITIOPHOTO snemMeHTa’?

! Hampumep, Memnanoit MaccuBa, comepikamiero {1, 2, 3, ..., 9}, 6ymer 5. Jlns maccuBa
YETHOM JUTMHBI €CTh JIBa 3aKOHHBIX BapHaHTa BEIOOpA METUAHBI, U JIFO0O0# 13 HUX MOAXO0-
JTAT JUTsE HaluX 1eseid. [Toatomy B MaccuBe, KOTOpHIid conepxut {1, 2, 3, ..., 10}, MOXHO
CUHMTaTh CPEAUHHBIM JIEMEHTOM 5 Wi 6.

2 Ha maHHBIA MOMEHT BBHI 3HaeTe aluroput™ co BpemeneMm O (n log n) mst BEIYHCIICHUS
Menuanbl MaccuBa. (IToackaska: copruposars!)
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TECTOBOE 3AJAHMUE 5.2

KakoBo Bpemsi paboTsl anroputma Quicksort ¢ peann3aiu-
el M30BITOUHOM moAmporpaMmbl ChoosePivot Ha MPOM3BOJBLHOM
n-3JIEMEHTHOM BXOJAHOM MaccuBe? McxomuTe U3 TOro, 4To MOAIpo-
rpaMma ChoosePivot BBIOMHSETCS 3a Bpems @ (7).

Henocrarouno uHpopMaImu ajist OTBETA.
a) O(n).

0) O (nlogn).

B) O(n?).

(Pemenue u nosicieHue cM. B paszaene 5.3.3.)

5.3.3. PeweHus TectoBbIX 3apgaHnm 5.1—- 5.2

PelweHue TecTtoBoro sagaHmsa 5.1

[paBuabublii oTBeT: (B). CoueTaHne HAaMBHO OTOOPAHHBIX OMOPHBIX AJIEMEHTOB
7 y’K€ OTCOPTHPOBAHHOTO BXOJHOTO MACCHBA IMPUBOAMUT K TOMY, YTO aJITOPUTM
QuickSort BBIMONHSIETCS 3a Bpemsi O(7%), 4TO HAMHOTO Xy)Ke ajroput™a MergeSort
1 He JIy4lle IPOCTHIX aJITOPUTMOB, TaKUX Kak InsertionSort. YTo xe npousouwio?
ITonmporpamma Partition B caMOM BHEIIHEM BBI30BE alropuTma QuickSort c mep-
BbIM (HAUMEHBIIINM) 3JIEMEHTOM B Kau€CTBE OMOPHOTO HUYETO HE JETaeT: OHa Mpo-
HOCHTCSI IT0 MAaCCHBY, H, IIOCKOJIBKY BCTPEYACT TOJIBKO 3IEMEHTHI, KOTOpBIE OOIIbIIe
OTIOPHOTO, OHA HU Pa3y HE MEHAET MECTaMH HH OJHY Mapy aneMeHToB. [locie Toro
KaK ATOT BBI30B IIOJIIPOrPaMMBbI Partition 3aBepLuMTCs, KapTHHA Oy/IeT Cleyomei:

PEKYPCHUBHO BbI3BIBATH C 3TUM

|

=

<P |P >p
S — —F -~ — _—
IMyCcTO n—1 371eMEeHTOB

(Bce elle COPTUPYIOTCS)
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B HemycToM peKypCHBHOM BBI30BE 3TOT IIA0JI0H MOBTOPSETCS: MOAMACCHB YXKe
OTCOPTUPOBAH, NEPBBIN (HAUMEHBIINN) IEMEHT BbIOpaH B Ka4e€CTBE ONOPHOIO,
U €CThb OJIUH IIyCTON PEKYPCUBHBII BbI30B U OIMH PEKYPCUBHBII BBI30B, KOTOPOMY
nepefaeTcs noaMaccus U3 n — 2 aneMeHToB. U Tak nanee.

B xon1e mognporpamma Partition BeI3BIBAETCS € TOAMACCUBAMM JIJTMHON 1, 1 — 1,
n—2, ..., 2. [Tockonbky paboTa, BBITOJHSIEMAs B OJJHOM BBI30BE MOIPOrPAMMBI
Partition, MpONOpLHOHAIbHA JJIMHE TOIMACCHBA BBI30Ba, 001IHI 00beM paboThI,
BBITIOJTHSIEMOM allrOPUTMOM QuickSort B 3TOM citydae, MpOoropIHoHaIeH

n+(n-D+n-2)+...+1
= 0 (n?)

", CJICA0BATCIIbHO, KBAAPAaTHUYCH 110 JJIMHE 77 BXOJAHBIX ,I[aHHLIXl.

PelweHue TectoBoro sagaHumsa 5.2

IIpaBuabHbIil oTBeT: (B). B 3TOM Hanmyuinem cuieHapuu anroput™ QuickSort
BEIMTONHsIeTCs 3a Bpems @ (n log ). [IpuunHa B TOM, 4TO €ro BpeMst paboTHI oTpe-
ACIIACTCA TEM KE CaMbIM PEKYPPCHTHBIM COOTHOLICHUEM, KOTOPOEC YIPaBJISICT
BpeMeHeM paboThl MergeSort. To ectb eciu 7'(17) 0003HauaeT BpeMst pabOoThI ATOH
peanu3anuu QuickSort Ha MaccUBax UTMHOMH 72, TO

T(n)= 2><T(£j +  0(n)
2 —
SR ChoosePivot u Partition

TIOCKOJIBKY OTIOPHEIET JJIeMEHT =Me/IHaHa

OcHoBHas paboTa, BEITOTHsIEMas BEI30BOM aNropuTMa QuickSort BHE PeKypCHB-
HBIX BBI30BOB, JIEJAE€TCSA B €ro MmoAmporpamMmmax ChoosePivot u Partition. Mbl
HCXOJIM U3 TOTO, YTO IMepBasi cocTaBisieT @ (1), U pasaen 5.2 J0Ka3bIBacT, 4TO
nocinenHss Toxke cocranisieT O (7). [TockoabKy B KaueCcTBE OIOPHOTO 3JIEMEHTA MbI
WCIOJIb3YeM MeIUaHy dJIEMEHTa, Mbl TIOJy4aeM UealbHOe pa3dueHue BXOAHOTO
MacCHBa, M KaXKAbI PEeKyPCUBHBIM BBI30B MONydYaeT MMOJMACCHB C HE Oojee deM
% JJIEMEHTAMM:

' BeicTpsiit crmocob yBumeTh, ato n + (n— 1)+ (n —2) + - - - + 1 = @ (n?), — 06paTuThH
BHHMaHHE Ha TO, YTO 3TO BRIPAKCHHE HE Ooee #? (KaXKIblid M3 /1 YICHOB COCTABIISICT HE
Goree n) U He MeHee 1n*/4 (KaXKIbIit U3 TIEPBBIX 72/2 YICHOB COCTABISIET HE MEHee 71/2).
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<p p >p
<50 % maccuBa <50 % maccuBa

[Ipumenenune ocHoBHoro meroja (reopema 4.1)a=b=2ud=1 rorna naer 7'(n) =
=0 (nlogn)..

5.4. PaHAOMMNU3NPOBaAHHbIN aNIFTOPUTM
Quicksort

Br160op niepBoro snemMeHTa nogMaccuBa B KadyecTBe onopHoro 3anuMaet Beero O (1)
BPEMCHH, HO MOXKET MIPUBECTH K TOMY, YTO allTOPUTM QuickSort OyneT paborarsh
3a Bpemst O (n2). Beibop MennaHbl 3JIeMEHTa B Ka4eCTBE OMIOPHOTO TapaHTHPYET
obmee Bpems pabotel O (1 log 1), HO 3aHMMaeT ropa3ao OOoJbIe BpeMEeHH (eciu
OHO BCe eIlle JIMHEHHOoEe). MOXHO 71 TOoTyuuTh Jydmiee u3 odoux mupos? Ects
JIM TIPOCTOM W JIETKHH CIOCOO BBHIOpATh OMOPHBIA AIIEMEHT, KOTOPBIA TPUBOUT
K IIpUMEpHO cOaaHCupoBaHHOMY pazouenuto maccupa? OtBer — aa. KiroueBast
Uiesl — UCTIONB30BaTh PAHOOMUZAYUIO.

5.4.1. PaHpoMmunsnposaHHasa peanusauus
noanporpammsbl ChoosePivot

PanioMu3npoBaHHBIN AITOPUTM — 3TO AJITOPUTM, KOTOPBIIA IO X0y pabOThI IO/~
OpacbIBae€T MOHETBI» U MOKET IPUHUMATh PELLICHHUS HAa OCHOBE Pe3yJIbTaTOB 3TUX
noaOpackIBaHui MOHET. Ecii BBl CHOBA M CHOBA 3aITyCKaeTe PaHAOMU3HPOBAHHBIH
QJIITOPUTM C OIHUMU U TEMHU 7K€ BXOJHBIMU IaHHBIMH, TO YBUANUTE Pa3HOE M1OBEIE-
HHE B Pa3HbIX NIPOroHax. Bce 0CHOBHBIE S3BIKM MTPOrPAMMMPOBAHUS BKIHOYAIOT
OHOIMOTEKH, KOTOPBIE TTO3BOJISIFOT JIETKO BHIOMPATh CITydaifHbIE YUCIIA TI0 CBOEMY
YCMOTPEHUIO, ¥ PAHIOMHU3AIHS — HTO HHCTPYMEHT, KOTOPHIi OIKEH OBITH B ap-
CeHajie 1I000r0 Cepbe3HOr0 MPOEKTUPOBLIMKA aITOPUTMOB.

! TexHUYECKH MBI HCIIONB3YEM 3/1€Ch BAPHAHT OCHOBHOTO METO/a, KOTOPBIi paboraet

¢ obo3HauenneM ®-0omapmioe, a He O-00JbIIOE, HO B OCTAJILHOM OH TaKOM e, Kak
u B Teopeme 4.1.
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C KaKo# cTaTH BO3HHKAET MOTPEOHOCTh BBECTH CIYYAHHOCTh B CBOH allTOPUTM?
PasBe anroputMmbl He camasi IETCPMUHUPOBAHHAS BEII[b, KOTOPYIO TOJIBKO MOXKHO
Hpe}ICTaBI/ITL? OKa3LIBaeTCH, CYImECTBYIOT COTHH BBIYUCJIIMTCIIBHBIX 3a1a4, 1A
KOTOPBIX PaHJIOMH3UPOBAHHBIC AJTOPUTMBI OBICTpee, IPPEKTUBHEE WU JIeTde
[POrPaMMHPOBATH, UM UX JCTEPMUHUPOBAHHbBIC AHAIOTH ',

Campblit TpoCTOi CI0C00 BHEAPHUTH CIYYalHOCTH B ITOPUTM QuickSort, KOToO-
PpBIii OKa3bIBaeTCs Yype3BbIUailHO 3(pPEeKTUBHBIM, — BCET/a BHIOUPATh ONOPHBIE
ANIEMEHTBI PAGHOMEPHO CIYUALHBIM 00PA30M.

CHOOSEPIVOT (PAHAOMU3UPOBAHHASA PEAJIU3ALIUA)

Bxoa: maccuB Awmn PA3HBIX HEJIBIX YHUCECII, JICBAS U IIPpaBasi KOHCUHBLIC

touku £, re {1,2, ..., n}.
Bwixon: uanexc i€ {€,{+1,...,r}.
BEpHYTb 271eMeHT {{, { + 1, ..., r}, BoIOMpaeMblil paBHOMEPHO CIIy-

YaiHBIM 00pa3zoM

Hampumep, ecnmu £ =41 u r = 50, To y kaxxgoro u3 10 snementoB A[41], ..., A[50]
ecthb 10 %-Hblii maHc ObITh BRIOPAHHBIM B KAYECTBE OMOPHOTO AIIEMEHTA’,

5.4.2. Bpemsa paGoTbl paHAOMU3UPOBAHHOIO
anroputma Quicksort

Bpewmst paboTsl paHIOMH3UPOBAHHOTO ANTOPUTMA QuickSort ¢ ONMOPHBIMHU 3JIe-
MEHTaMH, BEIOMpAaeMbIMHU CTydaifHBIM 00pa3oM, He BCceraa oAnHakoBo. Beerma
€CTb KaKOI-TO 11aHC, XOTs U OTAAJECHHBIH, 4TO aJITOPUTM Bcerja OyaeT BbIOupars

! CnenmanucraM B o6macTi computer science morpeboBagoch HEKOTOPOE BPEMsI, ITOOBI
3TO BBISICHUTB, IPUYEM IILUTFO3bI ObLITH OTKPHITHI B cepennne 1970-x ronos BMecTe ¢ Obl-
CTPBIMH PaHIOMHU3HPOBAHHBIMH JITOPUTMAMH ISl IIPOBEPKH TOTO, SIBISIETCS JIH €TI0
YHCIIO TPOCTHIM.

2 Eme oaHNM HE MEHEE IOJIE3HBIM CIIOCOOO0M SIBIISICTCSI PAHIOMU3HPOBAHHAS [IEPETACOBKA
BXOJTHOTO MacCHBa Ha dTare NpeaBapUTeIbHON 00pabOTKH M 3aTeM BIIIOJIHEHHE HAUBHON
peanu3anuu ajropurma QuickSort.
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MUHHMAJIFHBIH 2JIEMEHT B KaUECTBE OMMOPHOTO M3 OCTABILIETOCS TOIMACCHBA, UTO
MPUBOIUT K BpeMeHH paboThl @ (n%), HabIIOMaBIIEMYCsl B TCCTOBOM 3a/1aHuu 5.1,
EcTb Taxxe HEOOMBIION MIAHC, YTO ANTOPUTM, [0 HEBEPOSTHO CUYACTINBOMY CO-
BITAJICHUIO, BCET/Ia B KAYECTBE OMOPHOTO OyZIeT BEIOMPATh CPEIMHHEIA HIIEMEHT IO/
MacCHBa, B pe3ynbTare MPUBOJIS K BpeMeHH paboTsl O (1 log 1), HabmonaBeMycs
B TECTOBOM 3a1aHnu 5.2. Takum 00pazom, BpeMst pabOoThl aITOPUTMa KOJICOIETCsI
Mexay O (n log n) u © (n?) — u Toraa Kakol CIieHApUi MPOUCXOIUT Yalle: Hau-
JTYYIIMNA WIM HAaUXyAWUH? YAUBUTEIbHO, HO MPOU3BOAUTEIBHOCTD aJrOpuTMa
QuickSort mo4Tn Bcerga OamM3Ka K ero HauIydIlel MpOn3BOAUTEIEHOCTH.

Teopema 5.1 (Bpemst paGoTsl pangoMusupoBaHHoro Quicksort). /[ xasxcoozo
6X00H020 Maccuea Onunol n > 1 cpednee epemst pabomvl paHOOMU3UPOBAHHO20
aneopumma Quicksort pasusaemcs O (n log n).

CioBO «cpenHee» B GOPMYIHPOBKE TEOPEMBI OTHOCUTCS K CITyYafHOCTH B CAMOM
anropurMme QuickSort. Teopema 5.1 ne MUCXOOUT U3 TOTO, YTO BXOJHOW MAacCHB
SBJSIETCS CydaliHbIM. PangoMu3npoBaHHBIN anropuTM QuickSort siBIseTcs
YHUBEPCAIBHBIM aNTopuT™MOoM (cp. paszaen 1.6.1): He3aBUCUMO OT TOTO, YTO CO-
00l mpeaCTaBIsIeT BAIll BXOJHOM MAacCUB, €CIH BBIMOJIHATH aITOPUTM C HUM
CHOBa W CHOBa, cpeaHee Bpemst padotsl Oyner O(n log 1), TO ecTh JOCTAaTOYHO
XOPOIINM, YTOOBI KBATH(PHUIIUPOBATHCS KaK OCCIUIATHBIN MPUMHUTHB. B mpuHIume
PaHIOMU3UPOBAHHBII aIrOpuT™ QuickSort MOXKET BBITONHATHCS 3a Bpemst © (12),
HO Ha MpaKTHKE BBl MOYTH Bcerna Oyaere Habmonare Bpems padotsl O (n log n).
JBa nONONMHUTEIRHBIX OOHYyca: KOHCTAHTa, CKPhITasi B 0003HaYeHUU O-00IbIInoe
B TeopeMe 5.1, TocTaroyHo Maja (Kak B MergeSort), U aTOPUTM HE TPATHT BpeMs
Ha BBIJICJICHNE ¥ YIIPABJICHIE JOTIOHUTEIILHON OTIEPATUBHOM MAMSTHIO (B OTIIMIHE
OT MergeSort).

5.4.3. UHTYyNnTUBHOE NOHUMAHME: YeM XOpPOoLUU
cnyyaiHble ONMOpPHbIE 3JIEMEHTbI?

st Gornee TiryGOKOro MOHUMAHUS TOTO, MOUYEMY aJITOPUTM QuickSort Takoi ObI-
CTPBIi, HIYTO HE MOKET OBITH JIYHIIIC HCCIICIOBAHUS T0KA3aTEILCTBA TEOPEMBI 5.1,

! Jlaxke IIpy HE3HAYHUTEIBHBIX 3HAYCHUSX 71 BEPOSITHOCTD TOTO, YTO IIPU YTCHAH ITOM KHUTH
B BaC IIOMAIET METEOPHUT, OyneT Bole!
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KoTOpasi 00BsICHSIETCS B pasjelne 5.5. B paMkax MoJIrOTOBKH K 3TOMY JI0Ka3aTelb-
CTBY, @ TAK)KE B KAUECTBE YTEIIUTEIBHOIO IIPHU3a Il YUTATEIIs, KOTOPBIH CIMUIIKOM
OTPaHUYEH BO BPEMEHH, YTOOBI MPOIIOTHTE pasien 5.5, MBI ajee pa3BHBACM
MHTYUTUBHOE IIOHUMAHUE TOTO, TOYeMy Teopema 5.1 HohKHA OBITh HCTHHHOH.

[epBoe npeacTaBIeHNE 3aKITFOIACTCS B TOM, UTO IS IOCTHKEHHS BPEMEHH PaOOThI
O(n log n), Kak ¥ B HAMTYYIIIEM CIICHAPHUHU B TECTOBOM 33aJJaHUH 5.2, MICIIOIH30BATh
MeAMaHy 3JEMEHTA B KQu€CTBE OMOPHOTO SIBISETCS U30BITOUHBIM PEIICHUEM.
[Ipenmnonoxum, BMECTO 3TOTO MBI HCIIOIB3YEM (IIPHOIIDKCHHYIO MEANAHY ), NMEs
B BHJIy HEKOTOPBIH 2JIEMEHT, KOTOPHIH JaeT HaM pazoueHue 25—75 % uu Oomnbiie.
3TO 3KBUBAJIEHTHO TOMY, YTO ATOT 3JIEMEHT OOJIbIIIE KaK MUHUMYM 25 % Ipyrux
2JIEMEHTOB, a TAK)KE MEHbIIE KaK MUHUMYM 25 % Apyrux 31eMeHToB. PucyHok
MoCJIe Pa3aesieHUs] BOKPYT TAKOTO OIIOPHOTO JIEMEHTA OYIeT CIISTyFOIIHM:

HpI/I6J'II/I)K€HHaH MEauaHa

< p|pP >p

< > — —

\\

25-75 % maccuBa 25-75 % maccuBa

Ecnm xaxaplil peKypCHBHBIN BBI30B BEIOMPACT OMOPHBIA 3JIEMEHT, KOTOPHIH SIB-
JSIeTCsl IPUOMIDKCHHOW MEAMAHOH B TAHHOM CITydae, BpeMsi paOOThI alropuTMa
QuickSort no-mpexxHemy coctaBut O (n log 7). Mbl He MOXKeM BBIBECTH ITOT (hakT
HETIOCPE/ICTBEHHO M3 OCHOBHOTO MeToaa (Teopema 4.1), MoToMy YTO MCHONB30-
BaHUE HE MeJlMaH NPUBOAUT K MOA3aa4aM C pa3HbIMU pa3Mepamu. Ho HeTpynHO
0000IIMTh aHATTN3 alrOpuTMa MergeSort (paszaen 1.5) Tak, 4ToOBI OH TaKke MPH-
MEHSICS U 311eCh’.

! HapucyiiTe 1epeBo peKypcHu anroputMma. Beskuii pas, korma QuickSort peKypCHBHO
ceOs BBI3BIBACT C ABYMS MMOJ3aa4yaMi, OTH T0J3a1a4l BKIIIOYAIOT pa3HbIe IIEMEHTHI
(Te, KOTOpbIe MEHBIIIE ONIOPHOTO, U T€, KOTOPBIE OONBIIE HEr0). DTO 03HAYAET, UTO IJIS
K)KIOTO YPOBHS j PEKYPCUH HET HAJIOKSHUI MEXIY ITOJIMACCUBAMH Pa3HbIX ITO3a1ad
YPOBHS j, ¥l TIOTOMY CyMMa JUTHH ITOMACCHBOB I10/33]a4 YPOBHS j HE MPEBBHIILIAET 7.
OO61ast paboTa, BBITIOIHSIEMAs HA STOM YPOBHE (BbI30BaMH HOANIPOTPaMMBI Partition),
JIMHEHHA TI0 CyMMe JUTHH MOAMAacCHBOB. TakuM 00pa3oM, Kak U B allTOpUTMeE MergeSort,
3TOT aJirOpuT™M BhIMoNHsAeT O (n) paboTy B pacdere Ha ypoBeHb peKypcuu. CKOJIBKO
ypoBHeit umeercst? C OMOPHBIMH dIEMEHTaMH, KOTOPBIE SBISIOTCS MPUONMKEHHBIMU
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Bropoe npencrapieHe 3aKIt09aeTest B TOM, 9TO B PAaHIOMH3UPOBAHHOM aJITOPHTME
QuickSort BEIOOp MEAMAHBI AIEMEHTA CYUTACTCSI HEBEPOSTHBIM Be3€HHEM (C IIaH-
coM Bcero 1 u3 n), a BOT BBIOOP MPHOMIKCHHOW MEANaHbl — JIMIIb HEOOJbIOE
Be3eHHe. Hanmpumep, paccMOTpUM MaccCuB, colepkaiiuii aneMenTs {1, 2, 3, ...,
100}. JTro6oe uncio ot 26 10 75 BKIIFOUUTEIBHO SIBISIETCS TPUOIKEHHON Meina-
HOI KaK MUHHMYM C 25 3JIeMEHTaMH1 MEHBIIIEC METUAHbI K 25 3IeMEHTaMH1 OOJIbIIe
Hee. A 910 50 % uncen B maccuBe! Takum o0pa3om, aaroput™ QuickSort mMeer
manc 50/50 ciryuaiiHbIM 00pa3oM BbIOpaTh NPUOIMIKEHHYIO MEIUaHYy, KaK €CITi Obl
OH TBITAJICS yTaaTh pe3yasTaT OpoCKa CHMMETPHYHON MOHETBL. JTO 03HAYACT, UTO
MBI O)KHIaeM, 9TO TpuMepHO 50 % BBI30BOB adropuTMa QuickSort OyIyT UCTIONb-
30BaTh MPUONIMKEHHBIE MEIUAHBI, 1 Mbl MOJKEM HaJESAThCS, YTO aHAJIH3 BPEMEHH!
pabotel O (n log n) B penpiayieM adb3are mpoIoHKUT COOTIONATHCS, BO3MOXHO,
C KOJIMYECTBOM YPOBHEH B I1Ba pa3a OOJIBIINM, YeM paHbIIIE.

He ommburecs: 310 He GopManbHOE 10Ka3aTENbCTBO, a IPOCTO IBPHCTHUCCKHUIL
apryMEHT B [1OJIb3Y TOT0, 4TO TeopeMa 5.1 MOXKeT ObITh IeHCTBUTEIEHO HCTHHHOM.
Ha Bamrem Mecte, y4uThIBasi IIEHTPAIbHOE MOJIOKEHUE adroputMa QuickSort
B IMPOEKTHPOBAHNUH U aHAIN3E aJTOPUTMOB, 5 TOTpeOoBa OB OECCITIOPHOTO apry-
MEHTa B I0JIb3y TOT0, YTO Teopema 5.1 1eiiCTBUTEIbHO HCTHHHA.

*5.5. AHanNN3 paHAOMU3UPOBAHHOIO
Quicksort

PannomusupoBanHbIil anroputM QuickSort KakeTcs OTIWYHOM Heed, HO Kak
JICHCTBUTENIBHO y3HATh, UTO OH OyjieT paboTarhk Xopoiio? B Gosnee odiiem riase,
KOTJIa BBl IPUYMBIBAETE HOBBII aJITOPUTM B CBOEH COOCTBEHHOW pabOTe, KaK BbI
y3HaeTe, SBJISCTCS JIM OH OJICCTSIINM HITU JKe TI0X0 naxHeT? OIuH MoJIe3HbIH,
HO Y CHUTYaTHBHBIHN MMOJIX0J] — 3alpOrpaMMHPOBATh AJITOPUTM M UCIBITATh €ro Ha
Ky4e pa3HbIX BXOJHBIX JAaHHBIX. J[pyTroii MoIxo COCTOUT B TOM, YTOOBI Pa3BUTh
WHTYUTHBHOE IOHUMAaHHUE TOTO0, IIOYEMY aJITOPUTM JOJDKEH pabdoTaTh XOPOIIo, KakK
B paszzere 5.4.3, 11 paHJOMHU3UPOBAHHOTO alroputMa QuickSort. OHAKO YETKOE

MeauaHaMu, He 0osee 75 % 2IeMEeHTOB MepearoTCsl OMHOMY M TOMY K€ PEKYPCUBHOMY
BBI30BY, U IOATOMY pazMep IO3a/1a4H CHIDKAETCs [0 MEHbLIeH Mepe ¢ koddduuneHTom
B 4/3 ¢ KaXIbIM YPOBHEM. DTO 03HAYAECT, UTO B JIEPEBE PEKypCHH UMeEeTCs He Ooee
log,, n = O(log n) ypoBHeii, 1 TO3TOMY B I1e7I0oM paboTa Beimonusaercs 3a O (n log n).
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MOHMMAaHUE TOTO, YTO JIeJIaeT aJITOPUTM XOPOIIUM HMIIH TUIOXHM, 4acTo TpedyeT
MaTeMaTHYEeCKOr0 aHaIu3a. JTOT pa3/iesl HOMOXKET BaM MOHSTh, OUYEMY alIrOpPUTM
QuickSort Takoil OBICTPBIH.

OTOT pa3aen UCXOAUT U3 TOTO, YTO UNTATEIIb 3HAKOM C MOHATUSIMU U3 TUCKPETHOU
BEPOSITHOCTH, KOTOPBIE pacCMaTpHUBAIOTCS B NMPHUIOKEHNN b: BEIOOpOUHBIE TPO-
CTPAHCTBA, COOBITHS, CIy4aiiHble BEIMUMHBI, MATEMATHYECKOE OKUAaHHE U JINHEH-
HOCTb MaT€MaTU4YECKOTO OXKUIAHHUS.

5.5.1. NpepBapuTtenbHbie cCBEeAEHUS

Teopema 5.1 yTBepkaaer, 4yTo sl KaXKJOTO BXOJHOTO MacCHBa JTMHON n > 1
cpenHee BpeMs paboThl paHIOMH3HPOBAHHOTO alropuT™Ma QuickSort (¢ OMOPHEI-
MU 3JIEMEHTaMH, BHIOUPAEMBIMH PABHOMEPHO CIIyYaifHBIM 00pa3oM) paBHSETCS
O (n log n). HauneM ¢ mepeBoia 3TOTo yTBEpXkIeHUS B (DOPMYIIUPOBKY Ha SI3bIKE
IMCKPETHOU BEPOSITHOCTH.

3amanum s OCTaIbHOW YacTH aHaIM3a MPOU3BOJILHBIN BXOJIHOW MaccuB A
JUIMHOU 7. HamoMHUM, 4TO BBIOOPOYHOE TTPOCTPAHCTBO — ITO MHOXKECTBO BCEX
BO3MOXKHBIX MCXOJIOB HEKOTOPOTO ClIy4dalHOTO mporecca. B pannomusznpoBaH-
HOM aJIropuT™Me QuickSort BCs CIy4ailHOCTh 3aKJIF0YAETCS B CIIy4aliHOM BBIOOpE
OTIOPHBIX AJIEMEHTOB B Pa3HBIX PEKYPCHUBHBIX BBI30BaX. TakuM 00pa3oM, MbI
MPUHUMAEM BBIOOPOYHOE MPOCTPAHCTBO ® KAK MHOXXECTBO BCEX BO3MOXKHBIX
HCXOJIOB CITyYalHBIX BAPHAHTOB BhIOOpA B airoput™e QuickSort (TO €CTh Beex
MOCJIEI0OBATEIILHOCTEHN OMOPHBIX JIEMEHTOB).

Hamomunwm, 4to citydaiiHas BENIWYMHA SBISICTCS YUCICHHON MEpO# pesyssrara
CIly4aifHOTO Tpolecca — BellecTBeHHON (PyHKIMeH, onpeneneHHoi na o. Ciy-
yaiiHasi BeJIMUMHA, KOTOpas HAC MHTEPECyeT, — 3TO YUCIO0 RT MPUMUTHUBHBIX
olepanuii (To eCTh CTPOK KO/Ia), BBIIOIHIEMBIX PaHIOMH3UPOBAHHBIM aJITOPUTMOM
QuickSort. D10 ueTKo chOopMyIHPOBAHHAS Cy4aiiHasi BETUUMHA, TOTOMY YTO BCS-
KHIi pa3, KOTlia BCce BAPUAHTHI OTIOPHBIX JIEMEHTOB 3apaHee OIPE/IeJICHBI (TO €CTh
® € Q), anroput™ QuickSort nMeeT HEKOTOpoe (PUKCHPOBAHHOE BpeMsT pabOTHI
RT (w). Bapbupysice 1o BceM BO3MOXKHBIM BapuaHTaM ®, R7(®) koiednercss oT
O (n log n) mo ®(n*) (cm. pazaen 5.3).

Mps1 MoXeM 000iTHCh aHATU30M OoJIee TPOCTOM ClTy4ailHON BETMYUHBI, KOTOPast
MTOJICYUTHIBACT TOJBKO CPABHCHUSI M UTHOPHUPYET APYTHE TUIBI BHITOTHSICMBIX
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MPUMHUTHBHBIX oreparuii. O6o3HaunM depe3 C cirydaiiHyI0 BETHUYHHY, PaBHYIO
KOJIMYECTBY CPAaBHEHMI MEXIy NMapaMH BXOAHBIX 3JIEMEHTOB, BBIITOIHSIEMBIX
aIropuT™MoM QuickSort ¢ 3aJaHHOH 11OCJIEA0BAaTEIbHOCTHIO BAPUAHTOB OIIOPHBIX
aneMeHToB. O bIBasiCh Ha3a/l Ha IICEBJIOKOA, Mbl BUANM, YTO 3TH CPaBHEHUS I1PO-
HCXOJAT TOYHO B OTHOM MeCTe: B CcTpoke «if A[ /] <p» B moamporpamme Partition
(paznen 5.2.4), koTopasi CpaBHUBAET TEKYIIUH OTIOPHBIH 3JIEMEHT C HEKUM JAPYTHUM
5JIEMEHTOM BXOJIHOI0 IIOMACCHBaA.

Crnenyroniasi HIKe JIeMMa MOKa3bIBACT, YTO CPABHEHUS JIOMHUHHUPYIOT B 00IIeM
BpEeMeHH paboTHI anroputMa QuickSort. liMeeTcs B BUAy, 4To mocienHee OobIie,
YeM IepBoe, TONBKO Ha MOCTOSIHHBII MHOXKUTENb. M3 3TOro0 cieayer, 4To, 4To0bl
JI0Ka3aTh BepxHIoto rpanully O (n log 1) oxxugaeMoro BpeMeHu paboThl aIrOpUTMa
QuickSort, HaM Hy>KHO JIUIIIb JI0Ka3aTh BepxHIOI0 rpanuity O (n log n) oxuaaeMoro
KOJIMYECTBA BBITIOJIHIEMbIX CPaBHEHU.

Jlemma 5.2. Cywecmeyem xoncmanma a > 0, maxas, umo 015 Kanco020 6X00HO-
20 maccuea A Onunoll He Menee 2 u Kaxncool nocied08amenbHOCMu © ONOPHBIX
anemenmos RT(w) < a x C(m).

MbI BKJIIOYaEM 10Ka3aTeIbCTBO /ISl CKENTUKOB; IPOITYCTUTE €70, €CIIM Bbl HAXOANUTE
JeMMy 5.2 UHTYUTHBHO OYE€BUIHOH.

Jokazamenvcmeo nemmot 5.2. Tpex e Bcero, mpr KaskJI0M BBI30BE TOATIPOTPAMMBI
Partition OMOpHBIN IEMEHT CPaBHUBAETCS POBHO OJUH pa3 € JIIOOBIM JIPYTHM
3JIEMEHTOM B 33J]JaHHOM TomaccuBe. Cl1e10BaTeNbHO, YHCIIO CPABHEHUH B BHI30BE
SIBJIIETCS JIMHEMHBIM 110 JJIMHE [TOJMAacCHUBa, U MPU UCCIIEJOBAHUU IICEBIOKOIA
B pazzaene 5.2.4 ofuee 4uciao onepanuii B BbI30BE sBJsieTCA He Oojiee YeM KOH-
CTaHTOW, yMHOXKEHHOU Ha Hero. [Ipu nccnenoBannu ncesaokona B pazaene 5.2.5
PaHIOMU3UPOBAHHBIN aJIrOpUTM QuickSort BBIIOIHAET TOJIBKO HOCTOSHHOE YHCIIO
orepaiyii B Kax10M PEKypPCHBHOM BBI30BE BHE MOAIIPOrpaMMbl Partition!. Beero
uMmeeTcst He 0oJiee 77 peKypCUBHBIX BBI30OBOB ajropuUTMa QuickSort — Kaxbli
ANIEMEHT BXOJHOTO MAacCHBa MOXKET OBITH BBIOpaH B Ka9eCTBE OIMIOPHOTO TONHKO

I Dra popMynupoBKa IPHUHUMAET [OIYILICHHE, YTO BHIOOD CIyYaiHOrO OIOPHOTO 3Iie-

MCHTAa 3aCYUTHIBACTCS 3a OJHY IPHMHUTHBHYIO OIEparuio. J0Ka3aTelbCTBO OCTACTCS
JICHCTBUTEIHHBIM, JJAJKE €CIIM BBIOOP CIIy4aiiHOTo OrmopHoro snemeHTa Tpedyet O (log n)
NPUMHUTUBHBIX OIepanuii (KaK BbI JOJDKHBI YOCIUTHCS), H 3TO PACHPOCTPAHSICTCS HA
THITHYHBIC PEATU3ALMU Ha PAKTHKE TEHEPATOPOB CITyYalHbIX YHUCEL.
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OIIMH pa3, IPEKAe YeM OH OyIeT HCKITIOUEH M3 BCEX IOCIIEIYIONIIX PEKYPCHBHBIX
BBI30BOB, U MMOATOMY 00IIasi paboTa BHE BBI30BOB MOIIPOrpaMMBbI Partition
cocrapnser O(n). Ecnmu cyMmMupoBarh BCce peKypCHBHBIE BBI3OBBI, 00IIEE YUCIIO
RT(w) onepanuii cocTaBUT He 0oJiee YeM KOHCTaHTY, yMHOXEHHY0 Ha yncio C (o)
cpaBHenuil, mwitoc O (n). [Tockonbky C(®) Bcerna mponopuuoHaibHa 7 (MU Aaxe
n log n), nononaurensHas O (1) paboTa MOXKET OBITH MOIJIONICHA TOCTOSTHHBIM
MHOXKUTEJIEM @ JIEMMBI, U 3TO 3aBEpIIaeT J0Ka3aTelnbCTBO. Y. m. 0.

OcTaibHas 4yacTh TOTO pa3/iela MOCBSIEHa OTPAHUYEHUIO 0XKHUIAEMOI0 Yuciia
CpaBHEHMUII.

Teopema 5.3 (cpaBHeHHMs B PaHJIOMHM3MPOBAHHOM ajJropurMme Quicksort).
JJist Ka)10TO0 BXOJIHOTO MacCHBa JUTMHOM 71 > 1 oKuaeMoe KOJIMYEeCTBO CpaBHE-
HUH MEXKITy dIIEMEHTaMH BXOJHOTO MAaCCHBA B PaHIOMU3UPOBAHHOM aJITOPUTME
QuickSort coctaBinsier He 6osiee 2(n — 1) Inn = O(n log n).

ITo nemme 5.2 u3 Teopemsbl 5.3 BeITeKaeT Teopema 5.1 ¢ ApyruM MOCTOSHHBIM
MHOXKUTEJIEM, CKPBITBIM B 0003HaueHnH O-00JIbIIoE.

5.5.2. Cxema pekoMno3nuumn

OcuoBHOH MeToq (TeopeMa 4.1) pemran, kKakuM OyzneT Bpemsi paboThI KaXXI0To
aJrOpUTMa «Pa3leiLii U BIACTBYI», KOTOPBIM MBI M3y4ajd IO STOrO MOMEHTA,
HO €CTb JBE IIPUYMHBI, IT0 KOTOPBIM OH HE IPUMEHSIETCS K PAaHIOMU3HPOBAHHOMY
anroputMy QuickSort. Bo-mepBrIxX, BpeMs paOOTHl aJTOPUTMa COOTBETCTBYET
CIIy4alilHOMY PEKyPPEHTHOMY COOTHOILECHUIO WM CIIy4alHOMY JI€PEBY PEKYPCHUH,
a OCHOBHOM MeToj1 pab0oTaeT ¢ AeTePMUHUPOBAHHBIMU PEKYPPEHTHBIMH COOTHOIIIE-
HUSIMH. BO-BTOPBIX, 1BE TIO/1331a4H, KOTOPBIE PEIIAIOTCS PEKYPCHBHO (3IIEMEHTHI
MEHbIIIE ONOPHOTO U 3JIEMEHTH! OONbIIEe ONOPHOT0), KaK MPaBUIIO, PA3HOIO pas-
Mmepa. Ham HyxHa HOBas unes'.

UrtoObI oka3ars TeopeMy 5.3, MbI OyIeM CIIeJoBaTh CXeMe ACKOMITO3UIIHHU, KOTOpast
MOJIe3HA JUIS aHAJIM3a MaTEMaTHUYeCKOTO OXKHUAAHUS YCIOKHEHHBIX CIy4alHBIX
BennuuH. [lepBblii mar — onpenesinTh (BO3MOXKHO, YCIOKHEHHYIO) CITy4alHYTO

' CymecTByroT 06001IIEHIS OCHOBHOTO METO/a, KOTOPBIE PEIIAIOT 00€ 3TH MPOBIEMbI, HO

OHHM HCCKOJIBKO CJIOKHBI U BBIXOIAT 3a PaMKH 9TOM KHUTH.
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BEJIMYMHY Y, KOTOpast HAC MHTEPECYET; I HAc 3T0 Yucio C CpaBHEHUH MEXKITy
9JIEMEHTaMH BXOJAHOTO MAaCCHBA, BBIIOIHAEMbBIX PaHAOMU3UPOBAHHBIM aJITOPUT-
MOM QuickSort, kak B Teopeme 5.3. Bropoii mar — BeIpa3uTh ¥ Kak cymmy Oonee
MIPOCTBIX CIYYAHBIX BEJMYHH, B HcaJIe HHIUKATOPHBIX (TO ecTh 0—1) cirygaifHbIX
BenMuuH X, ..., X

m>

Y=>X,

m
r=1

Teneps MBI HAXOAMMCSI B €EAPXUU JIMHEHHOCTH MAaTEMAaTUYECKOTO OXKHUIaHUs, KO-
TOPOE YTBEP)KIAET, UTO MATEMATHUECKOE 0XKUIaHUE CYMMBI CIIy4aifHbIX BEJIMYUH
paBHO CyMMe UX MaTeMaTHuecKux oxkuaanuii (teopema b.1). Tperuii mar cxemsl
HCTIOJIB3YET ATO CBOMCTBO, YTOOBI COKPATUTh BBIUMCIICHUE OXKUAaHUS Y JI0 Mpo-

CThIX CHy‘I&ﬁHLIX BCIIMYHMH!

E[]=E| YX, |=3E[x,]

Korna X, — 310 ciryyaiiHble MHIUKATOPHBIE BEIUYUHBI, UX MATEMATUUYECKHUE OXKU-
JaHHsI OCOOCHHO JIETKO BBIYMCIIHTH TpH momontw onpenaeicaus (b.1):

E[X,]=0xPr[X, =0]+1xPr[X, =1]=Pr[X, =1].
=0

Ha nocnemHem mare BEIMUCTSIOTCS MaTEMAaTUIECKIE OKUIaHUS TIPOCTHIX CITy4dai-
HBIX BEJIMYMH U CyMMHPYFOTCSI PE3yJIbTaThl'.

CXEMA JEKOMIIO3ULNHA
1. Omnpenenuts ciy4aiiHyI0 BEJIMUUHY Y, KOTOpas BaC HHTEPECYET.

2. BoIpazuthb Y xak cyMMy HHAMKATOPHBIX (TO ecTh 0—1) cimydaifHpIx
BeIMuuH X, ..., X :

2 m*

Y=>X,.

m
(=1

! PaHIOMU3HUPOBAHHBIN aHAM3 pacTpeeseH s Harpy3Kku B pasmene b.6 sBisercs mpo-

CTBIM IIPIMEPOM JTOH cXeMbl. MBI Takke OyZeM HCIONIB30BaTh 9Ty CXeMy, Korna Oynem
TOBOPHTH O XCII-TA0INIAX B YACTH 2 3TOW CEPUH KHUT.
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3. HpI/IMeHI/ITB JIMHEMHOCTh MaTeMaTHYECKOTO OXKUIaHUSI:
m
E[Y]=>Pr[X, =1].
r=1

4. Bpruucnutb Bce Pr[X, = 1] 1 cnoxuTh pe3ynbTarsl, YT00bI MOTY-
yuth E[Y].

5.5.3. MpumeHeHune cxembl

YToOBI MPUMEHHUTH CXEMY JEKOMITO3UIMY K aHAIN3y PaHIOMU3HPOBAHHOTO ajl-
roput™a QuickSort, HaM HYXXHO Pa3IOXKHUTh ClIy4aiHyto Benuunny C, KoTopas
Hac JICCTBUTENILHO MHTEpecyeT, Ha Oonee mpocThie (B uaeane 0—1) cnyyaiiHble
BennuuHBL. KirtoueBas uiess COCTOUT B TOM, YTOOBI pa30oUTh 00IIee KOTUIECTBO
CPaBHECHHUH B COOTBETCTBUH C IMAPOil CPABHUBACMBIX JIEMEHTOB BXOJIHOTO MACCHBA.

UYroOBl KOHKPETH3UPOBATh, 0003HAYNM Yepe3 z, i-i HAaMMEHBIINH 3JIEMEHT BO
BXOJHOM MAacCHBE, TaK Ha3bIBAEMYIO i-10 nopsaoxogylo cmamucmuxy. Hanpumep,
B MaccuBe

Z, OTHOCHUTCS K «2», z, — K «b», z; — K «8» 1 z, — K «9». OOpaTtute BHUMaHHE!
z, 0003HaYAET HE IEMEHT B i-if MO3UINHK (HEOTCOPTUPOBAHHOTO) BXOAHOTO Mac-
CHBA, a DJIEMEHT B OTOH MMO3MIIMU OTCOPTHPOBAHHON BEPCHH BXOAHOIO MAcCCHBA.

Jutst kax ot mapbel uHIekcoB 7, j € {1,2, ..., n}, MaccuBa, Tj1e i <j, MBI OIIPEJCIIsieM
CITy9ailHYIO BENMYUHY X CIICIyIOLHM obpazom:

JUTS KQXJI0T0 (PMKCHPOBAHHOTO BapHaHTa BHIOOPA M3 OMOPHBIX JIEMEHTOB (O
X,(®) — 5T0 KOIIMYECTBO CPABHCHMUI SIIEMEHTOB Z, 1 Z; B aIlTOpUTME QuickSort,
KOTJIa OTIOPHBIE 2JIEMEHTHI 3aJJaHbI (.

JUist IPUBEICHHOTO BBILIE BXOJHOTO MaCCUBA, HAIIPUMEP X 5, — 3TO KOJIMIECTBO
pas, Koraa anroputm QuickSort cpaBHuBaeT «2» ¢ «8». Hac He nnrepecyror X;,
KaK TaKOBBIE, 32 UCKIIFOYEHHEM TOTO, YTO OHH CKJIaJIbIBAIOTCS B CIIy4aifHYIO BEJH-
ynHy C, KOTOpas HaC HHTEPECYeT.
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CMBICIT 3TOTO OIIPCIACIICHUA 3aKI0YacTCA B p€aln3allud BTOPOIrO 3Tara CXEMbI
JCKOMITIO3HIINH. HOCKO.]'IBKy KaXX10€ CpaBHCHHEC BKIIIOYACT B ce0st POBHO OJHY Iapy
QJICMCHTOB BXOIHOI'O MaCCHBa,

n=1 n

C(m)=ZZX,j(c0)

i=1 j=i+1

Jutst Kaxoro o € Q. IlpuaymBast ABoMHas CyMMa B TIPaBOi 4acTH — 3TO MPOCTO
WTEpaTUBHBIN 00X01 Bcex nap (i, j), e i <j, ¥ 3TO ypaBHEHHE MTPOCTO TOBOPUT
0 TOM, YTO X, yIUTBIBACT BCE CPABHCHHSI, BBINMOIHACMBIC alITOPUTMOM QuickSort.

TECTOBOE 3AJIAHME 5.3
3azaite Ba pa3HBIX JJIEMCHTA BXOJHOTO MAaCCUBA, CKAXKEM, Z, U Z,.

CKoJIbKO pa3 MOXKHO CPaBHHTH Z, ¥ Z; IPYT C IPyrOM BO BPEMs HC-
MOJIHEHHS Quicksort?

a) PoBHO onuH pas.

6) 0 wm 1 pas.

B) 0, 1 nim 2 pa3sa.

r) Bosmoxno moboe kommuecTBo Mexy O un — 1.

(Pewienue u nosicHeHue cM. B paszene 5.5.6.)

Pemenne TecToBOTO 3aaHMS 5.3 MOKA3BIBAET, UTO BCE X,.j SIBIISIFOTCSI MHIOUKATOP-
HBIMHU CIIy4alHbIMU BeluurHaMu. [103ToMy MBI MOXKEM NMIPUMEHUTH TPETUH I1ar
Hameﬁ CXEMBbI JCKOMITO3ULIUU JIs1 nonyqumI

n—=1 n

E[C]=5 S E[x,]=5 e[ x, 1] 5.1)

i=1 j=i+l i=1 j=i+l

UToObI BBIYMCIUTH TO, YTO HAC JACHCTBUTEIHLHO HHTEPECYET, TO €CTh OKUAEMOE
kxonnyectBo E[C] cpaBHeHuH, Bce, 4TO HaM HY>KHO CJIeaTh, 3TO MOHATH YHCIIa
Pr[X;= 1]! Kaxnoe u3 5TuX 9uCe ABIAETCS BEPOITHOCTBIO TOTO, YTO HEKOTOPBIC
Z, M Z; CPABHUBAIOTCS APYT C APYTOM B KAaKOH-TO MOMEHT B PaHIOMHU3HPOBAHHOM
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anroputMe QuickSort, ¥ CIEAYIONUM Ha TTOBECTKE JHS SBISIETCS] BOIIPOC O TOM,
4TOOBI BBIABUTE 3T 4uciaa'.

5.5.4. BbiuucneHue BepoOSATHOCTEN CPaBHEHUSA

s citydasi, Korna ecTh BEpOsITHOCTh TOTO, UTO JBA DIIEMEHTA BXOJJHOTO MacCUBa
CPaBHHBAIOTCS B PAHAOMU3NPOBAHHOM aIrOpuTMe QuickSort, cymecTByeT y0e-
nuTenbHas Gopmyna.

Jlemma 5.4 (BeposiTHOCTEL CpaBHeHUst). Eciu z, u z; 0603nauarom i-ii u j-u Hau-
MeHblue d1eMeHmbl 6X00H020 maccusa, 20e i < j, mo

Pr[zi,z ; CPaBHUBAIOTCS B PAH/IOMHU3UPOBAHHOM QuickSortJ =— T
' j—i+
Hanpnwmep, eciu z; 1 z; ABISIOTCS MUHMMAIBHBIM H MAKCHMAIIbHBIM 3JICMECHTAMH

. . 2
(i=1muj=mn), TO OHN CPABHUBAIOTCS C BEPOSITHOCTHIO TONBKO — . Ecim Het are-
n

MEHTOB CO 3HAYEHUEM MEXKI Z, U Z, (j =1 + 1), TOTa z; ¥ Z, BCET1a CPaBHUBAOTCS
JpyT C IPYyTOM.

3amanmm z; v z,, TI€ i <, 1 PACCMOTPUM OTIOPHBIH SIEMEHT Z;, BRIOPAHHBIN B IEPBOM
BbI30BE ajropurMa QuickSort. KakoBel OyayT paziuuHble clieHapuu?

YETBIPE CHEHAPUSA QUICKSORT

1. BbiOpaHHBIN OHNOpPHBII 2IEMEHT MEHbIIEe 000UX DIEMEHTOB, Z,
u z; (k <1i). Oba snemeHTa, z; U z;, IEPEAIOTCS BTOPOMY PEKYP-
CHBHOMY BBI30BY.

' B paszene B.5 6onbIoe 3HaYeHME HMEET TOT (aKT, YTO JTHHEHHOCTh MaTEMAaTHIECKOTO
OXHIAHUS MPUMEHSETCS JaXKe K CIy4aiHbIM BEIIMYMHAM, KOTOPbIE HE SBISIOTCS He-
3aBHCHMBIMH (B Cllydae, KOrJa 3HaHHUE 00 OJIHOW ClydailHON BEJTMYHMHE FOBOPUT BaM
9TO-TO O APYTHX). DTOT (aKT MMEET PELIAIOIIEE 3HATCHHUE IS HAC 31€Ch, TAK KaK X, He
ABJIAIOTCA He3aBUcuMbiMU. Hampumep, ecnu s ckaxy BaM, 4to X, = 1, To BBl 3HaeTe,
910 1160 z,, OO z, OBLT BEIOpaH B KauecTBE ONMOPHOTO SJIEMEHTAa B CAMOM BHEIIHEM
BBI30BE aIropuT™a QuickSort (mouemy?), U 3T0, B CBOIO 0O4Yepeb, AeIaeT ropasio domee

BEPOSATHBIM TO, YTO Clly4aiHas BenuuuHa Buja X, uin X, Taoke pasha 1.

jn
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2. BoIOpaHHBINA ONMOPHBINA 37EMEHT OOJbIIe 000X 3JIEMEHTOB, Z,
1 z; (k> j). O0a s1eMeHTa, z, ¥ z;, IEPEAAIOTCS IEPBOMY PEKYp-
CHUBHOMY BBI3OBY.

3. BbIOpanHbIi ONOPHBI dEMEHT MEXAY Z, 1 2, (i < k <j). Dnement
Z, IEPEIaeTCsl EPBOMY PEKYPCHBHOMY BBI30BY U Z; — BTOPOMY.

4. BbiOpaHHBIH ONOPHBIH 3JIEMEHT paBHsAeTCA MO0 z, MO0 Z
(k € {i, j}). OnopHBIii >IEMEHT UCKIIIOYEeH U3 000MX PEeKypCHUB-
HBIX BBI30BOB; JAPYTOH AIIEMEHT NepeaaeTcs nepBomy (eciu k =)
100 BropoMy (eciu k = i) peKypCUBHOMY BBI3OBY.

Y Hac TyT NpOUCXOAAT ABE Bellln. Bo-1epBbIX, BbI IOMHUTE, YTO KQKJ0€ CPaBHEHUE
BKJIOYAET B ce0sl TCKy LM ONOPHBI 311eMeHT. ClIe10BaTeNbHO, Z; U Z; CPABHUBAKOT-
Csl B CaMOM BHEIIIHEM BBI30BE aJIrOpUTMa QuickSort Toraa u TOJIbKO TOIAA, KOraa
OJIMH M3 HUX BBIOpaH B Ka4eCTBE OMOPHOTO ieMeHTa (cueHapuii 4). Bo-Bropsix,
B CLICHAPHH 3 HE TOJBKO Z, U Z; TENEPb HE CPABHUBAIOTCSl, HO OHM HUKOI/IA HE 110~
ABATCS BMECTE B OJIHOM PEKYPCHUBHOM BBI30BE, U IIOITOMY MX HEJIb3sl CPAaBHUTb
B Oymymem. Hanpumep, B MaccuBe

8|13 2|5 |1 |4|71]6

rie z, = 3 u z; =7, eCu Kakoi-mbo u3 oneMeHToB {4, 5, 6} BhIOpaH B KauecTBe
OTOPHOTO SIIEMEHTA, TO Z, U Z; OTIPABIISIOTCS B PA3INYHBIE PEKYPCUBHBIC BBI30BbI
Y HUKOTJIa HE CpaBHUBArOTCs. Hampumep, eciiu BEIOpaHO «6», TO KapTHHA OyleT
CJIEAYIOILEH:

pa3OuTh Ha pa3HbIC PEKYPCUBHBIC BBI3OBBI
Z z

, , 4/\
[8]3]2]s]|1]4]7(6])=D>]|2]|3]|5[4]1]¢]s]| 7]

> —

7 /

1-1f peKypCUBHBIN BBI30B  2-i peKYPCUBHBIN BHI30B

OMOPHBIN AIEMEHT

Cuenapu 1 1 2 sIBAAIOTCS WAOJIOHOM YIAEPXKAHWS: Z, U Z; €LIE HE CPABHUBAJINC,
HO BC€ eIIie BO3MOXKHO, YTO OHM Oy/IyT CpaBHHBaThcA B OymaymeM. Bo Bpems sToro
1abIoHa yIEPIKAHUA Z; U Z; U BCE JIEMEHTBI Z,, |, ..., Z,_, CO 3HAYCHUAMHU MEXK]LY Z,
¥ Z; CYIIECTBYIOT [TapAJUIEIBHO U IPOJOJDKAIOT IEPEaBaThCsl TOMY JKE PEKYPCHB-
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HOMY BBI3OBY. B koH1e KOHIIOB, X KOJIJICKTUBHOC IICPCABMIKCHUE ITPCPHIBACTCA
PEKYPCHUBHBIM BbBI3OBOM aJITOPUTMa QuickSort, B KOTOPOM OJMH U3 3JICMCHTOB Z,,

z

w15 ++» Z;-1» Z; BBIOMPACTCsl B KA9€CTBE ONOPHOIO SJIEMEHTA, BBI3bIBAsA MO0 CLeHa-

pwii 3, mubo crenapuii 4'.

[IpokpyTuB Briepen K 3TOMy PeKypCUBHOMY BBI30BY, I7I€ KaK pa3 BCe IPOUCXOUT,
cueHapuii 4 (1 cpaBHEHHE MEKTY Z, U Z;) CPAbaThIBAET, €CITH BHIOPAHHBIM OTIOPHBIM
DIIEMEHTOM ABIISETCS Z, OO Z;, B TO BPEMs KaK CLEHAPHH 3 (M OTCYTCTBHE TAKOTO
CpaBHEHUsI) cpadaThIBaET, €CJIM B KAYECTBE OTIOPHOTO JIEeMEHTA BBIOpaH JIt0001 13

z [Tosromy ectb jBa Ioxux ciyvast (z, u z,) BapuaHToBj — i+ 1 (z;, z,,), -,

1o jl

Z; 1, z;). [lockosbKy paHIOMH3HPOBAHHBIA aNropuT™ QuickSort Beerna BbIOMpaeT

OITOPHBIC BJICMCHTLI paBHOMepHO CJ'[yLIaI/IHBIM o6pa30M B CUJIYy CUMMECTPUHU KadHC-

Ovltl onemenm {z, z,,, ..., Z, |, Z;} € PABHOU 8EPOSIMHOCMbIO OYOen NepebiM ONOPHbIM

Y ]
oJ1eMEHNOM, 6bl6paHHblM U3z MHoaHcecmed. C06Hpaﬂ BCE BMCCTEC, BEPOATHOCTDH

Pr(z, z, cpaBHUBAIOTCS B HEKOCH TOYKE B PaHIOMU3UPOBAHHOM QuickSort]
COBIIAJIaeT ¢

Pr(z, nnu z;BbIOMpaeTCst B Ka4eCTBE ONOPHOI [0 JIHOOOTO U3 Z, 5. .-, 2,y ],
KOTOpasi paBHAETCS

KOJIMYECTBO IUIOXUX CIIy4acB 2

o011iee KOJIMUECTBO BapUaHTOB  j —i+1

DTO 3aBepIIaeT JOKa3aTeNbCTBO JeMMEI 5.4. Y. m. 0.

BosBpammascs k Hamiel popmysne (5.1) U1 0KuaaeMoro 4ucia CpaBHEHHUH, erna-
eMBIX PaHJOMHU3HPOBAHHBIM AJITOPUTMOM QuickSort, MBI TOTy4aeM HOTPSCAIOLIE
TOYHOE BBIPAKEHHE!

n-1 n

B[c]=5 S pe[x,=1]=3 % 2

i=1 j=i+1 tl/l+1]_l+1

(5.2)

Yro6sl JOKa3aTh TeOpeMy 5.3, 0CTaJI0Ch MOKa3aTh TOJIBKO TO, YTO IIPaBasi 4acTh
(5.2) na camom aene pasusiercs O (n log n).

! Ecnu HET ApYruX BapHaHTOB, NPCIBIAYIIIE PEKYPCHBHBIC BBI30BbI B KOHCYHOM HUTOTE

CBOJIAT MOJIMACCHB TOIBKO JI0 OTEMEHTOB {Z,, Z,.)5 +-vs 2115 Zj} -
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5.5.5. SakniounTtenbHblie BbIUNCIEHUSA

Jlerko mokasarb BepxHioio rpanuily O (n?) B mpaBoii yactu (5.2): B ABOMHOM CymMMe

nMeeTcs He 0oJiee 1 YIIEHOB, U KK/l U3 HUX UMEET 3HaYeHue He 0oiee l (mo-

cTuraercs, korma j = i + 1). Ho MBI uiiieM ropaszio Jy4iryr BEpXHIOK TPAHHUILY
O(n log n), 1 Mbl TOJKHBI OBITH YMHEE, YTOOBI TIOIYYHUTh €€, UCIOJIb30BaB TOT

1
(axT, 9T0 OONBIIMHCTBO U3 KBAIPATHYHO MHOTHX WICHOB HAMHOTO MEHBIIIE 5
PaccmoTpuM oniHy U3 BHYTpEHHUX CyMM B (5.2) Ut GUKCHPOBAHHOTO 3HAYCHHMS i

2 (1 1 1 )
Zf:ZX —+—t. |
-+l 2 3 n—i+l

n—i 4jeHOB

MBI MO’KEM OIpPaHUYUTh KAXKAYI0 U3 3TUX CyMM CBEpXY HauOOIbILIEH Takoi cym-
MO, KOTOpasi BOZHUKAET IpH i = 1:

n-1

n 2 n-l1 n 2 n 1
—= - =2(n-1)x ) —.
izl];lj_i'i'l i=1 ;] ( ) ;J (53)

HE3aBHCUMBI OT §

n .
Hackonbko 00NbIINM SIBIISIETCS z ,:21 ! j? JlaBaiiTe B3rIsHEM Ha pHC. 5.1.
n / .
PaccmarpuBast 4ieHbl CyMMBI z 21/ J B KauecTBe MPAMOYTONLHUKOB HA TLIO-
CKOCTH, KaK Ha puc. 5.1, Mbl BUJUM, UTO MOKEM OIPAaHUUYUTH ATy CYMMY CBEPXY
N 1 .
TUTOIA/IBIO TTOJ] KPUBOM f(X) = — MEXIy TOUKaMHU | | 7, TaK)Ke N3BECTHOH KaK WH-
X
n dx
Terpai J' —~. Ecnu BB HEMHOTO TIOMHHUTE HCYHCIICHHE, TO PACIIO3HACTE PEIICHIEC
1
X

9TOTO MHTETpaja Kak HaTypalbHbIH torapudM In x (To ecth In x — 310 PyHKINS,

Ybsl IPOU3BOAHAA PABHACTCSA —):
X

u| n ]
—<| —de=Inx|! =Inn-Inl=1nn.
;zj = k in] (5.4)
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fx)=1/x

12

173 |

1/4 | iomanb = %

IUIOHIa b =3
miowmaab = V4

1 2 3 4

Puc. 5.1. Kaxpoe cnaraemoe cymmbl Z" 21 / j MOXHO noeHTndnumMpoBaThb No nps-
=

MOYIOJIbHUKY WWMPUHOM 1 (Mexay x-koopanHatamu j - 1 1 j) u BeicoTom 1/ (mexay

y-koopanHatamu 0 n 1/)). lpadpuk dyHkumm f(x) = 1/x kKacaeTcs CeBepO-BOCTOUYHOIO

yrna Kaxzaoro U3 aTux npsiMoyroJibHMKOB, 1 MO3TOMY MoLLaab Mo KPUBOM (TO eCTb
VHTEerpan) aBngeTCcs BepXHen rpaHmuen naowaam npsaMoyroibHUKOB

CoenvHUB B LIeTIb ypaBHEeHUs U HepaBeHCTBa B (5.2)—(5.4), Mbl uMeeM

n

E[C]= }ii #S Z(n—l)le_ﬁ 2(n—1)lnn.

el B A =2

CrnenoBarenbHO, 0KUAAEMOE YHUCIO CPABHEHUMH, BBIMOIHAEMbIX PaHIOMH3UPO-
BaHHBIM aJITOPUTMOM QuickSort, a Takke ero oxuaaeMoe Bpems paboThl Mo
nemme 5.2 nerictButensHO coctaisier O (n log n)! Y. m. 0.
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5.5.6. PewieHue TecToBOro 3apgaHua 5.3

IIpaBuiabHbIii oTBeT: (0). EciM B kadecTBe OIIOPHOTO 2IEMEHTA B CAMOM BHEIIHEM
BbI30BE aNroputMa QuickSort BbIOpaHbl z; Ui Z;, TO Z; U Z; OyIyT CPaBHUBATHCS
TIpY IEPBOM BBI30BE TOANIPOrpaMMEI Partition. ([IoMHHTE, UTO OIIOPHEIH SIEMEHT
CPaBHHBAETCS C JIFOOBIM IPYTHM JIEMEHTOM B roxMaccuBe. ) Ecim i 1 j paznmaaror-
cs1 bonee yeM Ha 1, TakKe BO3MOKHO, UTO Z; M Z, HUKOT/IA He Oy/lyT CpPaBHUBATHCS
B0OOIIE (CM. Takxke paznen 5.5.4). Hanpumep, MUHUMATbHBIN 1 MaKCUMaJTbHBIH
JNIEMEHTBI He OylyT CPaBHUBAThCA APYT C APYIOM, €CIH OJHH U3 HUX HE BbIOpaH
B KaueCTBE OIOPHOIO IEMEHTA B CAMOM BHEIIHEM PEKYyPCHUBHOM BBI30BE (BBI
BUJIUTE TIOYEeMY?).

HakoHel, KaK ¥ CJIE/0BANO 0KU/IATH OT XOPOLIETO aIrOPUTMa COPTHPOBKH, Z, U Z;
HUKOTJIa He OyAyT CPaBHUBATHCS JIPYT C IPyroM 0oJiee OHOTO pasa (4To ObLI0 ObI
n30bITOUHBIM). Kaskioe cpaBHEHHE BKITIOUACT B ¢e0sl TEKYIIUIT ONOPHBIN AICMEHT,
[I03TOMY IPH [IEPBOM CPABHECHHM Z, U Z; B KAKOM-TO BbI30BE (€€ BOOOLLE TAKOBOH
OyZeT) ONMH W3 HUX JIOJDKEH OBITh OMMOPHBIM AJIEMEHTOM. [10CKOIBKY OIOpPHBIH
DIIEMEHT MCKIIFOYEH U3 BCEX OYIyIIMX PEKYPCHBHBIX BBI30BOB, Z; U Z; OOIbIIE HU-
KOra HE MOABATCA BMECTC B OJHOM PCKYPCHUBHOM BbI30OBE (HC TOBOPs YiKE 06 ux
CPaBHEHUH JIPYT C JIPYTOM).

*5.6. CopTnpoBka tpebyet Q(n log n)
CpaBHEHUM

Cy1iecTByeT JI1 allTOPUTM COPTUPOBKH OBICTpee, 4eM MergeSort u QuickSort,
¢ BpeMeHeM paboThl OosbmuM, 4eM O (n log n)? NHTYUTHBHO MOHSATHO, YTO
QITOPUTM JOJDKECH IIPOCMATPHUBATh KaXKIbI BXOIHOW 3JIEMEHT OIHH pa3, HO U3
9TOTO CJeNyeT TOJBKO JMHEeHHas HWxKHsA TpaHuna Q (n). [IpuBoguMelii HUXKe
(haKyITaTUBHBINA pa3fes MOKA3bIBACT, YTO JYUIIETO BapHaHTa IS COPTHPOBKU
OBITH HE MOXKET — allTOPUTMBI MergeSort U QuickSort JOCTHTarOT HANOOIBILETO
ACUMIITOTUYECKOTO BPEMEHHU PadOTHI.
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5.6.1. AaropmTtMbl COPTUPOBKM HA OCHOBE CPpaBHEHUNA

[IpuBenem GopMyaHpOBKY HIDKHEH rpaHulisl Q (1 log n).

Teopema 5.5 (HuxHsAA rpanuua coprupoBkn). Cywecmayem koncmanma ¢ > 0
maxas, 4mo 01A Kaxcooz2o n > 1 110601l areopumm CopmuposKU Ha 0CHO8e CPas-
HeHUsl 8bINONHAEM KAk MuHumym ¢ x n log, n onepayuii na nekomopom 6x00HOM
Maccuge ONUHOU 1.

[Ton «anropuT™MOM COPTUPOBKH HAa OCHOBE CPABHEHHUS MBI ITO/IPA3yMEBAEM aJIr0-
PUTM, KOTOPBI 0OparaeTcsi K BXOIHOMY MAaCCHBY TOJIBKO Yepe3 CPaBHEHUS MEKIY
napamMu 3J€MEHTOB U HUKOT/Ia HATIPSMYFO He 00paIiaeTcsi K 3HAYCHUIO 3JICMEHTA.
ANTOPUTMBI COPTUPOBKY HA OCHOBE CPABHEHHSI YHUBEPCAIIBHBI M HE TIPUHUMAIOT
HUKAKUX JOIYIIEHUH O IPUPOJIE BXOJHBIX 3JIEMEHTOB, KPOME TOTO, YTO OHU IIPH-
HaJJIeKaT K HEKOTOPOMY TMOJHOCTHIO YIOPSIOYEHHOMY MHOXKECTBY. AJTOPUTM
COPTUPOBKH Ha OCHOBE CPaBHEHUSI MO)KHO pPACCMAaTpUBaTh KaK B3aUMOJICHCTBUE
C BXOJIHBIM MaccuBoM 4epe3 API, KoTopblil moaaepKUBAET TOIBKO OJJHY OIEPAIUIO:
MIPH HAJTMYWH JIByX WHACKCOB, i ¥ (MeX1y | ¥ IJIMHOM MaccuBa 1), orepaius Bo3-
Bpamiaer 1, eci i-if 3JJeMEHT MEHbIIIE j-TO dj1eMenTa, i 0 B IPOTUBHOM ciIy4ae'.

Hanpumep, anropurm MergeSort — 3T0 aJIFOPUTM COPTUPOBKU HAa OCHOBE CpaB-
HEHUsI, eMy BCE PaBHO, COPTUPYET JIM OH LIeJIble YKcia Uid GpyKThI (IIPH yCIOBUH,
YTO MbI JOTOBOPUJIMCH O IMOJHOM YIIOPAAOUCHUHN BCEX BO3MOKHBIX (bpyKTOB, Ha-
npumep, B aindaButHOM mopsizke)>. To jxke KacaeTcs 1 aropuTMoB SelectionSort,
InsertionSort, BubbleSort u QuickSort.

! Hampumep, npUHATAS [0 YMOITYAaHHIO [IPOLEAYpPa COPTUPOBKH B OTIEPALIHOHHOI CHCTE-

Me UNIX paboraer IMEHHO TakkMM 00pa3oM. ENMHCTBEHHBIM TpeOOBaHHEM SIBISICTCS
TMIOJTE30BAaTENbCKast (DYHKLMS U1l CPAaBHEHUSI [Iap 2JIEMEHTOB BXOIHOTO MAacCHBa.

Jlns ananmoruu cpasauTe ronoBosioMku Cynoky u KenKen. ['onmoBomomkam Cynoxy Hy»KHO
TOJBKO MOHSTHE PABEHCTBA MEXIYy Pa3HbIMH OOBEKTAaMH, U OHH OyIyT MPEAeIbHO I10-
HSTHBI, €I yrcia 1—9 3aMeHUTh Ha JeBATh pa3HbIX QpykToB. [omoonomku KenKen
UCIIONB3YIOT apu(METHKY, H, CIIEIOBATENIbHO, HYKHBI YMCIIa — KaKoBa CyMMa IUTyoTa
U MaHrocraHa?
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5.6.2. Bonee GbiCcTpasa copTUpOBKa Npu 6onee
CTPOrnx AoNyLeHUsax

Jlyummii crioco0 MOHSITH COPTHPOBKY HA OCHOBE CPABHEHHS — B3IJITHYTH Ha He-
CKOJIbKO pUMepoB. [IpuBeaeM Tpu alropuTMa COpTUPOBKH, KOTOPbIE IPUHUMAIOT
JIOTTYIICHHSI O TIPUPOJIE BXOJHBIX JaHHBIX, HO B 0OMEH MPEBBIIIAIOT HIKHIOK
rpanuity Q (n log n) B Teopeme 5.5'.

brounas coprupoBka BucketSort. Aaroput™m BucketSort mone3eH Ha MPaKTUKE
IUTSL YACITIOBBIX IAHHBIX, B 0COOCHHOCTH €CJIF OHH PAaBHOMEPHO PaCIpPEICIICHBI IO
HU3BECTHOMY Jnarna3zoHy. Harpumep, mpeanonokum, 4To BXOJHONH MacCuB COACPIKUT
n 31eMeHToB oT 0 10 1, KOTOpbIe MPUOTU3UTEIEHO PAaBHOMEPHO PACIIPEICIICHE.

B yme mb1 nenum untepsadi [0, 1] Ha # «kop3uH», epBas 3ape3epBUPOBaHA IS
1

BXOJIHBIX 3JIEeMEHTOB Mexay 0 u l, BTOpas — JULA MMEMEHTOB MEXKIY — 1 —, 1 TaK

n n
nanee. [lepblit mar anroputma BucketSort aenaeT ouH JUHEHHBIA MPOXO/ MO
BXOIHOMY MacCHUBY H ITOMEIIIACT KaXKIIBIH 2JIEMEHT B €T0 KOp3UHY. Dmom wae He Ha
OCHOB€ CpaeHeHUss — ANTOPUTM BucketSort CMOTPUT Ha (aKTHUECKOE 3HAUCHHUE
BXOJTHOTO DJIEMEHTA, YTOOBI ONPEACTUTh, K KAKOW KOP3HHE OH MPHUHAIIICKHUT. [Ipu
9TOM BayKHO, PaBHSETCS JIM 3HAYCHNE BXOIHOTO dIeMeHTa .17 wim .27, maxe eciu
MBI COONIOaeM OTHOCHUTENBHBIN MOPSAAOK CIEIOBAHUS SIEMEHTOB.

Ecnu snemMeHTH TpHOIH3UTEIBHO PABHOMEPHO PAaCIpPE/ICIICHE], HAIOHCHHE
Ka)XJI0M KOp3MHBI HEBEIUKO. BTOpOil mar ajroputmMa COpTUPYET JIEMEHTHI
BHYTPHU KaXKJOH KOP3WHBI 110 OTIEIBHOCTH (HAIPUMEp, C TIOMOIIBIO allTOpUTMa
InsertionSort). [Ipu yciioBuH, 4TO B KaX /101 KOpP3HUHE MaJIO JIEMEHTOB, ITOT LIar
TaKXKe BBITIOJIHAETCS 3a TMHEHHOE BpeMsl (C MOCTOSIHHBIM KOJTMYECTBOM OTIepalui,
BBIMOJIHSAEMBIX B KQXK/I01 KOp3uHe). HakoHeI, 0TCOPTUPOBAHHBIC CITUCKH PAa3HBIX
KOP3UH 00BEANHSIOTCS OT IIEPBOTO JI0 OCIEAHETO0. DTOT IIAT TAKXKE BBITOTHSICTCS
3a JIMHEWHOoe BpeMs. MBI 3aKitodaeM, YTo JUHETHAsT COPTUPOBKA BO3MOXKHA TPU
CTPOTOM JIOMYIIEHNH O MPUPOJIE BXOAHBIX JTAHHBIX.

! Jlnis 6osee moapoOHOTO 03HAKOMIICHHSI CM., HAITpUMeED, «BBeieHne B alTOpuTMBI» (TPEThe
usnanue), Tomac X. Kopmen, Yapns E. Jleficepcon, Ponansy JI. Pusect u Knuddopn
Creiin (Introduction to Algorithms, Thomas H. Cormen, Charles E. Leiserson, Ronald L.
Rivest, Clifford Stein, MIT Press, 2009).
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CoprtupoBka mozacyeTom CountingSort. AnroputM CountingSort sSIBIsIETCS Bapu-
anueil Toi ke uueu. 31ech Mbl IPUHUMAaeM JOMYIIEHHE, YTO CYLIECTBYET TOJIBKO
k pa3HBIX BO3MOKHBIX 3HAUEHUH Ka)KJ0TO BXOJHOTO dJIeMeHTa (M3BECTHBIX 3apa-
Hee), TaKUX Kak Iejble yucna {1, 2, ..., k}. AIroput™ ycTaHaBiIMBaeT k KOpP3UH,
10 OZHOM AJISl KaX/10TO BO3MOXKHOTO 3HAYEHUS, U 32 OIMH MPOXOJ 110 BXOIHOMY
MacCHBY IIOMEIAET KayKAbII 2JIEMEHT B COOTBETCTBYIOIIYIO KOp3UHY. BbIXonHOM
MACCHB TIPEJICTABIISIET COOOM MPOCTOE 0OBEIUHEHHUE ITUX KOP3HH (T10 MOPSIKY).
AnroputMm CountingSort BBEITIONHSIETCS 3a JUHEHHOE Bpems nipu k = O (n), rue
n — 9TO IJIMHA BXOAHOTro maccusa. Kak u anropuT™ BucketSort, 3TOT aIropuT™M
HE OCHOBAH Ha CPaBHCHUSX.

[Topaspsianas coprupoBka RadixSort. Anroputm RadixSort SBsieTCs pacIMpEHH-
eM anroputma CountingSort, KOTOPBIH KOPPEKTHO 00pabdaThIBaeT n-3JIeMEHTHEIC
LEJIOYHMCIICHHbIE BXOJIHbIE MACCUBBI C JOCTATOYHO OOJIBIIUMH YUCIAMHM, TPE.-
CTaBJICHHBIMU B JIBOMYHOM BHJIE (CTPOKOH HyJel U equHHMIL Wik «OuTammy). [lep-
BBIH IIar anroputMa RadixSort paccMarpuBaeT TONbKO 010K U3 log, 7 HanMeHee
3HAYUMBIX OUTOB BXOJHBIX YHCENl U COPTUPYET UX COOTBETCTBYIOIIUM 00pa3oM.
[Tockompky log, n OUT MOTYT KOIMPOBATh TOJIBKO 7 PA3HBIX 3HAYCHHH, COOTBET-
crByromux yuciam 0, 1, 2, ..., n — 1, 3armMcaHHbIM B JBOMYHOM BUJIE, AJITOPUTM
CountingSort MOXeT OBITh HCIIOJIB30BaH JUIs pealiu3aliy ATOTO [1ara 3a JITHeHOe
Bpemsi. ANTopuTM RadixSort 3aTeM MOBTOPHO COPTUPYET BCE AIEMEHTHI, HCTIONb3Ys
OJIOK CIleTyroIMX HauMeHee 3Hadanux log, n OWT, ¥ Tak Jiajee J10 TeX 1op, MoKa Bce
OUTBI BXOAHBIX JAHHBIX HE OymyT 00paboTaHbl. UTOOBI 3TOT AJITOPUTM COPTHPOBAI
MIPaBUIIEHO, BAYKHO PEan30BaTh MOAIPOrpamMMy CountingSort TakuMm oOpas3om,
9T00BI OHA OBLIA cMabunbHOU, YIUTHIBASL, YTO OHA COXPAHIET OTHOCHUTEIHHBIH
MOPSIIOK Pa3HBIX JIEMEHTOB C OMUHAKOBBIM 3HAYCHHEM'. AIropuT™ RadixSort
BBITIOJHSACTCS 32 JIMHEHHOE BPEeMs ITPH YCIIOBHH, YTO BXOJHOW MACCHB COIEPIKUT
TOJIBKO LieJibie ynciia ot 0 0 7 1Sl HEeKOTOPOW KOHCTAHTHI £.

OTH TpH aJIrOpUTMa COPTHPOBKH JIEMOHCTPHPYIOT, KaK JONOJHUTEIbHBIC [0y~
IICHUS O MPUPOJE BXOMHBIX JAHHBIX (HAIPHMEp, HE CIIHIIKOM OOJBIIUE IENIbIe
YKCia) 3aIeHCTBYIOT TEXHHYCSCKHE MTPUEMBI 332 PaMKaMK CpaBHEHHH (Hampumep,
paszieneHue Ha OJIOKH WM KOP3HHBI), U AJITOPUTMBI, KOTOPBIE OBICTpEE, YeM BpeMst
O (n log n). Teopema 5.5 KOHCTATHPYET, YTO TAKKE YIYUIICHUAS HEBO3MOXKHBI JIIST

! He Bce anropuT™bl cCOPTAPOBKH cTabmiibHbL. Harpumep, anroputm QuickSort He sSiBISCTCS
CTaOMIIBHBIM QJITOPUTMOM COPTUPOBKH (BbI BUIHUTE TTOYEMY?).
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YHHMBEpCAJIbHBIX OCHOBAaHHBIX HAa CPAaBHEHMU aJTOPUTMOB COPTUPOBKH. JlaBaiiTe
IIOCMOTPUM TIOYEMY.

5.6.3. Joka3aTenbCTBO TEOPEMDbI 5.5

3azaauM NPOU3BOJIBHBIN 1€TEPMUHUPOBAHHBIN AJITOPUTM COPTUPOBKY HA OCHOBE
cpaBHeHHs1'. BeIX0on anropuT™Ma MO>KHO IPEACTABUTH KaK NEPECTAHOBKY (TO €CTh
nepeynopsoueHue, NepMyTanuo) umucen 1, 2, ..., n, rae i-it 31eMeHT BBIXOIHBIX
JAHHBIX YKa3bIBa€T Ha IO3ULIUIO {-I0 HAUMEHBIIETO 3JIEMEHTA BO BXOTHOM MaCCHBE.
Hanpumep, eciii BXOJJHOH MacCUB Oy/IeT CIISTyIOIINM:

TO BBIXOA NPAaBUJIBHOTO aJITOPUTMa COPTUPOBKU MOXCET MHTCPIIPETUPOBATLCS KaK
MacCHMB MHACKCOB

CymectByet n! =n % (n— 1) - - 2 X 1 BO3MOXHOCTEH NMPaBUILHOTO BBIXOIHOTO
MaccuBa’®. J[jist Kax10ro BXOJHOTO MACCHBA CYIIECTBYET YHHUKAIBHBIN IPABUIBHBIH
BBIXOJIHOM MaccCHB.

Jlemma 5.6. Eciu ancopumm copmuposkiL Ha OCHO8e CPABHEHUs HUK020d He 0elaem
bonee k cpasnenuii 0ns 106020 6X00HO20 MACCUBA OUHOLL N, MO OH 2EHEPUPYen
He bonee 2¥ pazHblx 6bIXOOHBIX MACCUBOE.

Hoxasamenbcmeo: Mbl MOKEM Pa30UTh OIEPAIIMH, BBIOIHIEMbIC aITOPUTMOM,
Ha (a3bl, TAE (asa i BKIOYAET padoTy, BHIMOIHIEMYIO aITOPUTMOM IOCJE €T0
(i — 1)-ro cpaBHEHHSI M BILIOTH JIO €T0 i-I'0 CPAaBHEHUS BKIIOUUTEIBHO. (Mexay
CPaBHEHUSIMH AJTOPUTM MOXKET JIeJaTh BCE, YTO YrOJHO, — BEJCHUE YUETa,

AHaJIOTUYHBIE apIyMEHTHI TPUMEHUMBI K PAHIOMHU3HPOBAHHBIM QJITOPHTMaM COPTUPOB-
KU Ha OCHOBE CPAaBHEHHS, M HU OT OJHOTO M3 TaKHX aJTOPUTMOB HE OXKHUIACTCS BPEMSI
pabotsl Goblie, ueM O(n log n).

CymiecTByeT 7 BAPHAHTOB MO3UIIMI HANMEHBIIIETO 3JIeMEHTa BO BXOJHOM MaccuBe, 71 — 1
OCTaBILUXCS BAPHAHTOB TIO3ULUI BTOPOTO HAMMEHBIIIETO 2JIEMEHTA U TaK JlaJiee.
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BBISICHEHHE, KaKO€ 3alpOCUTh CIEAYIONlee CpaBHEHUE, U TaK Jajnee — MpHu
YCJIOBUU, YTO OH HE oOpamiaercs K BXOJHOMY maccuBy.) KoHKpeTHBIE omepa-
[IMH, BBITIOJIHsAEMBIE B (ha3e i, MOTYT 3aBHCETh TOJIBKO OT PE3YJIETATOB MEPBBIX
i — 1 cpaBHEHUH, TOCKOJIBKY 3TO €IMHCTBEHHAS BXOHAS HH()OPMAIIHSI, KOTOPOH
anropuT™M obOnanaer. Hampumep, 3TU omepaiuu He 3aBHCIT OT (PAKTHUYECKOTO
3HAUEHMsI DJIEMEHTA, YYACTBYIOIIErO B OJHOM W3 3THX CpaBHEHUH. BrixonHow
MacCHB B KOHIIE aJITOPUTMA 3aBUCHUT TOJIBKO OT PE3YIIETATOB BCEX CPaBHEHUH.
Ecnu anroputm HUKOT/IA HE JienaeT OoJiee k CpaBHEHUH, TO CYIIIECTBYET He Ooliee
2F pa3HbIX BBITOJHCHU AITOPUTMA |, CIIEI0BATENbHO, He Oonee 2F pa3HbIX BbI-
XOIHBIX MaccuBoB'. Y. m. 0.

[IpaBUIBHBIN aNTOPHTM COPTHPOBKH JIOTDKEH OBITH CIIOCOOCH MTPOM3BOUTE JIFO00H
13 n! BO3MOXKHBIX MPaBHIBHBIX BBIXOIHBIX MaccuBOB. [1o remme 5.6, ecin k ecThb
MaKCHUMAaJIbHOE YHMCIIO CPABHEHUIl, BBIMOIHAEMBIX HA 1-3JIEMEHTHBIX BXOJHBIX
MaccHBax, TO

2F >

481
nx(n-1)...2x1

v
VR
NS
~—

. o

IJIe MBI HCITOJB30BAIIN TOT (haKT, 4TO BCE MepBbie /2 wieHoB n (n — 1) - -2 x 1

n v
PaBHSIOTCS HE MeHee —. BasTue orapuma o 0CHOBaHUIO 2 00eHX yacTeii mo-
Ka3bIBaeT, YTO

k> glog2 (%) =Q(n logn).

OTa HWKHSAA IPaHULIA IPUMEHAETCS. K IPOU3BOJIbHBIM OCHOBAHHBIM Ha CPaBHEHUU
aIropuTMaM COPTUPOBKH, 3aBepliast JOKa3aTeJIbCTBO TEOpeMBI 5.5. Y. m. 0.

! JIy1s1 IepBOTO CPaBHEHMS CYLIECTBYET [IBa BO3MOKHBIX HCXO0/a; KAKMM ObI HU OBLIT HCXOJ
U TIOCJIEAYIOIIee BTOPOE CPAaBHEHHE, OH TAKXKE MMEET J[Ba BO3ZMOXKHBIX MCXOJa, U TaK
Jaee.
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BBIBO/bI

X 3HaMEHUTHIN AITOPUTM QuickSort COCTOHT U3 TPEX BHICOKOYPOBHE-

BbIX IIAaroB: BO-TICPBLIX, OH BI)IGI/IpaCT OJIUH DJIEMEHT p U3 BXOAHOT'O
MacCHBa, KOTOPBIN JEHCTBYET KaK «OMOPHBIN 3JIEMEHT); BO-BTOPBIX,
€ro MoATpOrpaMMa Partition MeperpynmupoBBIBACT MacCHB TakK,
9TOOBI DJICMEHTHI MEHBIIIE U OOJBIIE p IUTH COOTBETCTBEHHO IEPE
HUM U MIOCJI€ HETO; B-TPEThUX, OH PEKYPCUBHO COPTUPYET ABa MOM-
MaccuBa Mo 00€ CTOPOHBI OT OIIOPHOTO IEMEHTA.

IToamporpamma Partition MOXKeT OBITH peaqu30BaHa TaK, YTO OHA
OyZIeT BBIMOJHATHCS 32 TUHEHHOE BpEMS M Ha TOM JKe MeCTe, C yue-
TOM HE3HAYUTEIBHOTO MOTPEOICHUS TOTIOIHUTEILHOM ONepaTHBHOMN
mamsatu. Kak ciencreue, anroputm QuickSort Toke BBITOIHIETCS
Ha TOM JK€ MECTE.

[IpaBunpHOCTB anroputMa Quicksort He 3aBUCUT OT TOT'0, KaK OIOp-
HBIE 2JIEMEHTHI BRIOUPAIOTCSI, HO €r0 BPeMsT paOOTHI OT 3TOTO 3aBUCHT.

B Hauxysuiem crieHapun Bpemsi padbotsl cocrasisiet O (n?), rae n —
9TO JUIMHA BXOTHOTO MAacCHBa. DTO IPOHMCXOIUT, KO BXOAHOMN
MacCHB YK€ OTCOPTUPOBAH U IIEPBBIH SJIEMEHT BCET/Ia HCIIOIb3yETCst
B Ka4eCTBE OMOPHOTO JJIEMEHTA. B HamimydmieMm cleHaphH BpeMsI
pabotel coctaBisieT O (n log 7). ITO MPOUCXOAUT, KOT/Ia B Ka4ECTBE
OIMOPHOT'0 BCET/IA MCIIONB3yeTCs] MEIMaHa dJICMEHTA.

B panmoMu3MpoBaHHOM alropuT™Me QuickSort OIOPHBINA 3IEMEHT
BCEIla BEIOMPACTCSl PABHOMEPHO CIy4aifHbIM 00pa3zoM. Ero Bpems
paboThl MOXKET OBITH e yroguo ot @ (n log n) mo ©(n?) B 3aBUCH-
MOCTH OT €T0 CIyYailHbIX T0A0PaChIBAHUN MOHETHI.

Cpennee BpeMs pabOThI paHIOMU3UPOBAHHOTO alropuTMa QuickSort
cocrapmsiet O (n log ), TOIBKO Ha HEOOIBIION MTOCTOSTHHBIA MHOMKH-
TEJIb MEHbIIIE, YeM €r0 HauOOJbIlee BpeMsl paOOTHI.

B MHTYHTHBHOM ITaHE BBIOOP CIIyYalHOTO OMOPHOTO AJIEMEHTa
ABIISIETCSL XOpollIel uaeei, motomy 4ro umeercs 50 %-Hbli maHc
MOIY4UTh 25—75 % wim mydmee pa30MeHNe BXOJHOTO MacCHBA.

®DopMaTbHBIH aHATN3 UCIIOIB3YET CXeMY JEKOMIO3UIIAHY, YTOOEI BBI-
Ppa3uTh YCIOKHEHHYIO CIIyYalHyI0 BEIMUUHY KaK CyMMY CJIy4alHbIX
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BCIIMYHUH 0_1, a 3aTeM IPHUMCHUTH JIMHEHHOCTh MaTeMaTU4€CKOTO
OXHJaHus.

X KiroueBoe MoHNMaHKE 3aKIF0YACTCS B TOM, UTO i-i U j-i HAMMEHBIIINE
3JIEMEHTBI BXOTHOTO MaCCHBA CPABHUBAIOTCS B aITOpUTMe QuickSort
TOTJIa ¥ TOJILKO TOT/Ia, KOTJa OIMH U3 HUX BEIOpaH B Ka4eCTBE OMOPHO-
IO JI0 TOTO, KaK JIEMEHT CO 3HaY€HUEM CTPOr0 MEXK]Ty HUMHU BBIOpaH
B Ka4€CTBE OIIOPHOTO.

X ANTOpUTM COPTUPOBKH Ha OCHOBE CPaBHEHHS — 3TO YHHUBEPCAJIb-
HBII aJITOPUTM, KOTOPBIH 00paImaeTcs K BXOAHOMY MacCHBY TOJBKO
IyTeM CPaBHEHHUS I1ap AJIEMEHTOB U HUKOIJAa HEIOCPEICTBEHHO He
HCIOJb3YyeT 3HAYCHUE DJIEMEHTA.

* Hu oamH ajropuT™ COPTHPOBKHA Ha OCHOBE CPaBHCHHS HE MMEET
HaUXy/IIIEro aCUMIITOTHYECKOrO BPEMEHH PabOThI OOJIbIIIE, YeM
O(n log n).

3agaum Ha 3aKpernsieHme matepuana

3agaua 5.1. BciomuuTe nmoamporpammy Partition, HCIONB3yeMYI0 aITOPUTMOM
QuickSort (pasaen 5.2). BaM roBopsT, 4TO CIENYIOMINN HUXKE MACCUB TOJIBKO YTO
OBUT pa3jiesieH BOKPYT HEKOTOPOTO OITOPHOTO 3JIEMEHTA:

Kaxoif n3 snemenToB Mor OBITH OTOpHEIM AnieMeHToM? (Ilepeuncnure Bce, KoTOpEIe
MIPUMEHHUMBI; MOXKET OBITH Oostee OJJHONH BO3MOXKHOCTH. )

3apaua 5.2. [TycTb o ecTh HEKOTOpast KOHCTAHTA, HE 3aBUCSINAS OT JITMHBI 71 BXO/I-
1 .
HOT'O MacCHBa, CTporo Mexy 0 u 5 KakoBa BeposITHOCTh TOTO, YTO TP CITy4aiiHO

BBIOPAaHHOM OIIOPHOM 3JIEMEHTE MOANporpaMma Partition co3gacTt pa3OueHue,
B KOTOPOM pa3Mep 00euX pe3yabTHPYIONIUX Moa3aaad OyaeT MHHUMYM B O pa3
Ooublle pa3mMepa UCXOHOro MaccuBa?
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a) a.

0) 1 —a.
B) 1 — 2.
r) 2-2ao.

3az[aqa 5.3. HYCTI) 0 €CTb HEKOTOpas KOHCTaHTa, HC 3aBUCAIIAs OT MJIMHBI 1
1
BXOAHOT'O MacCuBa, CTPOro MExay Own 5 I[OHYCTI/IM, YTO BbI JOCTUTACTE IIPU-

OJIHM3UTENFHO COATaHCHPOBAHHBIX Pa30UCHUH U3 MPEABIIYIICH 3a1a9d B KaXKIIOM
PEKYPCUBHOM BBI30BE — IMMOATOMY BCAKHH pa3, KOrJla PEKYpPCUBHOMY BBI3OBY
mepeaeTess MacCHB JUTMHOM k, Ka)KIOMy M3 IBYX PEKypPCHBHBIX BHI30BOB Iepe-
JaeTcs moaMaccuB JUIMHOM Mexny ok u (1 — a)k. Ckoibko mocieaoBaTeabHbIX
PEKYPCHBHBIX BEI30BOB MOXKET IIPOU30MTH TIEPe/T 3aIyCKOM 0a30BOT0 citydasi? 1o
SKBUBAJICHTHO BOMNPOCY: KaKHUe YPOBHH JEPEBa PEKYPCHH aNrOpUTMa MOTYT CO-
JepKaTh TUCThA? Belpa3ure CBOM OTBET B BUJIE AMaNia30Ha BOBMOXKHBIX YHCeI d, OT
MHUHUMAJIBHOTO JI0 MAKCUMAITbHOTO YHCIIa PEKYPCUBHBIX BBI30BOB, KOTOPHIE MOTYT
notpedoBathes. [[loackaska: Gpopmyra, KOTopasi CBSI3bIBACT JIOTapU(PMUIECCKUE

Inn
(byHKIMH ¢ pa3sHBIMU OCHOBAaHUSAMHU, cleayromas: log, n = ﬁ']
n
2) 0<d <07
Ina
6) -~ g lun
Ina In(1—o)
B) ——1_ gy Inm
In(1-a) Ina
D Inn <d< Inn

CIn(1-20)  In(l-a)

3anauya 5.4. Onpenenure IyOUHY pEeKypCHUH anropuTMa QuickSort Kak MakcH-
MaJIbHOE YUCIIO M10CIIEJ0BaTENbHbIX PEKYPCUBHBIX BHI30BOB, KOTOPBIE OH JIENIAET,
MIPEeXkKIIe YeM ITOTacTh B 0A30BBIH CITydaid, — FIIH, YTO TO K€ CaMoe, HaUOOJIBIIHIA
YPOBEHb €ro JepeBa peKypcuu. B paHIOMU3HPOBAHHOM anropurMme QuickSort
IyOWHA PEKYPCHH SBISCTCS CITy4aiHON BEJTMYMHON B 3aBUCHIMOCTH OT BBIOPAHHBIX
OITOPHBIX eMeHTOB. KakoBa MUHMMAaIIbHAsI 1 MAKCUMaJIbHAs ITyOUHA PEKYpPCHU
PaHIOMHM3UPOBAHHOTO aJrOpUTMa QuickSort?
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a) Munumym: O (1); makcumym: O (n).

0) Munaumym: O (log n); makcumym: O (n).
B) Munumym: O (1); makcumym: ® (n log n).
r) Munnmym: O (\n); Makcumym: O (n).

3apavya noBbILLEHHOMN CJIOXXHOCTU

3anpauya 5.5. Pacmupere HUOKHIOIO TpaHuny Q(n log n) B paznene 5.6, 4ToObI
TAKKe IPUMEHUTH K O)KHIAEMOMY BPEMEHH BBIIIOIHEHHS PaHJOMU3HPOBAHHBIX
QITOPUTMOB COPTUPOBKU HA OCHOBE CPABHEHHSL.

3agaum no NnporpaMMupoOBaHUIO

3amaua 5.6. Peanusyiite anroputm QuickSort Ha BarieM JIOOUMOM SI3BIKE MPO-
rpammupoBanus. [loskcniepuMeHTUpyITE ¢ IPOU3BOJUTEILHOCTBIO PA3JIMYHbBIX
Croco0OB BBIOOPA OTIOPHOTO JIEMEHTA.

OnuH 13 NOIXOJ0B 3aK/II0YAETCs B OTCIIEKUBAHUY KOJIMYECTBA CPABHEHUN MEX Y
9JIEMEHTAMH BXOJHOTO MACCHBA, BHIIONHIEMBIX alrOPUTMOM QuickSort'. Jlis
HECKOJIBKUX Pa3HbIX BXOIHBIX MacCHUBOB OIPEIEIUTE KOJIMYECTBO CPAaBHEHUH,
BBITOJIHAEMBIX CIIEAYIOLIMMHU HUXKE pealn3alusiMU IOANIporpaMMbl ChoosePivot:

1. B KauecTBe OMOPHOTrO BCEr/ia UCTIOJIb3YET MEPBbIi AIEMEHT.
2. B kadecTBe OIOPHOTO BCEIIa MCIIOIB3YET TOCICIHUI AIEMEHT.

3. B KauecTBe OIIOPHOTO UCIIOIL3YET CIy4alHbIN diieMeHT. (B aToM cirydae He-
00XOAMMO BBIMIOJHUTH alroput™ 10 pa3 ¢ 3aJaHHBIM BXOAHBIM MacCHUBOM
U YCPEIHHUTD PE3yJbTaThl. )

4. B xauecTBe OMOPHOTO AIEMEHTA UCIIONB3YET Meduany uz mpex. lleap sToro
MIpaBUjIa COCTOUT B TOM, YTOOBI C/IE€JaTh HEMHOTO JOIOJHUTENIBHONW pabo-
ThbI, 4YTOOBI TIOJYYHUTh TOPA3A0 YUY IPOU3BOAUTEIBHOCTh Ha BXOAHBIX

! Her HE0OXOMMMOCTH ITOACYUTHIBATE CPABHEHHS 110 OfHOMY. [IpH peKypCHBHOM BBI30BE
C TIOMAacCCHBOM JUIMHOM 711 BB IPOCTO MOYKETE JOOABUTH m — | B Balll HAKOTTUTEIBHBII
utor cpaBHeHui. (HamoMHUM, 4TO B 3TOM PEKypCHBHOM BBI30BE OTIOPHBIN 3JEMEHT
CPaBHHBAETCS € KAXKIBIM U3 IPYTHX 711 — 1 2JIEMEHTOB B TIOMACCHBE. )
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MacCHBax, KOTOPHIE MMOYTH OTCOPTHPOBAHBI MM OTCOPTHPOBAHEI B 00paT-
HOM TIOPSIJIKE.

Ecmu roBopuTh 6ostee moapoOHo, 3Ta pean3arus IOaIporpaMMbl ChoosePivot
paccMaTpUBaeT NEPBBI, CPETHUI M KOHCUHBIN DIIEMEHTBI 33IaHHOTO MACCHBA.
(Mt MaccuBa ¢ 4eTHOM JTMHON 2F UCIONB30BaTh k-i 3JIEMEHT VIS «CEpeIH-
HBI».) 3aTeM OHa ONPEEIISCT, KAKOW M3 ITHX TPEX 3JIEMEHTOB SIBIIACTCS MEIH-
aHoil (TO €CTh 3HAYCHHME KAKOTO U3 HUX HAXOIUTCS MEXKIY IBYMsI APYTUMH),
U BO3BPAIIIACT ITOT DJICMEHT KaK OMOPHBIA'.

Haan/IMep, C BXOJHBIM MaCCHBOM

HOATIporpaMMa OyIeT pacCMaTpUBAaTh MEPBLIH (8), cpeauuii (5) n mocneanuit
(6) snmementhl. OHa BepHET 6, MeTMaHy MHOXeCTBa {5, 6, 8}, B kKadyecTBe Orop-
HOTO 2JIEMEHTA.

Cum. www.algorithmsilluminated.org /i71st TECTOBBIX CIIEHApUEB M HAOOPOB JAHHBIX
IS 3a7a4.

! TuarenpHbIil aHaMM3 OyAET OTCICKUBATH COMOCTABJICHHS, BBIIOIHIEMbBIC TIPH OIpE-

JICJIEHUU MEJMaHbl TPEX 3JIEMEHTOB-KaHIUIATOB, B JOIIOJHEHHE K COMOCTAaBICHUM,
BBINIOJIHSIEMBIM B BBI30BaX MOANpPOrpaMMbl Partition.



Jluneiinwvlii 6b100p
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B aToii i1aBe u3yyaercs 3aa4da BpIOOPA, 1ENBbI0 KOTOPOH SIBJISIETCS ONPEIeIICHUE
i-TO HAaUMEHBIIETO AIEMEHTa HEOTCOPTUPOBAHHOTO MacCHBa. JTa 3agaya JIETKO
pemaetcs 3a BpeMst O (n log n) mpu TOMOIIHM COPTHPOBKH, HO MBI MOYKEM JJOOUTHCS
myuamiero. Paznmen 6.1 onmchiBaeT 4pe3BBIYAHO MPAKTHYHBIN PaHIOMU3UPOBAH-
HBI aJITOPUTM, OYEHb TOXOXKHH Ha PaHIOMU3UPOBAHHBIN anropuT™ QuickSort,
KOTOpHIN B cpenHEeM paboTaeT B TeUeHHE JHHEHHOTO BpeMeHH. B pasnene 6.2
MIPEJCTaBIEH UHTEPECHBIM aHaIu3 3TOr0 ajJropuTMa — KIIACCHBIHM cr1ocob noay-
MaTbh O MPOTpecce, KOTOPBI 00eCIIeunBaEeT alTOPUTM, C MO3UIUI MPOCTOrO IKC-
TICPpUMCEHTa I10 HO}Z[6paCI>IBaHI/HO MOHCETBI, a 3aTEM JIMHEHMHOCTh MaTeMaTUYE€CKOTO
OXKuJaHus (712, CHOBA OHA...) CTABUT I1€YaTh MOJ| CICITKON.

Yurarenu, KOTOPLIM BaykHa TEOPUSI, MOT'YT 3a/1aThCsl BOIIPOCOM, MOYKHO JIM PEILUTD
3a7ady BBIOOpa 3a JIMHEWHOE BpeMs, He mpuberas K panpomusanuu. B pasnene
6.3 omHUChIBAETCSI U3BECTHBIN JETEPMUHUPOBAHHBIN aITOPUTM AT ATOH 3a/auH,
CpeZr aBTOPOB KOTOPOTO OOJIBINE TEX, KTO OBII yIOCTOCH MpeMuH ThIOpHHTa, YeM
y JII000TO JPYroro U3BECTHOTO MHe anroput™a. OH JeTepMUHUPOBAH (TO €CTh He
JIOIYCKaeT paHIOMHU3allii) 1 OCHOBAH HA FEHUAIILHON Hiee «MEeAUaHbl MEIUaHy,
KOTOpasi 00eCIeYNBACT XOPOIINE BAPHAHTHI OTIOPHBIX dJIeMeHTOB. Pa3nen 6.4 mo-
Ka3bIBaeT JIMHEHHYIO BPEMEHHYIO TPaHHMILY, YTO HE TaK-TO MPOocTo!

B »T0if T1aBe mpemonaraeTcs, 9YTo Bl HOMHHTE MOANPOTpaMMy Partition u3
paszena 5.2, KoTopas pa3zieisieT MacCUB BOKPYT OIIOPHOT'O AJIEMEHTA 3a JINHEHHOe
BpEMs, a TAKIKE YTO y BaC €CTb UHTYUTUBHOC ITOHMMAaHUE TOTO, YTO JACIACT OHOpHLIﬁ
AJIEMEHT XOPOIINM MU TIoXuM (pasaen 5.3).

6.1. Anroputm RSelect

6.1.1. 3apgaua BbiOOpa

B 3aade BeIOOpa BXONHBIC JAaHHBIE TAKKE JKE, KaK U B 33]]a4¢ COPTUPOBKU: Mac-
CHUB M3 1 YHCEIl BMECTE C LEeibIM uncioM i € {1, 2, ..., n}. lleab cocTouT B TOM,
YTOOBI OMIPEACTUTD i-10 NOPAOKOBYIO CMATUCINUKY — I-€ HANMEHBIIIee 3HauCHUE
B MacCHUBe.
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3AJAYA: BBIBOP

BXOZ[Z MacCCHUB U3 11 YUCECJI B ITPOU3BOJIBHOM IOPAAKE U LICJI0C YHUCIIO
i€ {1,2,..n}.

BoiIxon: i-e HaMeHbIIIee 3HAYCHHUE B MACCUBE A.

Kak 00bI4HO, JUIst TPOCTOTHI MBI IPUHAMAEM JIOMYIIEHHE, YTO BXOJAHON MacCHB
AMEET pa3HbIe 3JIEMEHTBI, 0€3 TyOJIUKaTOB.

Hampumep, ecnu 1an BXOIHON MaccuB

6 8 9 | 2

W 3Ha4YCHHME | paBHACTCS 2, TO NMPABWIBHBIN pe3ynbrar Oyaer paBeH 6. Ecim Obr
PaBHAIOCH 3, TO MPaBUIBHBIN pe3yasTar OblI OBl 8, U Tak gainee.

[Ipu i = 1 3axa4a BeIOOpa — ATO MPOCTO 3a]a4a MO BHIYMCICHUI0 MUHUMAIBHOTO
JJIEMEHTa MaccuBa. B TeueHue MTMHEHHOro BpeMEH! JIETKO CIEaTh O/IUH MPOXO0.T
MacCHBa M 3alIOMHATH HAMMEHBIINI BCTPETUBIIUICS 21eMeHT. [1o anamorum ciy-
Yyail HaXOXKACHUSI MAaKCUMaJIbHOTO 3JieMeHTa (i = 1) Taioke npocT. Ho kak HacueT
3HaueHull i B cepenune? Hampumep, 4To, €CIIM Mbl XOTUM BBIUUCIIUTD CPEJUHHBIH
AIEMEHT — MeOuaHy — MaccuBa?

Eciu OBITH TOYHBIM, JJISS MacCHBA C HEYETHOM JJIMHOW 71 MEIHaHa SIBISCTCS i-i
MOPSIIKOBOM CTATHCTUKOM, re [ = (n + 1)/2. Uto KacaeTcst MaccuBa ¢ YE€THOM

JUTUHOM n, TO JlaBalTe cOracumcs OIPCACIATh MEIUAHY KaK MCHBIIIYIO U3 IBYX

o . h
BO3MOKHOCTCH, YTO COOTBECTCTBYCT 1 = E L

' 3aueM BBIYUCIATH MEINaHy JJICMCHTa MaccuBa? B koHIe KOHIIOB, cpe()Hee 3HAYeHUue

(To ecTh cpenHee apruPMETHIECKOE) TOCTATOYHO JIETKO BEIYHCIUTD 3a JHHEWHOE Bpe-
Msl — IIPOCTO CyMMHUPOBATh BCE AJIEMEHTHI MACCHBA 3a OJIMH IPOXOA U Pa3AeIuTh Ha A.
OnHO¥ U3 IPUYHH SBIISETCS BBIYUCICHAE CBOJHOM CTaTUCTUKH MAacCHBa, KOTopast Ooiee
Ha/Ie)KHa, YeM cpesiHee 3HaueHue. Hampumep, oMH CHIBHO MOBPEKIACHHBIN 2JIEMEHT,
TaKoH Kak OmmMOKa BBOAA JaHHBIX, MOKET COBEPLIEHHO UCIIOPTUTDH CPEIHEe 3HAUYCHHE
MaccuBa, HO, KaK MPaBUJIO, MaJIo MOBJIUACT HA MEAHUAHY.
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6.1.2. CBepeHue K 3aga4e COPTUPOBKM

Ms1 yke 3HaeM OBICTPEIN aITOPUTM UIS 3a/1a9H BEIOOpa, KOTOPBIN OMUpaeTCs Ha
HaIIX aJITOPUTMBI OBICTPON COPTUPOBKHU.

CBEJEHUE BbIBOPA K COPTUPOBKE
Bxoa: maccuB 4 u3 n pa3HBIX yucen U 1ienoe uncio i € {1,2, ..., n}.

Boixon: i-s1 mopsiKOBasi CTaTUCTHKA MaccHBa 4.

B := MergeSort(A)
return B[i]

3aKOHUYUB COPTHUPOBKY BXOJHOTO MACCHUBA MbI, O€3yCIOBHO, 3HaeM, Ii¢ HailTu
i~ HAMMEHBIINH >JIEMEHT, — OH OO0JITaeTCs B i-i MO3UINH OTCOPTHPOBAHHOTO
MaccuBa. [lockonbky anroput™ MergeSort BeimosHseTcs 3a Bpemst O (n log n)
(Teopema 1.2), TO M 3TOT IBYXCTYNEHYATHIN aJrOpPUTM — Toxe'.

Ho nomHUTE MaHTpY JTF0O0T0 MPOSKTHPOBIIUKA AIITOPHTMOB, KOTOPAst 3CITy>KHUBACT
YBAXKCHUS: MOJCHO U 000UmbCs ayuuie2o? MoxeM 1 Mbl pa3paboTaTh alropuT™
JUTSL 33]1a41 BBIOOpPa, KOTOPKIi OyzeT erie ObicTpee, ueM Bpems O (n log n)? Jlydrnee,
Ha YTO MbI MOXEM HaJIesThCsl, — 3TO JuHelHoe BpeMs (O (n)), eciu Mbl He OyemM
YAETSTH BpeMs Jake TOMY, YTOOBI MPOCMATPUBAThH KaXKAbIM 3JIEMEHT B MacCUBE,
TO HET HUKAKOH HaJICKIBI Ha TO, YTO TOIYYUTCS BCETIA MPABUIIEHO HIACHTH(HITN-
pOBaTh, CKa)keM, MUHAMAIIBHBIH 2JIeMeHT. MBI Takke 3HaeM H3 TEOpEeMHI 5.5, 9To
71r000# aNropuT™, KOTOPBIH HCHONB3YET MOANPOrpaMMy COPTHPOBKH, 3aCTPEBACT
B HaWXy/IIeM BpeMeHu pabotel (7 log n)?. TloaTomy, ecim Mbl cModicem TOTYIUTh
oombiree, ueM O (n log n), Bpems paOOTHI VTS 331291 BEIOOPA, MBI JOKAXKEM, UTO
6b100p NPUHYUNUATLHO NpOWe copmuposku. st Toro TpedyeTcst H300peTaTesb-
HOCTH — OIIOpa Ha HAIIIN aJITOPHTMBI COPTHPOBKH HE CpaboTaeT.

' Crnenmanuct B 06acTi computer science Ha3Bas ObI 9TO CBEACHUEM HIIH PEIYKITHEH 3a-
JTa4¥l BBIOOPA K 3a/1a4e COPTUPOBKH. PeyKiins 0CBOOOKIaeT Bac OT pa3pabOTKH HOBOTO
QITOPUTMA C HYJISI © BMECTO TOTO TIO3BOJISIET ONMUPATHCS HA CYIIECTBYIOIIUE aIrOPUT-
MBI B ononHenne K ux mpakTHIecKoi MOJIE3HOCTH PEIYKIIMHU SBISIOTCS YPE3BbIIaitHO
(yHIaMEHTaTbHOM KOHIICTIIMEH B HHPOPMATHKE, U MBI IIOPOOHO 00CYTUM HX B 4acTH 4
9TOW CEPUH KHUT.

2 Tlpenmonaraercsi, 4T0 MbI OTPAHHYMBACMCS AITOPUTMAMH COPTUPOBKH HA OCHOBE CPaB-
HEHUs, KaK B pazaene 5.6.
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6.1.3. Noaxopn «paspensii n BNacTByn»

PangomMu3upoBaHHBIN JTMHEHHBIA alTOPUTM BhIOOpa RSelect cliienyeT madioHy,
KOTOPBII OKA3aJICSI OUEHD YCIEIIHBIM B PaHIOMU3UPOBAHHOM aJlrOpuTMe QuickSort:
BBIOWPACTCSI CITyJalHBIH OTIOPHBII 3IEMEHT, BXOTHOH MacCHB Pa3ACNsAeTCs] BOKPYT
OIIOPHOI'0 IEMEHTA, U BBIIOIHAETCS COOTBETCTBYIOIIAs peKypcus. Crenyrouuii
BOIIPOC Ha MOBECTKE JIHS — Pa300paThCsi B COOTBETCTBYIOIIECH PEKYPCHHU ATIs 338241
BBIOODA.

Bcenomuute, uTo genaeT noanporpamma Partition B pasnene 5.2: npu Halu4uu
MaccHBa U BapHaHTOB BBIOOPA OMOPHOTO 2JIEMEHTA OHA IEePETPyNIHPOBLIBAET
9JIEMEHTBI MacCHBa TaK, YTOOBI BCE, YTO MEHBIIE 1 OOJIbIIIE OITOPHOTO IEMEHTa,
MOSABJIAJIOCH COOTBETCTBEHHO JI0 U TIOCJIE HETO.

32 fs [t ]al7fef=>[2]1]3]6]7]4]5]8]
i f

OIIOPHBIN BJIEMEHT MEHBIIIE OIIOPHOTO GOoJIbIIIE OIIOPHOrO

Takum o6pa30M, Ol'[OpHI)II\/'I OJICMCHT B UTOI'C OKa3bIBACTCsA Ha CBOCM 3aKOHHOM
MECTE, TO €CTh MOCJIC BCCX IJIEMECHTOB, KOTOPbIC MEHBIIC HEIO U MEPE] BCCMU
DJICMCHTAaMU, KOTOPLIC OoJIBIIIE HETO.

Anroput™ QuickSort peKypCHBHO OTCOPTHPOBAJ IOIMACCHB AJIEMEHTOB, KOTOPHIC
MEHBIIIe OIIOPHOTO BJIEMEHTA, & TAK)KE MOJAMACCHB SJIEMEHTOB, KOTOPBIC OOJIbIIE
onopHoro. Kako#t anasnor [uist 3aja4u Beioopa?

TECTOBOE 3AJIAHHUE 6.1

[Tpeanonoxum, 4To Mbl UILEM 5-10 IOPAIKOBYIO CTATUCTHKY BO BXO/I-
HoM MaccuBe U3 10 anemenToB. [Ipeanonoxum, 4To nocie pasaeaeHus
MaccHBa OMOPHBIN AEMEHT B UTOT€ OKa3bIBAETCS B TPEThEH MO3ULIHH.
Ha xakoii cTOpoHE OT OIMOPHOTO AIEMEHTa Mbl TOJKHBI BBITIOIHATD
PEKYPCHIO U KaKyO MOPSAAKOBYHO CTATUCTUKY MBI JIOJPKHBI HCKATh?

a) 3-10 IOPSIKOBYIO CTaTUCTUKY Ha JIEBOM CTOPOHE OT OMOPHOTO.

0) 2-f0 OPSITKOBYIO CTaTHCTHKY HA IPABOI CTOPOHE OT OIIOPHOTO.
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B) 5-10 MOPSAKOBYIO CTATUCTUKY HA MPABOM CTOPOHE OT OTMIOPHOTO.

r) Bo3moxHO, HaM MOHATOOUTCS PEKypCHs KaK C JICBOH, Tak
U C TIPaBOii CTOPOHBI OT OMOPHOTO AIEMEHTA.

(Pemenwue u nmosicHeHue cM. B paszene 6.1.6.)

6.1.4. Ncespokop pna anroputma RSelect

Ham nceBnoxon u1st anroputma RSelect COOTBETCTBYET BICOKOYPOBHEBOMY OITHU-
CaHMIO aropuT™a QuickSort B pazaene 5.1 ¢ AByMs U3MeHeHUsIMU. Bo-nepBbIX,
MBI JOJDKHBI IPUIEPAKUBATHCS UCIIOIb30BaHU CIIy4aliHbIX OIOPHBIX JJIEMEHTOB,
a HE UMETh OOIIYIO MOATIPOTpaMMy ChoosePivot. Bo-BTOpEIX, anroput™ RSelect
JICJIaeT TOJIBKO OJMH PEKYPCHUBHBII BBI30B, B TO BpeMs KaK alropuT™M QuickSort
JeaeT aBa. B 0CHOBHOM M3-3a 9TOr0 pa3ju4us €CTh IOBOJ HAJEAThCs, UTO aJIro-
pUTM RSelect MOXeT OBITH gaxe OBICTpee, YeM PaHIOMHU3UPOBAHHEIA aITOPUTM
QuickSort.

RSELECT
Bxoa: maccuB 4 13 7> 1 pa3HbIX yucen u Lenoe yucnoi € {1,2,...,n}.

Bbixon: i-s MopsAKOBas CTaTUCTUKA MaCCHUBa A.

if n = 1 then // 6a30Bblil cny4ai
return A[1]

BblOpaTb OMOPHLI 31EMEHT p pPaBHOMEPHO C/y4ailHbM obpa3om u3 A

pasfennTb A BOKpYr p

J := nosuvuuA p B pasfiesieHHOM Maccuee
if j = i then // BaM nocYacTAuMBuNOCH!
return p

else if j > 1 then
return RSelect(first part of A, 1)

else /] J <1
return RSelect(second part of A, 1 - j)
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Pa3nienieHne BXOAHOTO MacCHBa BOKPYT OTMIOPHOTO 3JIEMEHTa p pa30MBAET MACcCHUB
HA TP YaCTH, YTO IPUBOJMT K TPEM CIIy4asiM B allfTOPUTME RSelect:

<PP‘ >p |
gty

nepBast 4acTh  j-s MO3ULMA  BTOpAst 4acTh
(amemeHnTHI j— 1) (amemMeHTHI n—j)

Bcenencteue TOro, 4To OMOPHBINA ANEMEHT p 3aHUMAET CBOE 3aKOHHOE MECTO
B pa3AeIeHHOM MAacCUBE, €CIIF OH HAXOANUTCS B j-i MO3UIINH, OH JOJKEH OBITH /-1
MOPSAAKOBOIM CTAaTUCTUKOMN. ECiii MO CHACTIMBON CIYy4YallHOCTH aJIrOPUTM HCKall
J-10 TIOPAIKOBYIO CTAaTUCTHKY (TO €CTh i =), TO €TI0 caenano. Eciu sxe anroputm
UIIET MEHbBIIee YHUCIO (TO €CTh i <), OHO JOJDKHO MPUHAUICKATh IEPBON YacTH
pa3nesieHHOro MaccuBa. B 9ToM cirydae pekypCHBHBINA 00X0I 0TOPACKIBAET TOIBKO
T€ DIIEMEHTBI, KOTOpbIe OOMbIIIe j-1 (1, CIIeI0BATENBHO, i-i) MOPSAKOBOM CTaTUCTH-
KU, I03TOMY aJITOPUTM I1O-IIPEKHEMY HUILET i-i HAMMEHBILIUHI AJIEMEHT CPel TeX,
KOTOpBIE HaXOJATCs B IEPBOM NoAMaccuBe. B nocnennem ciyydae (i > j) anroputm
WIIET YUCIIO0, OONbllIee, YeM OMOPHBIN 3JE€MEHT, U PEKypCHUsl UMUTHPYET pellleHue
TECTOBOTO 3aJ]aHus 6.1. AJITOPUTM BBIITOITHSIET PEKYPCHBHBIN 00X0]] BTOPOH YacTH
pasle’aeHHoro MaccuBa, UCKIIoYas U3 JaJbHEHILEro paccMOTPEHUS! OMOPHBIN
9JIeMeHT # j — | 21eMeHThl MeHbIe Hero. [T0CKONbKY alropuT™M MepBOHAYaIbHO
WCKaJI i-i HAUMEHBIIIAHN JIEMEHT, TeIeph OH HIIET (7 — j)-i HAMMEHBIIIUN IIEMEHT
CPeIH OCTaBIINXCS.

6.1.5. Bpemsa pa6oTtbl anroputma RSelect

Kak u panaoMHu3UpoBaHHBIN aaropuT™ QuickSort, Bpemst pabOThI aaropuT™Ma
RSelect 3aBHCHT OT OTIOPHBIX JIIEMEHTOB, KOTOPBIC OH BBIOMpacT. UTo MOXeET
MIPOM30UTH B Xy/ILIEM Cilydae?
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TECTOBOE 3AJAHMUE 6.2

KaxkxoBo Bpemst paboThI anroput™ma RSelect, €CIIM ONIOPHBIC MIEMEHTEHI
BCer/Ja BEIOUPAIOTCS HAUXYIIIUM 00pa3om?

a) O(n).
0) O (nlogn).
B) O (n?).
r) 0(2".

(Penrenue n nosicuenue cM. B paznedie 6.1.6.)

Teneps MBI 3HaEM, YTO aNTOPUTM RSelect He paboTaeT B TEUCHHE JIMHEHHOTO
BPEMEHH JJIs BCEX BO3MOXHBIX BAPUAHTOB OIOPHOI'O 3JIEMEHTA, HO MOXKET JIU OH
pabotaTh B TeUEHHE TMHEHHOTO BPEMEHH B LIEJIOM Ha CBOMX CITy4aifHBIX BapUaHTaX
oropHoro »eMeHTa? Haunem ¢ 6ojee CKpOMHOM IIeNn: CYIIECTBYIOT JIH BapHaH-
ThI OIIOPHBIX AIIEMEHTOB, JUIsI KOTOPBIX allrOPUTM RSelect paboTaeT B TeueHHUE
JUHENHOTO BpeMeHU?

U3 4yero ckiaapiBacTCst XOPOILUiA OMOPHBIH deMeHT? OTBET TaKOM XkKe, KaK JJIsl ajl-
roputMa QuickSort (cM. pazzaen 5.3): XOpoIue OMOPHBIE AIIEMEHTHI FApaHTHPYIOT,
YTO PeKypPCUBHEIC BBI30BHI ITOYUAIOT 3HAYUTEIBHO OoJiee MeJKue non3asaun. Haun-
XYIIIUH CEHApUil — TO ONOPHBIH AIIEMEHT, KOTOPBIH JaeT Haubosiee HecOalaH-
CHUPOBAaHHOC pa36I/ICHI/Ie C OTHUM ITYCTBIM IIOAMAaCCUBOM U JPYTUM IIOAMACCHBOM,
B KOTOPOM €CTh BCE, KpOME OTIOPHOTO AJIeMeHTa (Kak B TeCTOBOM 3a/1aue 6.2). 1ot
CIICHApUil BOBHUKAET, KOI/Ia MUHUMAIBHBIH MM MAKCHMAJIbHBIN 2JICMEHT BHIOpaH
B KauecTBe onopHoro. Haunydmuii crieHapuii — 3T0 OIOPHBIN 2JIEMEHT, KOTOPBIi
JnaeT Hanboliee cOaTaHCHPOBAaHHOE pa3OMEHHUe ¢ JABYMsI ITOMACCHBAMHU PaBHOM
JUTHHBI'. DTOT CLICHAPHIA CITydaeTcst, KOrjia CPEIMHHBIN 3JIEMEHT BhIOPaH B KA4€CTBE
OIIOPHOTO. I/ICCHGI[OBaHI/Ie 9TOI'0 COCHapusa MOXKET MMOKa3aTbCsd HMUKINYHBIM, TaK
KaK MBI BIIOJTHE MOYKEM CHAdaJIa IMOIBITAaThCsl BEIYUCTUTE Menuany! Ho Bce paBHO
TOTBITKA BBISICHUTH HAUOOJIBIIIEE BO3MOXKHOE BPEMsI Pa0OThI, KOTOPOE MOXKET UMETh

! MBI HTHOPUPYEM CYACTIIMBBIN CITydaii, B KOTOPOM BBIOPAHHBIN OMOPHBIN SIIEMEHT Ha-
XOIHTCS B paMKaX TOH MOPSAKOBOW CTaTUCTUKH, KOTOPAsk HIIETCS, — TO BPSII JIK PO-
W30MIET 10 CaMbIX ITOCIETHUX HECKOIBKUX PEKYPCHBHBIX BBI30BOB aITOPUTMA.
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aNTOpUTM RSelect (Jtydrie Obl, 4TOOBI OHO OBLIO TMHEHHBIM! ), SIBISICTCS TIOJIE3HBIM
MBICJICHHBIM SKCIIEPUMEHTOM.

O0603HaunM yepe3 T'(n) BpeMst pabOThI aliropuT™Ma RSelect Ha MACCHBaX JUTMHOM 7.
Ecau anroput™ RSelect BonmeOHBIM 00pa3oM BEIOHpAET MEIaHy 2JIEMEHTA 3a/JaH-
HOTO TTOIMACCHBA B KJKIOM PEKYPCHBHOM BBI30BE, TO KaXK/IbIi pEKypCHBHBIN BBI30B
paboTaeT JIMHEHHO B CBOEM ITOMACCHBE (B OCHOBHOM B IIOIIIPOrpaMMe Partition)
U JieJIaeT OJIMH PEKyPCUBHBIN BBI30B C TIOJIOBUHOM pa3Mepa MoAMacCuBa:

T(n)< T(gj + 0(n)

—
[ Partition nT. 1.
TOCKOJIBKY OMOPHBIiT dIeMEHT=MeIHaHa

DTO peKyppeHTHOE COOTHONICHHE TIIABHOE B OCHOBHOM MeTtoje (Teopema 4.1):
MOCKOJIbKY MIMEETCsI OJTMH PEKYPCUBHBIN BBI30B (a = 1), pasmep moji3aaauu naiact
¢ koa(durpentom 2 (b = 2), u nuHEiHAS padOTa BBIIOIHICTCS BHE PEKYPCHBHOTO
Bb3oBa (d = 1), 1 =a <b?=2, u Bropoii ciay4aii OCHOBHOTO METO/a ITOKa3bIBACT
Ham, 4to 7'(n) = O (n). IT0 BaxKHas MPOBEPKa pabOTOCIIOCOOHOCTH: €CIIH AITOPUTMY
RSelect JJOCTAaTOYHO MOBE3ET, OH Oy/IET padOTaTh B TEUCHHE JIMHEHHOTO BPEMEHH.

Wrak, HaxoauTcs Jn BpeMsl pabOThl anroputMa RSelect, Kak NMpaBuiIo, Onuxe
K HaWIydIIeH MPOM3BOIUTEIBHOCTH ® (1) WK €ro HauXyAlleld MPOM3BOANTEIIb-
Hoct O (n?)? C ydeToMm ycriexa paHIOMH3HPOBAHHOIO auroputMa QuickSort
3a HaIIUMHU IJIeYaMU, MBI MOIVIM OBl HaJIEAThCS HA TO, YTO TUIHMYHbIC CLIEHAPHU
BBITIOJIHEHUS AJITOpUTMA RSelect MMEIOT IPOU3BOAUTEIBHOCTD, OJIM3KYIO K HaH-
Jy4iieMy cleHapuio. M nelicTBUTENbHO, B TO BpeMsl KaKk B IPUHIUIIE aJITOPUTM
RSelect MOXET BBIMONHSTHCS 3a BpeMsi O (12), BbI OUTH Beeria Oynete HabmronaTh
3a BpeMeHeM paboThl O (1) Ha IPAKTHKE.

Teopema 6.1 (Bpemsi padoThI aJIropuT™Ma RSelect). /[ kaxicdo2o 6x00H020 mac-
cusa onunou n> 1 cpednee apems pabomei anreopumma RSelect cocmasnsem O (n).

B paznene 6.2. npuBoanTCS TOKA3aTEIBCTBO TEOPEMBI 6. 1.

YIuBUTETHHO, HO CpEIHEE BpeMsl paObOThI alropuTMa RSelect TOIBKO Ha TIOCTOSTH-
HBIA MHOKHTEITH OOJTBIIE, YEM BPEMsl, HEOOXOIMMOE JITS YTCHUS BXOIHBIX JIAHHBIX !
IMockonbky coptupoBka Tpedyer Q(n log n) Bpemenu (pazuen 5.6), Teopema 6.1
MOKA3bIBACT, YTO 3a/1a4a BIOOPA MPUHIUITAAIBHO MPOIIIe, YeM 3a]1a4a COPTHPOBKH.
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Te sxe cample KOMMEHTApHUH OTHOCUTENIHFHO CPETHETO BPEMEHH pabOoTHI paHJOMU3H-
poBaHHOTrO anropuT™a QuickSort (Teopema 5.1) MPUMEHSIOTCA U 371€Ch. AJTOPUTM
RSelect yHHUBEpCaJICH B TOM, YTO TPaHUIIA BPEMEHH pabOTHI ISt IPON3BOIBHBIX
BXOJIHBIX JaHHBIX U «CPEIHEE» OTHOCUTCS TOJIBKO K CIIy4yailHBbIM OIOPHBIM 3Jie-
MEHTaM, BbIOMpaeMbIM anropuTMoM. Kak u B ciaydae ¢ anroputMoM QuickSort,
KOHCTaHTa, CKpbITast B 0003HaueHnn O-001bI110€ B TeopeMe 6.1, TocTaTouHo Maa,
W QJITOPUTM RSelect MOXKET OBITh peaiM30BaH Ui pabOThI HA TOM XKe MecTe, 0e3
BBIJICNICHHST 3HAYUTEIILHOMN TOMOJTHUATEIIHLHOM OMEePaTHBHON TaMSTH .

6.1.6. PewneHue TecToBbIX 3agaHumn 6.1-6.2

PeweHue TectoBOro sapaHiua 6.1

IIpaBuabublii oTBeT: (0). [locie paznenenns MaccuBa Mbl 3HAEM, YTO OTIOPHBIN
AIIEMEHT HAXOMUTCS HA CBOEM 3aKOHHOM MeEcCTe, B KOTOPOM BCE MEHBIIHE YHCIa
PACTIONIOKEHBI IIepe]] HUM U OOJIBIIINE YHCIIA PACTIONOKEHBI TTocie Hero. [Tockonbky
OTIOPHEIH IEMEHT OKA3aJICsl B TPEThEH IMO3UIIMN MACCHBA, OH SIBIISICTCS TPETHUM
I10 BEJTMYHMHE DJIEMEHTOM. MBI JKe UILEM IS ThI HANMEHBIITHH JJIEMEHT, TO €CTh OH
6omnbie. [103ToMy MBI MOXXEM OBITh YBEPEHBI, UTO 5-5 TOPSAKOBAs CTATHCTHKA Ha-
XOJUTCSI BO BTOPOM TTOIMACCHUBE, U HAM HY>KHO IPUMEHUTH PEKYPCHIO BCETO OIH
pa3. Kakyro mops/AKOBYIO CTaTUCTHUKY MBI MIIIEM B peKypcuBHOM Bb13oBe? [lepBona-
YaJIbHO MBI HCKAJIN CAMYIO MAJICHBKYIO IISITY10, HO TEHEPh MBI OTOPOCHIIN OTIOPHBIH
AJIEMEHT U J[BA AJIEMEHTa MeHbIe Hero. [lockonbky 5 — 3 = 2, MBI uiliemMm BTOpon
HAMMEHBIIUH JIEMEHT CPEIH TeX, KOTOPBIC IIEPEAAIOTCS PEKYPCUBHOMY BBI3OBY.

PelwseHue TecToBOro 3agaHusa 6.2

IIpaBuabHblii oTBeT: (B). Hanmenslee BpeMst paboThI alroputMa RSelect Ta-
KO€ e, KaK U AJIs paHIOMU3UPOBAHHOIO ajqroputma QuickSort. Ilnoxoit mpumep
TaKoM ke, KaK B TECTOBOM 3aJlaHuu 5.1: IpeAnoNnoKuM, YTO BXOJHOM MacCHB yxe
OTCOPTHPOBAH, U AJITOPUTM HEOTHOKPATHO BHIOMPAET MEPBBIif HIEMEHT B KaUECTBE
OIOpPHOro. B kakloM peKypCHBHOM BbI30BE IE€pBas 4acTh [10JMaccUBa I1yCTa,

! Peanmu3anusi Ha TOM JK€ MECTE HCIIOIb3YET JICBYIO M IIPABYHO KOHCYHBIC TOYKH IS OT-
CJIC)KUBAHUSI TEKYIIIETO MOAMACCHBA, KaK B TICEBIOKOAE IS alropuT™a QuickSort B pas-
nene 5.2.5. CM. Taxke 3aadqy 1Mo mporpaMMHPOBAHUIO 6.5.
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B TO BpeMsl Kak BTOpas 4acTh UMEET BCe, KPOME TEKYILEro OMOPHOIo 3JIEMEHTA.
CrnenoBaTenbHO, IIMHA TOAMACCHBA KaXKI0T0 PEKYPCUBHOTO BHI30Ba MEHbIIIE Tpe-
neiaymero. Pabota, BeIMONMHAEMAs B KaXKIOM PEKYPCHBHOM BBI30BE (B OCHOBHOM
TOAIPOTrpaMMoN Partition), mTuHelHa o AnMHE oaMaccuBa. [Ipu BerauciieHnn

n o
ME€AHuaHbl 3JIECMCHTA CYIIECTBYCT ~ 5 PEKYPCHUBHBIX BbBI3OBOB, Ka)KIbIM U3 KOTO-

o n
PBIX HMEET IOJAMACCHB JUIMHON HE MEHee —, U I03TOMY o0liee BpeMsi paboThl
cocrasisiet Q (n?). 2

*6.2. AHann3 anroputma RSelect

OnuH 13 croco0oB J0Ka3aTh JINHEHHOE OKUAAEMOE BpeMst padOTHI AT aJITOPUTMA
RSelect (Teopema 6.1) — clieioBaTh TOM Ke CXeMe JICKOMITIO3HIINHN, KOTOpask TaK
Xopo1o padoTaia Ui aHaJI3a PaHIOMH3UPOBAHHOTO alNTopuTMa QuickSort (pas-
nen 5.5), ¢ MHAUKATOPHBIMU CITyJalHBIMU BETHUYMHAMHU, KOTOPBIC OTCIICKUBAIOT
cpaBHeHUS. B cirygae ¢ anroputMoM RSelect MBI TaKkke MOXKeM 0OOHTHCH Ooree
MIPOCTBIM 3K3EMIUIIPOM CXEMBI JEKOMITO3UIINHU, KOTOpas GpopMaan3yeT HHTYHU-
TUBHOE TIOHUMaHue 13 pazzaena 5.4.3: (i) ciayvaliHble OMOPHBIE TIEMEHTHI, CKopee
BCero, OyIyT TOBOJIBHO XOPOIIMMU; 1 (i1) JOBOJIBHO XOPOIIUE OMTOPHBIE AIEMEHTHI
OBICTPO MPOrPECCUPYIOT.

6.2.1. OTcnexuBaHue nporpecca nocpegcreom ¢pas

MBI yke OTMETHIIN, YTO BBI30B aIrOPUTMa RSelect pabOTaeT BHE PEKYPCHBHOTO
BBI30Ba, B [IEPBYIO OYEPEb B BBI30BE MOAIPOrpaMMel Partition. To ecTsb cyue-
CTBYeT KOHCTaHTa ¢ > 0 Takasi, 4To

(*) myst KayKA0r0o BXOJHOTO MAcCHBA JUTMHOW 7 aJITOPUTM RSelect BBIMOIHSET
He Gosiee cn omepanuii BHE peKyPCHBHOIO BbI30Ba.

[Tockonbky RSelect Bceraa JienaeT TONBKO OAUH PEKYPCUBHBIM BbI30B, Mbl MOKEM
OTCJIEKUBATh €ro X0 110 JJIMHE IMOIMACCHBa, C KOTOPBIM OH B HACTOSIIEE BpeMs
paboTaer U KOTOPHI CO BPEMEHEM CTAaHOBUTCS BCE MEHbIIEe. I MPOCTOTHI MbI
OyzieM HCIHOIb30BaTh OoJiee MPUMUTHBHYIO BEPCHIO 3TON MEpbI MPOJBIIKCHUS .

' MoxkHO cyienarh 6os1ee TOYHBIN aHaIu3, KOTOPBIA JacT MOCTOSHHBINA MHOKHTEND B Tpa-

HUIIC BPEMEHH PabOTHI.
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[Ipenmnonoxkum, 4To BHEIIHEMY BbI30BY aJropurMa RSelect JaH MacCHUB JAJIMHOM 7.
st nenoro yncnia j > 0 Mbl TOBOPHM, YTO PEKYPCHUBHBIN BBI30B alroputMma RSelect
HaXOJUTCS B haze j, €CIIU IJIMHA €TO MOIMACCHBA JISXKHUT MEKTY

3V 3Y
(Zj Xn " (Zj X .

Hanpumep, camblii BHEIITHUHN BBI30B allTOpUTMa RSelect Bcera HaXOAuTCs B paze
0, xak U JI00ble NOCIEAYIOIINUE PEKYPCUBHBIC BBI30BbL, KOTOpPbIE pabOTaOT Kak
MUHUMYM ¢ 75 % NepBOHaYaJIbHOIO BXOJHOIO MaccuBa. PeKypcUBHbBIE BbI30BBI

C TIoJ]MaccuBaMH, KOTOPbIE COZiepKaT OT (Z] ~ 0T 56 10 75 % WUCXOOHBIX dJIe-

MEHTOB, OTHOCSTCA K (a3e 1 u tak nanee. [To dase j = log,,, n mogmMaccuB nmeer
pasmep He Gostee 1, 1 HeT HUKAKUX JajJbHEHINX PEKYPCUBHBIX BBI30OBOB.

Jast kaxoro uesoro uucia j > 0 0603uaunm yepes X, ciryyaiiHyro BeJIMIUHY, paB-
HYIO 9MCITy PEKYPCUBHBIX BBI30BOB B (haze j. X; MOKET 0X0AuTh 110 0, OCKOIBKY
(ha3a MOXKET OBITH OITHOCTBIO MIPOIYIIEHA, U, 0€3yCI0BHO, 3TA BEIMYMHA HE MOXKET
OBITH OOJBIIE 72 MAKCUMAJIBHOTO KOJTHYECTBA PEKYPCHUBHBIX BBI3OBOB, BBIITOJIHSAC-
MBIX anropuT™MoM RSelect. [o (*) anroputMy RSelect BBITIONHSAET HEe Oosee

3V
4

MaKc.O1una noomaccuea
( paza j )

orepanuii B KaXkJ10M PEKYPCUBHOM BbI30BE B (pa3e j. 3aTeM Mbl MOXKEM Pa3I0KUTh
BpEMS BBITIOJIHEHHUS alirOpUTMa RSelect 1Mo pa3muyHbIM (hazam:

3y
Bpemsi pabotsl RSelect < Z X, X c(— n
720 —— 4
KOJI-BO BbI30BOB
dazaJ paGota Ha BBI3OB

((baaa J )

- an[%jj X,.

720

Dta BepXHsis rpaHuIa BpeMEHHU padoThl aJiropuTMa RSelect SABISETCS YCIOKHEH-
HOU CIy4ailHOW BEMYMHOM, HO OHA MPEJCTABJISICT COOOW B3BEHICHHYIO CYMMY
osiee MPOCTHIX CITyYaiHbIX BenuuKH (X)). Baiua aBroMarnyeckas peakiys Ha 3TOM
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JTarne JA0JKHA 3aKJII0YaThCsl B IPUMEHEHUH JIMHEHHOCTH MaTeMaTnyecKoro 0yKu-
nanus (teopema b.1), 4ToOBI yMEHBIINTH BHIYUCICHUE YCIOKHEHHOHN CIy4YaiiHOM
BEJIMYUHBI JI0 00Jiee MPOCTHIX STUHHMII:

j
E [BpeMH paboTHI RSelect] < cnz (%j E [Xj ] 6.1)

720

Wrax, uro xe Takoe E[X]?

6.2.2. CBepeHme K 3apa4ye noaopacbiBaHUA MOHETbI

IIpu ycraHoBneHHH rpaHULBI OkuaaeMoro ducia E[X)] pekypcuBHBIX BBI30BOB
B (aze j y HAC MPOUCXOIUT JBE BEIIH. Bo-TepBhIX, KaXKIBIi pa3, KOTJaa MBI BEI-
OupaeM JOBOJIBHO XOPOUIMIA OMIOPHBIN 3JIEMEHT, MBI IEPEXOUM K Oonee Mo3HeH
(aze. Kak u B paznene 5.4.3, onpeaensieM npudauiceHHy0 meouany moaMaccupa
Kak dJIEMEHT, KOTOPBIi OOJIbIIIE, YeM KaK MHHUMYM 25 % APYTUX JIEMEHTOB B ITOJI-
MacCHBe, a TaKOKe MEHBIIIE, YeM KaKk MUHUMYM 25 % Ipyrux sneMeHToB. PucyHok
MOCJIe pa3AeiCHUsI BOKPYT TAKOTO OMOPHOTO 3JIEMEHTA BBIIVISIUT CIEAYIOIINM
oOpazom:

MpUOIMKCHHAS MeIaHa

<P |P >p

o f

25-75 % maccuBa 25-75 % maccuBa

Hepaxxno, kaxoil ciyyalf ”HULIMMPYETCsl B allrOpUTMe RSelect, peKypCUBHBIM
BBI30B [IOTy4aeT MOAMACCHB JUIMHOU He 0oJiee ¥4 M0AMAacCHBa B IPEAbLIYIIEM BbI-
30B€, U IO3TOMY NPUHAAJICKUT OoJee Mo3HeH (asze. DTOT apryMeHT JOKa3bIBacT
CJIE/lyIOLIEE HUKE YTBEPKIECHHE.

YrBepikaenne 6.2 (mpudankeHHble MeIUAHBI MPOTPECCUPYIOT). Ecnu pexyp-
CUBHBIL 8bI306 8 (haze ] 6biOUpaem NPUOIUNCEHHYIO MEOUAHY, 020a CLedyIouull
PeKypcueHblil 861306 npuradiexcum ¢asze j + 1 unu 6onree nosoweil.
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Bo-BropbIX, Kak J0ka3aHo B pazzene 5.4.3, peKypCUBHBIN BEI30B IMEET MPUITHYHBINA
IIAHC BBIOPATH MPUOIMKECHHYIO MEHAHY.

Yr1Bepikaenue 6.3 (npud/nxeHHbIe MeAUaHbI M30BITOYHBI). Bbi306 arzopumma
RSelect gulbupaem npubnudICeHHyI0 MEOUany ¢ eepoamuocmoio He menee 50 %.

Hanpumep, B MaccuBe, conepskarnieM 1eMeHTs {1, 2, ..., 100}, kaxapiii u3 ns-
THACCSITH DIIEMEHTOB MEXKIY 26 B 75 BKIIOUHUTEIBHO SBISCTCS MPUOIMKCHHON
MEIUaHOM.

YrBepakaenus 6.2 u 6.3 N03BOJAIOT HAM 3aMEHUTb BBIICHEHHUE UUCIIA PEKYPCUB-
HBIX BBI30BOB B (ha3e j MPOCTHIM AKCHEPHMEHTOM 10 MOAOPACHIBAHUIO MOHETHI.
IIpeanonoxuM, y Bac €CTb CUMMETPUYHAs MOHETA, KOTOpasi C PaBHOM CTENEHbIO
BEPOSITHOCTH ITOBEPHETCS OPJIOM MITH petIkoif. [lon0pocsTe MOHETY HECKOIIBKO pas,
OCTaHOBHUBIIIUCH, KOIJIA y BaC B IEPBBII pa3 BbIIAAET «opeiy. Ilycts N — KonuuecTso
not0packIBaHM MOHETHI (BKITFOUAs TTOCIIeIHNI Opocok). [IpencraBsTe, uTo «opem»
COOTBETCTBYET BHIOOPY MPUOIMKEHHONW MEIHAHBbI (M OKOHYAHHIO SKCIICPUMEHTA).

Yr1Bepikaenue 6.4 (cBegeHue K 3aa4e NoA0pacbIBAHUS MOHETBI). /{1151 Kaxcooll
¢asel j, E[X] < E[n].

ﬂOK(L?ClWl@JleWl@O: BCC pa3jiniudg MEXKAY OIIPEACICHUAMU )(; u N TAKOBBI, YTO
OXHNAaCMO€C 3HAYCHUC (MaTeMaTI/I'-ICCKOC O)I(I/I,E[aHI/IC) IEPBOIo MOXET OBITH TOJIBKO
MCHBIIC:

1. He moxeT OBITh PEeKypCHBHBIX BBI30BOB B (hase j (ecnm (haza MOIHOCTHIO
MPOIYIIEHA), B TO BPeMsl KaK BCEra eCTh KAK MUHHMYM OJIHO TTOJI0pachIBa-
HUE MOHETHI (TIEPBOE).

2. Kaxnoe nonOpacsiBaHHE MOHETHI MMeeT poBHO 50 % IIAHCOB MPOUIUTH
AKCIIEPUMEHT (€Cli OHa TTOBEpHETCs perikoi). 13 yTeepxkaenuit 6.2. u 6.3
CIIeZlyeT, 4TO KaXKJblii peKypCUBHBII BbI30B B (haze j umeeT He Ooiee 50 %
BCPOATHOCTHU MPOIJICHUSA (1)21351 — H606XO}:[I/IMLIM YCIIOBUEM SABJIACTCA TO,
9TO eMy He ymaeTcs momo0paTh MpUOIIKEHHYIO MEIHaHYy.

4. m. o.

Crydaiinas BenuauHa N SIBISIETCSI C1yYAUHOU 8eIUYUHOL, UMetouell ceoMempuye-
cKoe pacnpedenenue ¢ napamempom ¥>. I Ha ee MaTeMaTHUeCKOe OJKUIAHHE
B yueOHHWKE UJIM B MHTEPHETE, Mbl 00Hapy)kuBaeM, uto E[N] = 2. B kauecTBe aib-
TEPHATHUBBI €CTh XUTPBIH CI10CO0, YTOOBI YBUAETH 3TO, — HAIKCATh MaTeMaTHye-
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CKoe oxxujianve N B TCPMHHAX CaMOI'o ce0s1. KimroueBast HUACA — B UCIIOJIBb30BaHHUHN

TOIro (I)aKTa, 4uTo cnyqaﬁHmﬁ OKCIIEPUMEHT HE UMEET MOCHEACTBUI (He 3allOMU-

HaeTCH): €CJIn IEPBOC HOII6paCBIBaHI/Ie MOHCETHBI acT «PEIIKY», OCTAJIbHAsA 4aCTh

OKCIICPUMCHTA ABJIACTCA Komnuen OPHUT'MHAJIBHOTO. B MAaTCMATHUKE, KaKNUM OBl HI

OBLIO MaTeMaTHUECKOE OXHUJaHUC N, OHO JOJDKHO YAOBJICTBOPATH COOTHOILICHUIO
E[N]J= 1 + - x  E[N]

—

[
TIepBBIi GPOCOK v
s nocJietyIonue 6pOCKH MOHEThI

Pr[peu.n(a]

EnuncrBennoe 3Hadenue s E[N], yoBieTBopsioliee 5TOMY ypaBHEHHIO, PaB-
Hseres 2.

U3 yTBepkaeHus 6.4 BBITEKACT, YTO ATO 3HAYCHUE SIBISCTCS BEPXHEH IpaHuUIei
TOTO, YTO HAC MHTEPECYET, TO €CTh ITO OKUIACMOE KOJHUYECTBO PEKYypPCUBHBIX
BBI30BOB B (ase J.

Cuencreue 6.5 (18a BbI30Ba B pacuere Ha asy). /[ kadxicoozo j E[X] < 2.

6.2.3. CoeguHaemM Bce BMecTe

Teneps MBI MOKEM HCIIOIB30BATH BEPXHIOKO IPaHUILy B ciieicTBHM 6.5 it E[X],
YTOOBI YIIPOCTUTH HAllly BEPXHIOIO rpanuiy (6.1) ams oxxugaemMoro BpeMeHH pa-
00TbI anropuTMa RSelect:

J Jj
E[BpeM}I paboTHI RSelect] < an(%) E[X/] < ZCnZ(%j .

j=0 J=0

4
JIOKa3aTelIbCTBE OCHOBHOTO MeToa (paszaen 4.4) MbI OTBICKIIUCH, YTOOBI 00CYTUTH

3 J
Cymma z /<0(— BBINIAANT 3allyTaHHO, HO 9TOT'0 3BEpsI Mbl yike pupyduiu. [1pu

reoMeTpuueckue psbl (pasaen 4.4.8) U noydniIn TOUHY0 Gopmyiy (4.6):

l_rk+l
l+r+r+. +r=—
I-r

' Ctporo roBopsi, MbI JTOJKHBI TAK)KE HCKITIOYHTH BO3MOXKHOCTE TOTO, 4TO E[N] = +o0 (4TO
HETPYIHO CAETATh).
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JJIA KaXXa0ro BEIMECTBECHHOI'O Yucia r -f— ln HCOTPULIATCIIBHOI'O MEJIOT0 YHrCiia k.

1

IIpu r < 1 3T0 KONINYECTBO COCTABNIAET HE OONIEE ——, HEBAXKHO, KAKUM OOJIbIINM
—-r

sieasiercs k. IloncTaBuB r = %, y HaC Moxy4yaercs

2y <

720 1—

3

H TIOITOMY 4
E[Bpems paGotst RSelect| < 8cn = O (n).

Ha 5TOM 3aBepILarOTCs aHAJIM3 aIropuT™Ma RSelect U 10Ka3aTeIbCTBO TEOPEMSI 6. 1.

Y m. o.

*6.3. Anroputm DSelect

AHFOpI/ITM RSelect BBIOJHSIETCS 3a JUHENHOE BpeMs JUISA KaXKI0TO BXO4a, B KO-
TOPOM MaTEMaTHYECKOE OXKHJIAHUE CBSI3aHO CO CITyYalHBIMH BapuaHTaMH BbIOOpa,
BBITIOJIHAGMBIMU aITOPUTMOM. TpeOyeTcst 1 paHIoMU3aLus IS JIMHEHHOTO BbI-
6opa!? B aToM pasaene u qanee dTa 3a1ada PemacTcs Py MOMOIIHN JISTCPMUHH-
POBaHHOTO JIMHEHHOTO aJITOpPUTMa JUTS 33]1a9K BEIOOPA.

Jis1 3aiaqu cOpTUPOBKH cpentHee BpeMs paboTsl O (1 log 71) paHIOMU3UPOBAHHOTO
anroputMa QuickSort coBmagaeT co BpeMEHEeM pabOTHI IETCPMHHUPOBAHHOTO
anropuT™a MergeSort, n 00a anroputMa — QuickSort u MergeSort — SBISIOTCS
10JIE3HBIMU AJITOPUTMAMU 111 IPUMEHEHUs Ha IpakThke. C Ipyroil CTOpOHbI, XOTS
JETePMUHUPOBAHHBINA JIMHEHHBIN aJropuT™M BbIOOPA, OIMCAHHBINA B 3TOM pasJiele,
Ha TIpaKkTrke paboTaeT HOPMAJILHO, OH HE KOHKYPHUPYET C aITOPUTMOM RSelect. D10
TIPOVCXOINT TI0 IBYM MPUYMHAM: W3-32 OOJIBIIHNX ITOCTOSIHHBIX MHOKUTENCH BO Bpe-
MEHH PabOThI aIropuTMa DSelect U BHIIOIHAEMON aITOPUTMOM pabOThI, CBA3aHHOMN
C BBIJIEJICHUEM U YIPABJIECHUEM JONOJIHUTEIBHOMN OlepaTUBHON mamsThio. Tem He
MEHEE UJIEU B AITOPUTME HACTONIBKO KPYTBHI, YTO 51 HE MOT'Y BaM O HUX HE PACCKa3aTh.

! TloHMMaHHE MOIIHBIX BO3MOKHOCTEH PaHIOMHOCTH B BBIYHCICHHSAX B Ooiee obmem

TUIAHE SIBIISIETCS CIIOXKHBIM BOIIPOCOM M ITPOJOJDKAET OCTABATHCSI TEMOI aKTUBHBIX HC-
CIICZIOBAaHUN B TEOPETUYCCKOM HHPOPMATHKE.
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6.3.1. leHnanbHaa uaeqa: MmegnaHa megunaH

Anroput™m RSelect OBICTp, MOTOMY YTO MMEETCSI BBICOKAsl BEPOSTHOCTEH TOTO,
YTO Cly4yailHbIE OTIOPHBIE IEMEHTHI OyIyT JOBOJIBHO XOPOLIUMH, 0OecreunuBas
IIpUMepHO cOalaHCHPOBAHHOE pa30NEHIe BXOAHOTO MacCHBa MOCTC Pa3AeICHuUs,
K TOMY K€ JJOBOJIEHO XOPOIIIHE OMTOPHBIE AIIEMEHTHI OBICTPO Mporpeccupyot. Ecim
HaM He pa3pelieHo MCIOJIb30BaTh PaHIOMHU3ALNIO, TO KAKUM 00pa3oM MOXKHO
BBIYHCIUTH JIOBOJIBHO XOPOIIUI OMOPHBINA AIIEMEHT, HE JieNiasi CIUIIKOM MHOTO
pabotsr?

[ennaneHas uges B 1eTCPMUHUPOBAHHOM JTMHEHHOM BBIOOPE 3aKITIOYACTCS B HC-
MOJTb30BaHUN «MEIHAHBI MEINAH» B KaYeCTBE MPOKCH U HCTHHHOU MEIHAHBIL.
AJNTOPUTM paccMaTpUBAET 3JIEMEHThI BXOTHOI'O MACCHBA KaK CIIOPTUBHBIC KOMaH/IbI
U TIPOBOJIUT TypHHP Ha BHIOBIBAHUE B JBA TYpa, YEMIIOHOM KOTOPOTO SIBIISCTCS
OTIOPHBIN AIIEMEHT; CM. TaKxke puc. 6.1.

Meouana meouan
(vemnuon) 9
A
2PYnnosvle MeOUuaHbl e —

(nobeoumenu nepeoco mypa) 1wl 719

6X0OHOLU MACCUB

(conepruxu)
11 {6 (10 71141319 (1214|513
rpynmna Ne 1 rpymnna Ne 2 rpymnna Ne 3

Puc. 6.1. BbluncneHne ornopHoOro afieMeHTa Ha OCHOBE TypHUPa Ha BblObiBaHNE
B [Ba Typa. B aTOM npuMmepe BbIGpPaHHbIV OMOPHbIV 3IEMEHT — 3TO HE MeamaHa
BXO[HOI0 MaccuBa, a J0BOJIbHO 6JIM3KOE K HEeW 3HaYeHne

[1epBblil Typ SBISETCS TPYIIOBBIM 3TAllOM C MIEMEHTAMU B TO3ULUAIX 1—5 BXOTHO-
IO MaccHBa B KaY€CTBE NIEPBOM IPyIIIbL, 2IEMEHTAMHU B 103uLMsIX 6—10 B kauecTse
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BTOPO#1 rpyMIIEI ¥ TaK Aajee. [lobenurens mepBoro Typa rpyIibl U3 MSTH SIIEMEHTOB

OIIpeIeTIsIeTCs] KaK MenaHa AIeMEHTa (TO eCcTh TpeTuil HauMeHbuit). [lockomb-
n n .

Ky UMEETCs = 3 IpyMNII U3 ISATU JIEMEHTOB, €CTh & 3 nepBbIx nodenureneit. (Kak

00BIYHO, MBI HTHOPHUPYEM APOOH IS TPOCTOTHL. ) UeMIMOH TypHHpa ONpeaesIeTcs
KaK Me/lnaHa rmodeanTeNnei mepBoro Typa.

6.3.2. Ncespokop pna anroputma DSelect

Kak Ha camoM 1iesie BBIYMCTUTh Meinany Meauan? Peanu3zanys nepBoro sramna Typ-
HHpa Ha BBLIOBIBAHHE MpOCTa, MOCKOJIbKY KaKA0€ BEIYUCIICHUC MCINAHbI BKJIIIOYACT
B ce0s1 BCETO IISATh DJIEMEHTOB. Hanpumep, KaKIoe Takoe BEIYHCICHHE MOKET OBITh
BBITNIOJIHEHO METOJIOM Tepedopa (Ui KaXKa0i U3 MATH BO3MOXKHOCTEH MOApOoOHO
IPOBEPUTD, SIBISCTCS JU OH CPEAWHHBIM JIEMEHTOM) JHOO C MCIOIb30BAHHECM
HAIIIETO CBEJICHUS K 33/1aue COPTUPOBKH (pazaen 6.1.2). g peanuszanuu BTOPOTo

n N
9Tara Mbl BEIUUCIIIEM MEIMaHy U3 ~ 3 noOeuTeNeit IepBOTo Typa peKypCcusHo.

DSELECT
Bxon: MaccuB A u3 1> 1 pasHbIX yrcen u nenoe unciioi € {1,2,...,n}.

Bobixoa: i-s1 HOpSIKOBAs CTATUCTHKA MaccHBa A.

1 if n =1 then // 6a30Bbiii cny4an
2 return A[1]
n
3 for h :=1 to g do // nobeautenn nepeoro Typa
4 C[h] := cpeluHHbI 3nemMeHT U3 h-# rpynnel U3 5 371eMeHTOB
5 p := DSelect(C, {%) // meamaHa meamaH
6 paspennTb A BOKpYr p
7 j := no3uuua p B pasfefieHHOM Maccuse
8 if j = 1 then // Bam nocyacTauBunoch!
9 return p
10 else if j > 1 then
11 return DSelect(nepBasa yacTb A, 1)
12 else // J <1

13 return DSelect(BTopasa 4YacTb A, 1 - j
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Crpoku 1-2 n 6—13 unenruunsl anroputmy RSelect. Ctpoku 3—5 sBusroTCS
€AMHCTBEHHOW HOBOM YacCThIO aJITOPUTMA; OHHU BBIYMCIIAIOT MEIUAHY MEIUaHbI
BXOJIHOTO MAacCCHBA, 3aMCHSSI CTPOKY B allTOpUTME RSelect, KOTOpasi BHIOMpAET
OITOPHBII AIIEMEHT CITy4allHbIM 00Pa30oM.

Ctpoxu 3 1 4 BEIYHCIAIOT TOOCANTENEH IEPBOTO Typa TypHHpa Ha BHIOBIBAHUE,
7€ CPEIUHHBIN IEMEHT Ka) 10! IPyMIIbl U3 MSATH 3JIEMEHTOB BBIYHUCIIAETCS C UC-
MOJIb30BaHUEM METO/1a Iepedopa UK aITOPUTMa COPTUPOBKU, U KOMMUPYIOT 3TUX
nobenureneii B HoBbIi MaccuB C'. CTpoka 5 BBIYMCIISIET YEMITHOHA TYPHHPA My TeM
PEKYpPCUBHOIO BbIYMCIICHUS MeauaHbl MaccuBa C; nmockonbky C MMeeT JIMHY

n n
(OpHEHTUPOBOYHO) 5 3TO m -s1 IopsiZIKoBasi crarucTuka Maccua C. Ha mobom

mare aJiroputTMa HUKakKasi paHIoMUu3alnsd HE UCIIOJIb3YETCH.

6.3.3. MoHnumaHue anroputma DSelect

PexypcHUBHBII BBI30B aJIrOpUTMa DSelect IPH BBIYUCICHUH ONOPHOTO 3JIEMEHTa
MOXKET MOKa3aThCsl OIIACHO LUKJIMYHBIM. UTOOBI TOHSTH, YTO TPOUCXONT, JaBaiTe
CHaJasa 0003HaYMM 00IIee KOMUIECTBO PEKYPCUBHBIX BBHI30BOB.

TECTOBOE 3AJAHMUE 6.3

CKOJIbKO PEKYPCHUBHBIX BBI30BOB, KaK IPaBUJIO, J€JIAET OJMHOUYHBIH
BBI30B allropuT™Ma DSelect?

a) 0.
0) 1.
B) 2.
r) 3.

(Penrenne v IOSICHEHHE CM. HIKE.)

I[IpaBuabHblii oTBeT: (B). OTOpOCHB 0a30BBIN CIy4ail M CUACTIMBEIN CiTydaii,
B KOTOPBIX OIMOPHBIN AIEMEHT OKa3bIBACTCs TPEOYeMO# TOPSIIKOBOI CTaTUCTHUKOM,

' DT0T BCIOMOTATENBHBIM MACCUB SBIIACTCS MTPUYNHOM, MO KOTOPOM anropuTM DSelect,
B OTJIMYHE OT aJTOPUTMa RSelect, HE MOKET BBIIOJIHATHCS HA TOM K€ MECTe.
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aJNTopuTM DSelect JenaeT Ba peKypCHBHBIX BbI30Ba. YTOOBI TOHATH MOYEMY, HE
MIEPEMYAPUTE; IPOCTO MPOBEPHTE IICEBAOKO] AIrOpUTMa DSelect MOCTPOUYHO.
B cTpoke 5 mMeeTcs onnH peKypCHBHBIN BBI30B H eIlie ouH B cTpoke 11 imbo 13.

EcTb 1Ba BBI3BIBAIOIIMX Ty TAHUILY PACIIPOCTPAHEHHBIX BOIPOCA HACUET 3TUX JBYX
PEKYPCHBHBIX BBI30BOB. BO-TIEpBBIX, HE SIBISETCS U TOT (DAKT, 4TO aJrOPUTM
RSelect jienaeT BCETro OIMH PEKYPCHUBHBIN BBI30B, IIPHUMHOM, TI0 KOTOPOH OH pa-
0oTaet ObICTpee, 4YeM Halll aITOPUTMBI COPTHPOBKHU? Pa3Be anroputm DSelect He
OTKa3bIBACTCSI OT 3TOTO YIYUIICHHUS, IeJIasi 1Ba pEKyPCUBHBIX BbI3oBa? Paznen 6.4
MTOKA3bIBAET, YTO, IIOCKOJIBKY JTOMTOTHUTEIBHBIN PEKYPCUBHBIN BBI30B B CTPOKE 5
JIOJDKEH PELIUTh TOJIBKO OTHOCHTENIBHO HEOOMbIIyTo Tio3anady (¢ 20 % sneMeHToB
HCXOJIHOTO MacCHBa), Mbl BCE €II[c MOYKEM CITACTH JIMHEHHBIN aHaIU3.

Bo-BTOpbhIX, 1Ba pEKYpCHUBHBIX BBI30BA UTPAIOT MPUHLIMIIMAIBHO PAa3HBIE POJIH.
[enpro peKypCcHUBHOIO BbI30BAa B CTPOKE 5 SABISAETCS OLpPEAEsIEHUE XOPOIIEro
OTIOPHOTO 3JIEMEHTA JJIsl TEKYIEro peKypCHBHOIO BBI30Ba. Llenb pexkypcuBHOTO
BbI30Ba B cTpoke 11 mim 13 0ObIYHAsE — PEKypCHUBHO PEUIUTh 0oJiee MENKYIO
OCTaBIIYIOCS 3ajjady, OCTABJICHHYIO TEKYLIUM PEKypCHUBHBIM BbI30BOM. TeMm He
MEHEE PEKypCHUBHAasl CTPYKTypa B allTOpUTME DSelect MOJHOCTBIO CIEIyET Tpa-
JIUIUYU BCEX IPYTUX alrOPUTMOB «paszelisiii U BIacTBYI», KOTOPbIE Mbl U3y4YalIu:
KaXX/IbIH PEeKYPCHBHBIN BBI30B JIeaeT HEOOIBIIOE KOJINIESCTBO I10CIETYIONIX
PEKYpPCUBHBIX BBI30BOB CO CTPOro 0ojiee MEJIKUMHU MOA3aAa4aMU U BBIIOJIHSAET
HEKOTOPYIO TOTIOHUTENBHYI0 paboTy. Ecnu Ob1 MBI He 0€CIOKOMIIUCH O TOM, YTO
QITOPUTMBI, TaKHE KaK MergeSort wiH QuickSort, OyIyT BBIOIHITHCS BEYHO, TO
HaM He cJ1e7j0Bajo Obl 0ECIIOKOUTHCS U 00 anropurMe DSelect.

6.3.4. Bpemsa pa6oTbl anroputma DSelect

Anroput™ DSelect — 3TO HEe IPOCTO YETKO C(HOPMYIUPOBAHHAS IPOTPaMMa, KO-
TOpas 3aBEPIIAETCA 33 OTPAHUYEHHOE KOJTMYECTBO BPEMEHH, — OH BBIIIOJIHAETCSA
3a quHelinoe BpeMsl, fAenas 0onblre paboThl TOJIBKO Ha MOCTOSHHBIN MHOKHUTEII,
4yeM HeoOXOMMO JUTsSl YTEHHS BXOAHBIX JAaHHBIX.

Teopema 6.6 (BpeMsi padoThl ajJropuT™ma DSelect). /[na kasxcooeo 6xo0H020
maccusa onunol n > 1 epems pabomul ancopumma DSelect cocmasnsem O (n).
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B omimiame ot BpemeHn paboThI anropuTMa RSelect, KOTOPOE B IPUHIIUIIC MOKET
ObITh He Oosbiie O (1), BpeMst paboThl anropuTMa DSelect BCeria paBHSIETCS
O (n). Tem HE MEHEe Ha ITPAKTHKE BaM CICIyeT MPEANOYECTh RSelect aIropuTmy
DSelect, TOTOMY YTO MIEPBHI pabOTAET HA TOM K€ MECTE, a KOHCTAaHTa, CKPHITAsI
B cpenHeM BpeMeHH padoThl «O (1)» B TeopeMe 6.1, MeHbIlIe KOHCTAHTbI, CKPBITOM
B Teopeme 6.6.

CYNEPKOMAHAA COMPUTER SCIENCE

OpHa 13 uener aTol cepumn KHUIr — caenaTb U3BECTHbIE aifOPUTMbI Ha-
CTOJIbKO MPOCTbIMU (MO KpaiHe Mepe, 3aJHUM YUCIIOM), YTOObI AaTb BaMm
oLLyLleHNE, Y4TO Bbl UX Npuaymanu Obl camu, ecnv Obl Bbl ObINN B HY>XHOM
MEeCTe B HyXHOe BpeMs. [104TN HUKTO 3TOr0 He YYBCTBYET B OTHOLLUEHUN
anroputMa DSelect, kKoTopbI Obln paspaboTaH CynepkOMaHAOM U3 NATH
nccnenoBaTenen, YHeTBeEPO N3 KOTOPbIX ObIM HAarpaxaeHsbl npeMunen Tbio-
puHra, Bpydaemoii Accoumnaumein BelumcantTensHom texHukm (ACM) (Bce 3a
pasHble Beln!), akBnBaneHToM HobeneBckoi npemmn no nHdopmatumke'.
Tak 4TO He oT4amBamTeCh, €CNN BaM TPYAHO NPEACTaBuTh, YTO Bbl MPUAY-
MaeTte anroputMm DSelect, naxe B caMble KpeaTuBHble AHU, — nobeay Hap,
Pomxepom dbepepepom (He roBops yxe o nobeae Hag NATbio ero KJIoHamMm)
Ha TEHHUCHOM KOPTE TOXe TPYAHO nNpeacTasuThb!

! DTOT anroput™ u ero aHamu3 ObUTH OIyOIMKOBAaHBI B CTaThe «[ paHHIBI BpEMEHHU IS

3amaun BeIOOpa» Manyanst bitoma, Pobepra V. @noiina, Borana Iparra, Ponanbna
JI. PuBecra u Pobepra 3. Tapesina («Times Bounds for Selection», Manuel Blum, Robert
W. Floyd, Vaughan Pratt, Ronald L. Rivest, and Robert E. Tarjan, Journal of Computer
and System Sciences, 1973). (Toraa 6110 O4€Hb HEOOBIYHO BUIETh CTATHHU C MSITHIO ABTO-
pamu.) B xporonoruueckom nopsiake: Onoiin momyqri npemuto Teropunra B 1978 roay
3a BKJIAJl B JITOPUTMBI, @ TAKXKE B S3BIKH IPOrPAMMHUPOBAHUS U KOMIHIATOPEL;, TapbsH
noyuni npemuto B 1986 rony (Hapsay ¢ Jxonom D. XonkpodTom) 3a cBOO paboTy
0 AITOPUTMaM U CTPYKTypaM JaHHBIX, KOTOPbIE MBI O0CYIUM Jajiee B MOCIEAYIOIIHX
4acTAX ATOH cepun KHUTH; Biitom ObLT ymoctoeH nipemun B 1995 rony, B 3HAYUTEIBHON
CTEIIEeHH 3a €ro BKJIaJ( B KpuNTorpaduio; 1 PUBECT, KOTOPOTO BBl MOXKETE Y3HATH MO IIEPBOit
OykBe B kpunrocucteme RSA, momyunn ee B 2002 roxy (¢ Aau [llamupom u JIeonapmaom
AJuieMaHoOM) 3a CBOIO pabOTy MO KPHUITOrpaduu ¢ OTKPHITBHIM KIFOYOM. Mexay TeM
IIparT npocnaBUTCS JOCTHKEHUSIMHU, KOTOPBIE IPOCTUPAIOTCS OT aJITOPUTMOB IIPOBEPKU
MPOCTOTHI IO COBMECTHOTO OCHOBaHUS Sun Microsystems!



224 Fnasa 6. /InHeliHbIii BbIGOp

*6.4. AHanns anroputma DSelect

CMOKeT 111 alIropuT™ DSelect JeHCTBUTENBHO BBIIOIHATHCS 32 IMHEHHOE BpeMsl?
IToxosxe, 4To OH JemaeT Ype3MepHO BEICOKUIT 00beM padOTHI ¢ ABYMsI pEKypCHB-
HBIMH BbI30BAMU U 3HAUUTEIbHON JONMOIHUTENBHOI PaboTOM BHE pEKYPCUBHBIX
BBI30BOB. JI1000# Apyroit anropuT™, KOTOPBIH MBI BUAETH C IBYMS MU Oojee
PEKypCHBHBIMH BBI30BAMH, UMEET BpeMs BBINOIHEHH O(n log n) mium MeHbIIe.

6.4.1. PaGoTa BHe peKypCUBHbIX BbI3OBOB

Hagnewm c BBISBIICHHS KOJTHMYECTBA ONICPAIINH, BEITTOIHICMBIX BHI30BOM aJTOPUTMA
DSelect BHE €ro peKypCHUBHBIX BbI30BOB. [locpeacTBoM JBYX IIaroB, KOTOpHIE
TpeOyIOT 3HAYNUTEIILHOM paOOThI, BEIYUCIISIOTCS MOOSIUTEINHN MTEPBOTO Typa (CTPo-
Kk 3—4), U pa3nensieTcsi BXOJHOW MacCHUB BOKPYT MeIuaHbl MeAraH (CTpoka 6).

Kak u B anropurme QuickSort unm RSelect, BTOpOH mIar BBITIOIHIETCS 3a JTHHEH-
Hoe Bpemsi. Kak HacueT nepBoro mara?

CocpenorounmMcsi Ha KOHKPETHOW TPyMIe U3 MATH MeMeHTOB. [TockombKy 310
BCETO JIMILB MOCTOSHHOE YMCIIO AJIEMEHTOB (HE3aBUCUMO OT JUIMHBI 71 BXOAHOTO
MacCHBa), BEIYMCIICHUE MEMAaHbI 3aHUMAET (PMKCUPOBAHHBIN MPOMEKYTOK BpeMe-
Hu. Harmpumep, IpeanonaoKum, 4To MBI JIeTaeM 3TO BBIYUCICHHUE TTyTEM CBEICHUS
K 3aj1aue copTupoBkH (pazgen 6.1.2), ckaxem, UCMONB3YsI alTOPUTM MergeSort.
MBI X0poII0 MOHNMaeM 00beM padOoTHI, BHITOIHIEMBIN aJTOPUTMOM MergeSort
(Teopema 1.2): He Oonee

6m (log,m + 1)

orepanuii COpTUPOBKH MacCUBa JJIHMHOM m. Bbl MoxkeTe ObITh 00E€CIIOKOEHBI TEM
(haxTOM, UTO aNTOpUTM MergeSort He BBITONHICTCS 3a JIHHEHHOoe BpeMs. Ho Ml
BBI3bIBAEM €0 TOJBKO AJIS TOJMACCUBOB IIOCTOSHHOTO pa3mepa (m = 5), u B pe-
3yAbTaTe OH BBIMIOJHSIET OCTOSSHHOE KOMYECTBO omnepaiuil (He 0omee 6 X 5 X

X (log, 5 + 1) < 120) na nogmaccuB. Cymmupyst % TPyMIBl U3 MSITH JIEMEHTOB,
KOTOpPBIE HY>)KHO OTCOPTHPOBATh, 3T0O He Oomnee 120 X % = 24n = O(n) onepanuit

B IenoM. MBI fenaeM BBIBOZI O TOM, YTO BHE PEKYPCHUBHBIX BBI30BOB aJITOPUTM
DSelect BBIMOJHSET TOJIBKO JIMHEHHYIO pabOTYy.
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6.4.2. (pyboe peKkyppeHTHOe COOTHOLUeHue

B mitaBe 4 MBI IpOAHATU3UPOBAH ANTOPUTMBI «PA3ICIISi U BIACTBYID C UCIIONb-
30BaHHEM PEKYPPEHTHBIX COOTHOIICHU, KOTOPBIE BHIPAXKAIOT TPAHUILy BPEMEHH
pabotel 7'(n) B TEpMHUHAX YMCIIA ONEPALH, BBITIOIHICMbIX PEKYPCUBHBIMHU BBbI-
30Bamu. [laBaiiTe mompoOyeM TOT e MOAXON 31ech, 0003Ha4YMB depe3 7'(n) Mak-
CUMaJIbHOE KOJIMYECTBO OIEpaluid, KOTOpble aJrOpuTM DSelect BBINOJHSAET HA
BXOAHOM MaccuBe anuHoi n. [Ipu n = 1 anroputm DSelect IpocTO BO3BpAIIAET
€MHCTBEHHBIN AIIEMEHT MaccuBa, modtomy 7'(1) = 1. Jlist Gonpmux 1 anroputm
DSelect JenaeT OAMH PEKYPCHUBHBIM BBI30B B CTPOKE 5, elle OAUH PEKYPCHUBHBIH
BbI30B B cTpoke 11 win 13 u Beimonasiet O (72) TOTIONHUTENBLHYO pa0oTy (1u1s pas-
JeTICHNS], BRIYUCIICHHS U KOITMPOBAHMS OOCIHUTEINEH ITepBOro Typa). DTO TpaHC-
JIUPYETCs B PEKYPPEHTHOE COOTHOIICHUE Clieaytomel (GopMBbl:

T(n) < T (pasmep noxsagaun Ne 1)+ 7' (pasmep noxzanaun Ne 2)+O (n).

=n/5 =?

UtoOB!I OIEHUTH BpeMs paboTHI aNropuTMa DSelect, HaM HYKHO TIOHSITh Pa3MephI
Io/3a/1a4, PEIIAeMBbIX IByMsl pEKYPCUBHBIMH BbI30BaMH. PasMep repBoii moaszaiaun
n .
(cTpoka 5) cocTaBIsIeT —, 3TO KOJIUUECTBO MOoOeUTeNeH epBoOro Typa.
5

MB&I He 3HaeM pa3Mepa BTOpOH MoA3aa4i — OH 3aBUCUT OT TOTO, KAKOW AJIEMEHT
B KOHEYHOM UTOT€ SBJISIETCS OMIOPHBIM, U OT TOTO, MEHbIIIE MK OOJIbIIEe HCKOMAs
TOPSAIKOBAsI CTATUCTHKA 3TOTO OMOPHOTO 3JIEMEHTA. JTa HEOPEACIEHHOCTD B pa3-
Mepe Mo3a1a4 — MPUINHA, TI0 KOTOPOW MBI HE HCITOJIB30BAIIN PEKYPPEHTHBIC
COOTHOILIEHUS ISl aHAJIKM3a aaropuTtMoB QuickSort 1 RSelect.

B ocobom ClIy4dae, Kkorga B Ka4€CTBE OIIOPHOI0 BBI6paHa HCTUHHAaA MCAuaHa 3J1C-

MECHTa BXOJAHOI'0 MacCCHBa, BTOpas Moa3zajaada rapaHTUpPOBAaHHO 6yz[eT COCTOATH
n

He OoJiee ueM u3 E aJeMeHTOB. Menrana MEHuaH, KaK MpaBuiio, HE SABJIACTCA UC-

TUHHON MenuaHou (cM. puc. 6.1). JlocTaroyHo 11 OHa MPUOIKEHA TT0 3HAYEHUIO,
YTOOBI TAPAHTUPOBATH TPUOIU3UTEIHLHO COATAHCUPOBAHHOE Pa30MEHNE BXOTHOTO
MaccHBa M, CIIeJIOBATEIIEHO, HE CIIMIIIKOM OOJIBITYFO TI0A3a1a4y B cTpoke 11 wm 137
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6.4.3. Jlemma 30-70

B ocHoBe aHanmm3a anropuTMa DSelect JIGKHUT yKa3aHHAs HIKE JIEeMMa, KOTOpast
KOJIMYECTBEHHO OLICHMBAET OTJady OT TSKEJIOH padoThl, BHIIOIHIEMOM AJisl BbI-
YUCJICHUST MEJIHMaHbl MEJMaH: 3TOT OIMOPHBIN JIEMEHT rapaHTUPYeT pazOucHue
Bxoxaoro Maccusa Ha 30—70 % wm OomblIIe.

Jlemma 6.7 (;iemma 30—70). /s kaxcoo2o 6x00H020 maccusa OAUHOU n > 2 noo-
maccus, nepedasaemvlil peKypCcusHomy 8vi308y 6 cmpoke 11 unu 13 uz areopumma

7
DSelect, umeem Onuny He bonee En L

Jlemma 30—70 1mo3BoJIsi€T HAM IMOJICTaBUTh «E n» BMECTO «?» B IpyOOM peKyp-

PEHTHOM COOTHOIIIEHWH, IPUBEECHHOM BBIIIIE: JIsI K&XKI0TO 11 > 2

T(n)gTGxanrT(%xn}rO(n). (6.2)

CHauana mbl tokaxxkeM jiemmy 30—70, a 3aTem JOKa)XeM, YTO U3 PEKYPPEHTHOTO CO-
otHoteHus (6.2) cuemyer, 4To aropuT™ DSelect SIBISICTCS TMHEHHBIM aJITOPUTMOM.

n
Jokazamenvcmeo nemmor 6.7. O003HAUNM depes k = 3 KOJIMYECTBO TPYTII U3 IIATH

3JIEMEHTOB, a 3HAUUT, U KOJIMYECTBO obeauTenel nepsoro Typa. Onpeaenum X, Kak
i~} HaNMEHBIINH U3 TOOCAUTEINCH TEPBOTO Typa. DKBUBAJICHTHBIM 00pa3oM, X, ...,
X, — 9TO NMOOEUTEIH NIEPBOTO Typa, OTCOPTHPOBAHHEIE 10 TTOPSAKY. UeMITioHOM
TYpPHHMPA, MEAUAHON MeUaH, SBISCTCS X, , (WA X, €CIIM kK — HE4eTHO) .

I1mas cocTonT B TOM, 4TOOBI JOKA3aTh, UTO X, , HE MEHBIIIE U He OOJIbIIIE, YeM KaK MHHH-
myM 60 % srnemenToB 1o MensIei Mepe B 50 % rpyrmm. Torna no mensbiueii mepe 60 % x
% 50 % = 30 % 371eMEeHTOB BXOJHOTO MaccHBa OyJIeT He OOJIbIIe METUaHbl METHaH
u xak MuHUMYM 30 % OyzneTr He MEHbILE:

! Ctporo roBopsi, MOCKOJIBKY OJIHA U3 «TPYIII U3 5» MOXKET UMETh MEHEE TISATH JIEMEHTOB
7 .
(ecu n He KpaTHO 5), TO Bn JIOJKHO OBITh En + 2, OKpYIJIEHHBIM JI0 Onrxaniiero

1es1oro. Mbl OyZIeM HTHOPUPOBATh «+2) 0 TOH K€ MPHUUUHE, [0 KOTOPOH Mbl UTHOPH-
pyeM npoOH, — 3TO JeTalb, KOTopas YCIOKHSET aHaIn3 B HEMHTEPECHYIO CTOPOHY H HE
BIIUSIET HA CYTh.

2 [ ﬂ o6o3HawaeT GyHKIHIO «ceilingy, KoTopast OKpyTISIET CBOM apryMeHT BBEPX JI0 Oin-
JKaWIIero 1eIoro gyucia.
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MEauaHa MCJINaH

4

<p|p >p

~ - — ——

1 0

30—70 % maccuBa 30—70 % maccuBa

1 peanuzanyuy 3TOro IaHa pacCMOTPUM CIEAYIOIINI MbICJICHHBINA SKCIIEPUMEHT.
B yme (He B peanbHOM anroputme!) MbI BBIKJIABIBACM BCE HIEMEHTHI BXOHOTO
n

MaccuBa B (popmate IByMEpHOU perreTku. VimeeTcs nath CTPOK, U KaXKIbIA U3 5

CTOJIOLIOB COOTBETCTBYET OHOW M3 TPYIII U3 ISITH YIIEMEHTOB. B kaskaom cronoie
MBI BBIKJIQJIbIBAEM IITh JIEMEHTOB, OTCOPTUPOBAHHBIX TI0 MOPSIJIKY CHU3Y BBEPX.
HakoHer, MbI BBIKIIaIbIBAEM CTOJIOIBI TaK, YTOOBI TTOOCTUTEIH IIEPBOTO Typa (TO
€CTh JIEMEHTHI B CPETHEH CTPOKE) OBLTH OTCOPTUPOBAHBI ClIeBa HarpaBo. Hampu-
Mep, €CJIM MBI UMEEM CIEIYIONIUI HUKE BXOTHOW MacCHB

Imyeé6e |10} 2 (15| 8|17 |14]3 |9 |12|4 |5 |13

TOTrJa COOTBETCTBYIOLIAA PCHICTKA IPUMET CJ'IC,I[y}OH.II/Iﬁ BUA!

14 13 15
\ \ \
8 12 | oroprit |11
V V. ogevent v
7 < 9 < 10
V vV \
3 5 6
\ \ \
1 4 2

TJIe OTIOPHBIN DJIEMEHT, MEITMaHa MeJIMaH, PACIIOJIOKEH B YIIIOBOW MO3UIIUH.
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KJIFOMEBOE HABJIFOAEHUE

Mockonbky cpeaHss CTpoka COPTMPYETCS ClieBa HanpaBo, a Kaxablii CToN-
6eL, COpTUPYETCS CHNU3Y BBEPX, BCE 3/1IEMEHTbI CJIEBa U KHU3Y OT OMOPHOro
MEHbLLE OMOPHOro, a BCE 3/1IEMEHThI CNpaBa 1 KBepXy OT ONMOPHOro 6onbLue
onopHoro'.

B Hatem nmpuMepe omopHbBIH 3IEMEHT paBeH «9», SIIEMEHTHI CJIeBa M HIKE PABHBI
{1,3,4,5, 7}, naneMeHTsl cripaBa u BbilIe paBHel {10, 11, 12, 13, 15}. Cnenosa-
TEJIEHO, KAK MUHUMYM IIIECTh JIEMEHTOB Oy/IyT UCKITFOUCHBI U3 ITOJIMACCHBA, IIepe-
JIABaEMOT0 CIICAYIOIIEMY PEKYPCUBHOMY BBI30BY, — OIOPHBIH 3JIeMEHT 9 U 1160
{10, 11, 12, 13, 15} (B cTpoke 11), mu6o {1, 3, 4, 5, 7} (B ctpoke 13). B mobom
ciIydae CIeIyroIINH peKypCUBHBIN BBI30B MOIyYaeT He OoJiee IEBATH JIEMCHTOB,
a 9 — ato menee 70 % u3 15.

JokazarenscTBO Tt 00mIero cirydast To jke. Ha puc. 6.2 moka3aHo, Kak BBITJISIUT
pelieTKa ajsi IPOU3BOJIBHOTO BXOAHOTO MaccuBa. [10CKONBbKY OMOPHBIHA 3IeMEHT
SIBIISICTCSI MEIMAHOMW IIEMEHTOB B CPEIHEH CTpOKe, Kak MUHUMYM 50 % cTon01oB
HAXOJSATCS CJIeBa OT TOTO, KOTOPBIN CONEPIKUT OTIOPHYIO TOUKY (YIHTBIBAS TAKXKe
COOCTBEHHBII CcTOJI0EI] OMOPHOTO JEMEHTa). B KaX10M U3 3THX CTOJIOIOB Kak
MuUHEMYM 60 % 31€MeHTOB (TPH HAUMCHBIINX W3 IATH) HE OOJBINE MEIHAHBI
CTONOA U, CIICIOBATEIBHO, HE OOJIBIIIE OIIOPHOTO 31eMeHTa. TakuMm 00pazoM, Kak
MuHUMYM 30 % 31eMEHTOB BXOIHOTO MacCUBa He 0OJbIIe OMOPHOTO 3JIEMEHTA,
¥ BCE OHU OyIIyT NCKITFOYEHBI U3 PEKYPCUBHOTO BBI30Ba B CTPOKE 13. AHAOrMYHBIM
o6pazoM kak MEHUMYM 30 % 2JIEMEHTOB HE MEHBIIE OTIOPHOTO, U OHH OyAyT UC-
KITIOUYEHBI U3 PEKYPCUBHOTO BBI30Ba B cTpoke 11. DTo 3aBepiiaeT 10Ka3arenbCTBO
nemmsbl 30-70. Y. m. o.

6.4.4. PewieHue peKyppeHTHOro COOTHOLUEHUS

U3 nemmsbl 30—70 cnenyet, 4To pa3Mep BXOIHBIX JaHHBIX YMEHBILAETCS C TOCTOSH-
HBIM MHOXHTEJIEM C Ka)KJbIM PEKypCHUBHBIM BBI30BOM aJIrOpuT™Ma DSelect, U 3TO
CITy’KUT XOPOIINM ITpeA3HaAMEHOBaHNEM JIMHEHHOTO BpeMeHH padoTsl. Ho passe

! DreMeHTHI ClieBa M BBIIIE WJIM CIIPaBa U HIDKE MOTYT OBITh JTMOO MEHBIIIE, THO0 6OIbIIe

OIIOPHOTO.
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9TO0 He mupposa modena? [lepeBemmBaeT I CTONMOCT BBHIYUCIICHHS METUAHBI
Me/IMaH NPEeuMYyIIeCcTBa, OITy4aeMble OT pa3/ieieHuUs BOKPYT JOBOJIBHO XOPOILETO
OTIOpHOTO 371eMeHTa? OTBET Ha 3TH BOIIPOCH! U 3aBEPIICHNE JOKA3ATEIbCTBA TEO-
pPeMBI 6.6 BBI3BIBAIOT HEOOXOANMOCTE MOAYMAaTh HaJl PEIICHUEM PEKYPPEHTHOTO
COOTHOILIEHUS B (6.2).

HE MEHBIIIE OIIOPHOTO > 50 % cTON6LOB

60 %
P CTPOK

VZ OMOpHBIi 21eMeHT V

LEL LT L

o e <

60 %
CTPOK

> 50 % cronbios
He 00JIbIlIe OIIOPHOTO
Puc. 6.2. JokasatenbctBo nemmbl 30-70. MNpeactaBeTe cebe afiemMeHTbl BXOOHOIO
MaccuBa, BbIJIOXEHHbIE B BUAE peweTkn. Kaxablii ctonbew, COOTBETCTBYET rpymnne
M3 MATU 3NIEMEHTOB, OTCOPTUPOBAHHbLIX CHU3Y BBepx. CTONOLLI COPTUPYIOTCA
B NMOPSAAKE UX CPEOVHHbIX 9JIEMEHTOB. PUCYHOK MCXOOUT U3 TOrO, YTO K — 4eTHOE;
N K HEYETHOrO MPUHNUMAETCH «Xj 5 » BMECTO «X, ,». DJIEMEHTbI K I0ro-3anagy ot
MeavaHbl MeguaH MoryT ObiTb TONIbKO MEHbLUE Hee; 3NIeMeHTbl K CEBEPO-BOCTOKY
MOryT ObITb TONbKO Gosblue Hee. B pesynstate He meHee 60 % x 50 % = 30 %
3/1eMEHTOB MCKJTIOHAKTCS U3 KaXA0ro U3 ABYX BO3MOXHbIX PEKYPCUBHbIX BbI3OBOB

[Tockonbky anroputm DSelect BoimomnsieT O (1) paboTy BHE PEKYPCHBHBIX BBI30-
BOB (BBIYUCIICHUE TIOOCANTENCH ITEPBOTO Typa, pa3IelICHUEe MaCCHBa U TakK Aajee),
CYLIECTBYET KOHCTaHTa ¢ > () Takasi, 4YTO JUI Ka)a0ro 1 > 2

T(n)ST(%xnj+T(%xnj+cn, (6.3)
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rae 7'(n) — BepXHss TpaHUIIa BpEMEHHU paboTHI anroputMa DSelect Ha MaccHBaxX
JUIMHOM 7. MBI MOXKEM JIOITyCTUTh, UTO ¢ > | (Tak KaKk yBEJIMYEHUE ¢ HE OTMEHSET

HepaBeHCTBO (6.3)). Kpome Toro, 7'(1) = 1. Kak MbI yBUINUM, BaXKHBIM CBOHCTBOM
9TOTO PEKYPPEHTHOTO COOTHOILIEHHS ABJSETCS TO, YTO 1 +l <1
5 10

Jo cux op MBI OITUPATHCH HA OCHOBHON MeToJ (I1aBa 4), 4ToOBI OIICHUBATh BCE
PEKYPpPEHTHBIE COOTHOILICHUS, C KOTOPBIMHU MBI CTOJIKHYJIUCh, — ISl ITOPUTMOB
MergeSort, Karatsuba, Strassen 1 Apyrux Mbl IPOCTO HOJACTABIAIN B GOpMyITy
TPH COOTBETCTBYIOLIHNX NapameTpa (a, b u d) 1 morydaiy BepXHIOK IPaHHILy Bpe-
MeHH paboThl anroputMa. K coxaneHuro, 1Ba peKypCUBHBIX BHI30BA B alITOPUTME
DSelect UMEIOT pa3HbIC pa3Mephl BXOAHBIX JAHHBIX, H 9TO HCKITIOYacT IPIMEHEHHE
TeopeMbl 4.1. MoxXHO 0000IIUTE aprYMEHT JiepeBa peKypcur B Teopeme 4.1, 9To0bl
y4eCTh peKyppeHTHOE cooTHOIIeH e B (6.3)!. st pasHooOpasus u Aj1st TOro, 4TO0bI

J0OABUTE €IIle OTMH HHCTPYMEHT B Balll apCEHAT, MBI TEpeHIeM K JPYTOMY METOY.

6.4.5. MeTop norapok n npoBepok

Merton doeadok u nposepox (M1 IBPUCTUUECKUN METOT) AJIsl OLIEHKH PEKYPPEHT-
HBIX COOTHOLIEHUH CIIOHTAHEH, KaK 3TO M OTPa’KEHO B Ha3BaHUM, HO OH TaKXKe
YpEe3BEYAIHO THOOK M MTPUMEHSETCS K CKOJIb YTOJHO CyMacIIe UM PEKYPPEHT-
HBIM COOTHOIIEHUSIM.

Ilar 1: yragatb. Yragats QyHKIMIO f(72), KOTOpasi, Kak BbI CYUTACTE, YIOBICTBO-
psiet paBenctBy 1'(n) = O(f(n)).

Ilar 2: npoBepuTsb. J[okazars 1Mo WHIYKIIUH 110 71, 4TO T'(77) TEHCTBUTEIHHO paB-

usercst O (f(n)).

! B xauecTBe 9BPUCTHUECKOTO apIyMEHTa MOIYMATE O TIEpBOH Mape PeKypPCHBHBIX BHI30BOB

DSelect — IBYX y37axX Ha ypoBHE | epeBa peKypcHu JaHHOTO anroputMa. OIMH HMeeT
20 % 211eMEeHTOB BXOIHOTO MaccuBa, Apyroil — e 6onee 70 %, 1 paboTa, BBIONHIEMAast
Ha 9TOM YPOBHE, JINHEHHA IO CyMMe pa3MepoB IByX moa3anad. CiemnoBaTenbHo, 00beM
paboThI, BEIMONHAEMON Ha ypoBHE 1, coctaBisier He 6onee 90 % or oObema paboTsI Ha
ypoBHe 0, U Tak Jajee Ha MOCIEAYIONUX YPOBHSIX. DTO HAIOMUHAET BTOPOH ciydait
OCHOBHOT'O METO/Ia, B KOTOPOM pad0Ta B pacueTe Ha YPOBEHb C KaKIbIM YPOBHEM IaJaeT
C IOCTOSIHHBIM MHOYKHTENEM (KOA(PPHUIIUEHTOM). DTa aHAJIOTHsI HABOIUT HA MBICITb O TOM,
uyt0 O (1) paboTa, BBINOJIHAEMAs B KOPHE, IOJDKHA TOMUHUPOBATh HaJl BpeMEHEM paboThI
(cp. paznen 4.4.6).
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B oOrmem mar yragsiBaHus — 3TO HEMHOTO TEMHOE HCKYCCTBO. B Hamrem cirydae,
MOCKOJIBKY MBI ITBITAEMCS JOKA3aTh INHEIHYIO BPEMEHHYIO TPaHHUILY, Mbl BbIJIBUTa-
eM Jorajiky, uto 7'(n) = O(n)'. To ecTh MbI yraJjpIBaeM, 4TO CyLIECTBYET KOHCTaHTa
¢ > 0 (He3aBuCHMast OT 71) Takasi, 4TO

T(n)<lxn (6.4)

TUTSL KQJKIOTO MTOJIOKUTETIBHOTO IeJIoro uucia 7. Ecim 3To BepHO, TO, TTOCKOIBKY
{ — KoHCTaHTa, CIeCTBUEeM Hamiel Hanexasl oyaer 7'(n) = O (n).

[Tpu Bepuukaiuu (6.4) MbI BOJIBHBI BEIOUPATH £ KAKOE YTOJHO ITPH YCIOBUH, YTO
OHO He 3aBUCHT OT 7. [10JOOHO 0oKa3aTeIbCTBaM Ha OCHOBE aCUMITOTHYECKUX
0003HaYeHNH, OOBIYHBII CIIOCOO BBIICHUTH COOTBETCTBYIOIIYIO KOHCTAHTY —
peKOHCTpyHpoBaTh ee (cp. paznen 2.5). 3neck Mbl Bo3bMeM £ = 10c¢, Tae ¢ — 3T0
MIOCTOSIHHBIM MHOXHUTENb B PEKyppeHTHOM cooTHolieHuu (6.3). (ITockonbky ¢
SIBJISIETCSL KOHCTAHTOM, TO U £ Toxke.) OTKy/1a B3sUIOCh 3TO YKCIIO? DTO HAUMEHbIIAs
KOHCTaHTa, JUIsi KOTOPOW CIPaBEIMBO MIPUBEACHHOE HIKE HEPABEHCTBO (6.5).

Ms1 nokassiBaeM (6.4) mo naaykiwy. Ha s3pike npunoxernst A P(n) — 310 yT-
BeprkeHue, uto 7'(n) < £ x n=10c x n. ]y 6a30BOTO CITydast HAM HYXKHO J0Ka3aTh
HENoCpeACTBeHHO, uTo P (1) uctunHo, uMmes B Buay, uto 7(1) < 10c. PekyppentHoe
COOTHOIIIEHHE MPSMO TOBOPHT, uto 7' (1) =1 1 ¢ > 1, mosTomy, 6e3yciorHo, 7'(1) < 10c.

B kauecTBe MHAYKIIMOHHOTO MEpexo/ia 3a1aAuM TPOU3BOJIBHOE MOJOKUTEIBHOE
ernoe gucio n > 2. Ham Hy»HO 1okazars, uto 7'(n) < £ X n. UagyKTHBHAS TUTIOTE32
KoHcTaTtupyert, uto Bce P (1), ..., P(n — 1) — uctunHbL, nMest B BUY, uto 7 (k) <€ X k
Just Beex k& < n. YtoOBl okaszats P (1), AaBaifTe MpocTo JOBEpUMCS HAIICH HHTYHIIHH.

Bo-nepBbix, peKyppeHTHOe cooTHoLIeHue (6.3) packiaapiBaet 7'(7) Ha TPU WieHa:
T(n) < T(%xnj+T(%xnj+cn.
(SRR N —

<xZ <€x7—
5 1

—2
(mnayer. runotesa) (wazyxr. rnoresa)

MBI He MOYKeM HaTIPSIMYIO OCYIIECTBISITH OTIEPAIINH C TIOOBIM U3 STHX WICHOB, HO

n
MOEM NPUMEHUTH HHAYKTUBHYIO THIIOTE3Y, OAMH pa3 ¢ k = 5 U OJMH pa3 c k= Tn,
10

! Jlyist HaC TEPMUH «HAISKIA U IPOBEPKa» MOXKET OBITH 0OJICE MOAXOISIIMM OITCaHHEM !
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T(n)sfxﬁ+€x7—n+cn.
5 10

CrpynmnupoBas 4JIeHbI,

370 10Ka3bIBACT MHIYKIIMOHHBIN IIEPEXO/, KOTOPBIHA Bepuduuupyert, aro 7'(n) < £ x
x n=0(n), u 3aBepIIaeT JOKa3aTeIbCTBO TOTO, YTO TEHUAIBHBIN alropuTM DSelect

T(n)ﬁn(if—i-c]zﬁxn.
10

|

m.x.L=10c

BBITIOJIHACTCS 3a JIMHEeHoe BpeMs (Teopema 6.6). Y. m. 0.

*

*

BBIBO/IbI

HGJ'IB 3aga4n BLIﬁOpa COCTOWUT B BBIYMCIICHUM [-TO HAWMEHBIIIETO
OJIEMEHTA HCOTCOPTUPOBAHHOTO MACCHBA.

3amauy BEIOOpa MOKHO pemuth 3a O (n log n) Bpemsi, Tiie n — JUTnHa
BXOJHOTO MacCHBa, MyTeM COPTHPOBKU MAcCCHUBA U MOCIEAYIOIIEro
BO3BpAaTa i-Iro HJIEMEHTA.

JaHHas 3a7aya TakXke MOXET ObITh pELIeHa IIyTeM pa3AeiICHUs
BXOJHOTO MacCHBa BOKPYT ONOPHOTO 3JIEMEHTA, KaKk B alrOpPUTME
QuickSort, 1 BBIIIOJHEHHS OAHOM PEKypCHUHU Ha COOTBETCTBYIOLIEH
CTOpOHE. ANropuTM RSelect BCerna BHIOMPACT OIMOPHBIA AIIEMEHT
PaBHOMEPHO CITyYaitHBEIM 00pa3oM.

Bpewmst pabotsr anroputMa RSelect Bappupyetcs ot @ (n) mo O (n?),
B 3aBHCHUMOCTH OT BBIODAHHBIX OMOPHBIX AJIEMEHTOB.

CpenHee BpeMsi pabOThI airoputMa RSelect cocrapiuser ® (n). lo-
Ka3aTeNbCTBO CBOIUTCS K SKCIIEPUMEHTY C O0PAChIBAHHEM MOHETBL.

I'ennanbHast uaes B JETEpPMUHAPOBAHHOM aJITOPUTME DSelect 3aKiIto-
9qaeTcs B TOM, YTOOBI B KA4ECTBE OMOPHOTO 3JIEMEHTA HCIOIb30BaTh
«MeIraHy MeIHnaH»: pa30UTh BXOIHOH MacCHB Ha TPYIIIBI 1O IIATh
2JIEMEHTOB, HEIIOCPEACTBEHHO BEIYUCIUTD MEAUAHY KaXKIOU FPYIIIIbI

n ”
U PEKypCUBHO BBIYUCIUTb MEIAUAHY 3THUX = moOeuTeNeH epBOro
Typa.
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X Jlemma 30—70 moka3pIBacT, 4YTO MEIUAHA MEIMAH rapaHTUPYET pas-
6uenne BxogHoro Maccusa Ha 30—70 % wuau Gomble.

X AmnHamu3 anroputMma DSelect IMOKa3bIBAET, YTO 3aTPATHI B PEKYPCUB-
HOM BBI30B€ IS BHIYHMCIICHUS MEIMaHbl ME/INaH, MEPEBEIIUBAIOTCS
npeumyiecTBoM pazouenust Ha 30—70 %, 4TO MPUBOAMT K JTMHEH-
HOMY BPEMEHH BBITIOTHEHHS.

3apauun Ha 3akpernJjieHme martepuana

3anaya 6.1. [TycTb o ecTbh HEKOTOpasi KOHCTaHTa, HE 3aBUCALIAs OT JUTUHBI /7 BXOIHOTO
MaccuBa, CTporo Mexay 72 u 1. Ilpennonoxum, Bl UCIIONb3yeTe aJlTOPUTM RSelect
JUISl BBIYMCIICHHS MEIMaHbl AJIEMEHTa MaccuBa JUIMHOH 7. KakoBa BepOsSTHOCTB TOTO,
YTO IIEPBOMY PEKYPCHBHOMY BBI30BY IiepeiaeTcs IOAMACCHB JUTMHON He Ootee o X n?

a) 1—o.
0) a— .
B) 1—"%.
r) 2a—1.

3anaua 6.2. [lycTh 0 eCTh HEKOTOpast KOHCTAHTa, HE 3aBHCSIIAs OT AJIUHBI 71
BXOJIHOI'O MacCuBa, CTPOro Mexay 2 u 1. JIomycTuM, 4To KaxAblil peKypCUBHBIH
BBI30B aJITOpUTMa RSelect BBIOIHAETCS TAK JKe, KaK U B IpeAbLAyLIeH 3a1aue, —
MIO3TOMY BCSIKUII pa3, KOTJla PeKypCHUBHBINA BBI30B MOMy4YaeT MacCUB JIMHOH £,
€r0 PEKypCUBHOMY BBI30BY IIE€pEIACTCSI MOAMACCHB JUIHHON He Ooee k. KakoBo
MaKCHMAaJIbHOE YMCIIO ITOCIIEA0BATENIbHBIX PEKYPCUBHBIX BBI30BOB, KOTOPBIE MOT'YT
MIPOM30ITH Mepe]] 3aIyCKoM 0a30BOTO caydas?

a) _ln_n'
Ina
1
6) ——.
a
3 Inn
B) In(l-a) "

Inn

T) T
ln(+ ocj
2
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3apa4yn NOBbILUEHHOMN CJI0OXXHOCTM

3amaua 6.3. B 3701 3a1a4e BXOJHBIMH JTAHHBIMU SIBJISIETCS HEOTCOPTUPOBAHHBIN
MAacCHB U3 /1 PA3HBIX IEMEHTOB X,, X,, ..., X, C TIOJIO’KUTEILHBIMU BECAMH W), W,,

n

...y W,. OG03HAUNM uepe3 W cymmy Z , W, BECOB. Onpenenure 636euieHHyI0
i-

MeOuary B KaueCTBE MIEMEHTA X,, U1 KOTOPOTO CyMMapHBIH BeC BCEX IEMEHTOB

CO 3HaYEHHEM MEHbIIE X, (TO eCThb Zx . W,) paBHsieTcs He Gonee W/2, a Takke
i~k

CyMMapHBIif BEC 2JIEMEHTOB CO 3Ha9€HNEM OoIIbIIIe X, (TO eCTh Z W,) paBHsIeTCsI

X; > X
He Ooiee /2. OOparute BHIMaHHE, YTO UMEETCS HE Ooiee MBYX B3BEIICHHBIX
Meauas. J{aiite 7eTepMHUHUPOBAHHBIN JTMHEWHBIN allTOPUTM JIJIs1 BBIYHCIEHMSI BCEX
B3BEIICHHBIX MEIMaH BO BXOAHOM MaccuBe. [[loickaska: ucronb3yiTe anroputm

DSelect B KayecTBE MOJIPOTrPAMMEIL. |

3anaua 6.4. [Ipennonaoxnum, 9To Mbl MOTU(PHUIIPYEM aIropuT™ DSelect, pa3OuBast
9JIEMEHTHI Ha TPYIIIBI U3 CEMU DIIEMEHTOB, a He U3 IATH. (Mcnonb3ylTe Meauany
MCJIMaH B KaYCCTBEC OIMIOPHOTO 3JIECMEHTA, KaK U paHI)H_Ie.) BrinonHseTcs 1M 3T0T
MOTU(PUIIMPOBAHHBINA AITOPUTM Takke 3a Bpems O (n)? YTo jenars, eClii MbI UC-
[OJIb3YEM TPYIIIIBI U3 TPEX DIIEMEHTOB!?

3aga4m no NporpaMMupoOBaHUIO

3agaua 6.5. Peanusyiite Ha CBOEM JIIOOMMOM SI3bIKE POrPAMMHUPOBAHUS AITOPUTM
RSelect u3 pazzmena 6.1. Bama peanuzanus nokHa paboTaTh HA TOM K€ MECTE,
HCIIOJIB3YS pealiM3allyio MOANPOrpaMMbl Partition (KOTOPYIO BbI, BO3MOXKHO,
peanu3oBanu Jid 3a1a4u 5.6) U nepenaBas MHACKCHl Yepe3 PEKYpPCHUIO, YTOObI
OTCJIC)KUBATDH MO-NPCIKHEMY PCIICBAHTHYIO YaCTh MEPBOHAYAJILHOI'O0 BXOAHOTO
maccuBa. (Cm. www.algorithmsilluminated.org iist TecTOBBIX Cily4aeB U HAOOpPOB
JAHHBIX JJI5 331a4.)

! Jlstst iy©OKOTO TOTPY/KEHHUS B 9TY TEMY CM. CTaThio «BbIOOp Ha OCHOBE TPy U3 3 WK
4 HIIeMEHTOB 3aHUMaeT JInHeitHoe BpeMsi», Ke Uen u A npuan JJymutpecky («Select with
Groups of 3 or 4 Takes Linear Time», Ke Chen, Adrian Dumitrescu, arXiv:1409.3600,
2014).
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MpunoxeHue A.
KpaTkunii 0630p Aoka3aTenbCTB N0 UHAYKLNN

JlokazaresnsCcTBa 0 MHAYKIMH BCILUTBIBAIOT B MH(OpPMATUKE nocmosnHo. Hanpumep,
B paszerne 5.1 MBI HCTIONB3YeM J0Ka3aTeNIbCTBO MO MHIAYKIHH, YTOOBI JOKa3aTh,
9TO aNropuT™ QuickSort Bceraa MpaBHIBHO COPTUPYET CBOM BXOIHOW MacCHB.
B pasnene 6.4 MbI HCTIONB3yeM HHAYKIUEO, YTOOBI I0Ka3aTh, YTO allTOPUTM DSelect
BBITIONTHSIETCS 32 JIMHEHHOE BpeMsI.

,Z[OKa3aTeJ'H:CTBa MO UHAYKIHUKU MOT'YT OKa3aTbCd MHTYUTHUBHO HCIIOHATHBIMH, I10
KpailHEel Mepe Ha MEePBBIA B3MIAA. XOPOWENH HOBOCTBIO SIBIIAETCS TO, UTO MOCIE
HEMPOJOIKUTEIBHON MPAKTUKU OHU CIEAYIOT JTOBOJIBHO KECTKOMY Ia0JIOHY
U CTAHOBSTCS IOYTH aBTOMATHYCCKUMH. B sTOM TMPUII0KCHUU 00BsICHSIETCS II1a-
OJIOH U IPUBOIATCS ABa KPAaTKUX MpuMepa. ECITi BBl HUKOTIA paHbIle He BUICITH
JIOKA3aTeNIbCTB 110 MHAYKIMH, BaM CIEAYET AOMOJHUTE 3TO MPHIIOKEHUE APYTUM
HUCTOYHUKOM, B KOTOPOM €CTh €Il OOJIbIIE MPUMEPOB!.

A.1. LLa6GnoH gna pokasaTenbCTB N0 UHAYKLUN

Jns Hammx mesnei JoKa3aTeNbCTBO MO WHIYKINH yCTaHABINBACT UCTHHHOCTD
yTBepkaeHus P (7) st KaXKI0To HaTypalibHOTO Yucia n. Hanpumep, 1oka3biBas
MIPAaBUIIBHOCTH AITOPUTMA QuickSort B pasaene 5.1, MbI MOXkeM OnpeaenuTs P (7)
KaK B BBICKA3bIBAHHUHU: <«JUISI KaKIOTO BXOJHOTO MAacCHBa JIUHON /1 alTOPUTM
QuickSort copTHpyeT ero npaBuiIbHOY. [Ipy aHanm3e BpeMeHN paboTHI alIropruT™Ma
DSelect B paszzene 6.4 Mbl MOXKEM OTpeNeNuTh P (1) KaKk B BBICKA3bIBAHUU: «JJISI
Ka)KJIOTO BXOJAHOTO MacCHBa JUTHHOW 71 alTOPUTM DSelect OCTaHABIMBACTCS TI0-
ciie BhIonHeHHs He Oosee 100n onmepanmit»y. MHIyKIus MO3BONISET NOKa3bIBATh
CBOICTBO JITOPUTMa, HAIIpHMeEP MPABHIBHOCTb MJIM IPaHUILy BPEMEHH pabOThI,
MTOOYEePETHO YCTAHABIMBAS HCTHHHOCTH CBOWCTBA IS KaXKIOH JUTMHBI BXOTHBIX
JAHHBIX.

AHAJIOTHYHO PEKYPCHBHOMY QJITOPUTMY, JTOKA3aTEIbCTBO 1O MHIYKITMH COCTOUT
W3 ABYX YacTe: 6az06020 ciyuas (0a3bl UHAYKIMN) U UHOVKYUOHHO20 NEPexood
(mmara waykun). ba3oBelii cirydaii Toka3bpiBaeT, 4To P (1) HICTUHHO JUTS BCEX J10-

! Hampumep, cM. 1aBy 2 cBOOOIHO TOCTYIHBIX JeKinit Dprka Jlemana u Toma Jleitona
(http://www.boazbarak.org/cs121/LehmanLeighton.pdf).
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CTaTOYHO MAJIbIX 3HAUYCHUH 71 (KaK MpaBwJIo, 7 = 1). [Ipn HHIYKIIMOHHOM MTEepexoie
BbI IpUHUMaeTe Jonyuienue, 9to Bce P(1), ..., P(n — 1) HICTUHHBL, U JOKa3bIBaeTe,
4yT0 P (7), ClieaoBaTeIbHO, TOXKE UCTHHHO.

Ba3oBblii cyuaii: Joka3aTh HEMOCPEACTBEHHO, 4To P (1) HCTUHHO.

NHayKnMoOHHBIH MepPexo: 10Ka3arh, YTO JIJIsl KaXK/I0TO0 IIeJI0T0 Yyucia 71 > 2,

eca P(1), P(2), ..., P(n—1) ucturnsl, To P (n) UICTUHHO.

MHIyKTUBHAsI TUNITO3a

[Ipu MHAYKIMOHHOM NEPEX0/Ie BBl MOXKETE 00Ny CMumy, 4T0 UCTUHHOCTH P (k) yxe
ObLIa YCTaHOBJICHA JJIs1 BCEX 3HAYCHUI kK MEHBIIIE 71 — JTO HA3bIBACTCS MHTYKTHB-
HOU TUIIOTE30H, — ¥ JOIDKHBI HCIIOJIB30BATh ATO MOMYIICHNE IS yCTAHOBICHHS
uctuHHoCTH P (n).

Ecnm BBl mokaxkeTe n 0a30BBIN CiTydail, 1 MHAYKIIMOHHBIA Tiepexoa, To P(n) —
JEHCTBUTEIBHO UCTUHHO IS KAXKJIOTO MOJOXKHUTEIBHOro 1eoro uucna n. P(1)
HCTUHHO 110 0a30BOMY CITy4aro, M MPUMEHEHHE WHAYKIIMOHHOTO MEPexo/ia CHOBA
U CHOBA ITOKA3bIBACT, YTO P (71) UCTUHHO JUISl CKOJIb YTOTHO OOJNBIINX 3HAYCHUH 71.

A.2. MNpumep: 3amkHyTaa popmyna

MBI MOXXEM HCIIOJIb30BaTh WHAYKIUIO JUIS TTOJy4eHUs 3aMKHYTOH (hOPMYJIBI
JUISL CYMMBI TIEPBBIX /1 TONOKUTEIBHBIX IENbIX yncen. O6o3HaunM uepes P (n)
YTBEPIKICHUE, YTO

1+2+3+...+n:M

2x1
IIpu n = 1 neBas yacTh paBHsieTcd 1, U IpaBast yacTb paBHsAeTCs —— = 1. D10 1O-
2

KasbIBaeT, uTo P(1) HICTUHHO M 4TO Ha ATOM 0a30BbIH CiTydail 3akaHuuBaeTcs. J{is
WHIYKIIMOHHOTO Tepexo/ia BEIOepeM IPOU3BOIBHOE IENI0€ YUCIIO 7 > 2 U TIpea-
nonoxum, uto Bce P (1), P(2), ..., P(n — 1) uctunHbl. B yacTHOCTH, MBI MOXXEM
npuHATh P(n — 1), TO eCTh yTBEpKICHHUE

1+2+3+...+(n—1)=@.
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Ternepb MbI MOXeM JI00aBUTH 72 B 00€ YaCTH, YTOOBI BEIBECTH

— 2 _
1+2+3+...+n:n(n l)+n:” n+2n _(ntl)n

b

410 jJ0Ka3biBaeT P (7). [IockonbKy Mbl yCTaHOBHIIM UCTUHHOCTh U 0a30BOTO CITy-
yasi, 1 MHIYKLMOHHOIO Nepexo/ia, Mbl MOXKEM MPUITH K 3aKIIOUEHUI0, uTo P (7)
HCTUHHO JUIS KXKAOTO MOJIOKHUTEIBHOTO LIEJIO0ro YUcia 7.

A.3. MNpumep: pasmep NoJIHOro ABOUNYHOIO AepeBa

Janee naBaiiTe moACYUTAEM YHCIIO Y3JIOB B ITOJTHOM JBOMYHOM JIEPEBE C 71 YPOB-
Hamu. Ha puc. A.1 Mbl BuanM, 910 1ipu 77 = 4 ypOBHSIX YHUCIIO Y3JIOB PaBHSETCS
15 =2%— 1. Moxker st 3T0T 00pa3sell ObITh HCTUHHBIM B I[ETI0M?

Puc. A.1. MNonHoe ABONYHOE AEPEBO C HEThIPbMS YPOBHAMU 1 24 — 1 = 15 y3namu

J1d kaJIoro HaTypanbHOTO YHcia 1 MycTh P (1) ecTh BBICKa3bIBAHUE IIOJHOE
JBOMYHOE JIEPEBO C 71 YPOBHAMH HMeeT 2" — 1 y3710B». B kauecTBe 6a30BorO CIIy-
yasi oOpaTuTe BHUMaHUE Ha TO, YTO IOJIHOE JIBOMYHOE JIEPEBO C OJHUM YPOBHEM
uMeeT poBHO oauH y3ei. [lockombky 2! —1 = 1, 910 nokaseiBaet, 4to P (1) uctuu-
HO. B xagecTBe MHIYKIIMOHHOTO MIepexo/ia 3aTalTe TOIOKHUTEIFHOE [EJI0E YUCIIO
n=>2 u nonycrure, uto Bce P (1), ..., P(n — 1) HICTUHHBI. Y3J1bI IOJIHOTO JBOUYHOTO
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ZiepeBa C 71 YPOBHSIMH MOKHO Pa3elIUTh Ha TPH TPYIIIHL: (1) KOpeHb; (ii) Y315l B Jie-
BOM MOJIepeBe KOpHs; U (1ii) y3/bl B IpaBoM nojepese kopHs. JleBoe u npaBoe
MOJICPEBBS] KOPHS CAMHU SIBJISIFOTCS TIOJTHBIMH JIBOMYHBIME JICPEBBIMHU, KaXJIbIi
m3 n — 1 ypoBHue#t. [lockonbKy MBI foryckaeM, uto P(n — 1) HCTHHHO, B KaXK0M
U3 JIEBBIX ¥ IIPABBIX TOIJCPEBBEB €CTh POBHO 2" ' — 1 y3510B. CJI0KUB y3IIbI B TPH
TPYIIITbI, MBI B OOIIEH CIOKHOCTH TIOTYYHM

1+ 2" =1 + 2"'—1 =2"-1

KOpCHb  jieBoE MOUIEPEBO TIpaBoe MO/IEPEBO

y3JI0B B JiepeBe. DTO JIOKAa3bIBACT yTBEpkKIACHUE O P (71) U, IOCKOIBKY 71 > 2 OBLIO
KaKHM yTOJIHO, 3aBepIlaeT HHIYKIIMOHHBIH epexo/. MblI ienaeM BbIBOI, uTo P (1)
HCTHHHO JIJIs KQYKJIOTO HATYPaIbHOTO YHCIIA /.

MpunoxeHune b.
KpaTkuii 0630p ANCKPETHO BEePOATHOCTU

B 3TOM mpuiokeHUN paccMaTpUBAIOTCS MOHATUS JAUCKPETHOH BEPOSATHOCTH,
KOTOpBIE HEOOXOAMMBI Ul HAILIETO aHAJIN3a PAaHAOMH3HPOBAHHOTO aJTOPUTMa
QuickSort (Teopema 5.1 u pasnen 5.5): BBIOOPOYHBIE MPOCTPAHCTBA, COOBITHS,
CITy4JaifHbIe BEJIMYMHBI, MaTeMaTHYEeCKOe OKU/IaHNE W JIMHEHHOCTh MaTeMaTHye-
cxoro oxxuganus. Pasnen b.6 3aBepiaercst npuMepoM pacipeeseHus HarpysKH,
KOTOPBII CBSA3BIBAET BCE ATH MOHATHS BOSIUHO. MBI Taroke OyaeM HCIIOIb30BaTh
9TH NOHSATHUS B OYYIIUX YacTSAX ITOH CEPUH KHUT, B KOHTEKCTE CTPYKTYP JaHHBIX,
rpadoBBIX AITOPUTMOB U aJITOPUTMOB JIOKAJILHOTO MOMCKA. ECiu BbI BUANUTE 3TOT
MarepHai B IIePBEIH pa3, BaM, BEPOATHO, CIIEyeT, TOMUMO YTE€HHS 3TOTO MPHIIO-
JKeHus1, OoJiee TIIATeIbHO U3YYUTh TaHHBIN Bompoc'. ECIU BBI BUIEIH €ro paHblie,
BaM He00s3aTeNbHO YUTATh TO MPHIOKEHHE OT Hadaia JI0 KOHLA — 3aITISHUTE
B Ty 9aCTb, IJI€ COAEPIKaTCsI CBEICHH, KOTOPBIE BaM HY)KHO OCBEXKHTb.

' B nomonuenue k geknusaM Jlemana—JleliToHa, YIOMSHYTBIM B TIPHIOKEHAH A, CyIiie-
CTByeT OECIUIaTHBIA BUKH-Y4eOHHUK MO AUCKpeTHOU BepositHoCTH (https://en.wikibooks.
org/wiki/High_School_Mathematics_Extensions/Discrete_Probability).
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B.1. BbiOOpO4HbIE NPOCTPaHCTBa

Hac uHTepecyroT citydaliHble MPOIECChI, B KOTOPBIX MOXKET MPOHM30UTH JI000E
KOJIMYECTBO PasHbIX Belleil. Boibopouroe npocmpancmeo, WA MPOCTPAHCTBO
JIIEMEHTAPHBIX COOBITHHA, — 3TO MHOKECTBO () BCeX pa3HOOOPA3HBIX UCXOJIOB,
KOTOPBIC MOTYT IIPOU30UTH, — YHUBEPCATIbHOE MHONCECHB0, B KOTOPOM MBI Oy/IeM
Ha3HAuaTh BEPOSTHOCTH, MPUHUMATh CPEIHNE 3HAYCHUS U TaK Aanee. Hampumep,
€CJIM Halll CITy4YaiHbIi mpoiecc — 3To Opocok Kyomka, To Q = {1, 2, 3,4, 5, 6}.
K cyactero, ipy aHaNIKM3e PaHIOMHU3UPOBAHHBIX aJITOPUTMOB MBI TIOYTH BCEra
MOYKEM TPUHATH {2 KaK KOHEUHOE MHOKECTBO M PabOTaTh TONBKO C JUCKPETHOM
BEPOSATHOCTHIO, KOTOPasi ropas3io 0oJiee dieMeHTapHa, YeM 00IIIas TCOPHS BEPOSIT-
HOCTEH.

Kaxprit a1eMeHT i BBIOOPOYHOTO MPOCTpaHCcTBa {2 CONMPOBOXKIASTCS HEOTPHUIIA-
TENBHOH geposimuocmyio p (i), KOTOPYIO MOKHO pacCMaTPHBAaTh KaK 4acTOTY, C KO-
TOPOI MCX0[ CiIy4aiiHOTO nporiecca paBHsieTcs i. Hanpumep, eciu mecturpantas

o . 1
urpajibHast KOCTb SIBJISICTCSA TCOMECTPHUYICCKU IIPAaBUIJIBHOM, TO p (l) PaBHACTCA g JJIA

kaxmporoi=1,2,3,4,5, 6. B o0mem ciydae, MOCKOJIbKY 2 — 3T0 BCE, YTO BOOOIIE
MOJKET IIPOU30UTU, BEPOATHOCTU JAOJIKHBI PABHATHCS 1:

Zp(i)zl.

i€Q

OOImMM 9aCTHBIM SIBISCTCS CIydail, KOTIa KaXKIbIH 2JIeMEHT 2 OJJMHAKOBO BEPOsI-

L1
TEH — TaK Ha3bIBAEMOE pasHOMepHoe pacnpedenenue, Tae p (i) = @ JUIS Ka)KJI0T0
i € Q'. DTO NOHATHE MOXKET MOKa3aThCsl JOBOJIBHO a0CTPaKTHBIM, TOITOMY JlaBaiiTe
Mpe/ICTaBUM J[Ba IpuMepa. B mepBom npumMepe cirydaitHbIi MPo1Iece MPEICTaBISIET
co00i OPOCOK JBYX CTaHAAPTHBIX (IIECTHTPAHHBIX) UTPANBHBIX KocTel. Bribo-
POYHOE MPOCTPAHCTBO — 3TO MHOXKECTBO U3 36 PAa3IUUHBIX HUCXOJOB, KOTOPbIE
MOTYT IIPOU3OUTH:

Q={(L1),(2.1),(3,1), ..., (5.6),(6,6)}

36 ynops10uCHHBIX Tap

Ecmm JOMYCTUTD, YTO KOCTHU r€COMETPHUYCCKU PABUJIbHBI, TO Ka)KI[I)Iﬁ N3 OTUX UC-

. 1 .
XOJIOB OJIMHAKOBO BeposiTeH: p (i) = % JUISL KaXKIoro i € Q.

U Jlsist KOHEYHOTO MHOXKeCTBa S, |S| 0003HaUaeT YHCIIO SIEMEHTOB B S.
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Bropoii npumep, Oonee ONMHU3KUE K alrOpUTMaM, — 3TO BBIOOP OMOPHOTO 3Jie-
MEHTa B CaMOM BHEIIIHEM BbI30BE PaHIOMHU3UPOBAHHOTO alropuTma QuickSort
(pazaen 5.4). JIro60ii 371eMEHT BXOJTHOTO MacCHBa MOXET OBbITh BEIOPAaH B KAUECTBE
OIIOPHOT0, TIO3TOMY

Q= (1,23, .., n)
-

BO3MOJKHBIE IIO3HLMU ONIOPHOTO JIEMEHTA

rie 7 — AJMHA BXOJHOIo MaccuBa. I1o onpeznenenuto B paHA0MA3HPOBAHHOM aJIro-
puTMe QuickSort KaX/bIi 3IEMEHT OJJHHAKOBO BEPOSITHO Oy/IET BEIOpaH B KaueCTBE

N .
OIOPHOTO AIIEMEHTA, ¥ MO3TOMY p (i) = — Juid Kaxaoro i € Q.
n

B.2. CoObiTUS

Cobvimue — 3T0 TIOAMHOXKECTBO S C €2 BBIOOPOYHOTO MPOCTPaHCTBA — HAOOp
BO3MOKHBIX MCXOJIOB CITydaifHOTO rporiecca. BepostaocTs Pr[S] cobbiTus S ompe-
JIeJIeTCs TaK, KaK MOKHO OBLIIO OBl OKUATh, TO €CTh KaK BEPOSATHOCTh TOTO, YTO
OJTMH U3 UCXOJOB S MPOUCXOIUT:

ieS

I[aBaﬁTe HEMHOTO NOTPEHUPYEMCS C STUM IMOHATUCM, UCIIOJIb30BaB HAIllX JIBa
npumepa.

TECTOBOE 3AJAHUE B.1
O603Ha4NM "epe3 S MHOKECTBO HCXOJIOB, /IS KOTOPBIX CYMMa JIBYX
CTaHIAPTHBIX KyOHKOB paBHa 7. KakoBa BeposITHOCTH COOBbITHS S'1?

a) —.

6) L.

' dakT, KOTOPHIH MMOJIE3HO 3HATH, UTPast B a3apPTHBIE UTPHI.
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r)

N |— o=

(Pemenwue u nosicieHue cM. B pasaene b.2.1.)

Bropoe TecToBOE 3a1aHNE KacaeTcsl BHIOOPA CIydyalfHOrO OMOPHOTO 3JIEMEHTa
B CaMOM BHEILIHEM BbI30BE aaropurMa QuickSort. Mbl TOBOpUM, UYTO OIOPHBIN
QIIEMEHT SBIISCTCS «IPHOIMHKEHHON MeAnaHOH», eClii 1Mo KpaitHed mepe 25 %
3JIEMEHTOB MacCHBa MEHbIIE OMOPHOTO U MO KpaiiHeil mepe 25 % smeMeHTOB
OO0JIBIIIE OTIOPHOTO.

TECTOBOE 3AJJAHUE B.2

0O0603HaunM 4epe3 S COOBITHE, UTO BHIOPAHHBINA OTIOPHBIN AJIEMEHT
B CaMOM BHEIITHEM BBI30BE allTOpUTMa QuickSort sBIsieTCs IpUOIHn-
JKeHHOH Meaunanoi. KakoBa BeposSTHOCTb cOObITHS S?

1
a) ; , TIe n — JTO JJIMHA MacCHBA.

6) L.
4
B) l
2
T) E
4

(Pemenwue u nosicieHue cM. B pasgene b.2.2.)

b.2.1. PewueHue TecTtoBoro 3agauma b.1

IIpaBuiabHblil oTBeT: (B). MMeercsa mecTh UCXOJ0B, B KOTOPBIX CyMMa ABYX
KyOHKOB paBHsETCS 7:

S=1{(6,1),(5,2),(4,3),3,4),(2,5), (1, 6)}.
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[Tockonmbky KaxapIit rcxox {2 paBHOBEPOSTEH, p (i) = % JUTSL KaK10To § € S 1 1o-
ITOMY
1 6

1
Pr[S]=[S|x—=—=—.
r[s] ||X36 36 6

b.2.2. PewneHue TecroBoro 3agaHma b.2

IIpaBuiabHbIi 0TBeT: (B). B KauecTBe MBICIEHHOTO KCTIEPUMEHTA MPEACTABBTE,
YTO BBI Pa3/ICIIMITH JIEMEHTHI BXOAHOTO MAaCCHBA Ha YETHIPE IPYIIITBI: HANMEHBIIIIE

n n

— JJICMCHTOB, CJICAYIOIINEC HANMCHBIINUEC — 3JICMCHTOB, CJIICAYIOIINEC HAMMCHb-
n

mue — 3JIEMCHTOB M, HAKOHCII, HauOOJIbIIHE Z OJICMCHTOB. (KaK 06LI‘1HO, MBI

HUTHOPUPYEM ApOOH AJis MPOCTOTHL.) KaXkplid 2IeMeHT BTOPOM U TpeThel rpymn

n

SABIIACTCA HpI/I6J'II/I)KeHHOﬁ MEIUaHOM: BCE Z OJICMCHTOB U3 HepBOﬁ U MOCJIeIHeH

TPYIII COOTBETCTBEHHO MEHBIIIE U OOJTBINE ONOPHOTO. M HA000POT, €CIIH aNropuT™
BBIOMpAET OMOPHBIN IEMEHT JU00 W3 MEepBOi, IMOO0 U3 MOCIEIHEN TPYIIbL, TO
700 3JIEMEHTH! MEHBIIIE OTIOPHOTO COCTABIISIIOT TOJIBKO CTPOTOE MTOAMHOKECTBO
MIEPBOW TPYIIIBI, THOO IEMEHTHI OOJIBIIE OMOPHOTO SBISIOTCS TOJIBKO CTPOTHM

TOJIMHOXKECTBOM ITOCIIeIHEN TpyIIbI. B sTtom ci1y4dae OHOpHLIﬁ OJICMCHT HC SB-
n

JIACTCA HpPI6J'IH)KeHHOI>i MEJIUaHOM. CJ'IC,Z[OBaTeJ'H)HO, cobbITHE S COOTBETCTBYCT E

AJIEMEHTAaM BO BTOPOU U TPEThEH Irpynax; NOCKOJIBbKY KaK/IbIi 2JIEMEHT OJJUHAKOBO
BEPOSATHO Oy/eT BBIOpaH B KA4€CTBE OIMIOPHOTO AIIEMEHTA,

B.3. Cny4yaiHble BeJSINYUNHbI

Cryuaiinas @enuuuna — 3TO YUCIEHHAs Mepa BBIXO/A CIy4yailHOTO mpolecca.
dopmansHO 3TO BemecTBeHHas QyHKIHS X: (2 — R, onpenenenHas Ha BEIOOPOY-
HOM IpocTpaHcTBe (), BXo/ I € 2 B X ABIAETCS BBIXOIOM CIIy4aifHOTO mpoliecca,
a BBIXOJ X (i) — YHUCIIOBBIM 3HAYCHHUEM.

B HameM nepBoM IpuMepe Mbl MOXKEM OIPEICIUTh CIIy4aiiHyt0 BeIMUUHY, KOTOpast
ABJISIETCSI CyMMOMU JBYX KOCTEH. DTa ciyyaiiHasi BEIMUMHA CTABUT B COOTBETCTBUE
BbIXOJIbI (TIapel (i, j)ci, j€ {1,2, ..., 6}) BENIECCTBCHHBIM YUCIaM COTIACHO
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otoOpaxkeHuto (i, j)+> i +j. B Hamem BTOpOM TEKyLIEM NPUMEPE Mbl MOXKEM
OTIPEACIUTH CITy4ailHy 0 BEJIMUNHY, KOTOPas SIBJISETCS JUIMHOMN IT0OIMAacCUBa, IIepe-
JlaBaeMoro IIEpBOMY PEKYPCUBHOMY BbI30BY ajlropuTMa QuickSort. Ota ciydaiiHas
BEJINYMHA CTAaBUT B COOTBETCTBHE KaXKABIA BBIXOI (TO €CTh KaXKIbIi BEIOPAHHEIH
BapHaHT OMOPHOIO AIeMEHTa) 1esioMy ynuciay ot 0 (eciau BHIOpaH MUHUMAJIbHBII
OTIOPHBIH 3IEMEHT) 10 77 — 1, TJie # — 3TO JIMHA BXOIHOTO MacCHBa (€CIIH BBIOpaH
MaKCHUMaJTbHBIM OMTOPHBINA IIEMEHT).

B pazznene 5.5 uccnenyercs ciydaiiHasi BeIMYUHA X, KOTOPAs MPEJCTABISET COO0H
BpeMsi pabOTHI PaHIOMH3HPOBAHHOTO AITOPHTMA QuickSort Ha 3aTaHHOM BXOTHOM
MaccHBe. 3/1eCh MPOCTPAHCTBO COCTOSHUH {2 — 9TO MHOXKECTBO BCEX BOBMOYKHBIX
MIOCTIEOBATENEHOCTEH OMIOPHBIX 2JIEMEHTOB, KOTOPEIC aJITOPUTM MOKET BEIOPATH,
a X (i) — umcio omepauuii, BBITOIHIEMBIX aITOPUTMOM JIJIsl KOHKPETHOH Mocie-
JIOBaTEIBHOCTH [ € ) BADUAHTOB OMOPHBIX AJIEMEHTOB'.

Bb.4. MaTtemaTuiyeckoe oXxugaHve

Mamemamuueckoe oxcudanue, Wi odcudaemoe 3naverue E[ X cirydaitHol Benu-
YUHBI X, — 3TO €€ cpe/iHee 3HaYeHUE JUIs BCEr0, YTO MOXKET IPOU30UTH, B3BEIIECH-
HO€ COOTBETCTBYIOLIMM 00Pa3oM OTHOCUTEIHHO BEPOSTHOCTH PA3IMYHBIX HCXOIOB.
WHTYNTHBHO 3TO MOXHO MOHATH TAaK: €CIU CIy4YalHBIH MPOIIECC TTOBTOPSETCA
CHOBa U cHOBa, To E[X| mpexcrasiser coboil JonrocpodHoe cpenHee 3HaUCHIEe
ciayvaiiHoil BennuuHbl X. Hanpumep, ecian X — 3T0 3HaYEHUE T€OMETPUUECKHU
[IPaBUJILHOM 1IECTUIPaHHOM UrpabHOi kocTH, To E[X] =3,5.

B marematuke, eciiu X : Q — R ecTh ciydvaiiHas BenuynHa U p (i) 0003HAUaET
BEpOSITHOCTH Ucxofa i € 2, To

E[X]=>p(i)xX(i). (B.1)

ieQ

Cnez[y}omne ABa TCCTOBBIX 3aJaHUA MPOCAT BAC BBIYHUCJIUTL MATEMATUYICCKOC
0XKHJaHUC NBYX CJ'Iy'lafIHLIX BCJIMYMH, ONIPEACICHHBIX B IPEAbIAYIIEM pa3aCiic.

! TIoCKOITbKY €AMHCTBEHHAS CIyYalHOCTh B PAaHJOMU3HPOBAHHOM anropuTme QuickSort

COCTOHT B BEIOOpE OIOPHBIX 3JIEMEHTOB, KaK TOJIBKO MBI 33/1aIMM TH BapHaHTHI, y a-
ropuTMa QuickSort MOSBHTCSI HEKOTOPOE YETKO OIPEIEIICHHOE BpeMs PaOOTHI.



Mpunoxenve B. KpaTkuit 0630p AMCKPETHON BEPOSTHOCTM 245

TECTOBOE 3AJAHUE B.3

KakoBo MareMaTHueCcKOe OKUIAHUE CYMMBI JIByX OPOCKOB KyOuKa?
a) 6,5.

0) 7.

B) 7.5.

(Penrenue u nosicuenue cM. B pasnene b.4.1.)

BosBpainasce k paHI0MU3HPOBAHHOMY aJITOPUTMY QuickSort: HACKOIBKO BETTHKA
B CPEeIHEM JUTHHA TIOIMACCHBA, TIEPEIaBACMOTO ITEPBOMY PEKYPCHBHOMY BBHI30BY?
DKBUBAJICHTHBIM 00pa30M, CKOJIBKO JIEMEHTOB OYIyT MECHBIIIE CITy4aiiHO BEIOpaH-
HOTO OIIOPHOTO 3JIEMEHTA B CpeaHEM?

TECTOBOE 3AJJAHUE b.4

Kakoe u3 cnenyromux aeiicTBuil Hauboaee OIM3K0 K MaTeMaruye-
CKOMY OXXHIaHMIO pa3Mepa II0AMacCHBa, IIEPENaBAEMOI0 IIEPBOMY
PEKypPCUBHOMY BBI30BY B aJIropur™me QuickSort?

a) Ly

6)

Wiz

B)

r)

SERE

(Pemenwue u nmosicieHue cM. B paszene b.4.2.)
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b.4.1. PewneHune TectoBoro 3agaHuma b.3

I[paBuabHblii oTBeT: (0). ECTh HECKOTIBKO CIOCOOOB MOHATH, IOYEMY MaTeMaTH-
YecKoe OKuIaHne paBHseTcs 7. [1epBblii crioco0 — BBEIYHCINTE €70 METOJIOM IIepe-
0opa, ucronb3ys onpenerstoniee ypapHenue (b.1). C 36 BO3MOXHBIMU HCXOJAMH
9TO BBIIOJIHUMO, HO YTOMHUTENbHO. bosee 10BKHii CIOCOO COCTOUT B TOM, YTOOBI
OOBEIMHNTH B MAPhI BO3MOKHBIC 3HAUCHHS CYMMBI U HCIIOIb30BaTh CHMMETPHIO.
CyMMa paBHOBEPOSTHO MOXKET COCTABIATH 2 WK 12, paBHOBEPOSITHO COCTABIIATD
3 wmm 11, u Tak panee. B xaxxmoil U3 3TUX map cpeqHee 3HAUCHUE PABHO 7, IIO-
9TOMY OHO TAaK)K€ SIBISETCS CPEJHUM 3HAUCHUEM B L€JIOM. TpeTuil u Jyduui
CII0CO0 — WCTONIF30BATh JINHEWHHOCTh MATEMATHUCCKUX O’KUIAHHUN, KaK OMICAHO
B CJIEAYIOLIEM pa3zede.

b.4.2. PewieHue TecTtoBoro 3agaHua B.4

IIpaBuabHblii oTBeT: (B). TouHOE 3HAUCHNE MAaTEMaTHYECKOTO OKHJIAHUS PaB-
usieres (n — 1)/2. Ectb 1/n manc, uto nogmaccus umeet JuHy O (ecam OmOpHBIH
JNIEMEHT SBIIAETCS HAUMEHBIINM 3IEMEHTOM), 1/n maHC, 9TO OH MMeeT AIHHY |
(ecru OTIOPHBIN 3JIEMEHT SABISAETCS BTOPHIM HAaUMEHBIINM 3JIEMEHTOM), U TaK
Jajnee, BIUIOTH J10 1/n maHca, 4To OH UMeeT JIIUHY /7 — 1 (€CIM OMOpHBIH 21eMeHT

SIBIISICTCSI HAMOOJIBITUM dlieMeHTOM). [IpuHuMast Bo BHEMaHue onpeneneHue (b.1)
n(n-1

-1,
MaTeMaTHYeCKOTO OYKMIAHUsI' ¥ OCHOBBIBAsICH Ha TOXKIECTBE z" = — Yy Hac
i-
[oJIy4aercst
1 1 1 1 n—1
E[X] :—><0+—><1+...+—><(n—1):—x(1+2+...+(n—1)):—.
n n n n 2
7n(nfl)
T2
1 n(n-1)
OnuH U3 crocoOoB yBuaeTh, 4T0 1 +2+ - - -+ (n—1) = , — HUCIIOJIb30BATh UH-

2
JIYKIUO 110 71 (cM. paszment A.2). Jliist Gonee JTOBKOTO JOKa3aTeIbCTBA BO3bMEM JIBE KOITHU

13 JIEBOW YaCTH U OOBETMHUM B TTapbl: « 1» U3 MepBOH KOIHH C «72 — 1% U3 BTOPO KOIHH,
«2» 13 NIepBOM KOMUU C «1 — 2» U3 BTOPOH KOIUH, U TaK janee. ITo jacT n — 1 map co
3HaueHueM 1 Kaxas. [lockonbky qBoiiHas cymma paBHsercs n(n — 1), ucxonHast cymma

paBHa n(n-1)
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B.5. JInHeiHOCTb MaTEMATUYECKOIro OXXngaHmsa
b.5.1. ®opmMynMpoBKa U BapuaHTbl UCMOJIb30BaHUS

Haiue 3ax1t04uTENbHOE OHSITUE — MAaTEMaTHUECKOE CBOICTBO,  HE OIPE/IE/ICHUE.
Jlunetinocme Mamemamuyeckoeo 0X4CUOaHUs — TO MaTEMAaTHIECKOE OXKHIaHNE
TOT'0, YTO CyMMa CIy4YalHbIX BEJIMYNH PaBHA CYMME UX OTAEIbHBIX MaTeMaTuyie-
CKHX 0)1(1/1)13HI/II71. Ono HEBEPOATHO IMOJIE3HO JIs1 BBIYUCICHUS MaTEMAaTU4Y€CKOTIo
OXKHJIAHUSI YCIIO)KHEHHOH CITydaifHON BEJTMUMHBI, TAKOHW KaK BpeMst padOThI paHI0-
MH3HPOBAHHOTO aIropuTMa QuickSort, o KOTOpoMy CiTy4aiiHast BEIMYMHA MOXKET
OBITH BBIpAXKCHA KAaK B3BEIICHHAs CyMMa 00Jiee IPOCTHIX CTy4aiHbIX BEIHUHH.

Teopema B.1 (1nHeliHOCTH MaTeMaTH4YeCKOro oxuaanus). [fycmo X, ..., X,
ecmb C]lyllaleble 6€JIUYUHDbL, OHPE()EJZQHHI)I@ HA mom >Hce camom 6bl60pOllHOM npo-
cmpancmee C, u nycmo a,, ..., a, ecmv gewjecmaeentvie yucia. Toeoa
n n
E| YaxX, |=>4, XE[X./ ] (5.2)
Jj=1 Jj=1

To ecTb BBl MOXKETE B35ITh CyMMY U MAaT€MATHUECKOE OKUAAHUE B JIFOOOM MOPSAKE
U TIOJTy4HUTh TO ke camoe. OOuumil ciryyaii HCIoab30BaHUsA — 3TO KOIzia z ’,1-:1 a,X,
SIBJISIETCS CJIOKHOMW CITy4yalHOUW BETWYMHOU (Harmpumep, Bpemsi paboThl paH[o-
MHU3UPOBAHHOIO anroputMa QuickSort), a X, sIBISIOTCS IPOCTBHIMU CIIyYaiHBIMU
BEJIMUMHAMH (HAIIpUMep, ciaydaiinsle Bennaunsl 0—1)".

Hampumep, mycts X ecTh cyMMa JIByX CTaHJAPTHBIX KOCTEH. MBI MOJKEM 3amucarhb
X Kak CyMMy JIBYX CIIy4allHBIX BEJIMUYUH, X, U X,, KOTOPBIE ABJISAIOTCS 3HAUEHUSAMU
COOTBETCTBEHHO IIEPBOM U BTOPOH KocTel. Maremarnueckoe oxxuganue X, nim X,

JIETKO BBIYUCIINTH, UCTIONIB30BaB onpezaencnue (b.1), kak 1 (1+24+3+4+5+6) =3,5.
6

JIuHEeMHOCTh MAaTEeMaTUYECKOTO OXKUIAHUS TOTIA TAeT
E[X]|=E[X,]|+E[X,]=3,5+3,5=7,

TOBTOPsA HAILl OTBET B pasaciice B.4.1 ¢ MeHBIIIM 00BEMOM pa6OTI>I.

' B cTaH(OPACKOI BEPCHH 3TOTO Kypca 3a AeCATh HEIENb JICKIUH Ha JOCKE Sl O4ePINBAT0
KBaJIpaT BOKPYT TOIBKO OHOTO TOXKAECTBA — JIMHEHHOCTH MaTEMaTHIECKOTO OXKHIAHHS.
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Ype3BbIYaiiHO BaKHBIM MOMEHTOM SIBISIETCSI TO, YTO JUHEUHOCHIb MAMEMAMUYECKO-
20 0HCUOAHUS CNPABEONIUBA Oadice O CLYHAUHBIX BETUYUH, KOMOPble He AGIAIOMCS
nezasucumvivu. Ham He HY»)HO OyaeT hopMaIbHO OMPEICIISITh HOHITHE HE3aBUCH-
MOCTH B 9TOM KHHUTE, HO Y BaC, BEPOATHO, €CTh XOPOIIIee HHTYUTHBHOE TOHUMAaHHUE
TOTO, YTO 3TO 3HAYUT: 3HAHUE YETO-TO O 3HAYCHUU OJHOW CITyYailHOW BEITMYHHBI
HE TOBOPHUT BaM HHYETO HOBOTO O 3HAYCHUSIX APYrux. Hampumep, mpuBenecHHbIC
BBILLIC CITy4YailHbIC BEUYMHBI X| U X, HE3aBHCHMBI, TOCKOJIBKY IIPEIIIOIaracrces,
YTO JIBE KOCTH OPOCAIOT HE3aBUCHMO JPYT OT APYTa.

1 npumepa 3aBUCUMBIX CITy4alHBIX BEJIMYUH PACCMOTPHUM I1apy MarHETUYECKU
CBSI3aHHBIX KOCTEH, I7le BTOpasi KOCTh BCEIla OKa3bIBA€TCs CO 3HAYCHHEM OOIib-
UM, 4eM y TiepBoi (niu 1, eciiu mepBasi KOCTh MokasbiBaet 6). Tenepb, 3Has
3Ha4YeHue J1000M U3 HUX, BBl TOYHO 3HAETE, KAKOBO 3HaYeHHe apyroi koctu. Ho
MBI IIO-IIPEXKHEMY MOXKEM 3allucaTh CyMMy X IByX kocTel kak X, + X, rne X u X,
ABJIIIOTCA 3HAYEHUSIMU JIBYX KocTeil. [lo-nipeskHeMy coxpaHsieTcst BapuaHTt, uTo X,
paccMmaTpuBaeMbIid H30JIMPOBAHHO, PABHOBEPOSTHO OyneT Jr00bM u3 {1, 2, 3, 4,
5, 6}, 1 To xe camoe BepHO i X,. ClieoBaTenbHO, Y HAC MO-MPEXXHEMY IOIy-
yaerca E[X|] = E[X,] = 3,5, 1 1o nuHeHOCTH MaTeMaTn4ecKoro OXKUIaHusl y Hac
no-npexHemy noiryuaercs E[X] = 7.

[Touemy BBI mOomKHBI ynuBIsaThCs? Buenrne Toxxaectso B (b.2) MoXeT BBITIISIIETH
Kak TaBrojiorus. Ho eciu MbI iepelijieM OT CyMM K TIPOU3BENICHUSIM CITy4alHbIX
BEJIMYMH, TO aHaJIOT TeopeMbl b.1 GonbIiie He OyaeT cOOMonaTbest st 3aBUCMBIX
CllydaiHbIX BeqnuuH'. [103TOMY JIMHEHHOCTh MaTeMaTHYECKOTO OJKUIAHMS IEH-
CTBUTEJBHO SIBIISIETCSI YACTHBIM CBOMCTBOM CYMM CITYyYaiHBIX BEJIMYUH.

! MarHeTn4ecKkr CBsi3aHHBIC KOCTH 00CCIICUNBAIOT OIMH KOHTpIpHMeEp. B kauecTBe emie

6oree MPOCTOTO KOHTPIPUMEpA TIPEANONOKIM, 9To X; U X, mi6o pasHbel 0 1 1, mi6o 1
u 0, npudeM Kaxkaplid pesynsrar umeeT 50 %-nyro BeposTHocTh. Torna E[X, x X,] =0,

a LX) % ELY,] = 1.
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b.5.2. loka3aTenbCTBO

Ilone3HoCTh MMHEHHOCTH MaTEMAaTHUECKOTO OXKHUIaHUS COITOCTaBUMa I10 IMpoOCTOTE
TOJIBKO C €T0 HOKa3aTeJ'H>CTB0M1.

Hokazamenvcmeo meopemsi b. 1. Hauas ¢ npaBoii yactu (b.2) 1 pa3noxus ee ¢ no-
Motikto onpenenenus (b.1) MareMaTHuecKOTo OXKUIAHUS, TIOTy9IaeM

]Z"_l“aj xE[ X, |= ]Z"_l“aj X(Zp(i)x)(j (i)]

ieQ

[Zaj xp(i)x X, (i)J

ieQ

=2

n
J=1

W3MeHuB NOpsIioK CyMMHUPOBaHUs, Mbl UIMEEM

n

S Sa,xp(i)xx, (i) |= 3| Da,xpli)xx, (i) | E3)

j=1 \ieQ ieQ\ j=1

ITockonbKy BEpOSITHOCTS p (i) HE 3aBUCHT OT j = 1, 2, ..., n, MBI MOXKEM BBITAIL[UTh
€€ U3 BHYTPEHHEHN CyMMBI:

S| a5 p(ix X, (1) |= Zp(i)x| 2, ()|

ieQ\ j=1 ieQ

Haxonern, cHoBa ucnons3yst onpenenenue (b.1) Maremarnaeckoro oxumanus, MbI
nojiy4aeM JeByro 9acTsh (b.2):

> p(i)x Zn:al.xX/.(i) =E Zn:al.xX/.
Jj=1 Jj=1

ieQ

4 m. o.

Bot u Bce! JInHelHOCTS MaTeMaTHIECKOTO OXKHMIAHUS — 3TO MPOCTO OOPATHBIN
HOPSIIOK JBOMHOIO CYMMHPOBAHHSI.

ToBopst 0 ABOMHOM cymMMupoBaHuH, ypaBHeHHE (B.3) MoxeT moka3arbest HEnpo-
3pavHbBIM, €CIIH BBI TO3a0bIIH 3TH BUBI aTeOpandecKux mpeodpazoBanuii. UToObI

! Tlpu nepBOM YTEHHH TOTO JAOKA3aTeIbCTBA [UIsl IPOCTOTHI CIELYET NPUHSATH, YTO d, =
=a,="=a,=1.
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JyMaTh 0 HeM OoJiee IPU3EMIICHHO, Opranusyire a;p (/)X (i) B perieTke, B KOTOpOii
CTPOKHM MHJIEKCUPOBAHBI 110 i € €2, cToNOLbI MHAEKCHpoBaHbl 10 j € {1, 2, ..., n}
v yncno a, p (i) X(i) Haxoaures B staeike i-i CTPOKH | j-ro cTonbua:

~
=

ajp(i)X (i)

JleBast wacth (b.3) cHauaia cyMMUpYeT KaxIbIi CTONIOCI], a 3aTeM CKJIa/IbIBACT OTH
CyMMbI cTONOOB. [IpaBast 4acTh CHaYama CyMMUPYET CTPOKH, & 3aTeM CKIIa [bIBACT
9TH CyMMBI CTPOK. B ToM U B Jpyrom ciaydae Bbl IOTy4UTE CyMMY BCEX 3HAUEHUI
B pelleTKe.

B.6. Mpumep: pacnpepeneHne Harpy3kKm

UroOBl CBS3aTh BOCIHMHO BCE MPEABIIYIINE ITOHATHUS, PACCMOTPHM IIPUMEp pac-
npeaeneHus Harpy3ku. [Ipeamonoxum, Ham Hy>KeH allrOpUTM, KOTOPBII Ha3HAYaeT
MIPOIIECCHI cepBepaM, HO Mbl — cymepiieHUBbl. OHO U3 CaMbIX MPOCTHIX pelle-
HUI{ — IPOCTO HA3HAYUTH KKIBIA POIECC CIYYaHOMY CepBEpY, TPUIEM KayKIbIi
cepBep OAMHAKOBO BeposiTeH. Hackoipko xoporro 3To padoraer!'?

J11 KOHKPETHOCTH IIPUMEM, YTO €CTh 7 IIPOLIECCOB, a TAKXKE 7 CEPBEPOB, IE
1 — HEKOTOPOE IOJIOKUTEIBHOE 1Ie0€ 4nucio. Bo-nepBeix, faBaiiTe NPOsSCHUM
BBIOOPOYHOE MPOCTPAHCTBO: MHOXKECTBO {2 — 3TO MHOXECTBO BCEX 71 BO3MOX-
HBIX CHOCOOOB Ha3HAYEHHsI IPOLIECCOB CEPBEPaM 71 BAPHMAHTAMU JUI KaXKJOT0 U3
n npoueccos. 1o onpeeneHnio Halero JEHUBOTO aIrOPUTMa KaXK bl U3 5THX 1"
HCXOJI0B OJJMHAKOBO BEPOSITEH.

' DroT npuMep TakKe IMEEeT OTHOIICHHE K HAILIEMY 00CYKICHUFO XCIIMPOBAHHS B YacTH 2.
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Teneps, Korma y Hac €cTh BEIOOPOYHOE MPOCTPAHCTBO, MBI MOYKEM OTIPEICITUTD
ciydaiiHple BenuuuHbl. OJJHa HHTepecHas BeIMYMHA — 3TO HarpysKa Ha cepBep,
TI03TOMY OTIPEJIENIUM Y KaK CITydaiiHyI0 BETMUHHY, PABHYIO KOJTMYECTBY IPOLIECCOB,
KOTOpbIE Ha3HA4aoTCs IepBoMy cepBepy. (McTopus onmHakoBa Jy1s BCEX CEpBEPOB
B CHJIy CHMMETPHUH, IO3TOMY MBI BIIOJTHE MOKEM COCPEAOTOUUTHCS Ha TIEPBOM. )
KakoBo maremaruueckoe oxxuganue Y?

B npunnune, Mpl MoxeM BbIUUCIUT E[Y] myTeM olleHKH Onpeessoero ypas-
nenwns (b.1) meTomom nepebopa, HO 3TO HEMTPAKTHYHO JUTS BCEX 3HAUYCHUH, KPOMeE
HaMMEHBIINX 3HaueHui 7. K cyacThio, TOCKOIBKY Y MOXKET OBITh BBIpa’keHa Kak
CyMMa MPOCTBIX CIIyYalHBIX BEIUYHH, TMHEIHOCTh MATEMAaTUIECKOTO OXKUIaHUS
MOJKET COKOHOMUTb HaM AeHb. Dopmanbro i j = 1, 2, ..., n, onpenenum

1 ecnuj-ii npouiecc MpUBanBaeTCsl NEPBOMY CEPBEPY

J
0 B IIPOTUBHOM CJiy4dac

Crydalinple BeIMUMHBI, KOTOPBIE IPUHUMAIOT TONbKO 3HadeHus 0 u 1, yacTto Ha-
3BIBAIOTCS] HHAWKATOPHBIMHE CITyYAiHBIMU BETMUUHAME, ITOCKOJIBKY OHH ITOKA3bI-
BalOT, HE IPOMCXOJIUT JIX HEKOTOPOE COOBITUE (HAPUMeEp, COOBITHE — MPOLIECC J
MIPUCBANBACTCS TIEPBOMY CEPBEPY).

U3 onpezenieHnii Mbl MOJKEM BBIPA3UTh ¥ Kak CyMMY 3HA4CHHH X!
n
y=3x,
J
j=1

ComtacHo JIMHEHHOCTH OkuAaHui (Teopema b.1) maremarudeckoe oxunanue Y
SIBISIETCS CYMMOM MaTeMaTUYECKUX OKUAAHUN Xj

E[Y]=E Z”:X/. :Zn:E[X‘,.].

IlockosbKy Kaxkaas cirydaiiHas epeMeHHast X, TaKas pOCTast, IeTKO BEIYHCIIUTD
€€ MareMaTH4eCKOe OKUIAHNE HAIPSIMYIO:

E[ X, |=0xPr[X, =0]+IxPr[ X, =1]=Pr[ X =1].
N

=0
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[NockombKy j-if Iporiecc paBHOBEPOSITHO MOKET OBITh Ha3HAYEH KaXKIOMY H3 11 Cep-

BEpOB, Pr [ X, = 1} =—. CoOpaB Bce BMECTE, Y HaC MOIydaeTcst
n
E[Y]= ZE[X]] Cnxdot)
j=1 n

Takum 00pa3oM, eciau HAC UHTEPECYIOT TOJIBKO CPEAHUE HATPY3KU HA CEPBEPHI,
TO HAlll CBEPXJICHUBBIH aarOpUTM padboTaeT MPOCTO OTIUYHO! DTOT mpUMep
U paHAOMU3UPOBAHHBIN anroputM QuickSort NOKa3bIBalOT, KAKY0 POJb UIPAET
paHZOMHU3ALHS B IPOSKTUPOBAHUH aJITOPUTMOB: MBI 9aCTO MOYKeM OOOHTHCH JIeH-
CTBUTEIILHO MPOCTOM 3BPUCTHUKOM, €CIM B MPOLECCe AeTaeM CIydaitHbIil BEIOOP.

TECTOBOE 3AJIAHUE B.5

PaccmoTrpum rpymimy u3 k genosek. JlomycTum, 9To I€Hb POXKICHHS
Ka)XJIOTO YeJIOBEKa BEIHUMACTCSI PABHOMEPHO CIyJaifHBIM 00pa3oM
n3 365 BosmoxHOCTeH. (M MpOUTHOPHUPYEM BHCOKOCHBIE TOJBI.)
Kaxoe HanMeHblIee 3HaUEHUE k TaKoe, YTO OXKUAAEMOE YHUCIIO Iap
Pa3HBIX JIIOACH C OIHUM U TEM XK€ THEM POXKISHHSI paBHO KaK MUHU-
myMm equnuie? [Iloackaska: onpeneanTe MHANKATOPHYIO CIydaiiHyto
BEIIMYMHY JJISl KaXJA0W mapsl Jiroaed. Mcnonb3yite TUHEHHOCTD
MaTeMaTHYeCKOro OKUIaHMUs. |

a) 20.
0) 23.
B) 27.
r) 28.
) 366.

(PemieHvie 1 MOSICHEHNE CM. HHIKE.)

IpaBuabHbBI 0TBET: (T). 3213 J1M ITOJIOKUTEIHHOE [IEI0E YHCIIO0 k 1 0003HAYUM
MHOXeCTBO Jitofied kak {1, 2, ..., k}. O003HaunM uepe3 Y Komu4ecTBO mnap Jroaei
C OIMHAKOBEIM JTHEM porkaeHHs. Kak nmpemaraeTcs B MoacKasKe, OIpeeTuM OTHY
CIy4aliHyl0 BENM4MHY X, JUIs KaX10ro Bapuanta i, j € {1, 2, ..., k} mone, rue
i <j. Onpenennm X, kax 1, eciu i 1 j UMEIOT OJAMHAKOBbII JCHb pOKICHHUS, U 0
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B IIPOTUBHOM CJIy4dac. CJ'IC,I[OBaTEJ'ILHO, ,X:.j SABJITFOTCS MHAUKATOPHBIMHA CJ'Iy‘IafIHLIMPI
NEPpEMEHHBIMU, U

k-1

Y= iXU

i=1 j=i+l

[To nuuelHOCTH MaTeMaTH4YecKoro oxkuaanus (reopema b.1)

E[Y]=E{§ﬁXy}=kZlﬁE[XJ- (5.4)

i=1 j=i+1 i=1 j=i+1

Iockonbky X, — 9T0 MHAMKATOpHAs Cily4yaiiHas BeanunHa, E[X;] = Pr[X, = 1].
Nmeercs (365)2 BO3MOXKHOCTEH ISl THEH POXKIICHUSI JTFOIeH i ¥/, U B 365 W3 STHX
BO3MOXHOCTEH 7 M j UMEIOT O/IMH U TOT K€ A€Hb POXKACHUS.

[IpuHUMas, 9TO BCe KOMOMHAIINY JTHEH POXKICHHUS PaBHOBEPOSTHBI,
prfx, =1]-—2 L
(365) 365

[Moncrasus 310 B (b.4), MbI HUMeeM
Lo 1 kY k(k-1)
E Y = —_— =
1] ZZ 365 365{2} 730

rie (;) 0603HaYaeT OMHOMHAIBHBIH KOAPGUIMEHT «H3 2 10 k» (KaK B PEIICHHH
TecToBoro 3aaanus 3.1). Hanmenbinee 3nauenue k, 1j1s1 koroporo k(k—1)/730> 1,
paBHo 28.
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