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Ucnonb3yemble 0603HaueHus

@ — IIYCTOE€ MHOKECTBO, TO €CTb MHOKECTBO, HE
co/iepsKaliee HU OJIHOTO 9JIEMEHTA.

a€ A — a npuHamIeKNT MHOKECTBY A.

A c B — MHOXecTBO A ABISETCS TTOAMHOKECTBOM
MHOKecTBa B, TO ecTb Bce ajieMeHTbl A nmpuHaj-
aexat B.

A UB — o0bennHEeHne MHOXKECTB A n B, TO ecTb
MHO’KECTBO, cofiepskaliee Bce aaeMeHTs A 1 B.

ANB — nepeceuenne MHOKecTB A u B, To ecThb
MHO’KECTBO, COZiepsKallee TOJMbKO OOIINe 2JIeMEHThI
A u B.

A= B — us A crenyer B.

A< B — A u B pasnocuibhbl, 10 ectb A = B
unB= 4.

Z A — yrox A.

UAB — nyra AB.

AB||CD — orpe3ku AB u CD mapasyienbHbl.

allb — pexropw du b KOJLIMHEAPHBL.
AB 1. CD — orpesku AB u CD nepneHauKyIspHbL.

alb-— BEKTOPBI d W b OPTOTOHAJIBHBI.
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(a”b) — yron mexny sektopamu d n b .

P(x)=ayx" +ax"" +...+a, x+a, — wmuo-
rouJieH CTerneHu 7 OT X.
R(x) — parnmonasiibuast GyHKIUS, TO €CTh (DYHKIUS,
JIJIsT HAXOXK/IeHUsI 3HAYEHUsT KOTOPOH HY’KHO IPO-
U3BECTU TOJBKO OIEPAINY CJOMKEHUSI, BhIYUTAHS,
YMHOKEHUS U JIeJIeHHUs.



1. YucnoBbie MHOXeCTBa
U onepauuu c YUCNAMHM

1.1. Yucnosblie MHOXeCTBA

1.1.1. MHOXECTBO Hamypaivhvix unces N — MHOXKe-
CTBO, 3JIEMEHTBI KOTOPOTO UCIOJIb3YIOTCS JIJIST CIeTa
u HyMmepaiuu o6bekToB: 1, 2, 3, .., n, ...

1.1.2. MHOecTBO yenbix ducesn Z — MHOMKECTBO,
COCTOSIIIee M3 BCEX HATYPAIbHBIX UHCEN, U3 YUCEl,
IIPOTUBOIIONIOKHDBIX HATYPaJbHBIM, U YHCJIa HOJIb:
o —2,-1,0, 1,2, ...

1.1.3. MHOXeCTBO pauuonanvuvix ducesa ) — MHO-

m
JKeCTBO, COCTOsIIlee U3 Yucesl BUjga —, rue Mme Z,
n

ne N. Kaxnoe palnoHa/IbHOE YHCJO IPEACTAaBUMO
B BHJIE KOHEYHOH 111 GECKOHEYHON IePUOANIECKOI
JIECATUYHON IPOOH.

1.1.4. MHOXeCTBO UppaAUUOHAILHBLX YUCETT — MHO-
JKECTBO, COCTOSIIIIEE U3 YNCET, TIPE/ICTABUMBIX B BU/IE
GECKOHEUHBIX HEIIEPUOAMIECKUX IEeCATUYHBIX POOEIL.
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1.1.5. MHOXecTBO deticmeumenvivix auces R — MHO-
JKECTBO, COCTOSIIINEE U3 BCEX PAIIMOHAJIBHBIX U Uppa-
IIMOHAJIbHBIX YHCEJI.

1.1.6. MuoxecTBO KomnaekcHvix drces C — MHOKe-
CTBO YMOPSIZIOYEHHBIX TAp JE€HCTBUTENbHBIX YUCET
(a; b), 17t KOTOPBIX OIMpeEIeTeHbI

Q pasencmao:

(a;;b) = (a; b)) © a, = a;b =b,),
Q croocenue:
(a;b)+(a,;b,))=(a, +ay; b, +b,),
a YMHOICERUE:
(a;;b) - (ay; b)) = (a,a, — bby;ab, + ab).

Anzebpauueckas GhopMma 3aIUCH KOMILJIEKCHOTO
yucia: a + bi, rne i = (0; 1) — muumas edunuya,
i =(~1;,0)=—1.

IpumepoL.

Q Payuonanvrovle ducia:

_4l:_ﬂ:_4,175; 0; é=0,55...:O,(5);
40 40 9
2i=§=2,3636...:2,(36); 3§=3,64.

11 1 25
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Q HUppayuonanvhvie dnucia:
V2 =1,4142...; log, 5=1,4649.... 7 =31415...

Q Komnaexcnvle yuca:

2 — 5i: —576 + 8,53i; 1—~/2i: 7 +3/5i.

1.2. Yucnosbie npomMexKyTKu

Ne | Hasea- |06o3Ha- |3anucb U306paxeHue
Hue yeHune B BUAE He-
paBeHcTBa

KPBITBIH
TpoMe-
JKYTOK
(unrep-
BaJI)

1 |Or- (a, b) a<x<b — ZZZZZE g

KHYTBIH
pome-
JKYTOK
(oTpe-
30K)

2 | 3awm- [a, b] a<x<bh GGy
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Ne |Ha3sea- |0603Ha- |3anuch N306paxeHue
Hue YyeHue B BUJE He-
paBeHCTBa
3 | Homyor- | (a, b] a<x<b  IZ y
a b
KPbITbIe [a, b) a<x<b
pome-
SKYTKH
4 | Becko- | (a, +eo) a<x< oo Z 7
HEYHbIC a
npome- |[a, +e0) |a<x< oo >
SKYTKH a
(—oo, b) o< x <D Mi_»
(o0, b] o <x <D W/_»
(—o0, 00) = | —oo < x < oo | LLLLLLLZLZZZ 3

1.3. MpusHaku penumocTu

Yucmo menauTcst Ha 2, ecin ero TOoCTaeHss Trudpa
4yeTHast, TO €CTh JIeJIUTCS Ha 2.

Yucno genutcs Ha 3, ecin cymMma Bcex ero mudp
JIEJINTCST Ha 3.

Yucsio reitest Ha 4, eCJTU €To JIBe TOCIeTHIE TI(PLI
00pasyIoT YuCIo, Jessieecs: Ha 4.
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Yucio 1emnuTest Ha 5, eCJIN eTo 3aMiCh OKAHIIMBACTCS
rudpoit 0 wim nudpoit 5.

Ywucno nenntes Ha 6, ecaiwt OHO e UTCS Ha 2 1 Ha 3.
Yucio genures va 10, ecu ero nocseansist nugpa 0.
Yucno penutes Ha 107, eciv 1 ero nocaeHux nudp
HYJIN.

1.4. ApudmeTnyeckune onepayum
C JeNCTBUTENIbHBIMU YNCNAMMU

Apudmerndeckre onepanuu ¢ AeHCTBUTENbHBIMU
YUCTIAMU — CLONMCEHUE, YMHONCEHUE, BLIUUMAHUE U Oe-
nenue. B tabiuiie laHbl OCHOBHBIE CBOMCTBA CJIOXKE-
HUS U YMHOXKEHUS.

Ne | CBoiicTBa cnoxeHus Ne | CBoiicTBa yMHOXEHUA

1 | KommyraTusHoe: 1 | Kommyrarushoe:
atb=b+a axb=bxa

2 | AcconmaTtuBHOE: 2 | AcconmarusHoe:
(atb)y+c=a+(b+c) (axb)yxc=ax(bxc)

3 | luctpubyTuBHOE CBOWCTBO YMHOKEHUST OTHOCHTETHHO
CITOKEHNUS:
ax(b+c)y=axb+axc
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Ne | CBoiicTBa CnoxeHus Ne | CBoiicTBa yMHOXKEHUA
4 la+0=a 4 laxl=a
5 |lat(-a)=0 5 1
a—=1 420
a1 —a — NPOTUBOIIO- a

JIOJKHBIE YHCJa 1
an Z - O6paTHI>Ie qucja

a,b,ce R a, b,ce R

Bviuumanue — cinoxenne c IIPOTHUBOIIOJIOKHBIM YMC-
JIOM:

a-b=a+(-b);

ﬂeﬂeuue — YMHOJKE€HNE Ha 06paTHoe YHnCJI0:

a;b:a~% npu b#0,

1.5. Moaynb AelCTBMTENBHOIO Yucna

Mooyav (abcosrroTHAsT BeJIMYMHA) JIEWCTBUTENBHOTO
qnCIIa;

|a|= a, a=0
—a, a<0’
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Ceoiicmea MOy JIst:

1) |a|z0;
2) |-al=lal;
3) la-t=la|-ltl;
4) Z:Z pu b=0;
5) |a"|=ld", rne a”:a-a~n...-a, neN,n>1;
6) || =|d|" =a*;
7) la+b|<|a|+|b|, a, be R.
Hpumepw:
0=0; |11 =[11] =11; (—2)-3-(—5):(—6)\:¥=5;

|(-2)°|=2* =8.

1.6. ApucpmeTuyeckue onepaumm
C 06bIKHOBEHHbIMU ApP06AMU

m
1.6.1. O6viknosennvie dpobu — uucia BUga — , Tie

meZ neN.Ecim m = n, 10 1pobb nenpasuivias, ecim
m < n, To 1pobb npasuvras (mne N). Ecau 1pobb
HeTPaBUJIbHAS, TO MOKHO BBIJIEIUTD €€ TIEIYI0 YacTb.
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Ipumep:
98 _85+13 _ 59
17 17 17°
1.6.2. Coxpawenue npobu: — = a.
11 b b
‘pumep:
2%_38_3
32 4-8 4°

1.6.3. Cnodxcenue npobeii.
1. 3HaMeHaTesn He UMEIOT OOINX MHOKUTECH:

b d bd

2. 3HaMeHaTeJau UMeIoT OO MHOXKUTEb k:

a ¢ ad+bc
P , b#0,d#0,k+0.

Hpumepw:
2 4 _2:9+4- 7_ 18+28 46
7 9 7.9 63 63’

1 27 At 27 _11-5+27- 3

24740 3858 358
_55+81_136_17-8 17 _, 2

2+C—ad+bc, b#0,d#0;

120 120 15-8 15 15
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1.6.4. Ymnoxcenue npobeii:

a ¢ ac
——==—020,d=0.
b d bd
Ipumep
83_83_2
9 4 9.4 3
1.6.5. Zleaenue npobeii:
a.c_ %bi()diOciO
b d b
Ipumepw:
42432 8, 8 _2
9°3 9.2 315 15-4 15’
4243 ¢
3 2

1.7. CBA3b MeXAY AeCATUYHBIMU
U 06bIKHOBEHHbIMU APO6AMU

Hecsmuunas 1poObb — OOBIKHOBEHHAs APOOb, 3HA-

MeHaTeJb KOTOPOil IpeacTaBisgeT coO0ll cTeleHb

ypucaa 10, to ectb 10" =10-10-...-10, a yucan-
[

n
Tesh — Jioboe 1esoe grcao. JIo6yo AecsTHIHyIo
npo6h MOSKHO 3aTNCATh B BU/IE OOBIKHOBEHHOMN APOOH.
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IHpunep:
325 13-25 13

1000 40-25 40°
OOBbIKHOBEHHYIO IPOOL MOKHO MPEACTABUTD B BUJIE
KOHeUHOU JIeCTUYHOI IPOOU TOTIa U TOJIBKO TOT/IA,
KOI'/la ee 3HaMeHaTe/b PacKIa/[bIBaeTCs Ha IIPOCTbIE
MHOKHUTEJH, COCTOSIIUE TOJBKO U3 YUCea 2 Wiu .
B npotusHOM cirydae 0OBIKHOBEHHYIO IPOOL MOKHO
NPEACTAaBUTh B BUJE GECKOHEUHOU NePUOOUecKoll
JECATUYHON po6u.

0,325

IHpumepw:

o9 955 25 495
40 2-2-2.5 2-2-2-5-5-5 1000

2) v__ 1 0,31666...=0,31(6) (uucno
60 2-2-3-5

B CKOOKaX — IEPUOJ AeCATIYHOM 1po0im).

1.8. Onepauus Bo3BefeHUA B cTeneHb

Onpejiesienrie cTeneHu JIEUCTBUTENBHOTO YKCTA (:

N° | Ha3BaHue ®opmyna
1 | Crenens ¢ Haty- a"=a-a-...-a, neN
g-a..'q
paJIbHBIM TTOKa3a- "
TeseM

Mpoponxkenune »
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(Mpoponkenue)
Ne | HasBaHue ®opmyna
2 | Crenenb ¢ HyeBbIM | ¢° =1, a# 0

IIoKasaTejaeM

3 | Crenens ¢ 1eybiMm
1 a’":i,aio,neN
OTPUIATEJIBHBIM T10- "
KasaTesieM
4 | Kopenb n-if crenenn 1) a>0= %>07 (%)n —a
W3 Yrcaa a
neN;n>1
a=0= i#f4=0, nel,
3)a<0 = n=2k—-1, keN,
P 2k-1
zk% <0, (2;;%) —a
5 | Crenenb ¢ parmo- m a4l a 4/—'” 0
"= . . . = ) )
HaJIbHBIM TI0Ka3a- a"=ya-Na-....Na=Na > a=z
M
TeaeM
mneN,n>1
6 | Crenens ¢ nppanno- | 1) a = 1. Ecoim @ — nppannonass-

HaJIbHBIM ITOKa3a-
TeaeM

HOe YHucJIo, Torfa g =1;
2) a> 1. Ecim @ Taxoe mpparmo-
HaJlbHOE YHCJIO, UTO p< @< q

TO g — TaKoe 4YKCJI0, YTO
a’ <a®<a’, aeR, p,ge Q;
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Ne | HasBaHue ®opmyna
3)0<a<1. Ecm @ Takoe
WPPAIMOHATIBHOE YNCJIO0, YTO
p<w<gq,TO a’ — TaKoe
yucyo, uto a? < a® <a’,
aeR pqgeQ
Ipumepwl
4
2y 2222 16 o0
3 333 3
s 1
47 = oo 125=5;
1 1 2 2 y
Lo L Jé %:(%) o,
32
3
1672 = 1 _ 1 1 1

w (1) 8

Ceoticmsa creneneii (a, b, p,ge R, a>0,b>0):

1) a’ - b =a™;
2) al b =a'.
3) (ap)(l — aﬁﬂ;
4) a” - b’ =(ab)’;

5) a”: b’ :(%jp.
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1.9. ®opMynbl COKpPaLYEHHOTO YMHOXEHMA

1) (a+b)* =a* +2ab+b*;
2) (a-b)* =a’ —2ab+ b*;
3) (a+b+c)Y =a’ +b* +c* +2(ab+ac+bc);
4y a* —=b* =(a-b)(a+b);
5) (a+b)’ =a’ +3a’b+3ab* +b°;
6) (a—-b)’ =a’ —3a’h+3ab* - b’;
7) a’ +b*=(a+b)(a’ —ab+1b*);
8) a’ - b’ =(a-b)(a* +ab+1b");
9) a' - b" =(a—-b)(a+b)(a* +b*);
10)a" =b" =(a-by(@" "' +a"*b+...+ab"* +b"")
Hpumepno:
3552 — 345? = (355 — 345) - (355 + 345) =
=10-700 = 7000;
13 = (10+3)’ =10° +3-102-3+3-10- 3 +
+ 3% =1000 + 900 + 270 + 27 = 2197.
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1.10. ApudpmeTnyeckue onepauuu
C KOPHAMU

1.10.1. Kopenb n-ii cTerneHu u3 HEOTPUIATEIBHOTO

YUCIIa @ — HEOTPUIATETHHOE YUCJA0 N d , KOTOPOE TIph

BO3BEJIEHUU B CTEIIEHDb 7 JIAET d, TO eCTh (% )n =a.
BoipaskeHust Buga 4/5, rne ne Nyn>1, a=0, na-
3BIBAIOT KOPHAMHE (CHMBOJI L/ paouxarn).

1.10.2. ¥unoocenue xopueii:

(a +~b) - (Ne +~d) =~ac +~bc +~ad +bd —
nousieHHoe ymuoxenue, a > 0,6>0,¢20,d =2 0.

1.10.3. /lenenue na HEeKOTOPBIE BLIPAXKEHUS, COZIEP-
JKalle KOPHI:

1 L- Ya £ >0;
) Vo Jada a7
1 ~ Q/aj _3a2 .
2) %—%302— p ,a>0;
3) 1 Ja ++/b _Na++b

Ja b~ (Na—oya+b)  a-b

a>0,b>0, azb;
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5 Ja* +3ab +p?
f\f Wa -y a® +¥ab+67)

a? +Yab +3p
a—b 7

>0,b6>0,a%b.

Hpumepwt:

1) (V3 -+2)- (V18 +12) = /54 — /36 + /36 —
2E =54 T =56 i6 =36
~26 = 6;

6 632 632 31,

2
(ER R
4 4-(Jﬁ+ﬁ) _
_4- J—+\F) \/— \/—
1-7
1.10. 4. Csoiicmea kopHeii
D Y =ar = 2) (o) =4a

=Xa-Na-...-Na;
_
m

3) Wa - 4/b =ab; 4 a4 =47;
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5) da-xb="Ya"b";  6) %:%zmin ;

7) fdla ="a; 8) Ya =Xa".
Ipumepot:
YaN2=4168=142 =42 2=2%2;
[ior =4 =3

1.11. Onepauuun ¢ KOMNAEGKCHbIMW YUCNAMU

1.11.1. Anzebpavueckas bopma KOMILIEKCHOTO YICJIA:
z=x+yi, ne x = Rez — zmelicTBUTeIbHAS YaCTh,
y=Imz — MHUMAas YacThb KOMILJIEKCHOTO YUCJIA,
X,y €R, 1 — muumas equnanna (i2 = —1).
Komnnexcno conpsircenroe 9ucio K yucmy z:
Z=x—yi-

Ceoticmea z v Z :

z4+z=2x,2z-Z2=x"+y".
Croocenue u svruumanue:

(x1 +y1i) + (x2 +y2i) = (x1 ixQ) +(y1 + yQ)i'
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Yunoocenue:
(X, +y, 1) - (0 + yy0) = (X205 — Y, 4,) + (0Y, + X,,)i )

Jlenenue:

. N Xty
(x1 +y1l):(x2 +y21):;:

Xy + Yyl
_ (x1 + y1i)(x2 — y2i) _
(%, + Y1) (%, — Y,1)

_ 0% Y)Y — X)L NS T Yy,

X+ Y, X+ Y,
XY, — XY, .

+ L
x2+y2

IHpumepw:
1) 1+2i)-(4-3i)=4+8i—3i—6i* =
=445 +6=10+ 5i;

3(4—mya+20:4‘$:f4_ﬁxkjaz
1+2i (A1+2)(1-20)
. . .2
:M:,gfﬂizfoAfz,zi,
1+4 5 5
1.11.2. Tpuzonomempuuecxas Gpopma KOMILIEKCHOTO

qucJa:

z=x+yi=r(cosp +isingp),
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e r=+x"+y — MOJyJib, ¥ — apryMeHT KOM-
IIJIEKCHOTO YMCTIa, tgp = ¥ (x=0), m<p<mw
wim 0 < <27. /s 0lHO3HAYHOTO OIpe/iesIeH s
apryMeHnTa HeoOXO[NMO YYNTBIBATh 3HAKK X U Y.

Ecimx =0,y >0, o @Zz'ecnﬂx=0,y<O,To

27
s
(P:—E;GCJII/IX>O,y=O,TO ©=0;ecmmx <0,
y=0,To p=T.
Yunoocenue:

2, -2, = 1,1, (cos(p, +¢,) + isin(p, +¢,)).
Jlenenue:
z, 1z, = :—1((:05(@1 —p,) +isin(p, — ¢,))
> mpum oz, =0.
Bossedenue B HaTYPaJbHYIO CTEIIEHD:
z" =r"(cosny +isinny) — dopmyna Myaspa.

Hssneuenue KOpHs HaTyPalbHON CTEIICHM:
2 .. 2
Yz =1r COSM-I-ZSIHM k=
n n
=01,...,n—1.
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Ipumepo:
1 1
1 z—1+i—«/§[—+—i]
) NG
37 37
:«/5 cOS— +isin—|;
4 4
9) ' =(=1+i)' = (ﬁf [cos4'43” + isin%]

= 4(cos 3t + isin3n) = —4;

3) —1=3(cosm +isinm) = COSLSZIW +

+isin T orr —|—32k7r ,
1 3
k=0=z :cos£+isin£:—+—i
0 3 3 2 2
k=1=z =cosm+isinT=—1,
k:2¢22:0055—7r+isin5—7r:1—£i.
3 3 2 2

1.11.3. Ilokazamenvnas (popma KOMILIEKCHOTO YHCJIA:
z=x+yi=71r" e e =cosp+ising.
Yunosxcenue:

. — (P1+9y)i
Z, -2y = Nhr,e .
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/lenenue:
7, i
71z, =L 5 20,
£
Bossedenue B HaTypabHYIO CTEIIEHb:

Zn — rnenm

Uszeneuenue KOpHA HaTypaJIbHOﬁ CTEIICHMU:

<;‘+2k7r1.
Yz=4re » k=01,...,n—1.
Ipumepnw:
1) 1—\/§i=2[%—§i]:2[cos[—%]+isin —%]]:
:267§ly

6
2) (1 - x@i)G =2 [e?] = 6he ™ =64

3) \/4—1 _ ’46%' _ \/Zei[%Jrzkn}i’
% + V2 i} =2 +2i,

h=0= 2z =2t =2

2
h=1=z =21 =2 —g—gi — 2%,

Cmenenuuncnai: i =1,i' =4, *=1,3=—1,i'=1
n T A.
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1.12. Mponopuun u cpeaHUe 3Ha4eHUA

Iponopuus:
_C bz0,d=#0)
b d ' '
Cesoticmsa:
1) ad = bc;
2) a+ b _ (== d )
b d

Cpednee ksadpamuueckoe:

1
akuad.:\/_(af+a§+"'+ar2;) i:1,2y...,7’l_
n ’

Cpeonee apupmemuueckoe:

a+a—+..+a
_ 1 2 n
aapugb._ n s 1:1,2,...,7’1.

Cpednee zeomempuueckoe:

a,,, =%a-a,-...-a, a>01i=12..n,

Cpeaﬂee 2apmonu4ecKoe:
j— n .
azap,n._ 1 1 ai>0,l:1,2,...,7’l_

e
a a a

n
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Lpumepot:
Ay (2,18) = %(22 + 182) =164 ~12,8.
ZBDM (2 18) — N 2 1
2
zapu (2 18) - —1 = 376 .
218

1.13. HekoTtopsble yncnosblie cymmbl (n € N)

b S,

= 2
9) N2 _ M+ D@r D)
)Zk 6 )

s _n(nt1)
B > ow =T
4)2(2/@*1)4[

5) Z(Qk 1)’ _"(4”3 OF
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n

6) S (2k—1)° = n*(2n* —1);

k=1

z 1 n
N ;k(k+1)_n+1’

2 1  n(n+3)
8) ,; Rk+1D)(F+2) 2n+D(n+2)"

1.14. Yucnosble HepaBeHCTBa

1.14.1. YucnoBoe HEPaBEHCTBO — OTHOIIIEHUE, CBSI-
3bIBAIOIIEE J[BA YNCTA d U b MOCPECTBOM OJHOTO
n3 3HaKkoB: < (MeHbIe); < (MeHbIlle WU PaBHO);
> (6ompine); = (6OJIBINE WIH PABHO).

1.14.2. Ceoticmea 4ncIOBBIX HEPABEHCTB:
ya>bsb<a,

2y a>bb>c=a>c;

3)ya>bsa+c>b+c;

4y a>b,c>0% ac> be;

5) a>b,c <0« ac<bc;

6) a>bc>d=a+c>b+d;

7 a>b>0,c>d>0=ac>bd;

8) a>bc<d=a—-c>b—d;
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9Ha>b>0sa'<b,
10) a>b>0<a" >b" Ya> Ub neN,n=1,
1.14.3. Hexotopblie gajcHvle HEPAaBEHCTBA:

|la+b|<|a|+|b|; a+%22,a>0;

2 §@§a+b§ %(ag_i_bg)

1 1 2
a + b
mpu a > 0,b > 0.
1.15. Jlorapucmbli

1.15.1. Jlozapupm aicaa b (b > 0) mo ocHOBaHUIO a
(a>0, a=1) — nokasarespb ¢ crenenu, B KOTOPYIO
HY’KHO BO3BECTH OCHOBAHUE @, YTOOBI TMOJYUUTH
uncno b: a“° =b<c=log, b.

1.15.2. Cesoiicmea norapudmos:

1) a%"=b (a>0,a=1)

2) log,a"=c (a>0, a=1);

3) log,1=0 (a >0, a=1),

4) log,a=1 (a>0, a=1);
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5) log, (bc)=1log, b+log,c (a >0, a=1,b >0,
¢ > 0);

6) log, (b:c)=1log, b—log,c (a>0, a=1,b>0,
¢ > 0);

7) log, b" = plog, b (a>0, a=1,b>0);

8) log, b*" =2nlog,|b| (a>0, a=1, b=0);

9) log, b=1%2 (450 a=1,c>0,c=1,b>0),
log_a

c

10) log, b=+ !

(a>0, a=10>0, bii);
og, a

11) log,bzilogab (a>0,a=1,b>0, p=0);
¢ P

12) log,, b* = Llog, b (>0, a=1,0>0, p=0).
p

1.14.3. /lecsmuunwui norapudm:
lg b = log, b.
Hamypanvnoui norapudm:

In b =logb, rne e = 2,71828... .
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Ipumepo:
1 22,
1) log3%210g33 3 = *g;

2) 21g 5+ 05 lg 16 = Ig 25 + Ig 4 = 1g100 = 2;
3) 4]0g23 _ 42]0g43 _ 4Iog432 —32_9.



2. KombuHatopuka
u 6uHoM HbloTOHA

2.1. Kom6uHaTopuKa

Kombunamopuxa — pasmesn MatreMaTUKHU, MOCBSI-
IIEHHBIN PEIIeHUT0 3a/[ad BEIOOPA W PACTIONOKEHIS
9JIEMEHTOB HEKOTOPOTO KOHEYHOTO MHOKECTBA B CO-
OTBETCTBUUN C OIIPE/ICICEHHBIMU TTPAaBUIaMM.

2.1.1. Ilepecmanosku 3 n 371eMEHTOB — YIOPSIIOYEH-
Hble MHOYKECTBA, COCTABJIEHHDIE U3 8CEX N DJIEMEHTOB
KOHEYHOTO MHOKECTBA.

Yucno IepecTaHOBOK U3 77 9JIEMEHTOB!

P =nlrne nl=1-2-3-....(n—1)-n
npu €N n>1.

ITo onpenenenuio 0! = 1, 11 = 1.
Ceoticmeo n!:

nl=m-1)n, neN.
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Dopmyna Cmupaunea:

n

nl~-2nmn"e”
Ipumep:
P,=5!=1-2-3-4-5=120.

2.1.2. Pasmewenus 13 n 37IeMEHTOB TIO M — YIIOPS/IO-
YeHHbIE MHOKECTBA, COCTABJIEHHBIE U3 /1 3JIEMEHTOB
KOHEUHOTO MHOKECTBA, COCTOSIIIETO U3 7 3JIEMEHTOB.
Yucio pasMelleHunii U3 7 110 m 6e3 nosmopenul dJe-
MEHTOB:

" (n—1)e.(n— o
Al=n-(n—-1) m(n m+1) G

mneN m<n, 6 A°=1.

Csoticmeo:

Al =P =nl=1-2-...-n.

n n

Yucno paSMeH.IEHI/Iﬁ N3 71 1Mo m C nOMOPEHUAMU
IJIEMEHTOB!

A" =n" mneN

n
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Lpumepot:
A =5.4.3=60; A =5°=125.

2.1.3. Couemanus 13 n 37IEMEHTOB TI0 M — HEYTIOPSIO-
YeHHbIe MHOXKECTBA, COCTABJIEHHbIE U3 M 3JIEMEHTOB
KOHEYHOTO MHOJKECTBA, COCTOSIIETO U3 71 DJIEMEHTOB.
Yucno couetanuii U3 n 1o m:

nw A n!

" P, (n—m)!ml’

Csoticmsa:
H cr=c,
2) C =1,

3) C=n.
IHpumep:

mneN, m<n, C) =1,

5! 5-4
C:=—"—=""=10.
> 2131 2

2.2. buHom HbloToHa
(a+b) = ﬁjc;"a"*'"bm =
m=0

=a"+Ca"'b+..+Clab"" +b", neEN,n>2,
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3necs C' — Ounomuanvivie K03HMUIUEHTHL.

Hpumepwt:

1) (a+b)'=a" +Cia’b+C.a’h’ + Clab’ + b" =
=a' +4a’bh + 6a’b’ + 4ab® + b*;

2) (a+b)’ =a’ +Cia'b+ C:a’b* + Cla*h® +
+Clab" +b° = @’ + 5a'b+10a’b* +10a°h’ +
+5ab" +b’.



3. Anrebpaunyeckue
VPaBHEHMUA U HepaBeHCTBA

3.1. YpaBHeHUA U HepaBeHCTBA
nepBoi cTeneHu

3.1.1. YpaBHenue nepsoii creneHu:

b
ax=be x=—npu a=0.
a
3.1.2. Cucmema nByx ypaBHEHUI TEPBON CTETEHU

C IBYM HEM3BECTHBIMU!

¢b, —c,b

{ch +bhy = N a,b, — a,b,
ax +by=c, _ 46 — a6
ab, — a,b,

upu a,b, —a,b, = 0.

3.1.3. Hepasencmeso mepBoii CTETECHU:

a>0 a<0

b b
ax>besx>— ax>bs x<—,
a a
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3.1.4. Cucmema HepaBeHCTB TIEPBOH CTETEHN:
{x>a a>b {x>a b>a
a;

& x> S x> b;
x>b b

{X> a b>a

X >

Sa<x<b;
x<b

x>a @b x<a @b
& xeo. S a<bh-:
x<b la<b ’

S x<a.
x<b

{x <a b
3.2. YpaBHEeHUA U HepaBeHCTBA
BTOPOW CTENeHu

3.2.1. Ypasuenue smopoii crenenu (ksaopammoe):

ax’ +bx+c=0 npu a=0.
ax_Toxtec

Keaopammvii mpexunen

Juckpumunanm:
D =b*—4ac.

Kopnu:
_ —b++D

1,2
2a
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D>0 =x,x, € R, X =X,

b
D=0=>%=2%=— —
. . 2a
JEUCTBUTEJIbHBIM KOPEHb KPaTHOCTU 2;
—b+i|D|
D<0= %,=—F—— —
2a

KOMIIJIEKCHO COTIPSIKEHHbBIE KOPHU.
Pasnoscenue Ha MHOKUTETH:
2
ax” +bx +c=a(x —x)(x —%,) npu x, = x,;

b

ax’ +bx+c=a(x—x) npu x, =, =5
a

Teopema Buema:
_ _c
X+ X, __;vx1x2 - .

IIpusedennoe xBaapaTHOE ypaBHEHHE:
-p=+ JD )

x2+px+q=0,D:P2—4C],x1,2: B

ot pr g = (- x)(x - xy);
X tX,=-p XX =q.

Henonnvie KBaJ[paTHbI€ YPpaBHEHU:

ax* +bx =0 x(ax +b)=0,
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kopuu: x, =0, x, :—2 (a=0).
a

a*+c=0s ax’* =—c

KOpHI: X, =+ —2 (a=0).
Hpumepw:
6x° +x—2=0=D=1-4-6-(-2) =49,
_—1+7 1 2

- )

T T Ty T
X —2x+5=0=D=4—-4-5=
=—16, X, :%: 14 2i.
3.2.2. HepasenctBo emopoti crenienu (keadpammoe):

ax’ +bx+c¢>0 nmpu a=0.

x <X
D>0,a>0x <x,= ;

’

x> X,

D>0,a<0,x <x,=x <x<x);

x <x
D=0,a>0,x =x,=> :

x>x’
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D:O,a<0,:>x€@;
D<0,a>0=x€R. D<0,a<0=x€T

3.3. YpaBHeHuUe TpeTbeit cTeneHu

VpasHeHue mpemoeii creneru (Kyduueckoe):

ax’ +bx* +cx+d=0 upu a=0.

Kaxk mpaBuiio, Kybrueckoe ypaBHEHUE PEIIACTCs pas-
Jaoxcenuem Ha MHOKUTETH. [Ipumep:

4 -8 —x+2=0 4(x-2)-(x-2)=0 &
422 =1 |x=40,5

& (4o -1 -2)=0<«
(4o = D)(x - 2) 9 o

3.4. YpaBHeHue YeTBEPTOMN CTENEHU

VpaBHeHHe uemeepmoti CTeIeHn:
ax' +bx’ +cx* +dx+e=0 npu a=0.
Buxsadpammoe ypaBHeHue:

ax’ +bx* +¢c=0 npu a=0.
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3amena TepeMenHoil y = x> IPUBOANT GUKBAIpPAT-
HOe ypaBHeHHe K KBaxpaTHoMy @y’ +by+c¢=0.
Kopuu 6uKBagpaTHOTO ypaBHEHUS:

g fb=VD b= VD
2a 7 2a 7

e D=0’ —4ac — IMCKPUMUHAHT.
Ipumep:
KT 4 12=0, y=2" ¥y —Ty+12=0
D=49-48=1,

y1:3vy2:4, ng:i\/gvxgyzi:iQ-

3.5. YpaBHeH#ue n-i cTeneHu

Ypasnenue n-ii cmenenu:
ax"+ax"'+..+a, x+a, =0, a,=0.

Yacrtabie cayyan:

1) ¥"=asx= '\7/;|[COSL722]W—i—isinLZ]€7T

n
k=0,1,.,n-1.
3nech ¢, =0, ectm a>0, ¢, =7, eciin a < 0.

)
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2) ax®™ +bx" +¢c=0, a= 0. 3amena nepemMenHoii
y = x" TPUBOJNT JaHHOE ypaBHEHMe K KBajpaT-
Homy ay’ +by +c=0.



4. MNoka3artenbHble
n norapumuyeckue
VPaBHEHUA U HepPaBeHCTBA

4.1. Noka3atenbHble ypaBHEeHUA
M HepaBeHCTBA

4.1.1. Iloxasamenvruoe ypaBHEHUE:
Y =a* & f(x)=g(x) upu a>0,a=1,
4.1.2. Iloxasamenvroe HePpaBEHCTBO:

a>1
a'” > a"" & f(x) > g(x);

O<a<1
a’? > et o f(x) < gx).
Hpumepno:
1) 5" =5"exr+l=3-xc2r=2xr=1;
2) 0,17 >01" e 2x-3<x e x<3.
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4.2. Jlorapucpmuyeckue ypaBHeHuUA
M HepaBeHCTBA

4.2.1. Jloeapugpmuuecxue ypasnenus:

log, f(x)=b & f(x)=a"upu a>0,a=1;

J(x) = g(x)
f(x)>0,g(x)>0

upu a>0,a=1.

M&ﬂma%ﬁuwﬁ

4.2.2. Jloeapugpmuuecxue nepasencmsa

1%Wﬂ@>bg.ﬂ@>a%
b&ﬂm>b2;0<ﬂ@<¢;
b&ﬂ@ﬂ%ﬂ@)gﬂ@>ﬂ@>m

log, /(x) > log, g(v) & 0< f(x) < g(x).
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Ipumepo:
1) lgBx+4)=2< 3x+4=100 <
3x=96 < x=32;
5—x<0,17
54

2) 1 —x)>-2&

) 0g0,1(5 x) > { 5 x>0
>

@{x_ 95@ —-95<x<5.
x<5



5. MocnepoBatenbHOCTH
U nporpeccuu

5.1. Yucnosasa nocnenoBartesibHOCTb

Ecam kaxpomy HaTypaJgbHOMY YHMCJIY 7 CTaBUT-
Cs B COOTBETCTBUE CAMHCTBEHHOE IEHCTBUTEIBHOE
9ICIIO @, TO TOBOPAT, YTO 3a/IaHa U065 NOCIe00-
6amMenvHOCMY; 4, — M-I 4JIeH TTOCTeI0BaTeNbHOCTH.
Hpumepnw:

n—1 1\
dn=2n—7;an=%;an=( ? ;
n
n

5.2. ApucpmeTnyeckas nporpeccus

Apugpmemuuecxas Iporpeccust — YNUCIOBAS MTOCJIE0-
BATEJIbHOCTb, IIEPBbIN YJIeH KOTOPOIi paBeH a,, a Kaxk-
JIBII CJIe/TYIOIINI PaBeH TPEbILYIIEMY, CTIOKEHHOMY



5. lMocnepoBatenbHOCTM U nporpeccun 55

€ HEKOTOPBIM MOCTOSTHHBIM YKCJIOM d — PasHOCTHIO
nporpeccuut: a, = a, |+ d,n>1.
n-1 YjieH TTPOTPECCUN:
a =a, +(n—-1)d
Xapaxmepucmuueckoe CBONCTBO:
1
an = E(an—1 + an+1) ’ n 2 2

Cymma NepBbIX N YJIEHOB:
S = a+a, 2a, —i—(n—l)d_n
2 2
IIpumep: ecu n-ii wnen nporpeccuu @, = 21— 7, o
a =-5d=2,5,=(-10 + 18) x 5 = 40.

5.3. leomeTpuyeckasa nporpeccusa

Teomempuuecras nporpeccust — YNCI0Bas MOCJIEI0BA-
TeJIbHOCTD, TIEPBbIii UJleH KOTOPOii paBeH b,, a Kaxk/blii
CJIeLYIONINIT PABEH TPEIBIIYIIEMY, YMHOKEHHOMY Ha
HeKoTopoe uncyio g = (0 — 3HaMeHaTesb IPOTPECCHH:
b,=b, , g n>1.

n-i uien IPOTPECCUN:

b =bqg "
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Xapaxmepucmuueckoe CBONCTBO:

b=b b, n>2.

n-1"n+1

Cymma NepBbIX 1 YJIEHOB:

n

s, = b1
1—q
npu g =1, S, =nb upu q = 1.
Ipumep: ecu n-it unen nporpeccun b, =3-2"" 1o

(1—16)

(1-2)

5.4. becKoHeyHas y6biBatoLyas
reomeTpuyeckas nporpeccus

b1=3,q=2,54=3 =45,

Beckoneunas ybviearou,as reoMeTpudeckas 1po-
rpeccust — reoMeTpUYecKas IPOrpeccusl, y KOTOPoil
la| <1.

Cymma GeckoHedHOI yObIBAIOIIEH TeOMETPUYECKOI
MPOTPECCUN:
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3 . 271—1
Ipumep: ecau n-it unen mporpeccun b, = =
3 _5

T0b1=3,(]=0,4,5:m



6. PyHKUUM 1 nx rpacuku

6.1. OnpepeneHue U OCHOBHbIE
XapaKTepUCTUKMN PYHKLMUK

6.1.1. Ecain kaykioMy 9mcry X U3 MHOKecTBa X cTa-
BUTCSI B COOTBETCTBUE €IMHCTBEHHOE YUCJIO Y U3
MHO’KeCTBa Y, TO TOBOPST, YTO HA MHOKecTBe X 3a-
naHa Qynkuus y = f(x); x — apry™Ment, y — (QyHKIHSL.
6.1.2. O6nacmy onpedenenus dynxunn D, — mHOKe-
CTBO TeX 3HAYEHUI apryMeHTa X, IpU KOTOPbIX [(x)
UMEET CMBICIL.

Obaacmo snauenuti byukuuu E ., — MHOKECTBO BCEX
3HAYEHUIT, KOTOpbIE TPUHUMaeT (GYHKIWUSA iy = f(x),
ecit x €D,

6.1.3. Oyukius f(x) — vemnas, ecau f(—x) = f(x)
npu x,—x € D, .

Dynkius f(x) — neuemnas, ecma f(—x) = —f(x) npn
x,—x €D .

6.1.4. Oyukuusg f(x) — eospacmarowas (neyovisaio-
Waﬂ) Ha [a; b], eciim f(xz) > f(x1) (f(xz) > f(x1)),

e x,, x,€la; b], x,> x,.
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Oyukius f(x) — yoveaowas (nesospacmarouyast)
na [a; b, ecn f(2,) < f(x) (f(x,) < f(x))), tne
x, x,€la; b, x,> x,.

Bospacraiomias, yosiatorias, HeyObIBaIOIas, HeBO3-
pacraromias Ha [a; b] HYyHKIMM Ha3BIBAIOTCS MOHO-
monnvimu Ha [a; b]. AHaJIOrMYHO ONpeneNsoTCs
dbyukmn, morortonusie Ha (a; b).

6.1.5. IIpsimoyzoivnas dekapmosa cucreMa KOOpIAUHAT
HA TIOCKOCTU — JIBE B3aUMHO ITI€PIIEHAUKYJISPHBIE
YUCJIOBBIE OCU C €JIUHBIM HAa4yajloM — TO4YKoit O
u BbIOparHbIM MacmtaboM (puc. 6.1). Ocs Ox — och
abeyuce, ocb Oy — och opounam.

y

Puc. 6.1

6.1.6. Ipagpux Gyuxiuu f(x) — MHOKECTBO TOYEK

koopauHaTHOil mrockoctn (X f(x)), rne ¥ € D,
f()€E,.
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6.2. pacpnku HeKoTOPBIX DYHKLUIN

k<0

Ne | Ha3Banue |®opmyna fpacpuk
1 |Hocrosiu- |y = ¢ y
Hada
o) x
2 | Jluneitnas |y = kx + Vi
+b(k=0)
(0] »
"x
k>0
'y
o >
"X
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Ne | HasBanue | ®opmyna fpachuk
3 |Cremen- |y =’ YA
Hast
0 x
4 | Cremen- |y =% YA
Hast
0 “x
5 |Crenen- |y=x'(x=0) YA
Hast
0 “x

Mpoponxenune »
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(Mpoponkenue)
Ne | Ha3Banue |®opmyna fpachuk
6 |Crenen- |y=ux"? YA
Hast (x=0)
0 X
7 | Crenen- y= \/; y
Hat (x>0)
ol x
8 | Crenen- y= \3/; y T
Hast 0 .
‘ X
9 |Ksagpa- |y =ax*+bx+
THYHasT +e(a=0)
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Ne | HasBanue | ®opmyna fpachuk
10 | Monyb Y= |x| y
0 “x
11 | [lokaza- |y = a* Y
teapast | (a>0,a=1)
1
@) X
a>1 O<ac<1

Mpoponxenune »
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(Mpoponkenue)
Ne | HasBanue | ®opmyna fpachuk
12 | Jlorapud- |y = log x YA
mudeckast | (a > 0,a=1)
o|/1 X
a>1
YA
Oo|1 X
O<a<1
13 | Tumepbo- |y = shx = YA
smueckuii | = 0,5(e"— ™)
CHHYC
o
X
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Ne | Ha3Banue |®opmyna Tpacpuk

14 | Tunepbo- |y = chx = y
smyeckuii | = 0,5(e" + e™)
KOCHHYC

4




7. TpuroHomeTpus

7.1. [papycHasa U paanaHHaa mepbl Yrnos

Ecan o°— Mepa yria, BEIpa)keHHas B Ipajaycax,

a o — Mepa TOrO ke yIJIa, BbIpaKCHHAs B pajiua-
a® = @ « a =|—"_|a°
HaX, TO - i pats “pam 180° .
27
1° = ~0,017463;
[360] pat= [180] pat=
1paa[@J [180] ~ 57°17'45" .
27 T
Ipumepot:
5
1) 75°=|——75°|pan = 2= ;
) [180" ]pa“ﬂ 12
2 13_7r _[180 137r] 1950
12

3ameuaﬂue. O6o3HayeHue «paj» MO yMOJTYAHWIO
OILyCKaeTCsl.
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7.2. TpUroHOMeTpUYECKas OKPYKHOCTb.
OnpepeneHue CUHYCA, KOCUHYCA, TaHreHCa
M KOTaHreHca yrna o,

7.2.1. Tpuzonomempuueckas (M eOUHUUNHASL) OKPY K-
HOCTh — OKPY’KHOCTH pamuyca R = 1 ¢ mentpom
B Hauasie koopaunHat (puc. 7.1). Yribl, OTI0KEHHbIE
MIOBOPOTOM TIPOTUB YACOBOU CTPEJKU, — NOIONCU-
meJibible; YTIIbl, OTIOKEHHbIE TOBOPOTOM [0 YaCOBOI
CTpeJIKe, — ompuuamenvHole.

Puc. 7.1

7.2.2. Cunyc yrna o (sin o) — opauHaTta TOYKA B
paauyca OB, TIOTy4eHHOTO TOBOPOTOM HAYaJIbHOTO
paauyca OA na yrou o (cm. puc. 7.1), —1<sin o < 1.



68 Kparkuit cnpaBoYHUK N0 MaTemMaruke Ans abUTYPUEHTOB U CTYAEHTOB

Kocunyc yrna o, (cos o) — abermeca Touku B pajamyca
OB, 1oJTy9eHHOTO TTOBOPOTOM HAYaJIbHOTO Pajimyca
OA na yron o (em. puc. 7.1), =1< cos a0 < 1.

Taneenc yria o (tg 0) — OTHOIIEHHUE Sin O K COS 0,

sin
TO €cTh tg a = npu o # (n/2) + nw, n € Z.

Komamnzenc yrna o (ctg o) — OTHOIIEHHWE COS O

) CoS o
K Sin o, To ecTh Ctg o = — TIpu O, # NI, n € Z.
sin o

7.2.3. 3HaKM CWHYyCa, KOCUHYCA, TAaHTEHCA U KOTaH-
reHca 10 YeTBEPTSIM:

YetBepTb I I II1 v
sin o + + _ _
cos o, + — — +
tg o + - -
ctg o + — + —

7.2.4. 3Ha4eHNs CUHYyCa, KOCHHYCA, TAHTeHCA U KO-
TaHTE€HCA HEKOTOPBIX YTJIOB O TIPU YCJOBUH, YTO

0< o < 180"
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o 0° 30° [ 45° [ 60° | 90° [120° |135° |150° |[180°
wpaa| 0 |Z|Z|Z|Z |2 |3 ||,
pan 624|323 |74 |6
sinot | 0 1 Q ﬁ 1 ﬁ ﬁ l 0
2 2 2 2 2 2
Cos O 1 ﬁ Q 1 0 - l — Q — ﬁ -1
2 2 2 2 2 2
tgo | 0 B Bl B B
3 onp. 3
ctg o He \/§ 1 ﬁ 0 |- ﬁ -1 - \/5 te
o1Ip. 3 3 orIp.
7.3. ®opmynbl npuBepeHUA
o -0 n/2-o n/2+0 -0
sin o —sin o, cos o cos o sin o
COS O cos o sin o, —sin o —Cos o,
tg o —tg o ctg o —ctg o —tg o
ctg o —ctg o tg o —tg o —ctg o
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T+ 0 3n/2-a (3n/2+0 |2n-0O 2T+ O
—sin o —COos O —CO0S O —sin o sin o
—COS O —sin o, sin o cos o cos o
tg o ctg o —ctg o —tg o tg o
ctg o tg o —tg o —ctg o ctg a

sin(o. + 2nm) = sin o, cos(o + 2nmw) = cos a,

tg(a + nw) = tg a, ctg(ow + nn) = ctg o, n € 7.

7.4. OCHOBHble TPUroHOMETpUYECKUe
TOX/AecTBa
sina = +£+/1 — cos” o

1) sina+cos’a=1« —;
cosa = ++1—sin” «

1 1
. = t = t =
2) tga-ctga=1 < tga ctga’ ctga tga

1 1
3) 1+tgla=—F— & cosa=t——:
cos” o 1+ tg’a

1

Jl+ctgla

4) 1+ctg2a:% & sina==£
sin® «
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3HaK <«+» WIH «—» Tepel KOPHIMU BbIGUPAETCs
B 3aBHCHMOCTH OT TOTO, B KaKOW YeTBEPTH JIEKUT
pazyc, OTpaHUYMBAIOIIUN YTOJI.

5 3
IIpumep: Jlano: tga = TR T<a< % Haiiure

sin @, tg o, ctg o.

ct oz——1 —1—
& _tga_ 5’
1 12
cosa<0=cosa=— =——,
25 13
144
. . 144 5
sina<0=sina=—,[1——=——
169 13

7.5. ®opmynbl ABOMHOIO, TPOMHOIO
¥ NONIOBUHHOIO apryMeHTOoB

1) sin 200 = 2sin o cos o
2) cos 200 = cos’o. — sin’oy

2tga
tg2a = ————:
3) tgsa 1—tg’a’
2
4) Ctg2a:ctg—cH;

2ctga
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5) cos 20 = 2cos’o — 1;
6) cos 200 = 1 — 2sin®o,
7) sin3a = 3sina — 4sin’® o ;
8) cos3a = 4cos’ a —3cosa ;

9) tg3a = 3tga — tg’a
1-3tg’x
ctg’a — 3ctga

10) ctgda = —o—_ o=,

) 8 3ctg’a — 1

11) sinzgzéﬂ—cosa);

12) 6052%:%(1—1-00560;

(3 _1—cosa

) g 1+cosa
a 1+cosa

14) ctg’ —=———;

) 8y 1—cosa’
2tgg

15) sina = 2a :

1+tg?
& 2
1—tg? %

16) cosa:—z,

1+tg? &
&5
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1—cos2a + sin 2«
14 cos2a +sin2a
1—cos2a +sin2a  2sin’ a+ 2sinacosa

IHpumep. YupocTture BblpakeHne

1+ cos2a +sin2a  2cos’ a + 2sinacosa

- 2sina(cos o + sin o)

= =tga.
2cosa(cosa + sin o)

7.6. ®opmynbl CNOXKEHUA

( )=sina-cos B +sin3-cosa;
2) sin(a— B) =sina-cos B —sin 8- cosa;
(

)
4) cos(a— B) = cosa-cos 3 +sina-sin 3;
tga + tgfs
5) t =0
) tg(a+5) 1 tga-tgf

tga —t
0wl e e

7.7. ®opmynbl npeo6pasoBaHNA CyMMblI
B npou3BefeHune
+8 a—p

1) sinoHrsinﬁ:Qsina2 - COS ;
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2) sina—sin5:2sina;6-cosa;6;
3) cosa+cosB:2cosa+/B~cosa;ﬂ;
4) cosozfcos,é’:f2sina+ﬁ~sina;ﬁ;
5) tgaj:tgﬁ:w;

cos ccos 3

sin(f+a)

6) ctga £ctgf=——"--;
sin asin 8

7) sin® a —sin® 8 = cos’ 3 — cos’ o =
=sin(a + @) sin(a — B) ;

8) cos’ a —sin* B = cos” B —sin’ a =
= cos(a + B) cos(a — ).

7.8. ®opmynbl npeobpazosaHus
NnpousBefeHus B CyMMy

1) sinoz-sinﬁ:%(cos(a—ﬁ)—cos(a-&-ﬁ));

2) cosa-cosﬁ:%(cos(a—i—ﬁ)-&-COS(Of—ﬁ));
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3) sina-cos = 1(sin(a +B) +sin(a—pB)):
tga +tgl  tgB —tga
ctga+etgl  ctga—ctgh’
ctga +tgl tglh —ctga
5) ctga-tgh = tgatctgl  tga— ctgh’
ctgo +ctgh  ctgh —ctga
tga+tgl  tga—tgh

4) tga-tgfh =

6) ctga-ctgh =

7.9. CteneHu CUHYCA U KOCUHYCa
1) sin’ a = %(1 —cos2a);

2) cos’ a = %(1 + cos2a);

3) sin’a = %(BSina —sin3a) ;

4) cos® a = i(cos 3o+ 3cosa);

5) sin' a = é(cos4a —4cos2a+3);

6) cos' o :%(cos4oz +4cos2a +3).
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7.10. 06paTHble TpUroHoMeTpUYeCKUue
(PpyHKUMMN 1 TPUTrOHOMETpUYECKHNe
ypaBHeHuA

7.10.1. O6paTHbIe TpUTOHOMETPUYECKUE (DYHKITUU.

Apxcunyc wncna a (arcsina ) upn |a| <1 — unc-
m

™
J0 P E 75;5 , CHHYC KOTOPOTO paB€H @, TO eCTh
sing =a, ¢ =arcsina.
Ceoiicmesa:
sin(arcsina) = a; arcsin(—a) = —arcsina.

Apxkocunyc ancyia a (arccosa ) npu |a| <1 — yuc-
10 ¢ €[0;7], KocuHyC KOTOPOrO paBel @, TO €CTh
COSp =a, p=arccosa.

Csoticmea:

cos(arccosa) = a ; arccos(—a) = — arccosda .

Apxmaneenc avicna a (arctga ) — uucio

T
pe [—E;E , TAHTEHC KOTOPOTO PaBeH @, TO €CTh

tgp=a, ¢ =arctga.
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Ceoticmsa:
tg(arctga) = a; arctg(—a) = —arctga.

Apxxomanzenc uucna a (arcctga ) — YuUCIO
pe (O;W), KOTaHTEHC KOTOPOTO PaBEH @, TO €CTb
ctgp =a, p=arcctga.

Ceoticmsa:

ctg (arcctga) = a ; arcctg( —a) = —arcctga .

@Dyukumu arcsin x, arccos x, arctg x, arcctg x — 06-
y
pammvle TPUTOHOMETPUYECKUEe (QyHKITUH.
Hpumepo:

N3 T
1) arcsmT =—;

3

1] 1 T 27
——|=m—arccos—=m1 ——=—;
2 2

2) arccos
3 3

3) arctg(—1) = —arctgl = _g;
4) arcctg\/§ = %

7.10.2. TpuronomeTpuueckue ypaBHeHUs
1) sinx=a, |a| <1& x=(=1)"arcsina +nr
ne Z
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Yacmuwie cydau:
sinx=0&x=nw,ne 7z

. Y
smx:il(:)x:ig—i—Qnﬂ',ne Z
2) cosx=a, |a <1& x==Farccosa+2nr ne 7.
Yacmuwvie caydan:
™
cosx:O@xZEerr,ne Z

cosx=1<x=2nr,ne 7
csx=—1ex=n4+2nm ne Z
3) tgx=as x=arctga+nr ne Z
Yacmuoui cayvait: tgx =0 x=nmw,n e Z
4) ctgx=a < x=arcctga+nm, ne Z

Yacmuwui cydait: ctgx =0 < x = I nm,ne Z.
Ipumep: 2

sinx = % & x = (—1)" arcsin 772 +nr =
=(="! arcsing +nr =

:(—1)"*1%+n7r,n e Z
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7.11. TpaUKMU TPUrOHOMETPUYECKUX
U 06paTHbIX TPUrOHOMETPUYECKUX (DYHKL M

Ne | dyHKymA Tpachuk

1 |y=sinx y

2 |y=cosx Y

3 |ly=tgx

MpoponkeHue »
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(Mpoponkenue)

Ne | DyHKymA

4 |y=ctgx

5 |y = arcsin x

<Y

6 |y = arccos x
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ic

DyHKYMA

Tpacuk

y = arctg x

y = arcctg x




8. MnaHumetpus

8.1. TpeyronbHUKHU

8.1.1. Muozoyzonvnux (n-yzoivuux) — 3aMKHYyTas
JloMaHast 6e3 caMOTIePeceueHn, COCTOSIIAS U3 71 OT-
PE3KOB 1 77 OTPAaHUYUBAIOINX HNX TOYEK, BMECTE
C KOHEYHOW YacCTbIO TIJIOCKOCTH, OTPAHUUYEHHON €fO.
OTpe3ku — cmopoHbvl, TOUKU — GEePULUIHbL MHOTO-
YroJIbHUKA.

Ecm MHOTOYTOJIBHUK PACIONOXKEH B OMHOM TOJY-
IJIOCKOCTH OT JII0OOM IPSAMOM, comepskauieil ero
CTOPOHY, TO OH GbINYKIbLI.

8.1.2. Tpeyzonvrnux — MHOTOYTOJILHUK, UMEIOLTII TPH
cTopoHbl U Tpu BepimHbl (puc. 8.1). Obo3HaueHwe:
ANABC |

Cmoponwvi: AB = ¢, BC = a, AC = b.
Hepumemp: P = AB + BC + AC.

1
Honynepumemp: p = E(AB + BC+ AC).
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Yewor: /A, /B, /C, /A + /B + ZC =180°.

Bowcomwi: AK = h, BL = h, CM = h, (AK L BC,
BL L AC, CM 1 AB).

AABC — paenobedpennwviii, eciu AB = BC.

B
K
M
A L C
Puc. 8.1

8.1.3. Teopema cumnycos:
a b ¢
sinA sinB  sinC
rae R — pamuyc OnyiCcaHHOH OKPY>KHOCTH.

2R,

Teopema xocumnycos:

a’ =b>+c* —2bccos A,
b* =a* +c* —2accos B,

Z=a+b*—2abcosC.
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8.1.4. CooTHomenns Mexky (GyHKITUSIMH YTJIOB Tpe-
YTOJIBHUKA

1) sinA+sinB+sinC = 4cos§cos§cosg ;

2) cos A+ cosB+cosC = 4sin§sin§sin%+1;

3) sin® A+ sin* B+sin’ C =2cos Acos BcosC + 2 ;
4) tgA+tgB+tgC =tgAtgBtgC .

3necw LA, /B, ZC — yriibl TPEYTOJbHUKA;

LA+ /B 4+ ZC=180°.

8.1.5. Ilnowadv TpeyroibHIKa:

Szlaha zlbhb = 1chc;
2 2 2

S = labsinC:—acsinB = 1bcsinA;
2 2 2

§=p(p—a)(p—b)(p — ) — bopmyaa Lepoma;
S = pr, Tne ¥ — paanyc BOMCAHHON OKPY KHOCTH;

abc .
S = R’ rae R — payc onucanHoi OKPYKHOCTH;
S = 2R%inA sinB sinC.

8.1.6. IIpamoyzoavnwiii Tpeyroibuuk — AABC,
y KOTOPOTO OJINH W3 yIrJ0B npsmoil (Ha puc. 8.2
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ZC=90°); BC = a, AC = b — xarersl, AB = ¢ —
[UIOTEeHY3a.

A
b 9
C 3 B
Puc. 8.2
Teopema Iugazopa:
c¢t=a*+ D%

@ynkyuu 0CTPOTO yTJIA:
sin A zz, cos A :é, tgA:E, ctgA:é.
c c b a
ILowado:

Szlab, S:l(}h
2 2

8.1.7. Pasnocmoponnuii (IpaBUIBHBIN) TPEYTOJIh-
HUK — AABC, y KOTOpOTO paBHBI CTOPOHBI (puc. 8.3):
AB=BC=AC=a.llpuasrtom /A=/B=/C=060°

h,=h,=nh =h h—a?.
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B
a
A L C
Puc. 8.3
ITnowadv:
2 2
g 4@ NE) S 3 '

4 3

8.2. YeTblpexyronbH1KM

8.2.1. Buinykaviil uemvipexyzoibHuK — BBITTYKJIbIN
MHOTOYTOJIbHUK, MMEIOIINI YeThIpe CTOPOHBI U Ue-

ThIpe BepinHbl (puc. 8.4).

A

Puc. 8.4



8. Mnanumetpus 87

Cymma yTII0B BBITYKJIOTO YETHIPEXYTOJbHUKA:
LA+ /B+ZC+ 4D = 360°.

8.2.2. llapannenozpamm — ueTbipexyroabHuk ABCD,
y xkoroporo AB| DC, BC| AD (puc. 8.5).

B b C

Puc. 8.5
Cmoporb:
AB=DC=a,BC=AD=0b(AB| DC, BC| AD).
Bovicomor:

BL=h,
BK = h, (BL 1 DC,BK 1 AD).

Jluazonanu:
AC = di, BD = d2.
Ces13b MeKLy CTOPOHAMU U JIMATOHAJISIMU:

d2+d? = 2(a* + b).
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ILowado:

S =ah,=bh; S =absinA, §= %a’id2 sing,
rae ¥ — yroa MeXIy AMarOHaIsMU.

8.2.3. Ilpsimoyzonvnux — napasienorpamm ABCD,
y koroporo /A=/B=/C=/D=90° (puc. 8.6).

B b c

Puc. 8.6
Juazonanu:
d=d,=d
Ces13b MEXKILy CTOPOHAMY U JTHATOHAJISIMH:
d’ = a* + b
ITnowadv:
S = ab.
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8.2.4. Pom6 — mapajureiorpaMm, y Kotoporo AB =
= BC = CD = DA = a (puc. 8.7).
B C

Puc. 8.7
Jluazonanu:

AC =d, BD = d,

AC 1L BD.
Cés13b MEK/ly CTOPOHAMU U IMATOHAJISIMMU:
d’+d}? = 4a’.
ILowado:

1
S=a’sinA, S = §d1d2.

8.2.5. Keadpam — upsimoyrossauk ABCD, y KOTOporo
AB = BC = CD = DA = a (puc. 8.8).
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B C

Puc. 8.8

Jluazonanu:
AC L. BD,AC=BD =d.

Cess13v MEKLY CTOpOHOfI 1 1aroHaJjibio:

a:dg, d=aJ?2.

ILowado:

S

1
2 = —
at, S 2d2.

8.2.6. Tpaneyuss — vervipexyroibauk ABCD, y korto-
poro BC|| AD, AB || DC (puc. 8.9).

B C

M N

L
A K D

Puc. 8.9
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Ocnosanusi: BC = a, AD = b.
Boxosvie ctoponnt: AB, DC.
Cpednsis munus — orpesok MN, rne M — cepennna

AB, N — cepenuna DC;
MN = %(a +b).
Bvicoma:
BK=h (BK L AD).
ITLnowado:
S= % (a +b) h.

8.3. MHOroyronbHuKu

8.3.1. Bumnyxawii mrozoyzonvrux (n-yzoavnux): A A,...
A (na puc. 8.10 — BbIYKIbIH wecmuyzonvnux A, A,
Ay A AL AY).

CymMma yTJI0B BBIIIYKJIOTO N-yTOJbHUKA:

LA + LA .. LA, =180°(n—2).

Jluazonany — OTPE30K, COCAMHSIONMI JIIOObIE Be
BEPIINHDBI, HE SIBJISIONINECS COCETHUMU (A1A3, AA,
u T. 1. Ha puc. 8.10).
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Az

Puc. 8.10

8.3.2. IIpasunvholii MHOTOYTOJBHUK — MHOTOYTOJIb-
HUK, y KOTOPOTO BCE CTOPOHBI PaBHBI 1 BCE YTJIbI PaB-
Hbl (Ha prc. 8.11 — MpaBUJIbHBIN NMIECTUYTOJBHUK).

A, As
H
A, A,
Ag As
Puc. 8.11

Yeon ITPpaBUJIBHOTO 72-yTOJIbHUKA!

/A =180°"=2 i—12..n.

’

n
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Paduyc onucannoii oxkpyxnoctu (OA, na puc. 8.11):

a

R=———rne a — cropona.
. 180

2sin

n
Paduyc snucannoii oxpysxnoct (OH na puc. 8.11):

r= %, rae a — CTOpOHa.
2tg

n
ILowado:

a2n

S = ~—180°" rjle @ — CTOPOHA.
4tg

n

S = 1]’32 sin 360 ,
2 n
riae R — pajyc ONMUCaHHOM OKPYIKHOCTH.

5= i l80°
n

rje ¥ — pajguyc BIIMCAHHON OKPYXKHOCTH.

1
S= Eam, r7le @ — CTOPOHa,

7 — PaJnyC BIMCAHHON OKPYKHOCTH.
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rP .
S =—, T/le ¥ — pajinyC BIIUCAHHOI OKPY>KHOCTH,
P — nepumerp.

8.3.3. Xapaxmepucmuxu HEKOTOPBIX TPABUIbHBIX
MHOTOYTOJIBHUKOB (¥ — yroJi, R — paanyc onncan-
HOUM OKPY’KHOCTH, 7 — PaJIyC BIVCAHHON OKPY:K-
HOCTH, § — TIJIOMA/b, @ — CTOPOHA):

Bup npaBunbHoro | (o (R r S Cymma
MHOFOYro/ibHUKa yrnos
2
Tpeyronbuuk 60° @ @ a’3 180°
3 6 4
a
Yetsipexyroapuuk | 90° # E a 360°
2
[lectuyrompuux | 120° a % 3a 2\/5 720°

8.4. OKpYXHOCTb U Kpyr

8.4.1. Oxpyscrnocmsv — MHOXKECTBO TOYEK, PaBHO-
yAQTeHHBIX OT TOYKH, HA3bIBAEMOI IeHTPOM (Ha
puc. 8.12 O — 1entTp).
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Puc. 8.12

Paduyc okpyXHOCTH — OTPE30K, COeAMHIIONINI
JOOYIO TOYKY OKPYsKHOCTHU ¢ 1ieHTpom: OM = ON =
=r (cm. puc. 8.12).
Jluamemp OKpPyKHOCTU — OTPE30K, IIPOXOAAIINN de-
pe3 IeHTP U COeAMHSIONIIE IBE TOYKU OKPYKHOCTH:
MN = d = 2r (cm. puc. 8.12).
Jluna oxpyxuoctu: L=2nr, L=md.
8.4.2. Kpyz — OKpYKHOCTh, BMECTe C KOHEYHOI Ya-
CTBIO TIJIOCKOCTH, OFPAHUYEHHON €I0; ¥ — paanyc
Kpyra, d — AuameTp Kpyra.
wd?

=
8.4.3. Llenmpanvrolil Y201 OKPY>KHOCTH — YTOJI C BEp-
muHoi B 1ienTpe: LAOB (puc. 8.13).

Inowaow xpyra: S =nr’, S=
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A

Puc. 8.13

Kpyeosoti cexmop — 1gacTh KpyTa, JeKaiias BHyTPH
COOTBETCTBYIOIIETO I[EHTPAIBHOTO YTJIA.

Jlnuna dyzu KpyroBoro ceKkTopa:
[ =27nr @
= 27r ——, e r — pajuyc,
360 paauy
Q' — rpajiycHasi Mepa IEeHTPATIbHOTO YTJIa;
l=ra,
rae o — pajuaHHas Mepa IeHTPAJIbHOrO YIJia.

ITnowads KpyroBoro cekTopa:

2 a
S=7Tr ——»
360
rae @ — rpajaycHasga Mepa IeHTpaJIbHOTO YIJIa,

s=—ra,
2
rae @ — paguanHas Mepa IeHTPaIbHOTO YIJa.



8. Mnanumetpua 97

8.4.4. Kpyzoeoii ceemenm — 4dacTh Kpyra, OTpaHU-
YeHHasl JYTOil OKPYKHOCTH 1 X0pdoil (OTPE3KOM,
COeIMHSAIONINM J[Be TOUKHU OKpyxkHoctn): ABC u ABD
(puc. 8.14).

A

B
Puc. 8.14

ITnowadv KpyroBoro cerMeHTa:

) & T,. &
sS=7mr"——x—r"sina’, rje r — paauyc,
360 2 Y
Q — rpajlycHasi Mepa IeHTPAJIbHOTO YIJIa,
cozlepKaIero IyTy CerMeHTa,;
«+», ecim o°>180° (ABD);
«», ecrm o <180° (ABC).

8.4.5. Kpyzoeoe xomvyo — durypa, orpanmdeHHast
JIBYMST KOHI[EHTPUYECKUMU (MMEIUMU 00U
1eHTp) okpykuoctsiMu (puc. 8.15).
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2,

Puc. 8.15

ITnowadv KpyroBoro KOJbIA:

S=m(R* —7"), rne R = ON — GosbIoii paauyc,
r= OM — maubriii paguyc (cm. puc. 8.15).

S= %(D2 —d?*), rne D = 2R — 6oJbIIIOl THaMeTp,
d = 2r — maneiii guamerp (cM. puc. 8.15).

Ipumep. Hatinure miommaib OKHA, COCTOSIIETO M3 T10-
JIYKpyTa U MPSIMOYTOTTBHUKA, PAa3MEPhI KOTOPBIX AHbI

Ha puc. 8.16.

Puc. 8.16

[€—a—p|
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a

Paguyc nosykpyra: 7 =7 » IIOMa/L MOIyKpyTa:
2
ra a
S, = ——. Boicora npsimoyronbnuka: b= H 9

a
JI0MAh IpAMoyroipHuKa: S, = a|H ~5 ILio-
a1 OKHA:
a

S=S+58 : H_9) o~ 4
=5 + 2—?4-0[ —5]—0 —g( — 7).



9. CrepeomeTtpus

9.1. MHOrorpaHHUKM

9.1.1. Mnozoezpannux — 3aMKHyTast IOBEPXHOCTD Ge3
caMoriepeceyeHni, COCTABIeHHAS 3 MHOTOYTOJIbHU-
KOB, BMECTE C KOHEYHOI YaCThIO TPOCTPAHCTBA, OTPa-
HUYEHHOU e10. MHOTOYTOJTbHUKN — 2panil, CTOPOHBI
rpaneit — pebpa, KOHIBI pebep — epuiuibl.
MHOTOrpaHHUK — 8bINYKIbLL, €CIN OH PACIIOJIONKEH
[0 OJIHY CTOPOHY OT ILIOCKOCTU KAYKIOU €ro rPaHu.
OcHoBHbIE BBIITYKJIble MHOTOTPAHHUKU: NPUMA,
napauieienuned, NuUpamuoa, yYceuennas nupamuoa,
npasurvivle muozozpannuxu (Ilnamonosvr meaa).
9.1.2. llpusma (puc. 9.1, a — naxnonnas, puc. 9.1, 6 —
npsiMast).

ITnowads GOKOBON MOBEPXHOCTH MTPU3MBL

S =P,.1,Tne P, — nepumerp ceuenus,
HEPIeHNKYJISIPHOTO pebpaM (3l TPUXOBAHO

Ha puc. 9.1, a), [ — 6okoBoe pedpo.
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ITnowads GOKOBOW MOBEPXHOCTH MPSAMOI TIPU3MBIL:

S, =P.h,rne P — nepuMerp OCHOBaHUS,

OCH.

h — BbICOTA.
IInowads MOBEPXHOCTU MIPU3MBIL

§S=S5,, +2S,,, tae S, — nromamb 60KOBOII

NOBEPXHOCTH, S — TJIOMA/[b OCHOBAHHS.
Obvem TIPU3MBL:

V=_8,1, raeS — niomanb nepreHnKyIspHOro
ceuenus, [ — 6okoBoe pedpo;

V=S§,h,tneS — momans OCHOBAHUS,

ocH.

h — BbICOTA.

\

Puc. 9.1
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9.1.3. Hapanrenenuned (puc. 9.2, a — HAKJIOHHBbIH,
puc. 9.2, 6 — npsamoii, puc. 9.2, 8 — IPAMOYTOJIbHBII,
puc. 9.2, 2 — xy0).

B, C
= in !
A —1D |
| 1 [y 1
: : R RPAL:
| [ R\
[ B——+-)C |7 a a
A Z a b
A D
a 6 8 2
Puc. 9.2

ITnowadv noBepxHOCTH:

§=38,, +2S,,, e S, — nnomaas 60KOBOI
MTOBEPXHOCTH, S — TION[aIb OCHOBAHHAL

OCH
Oboven:

V=S5,h,neS, — mniomanb OCHOBaHNS,
h — BbICOTA.

COOTHOIIEHUS [ITIST NPAMOY20bH020 TTapJLIeIeTN-

nega (cm. puc. 9.2, 8):

Q wusmepenus (nmuunl pebep): AD = a, DC = b,
DD, = ¢

Q duazonanv: DB, = d,
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]
]
]

COOMHOULeHUEe MEXKTY U3MEPEHUSIMU M JMaroHa-
apio; d? = a* + b* + %

niowads 6oxoBoit oBepxHocT: S, = 2c(a + b);
naowads nosepxuoctu: S = 2(ab + be + ac);
obvem: V = abc.

Cootnomenus aua kyba (puc. 9.2, 2):

a
a

a
a
a

usmepenusi: a = b = c;
COOMHOULeHUe MEKy U3MEPEHUSIMU ¥ JIMaroHa-
ablo: d* = 3a?;
niouyadb 60koBoIl mosepxuoct: S, = 4a’
0K
niaowadv mosepxuocTu: S = 6a
obvem: V= a’.

9.1.4. ITupamuoa (puc. 9.3 a — obmumii Buj, 6 — 1pa-
BUJIbHAS TUPAMU/IA).

M M

Puc. 9.3
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ITnowads 6OKOBOI MOBEPXHOCTH MPABUIBHON Tpa-
musl (cM. puc. 9.3, 6):

ook

rpann: a = MK, MK L DC mna puc. 9.3, 6),
P — nepumeTp ocHOBaHWMSI.

1 ;
S = EaP, rine a — anogema (Bbicora 6OKOBOM

ITnowadv oBepxHOCTH:

§=S8, +S8, e S, — nnomanbs 60koBoil

ITOBEPXHOCTH, SUCH — IIJIOIIa/Ib OCHOBaHWA.

Obvem TTUpaMuIbL:

OCH.

V= 1S h,rae S, — miaomaznb OCHOBaHUS,
3 h — BbICOTA.
TpeyrosbHas nupaMuga — mempasop.

9.1.5. Yeeuennas nmpamuga (puc. 9.4, a — oOmui
BUJL, 6 — NPABGUILHAS YCEUEHHASE NUPAMUOQ).
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ITnowadvy 6oKOBO MMOBEPXHOCTH NPAGUILHOL YCCUEH-
HOU mupamuzbl (eM. puc. 9.4, 6):
P+ P,
Soox = Ta , e P n P, — mepumeTpnI
OCHOBaHUM, a — anogema (BoicoTa HOKOBOW rpaHu:
a = EF, EF 1 DC nua puc. 9.4, 0).

IInowads MOBEPXHOCTH YCEUEHHON TIMPAMU/IBL:

S =S85+ +5,, re S, — nnomans 6okoBOIT
HOBEPXHOCTH, S, U §, — IIOMAAX OCHOBAHMUIA.

Ob6vem ycedeHHON MUpaMuibL:
1
V= gh(.S'1 + 5, +4/5,8,), rie — BoicoTa,
51 u 52 — IJIOIA X OCHOBAHUI.

9.1.6. IIpasunvrvie MHOTOTPAHHUKU (TIJIATOHOBBI
TeJsa).

BoIyKJIbIil MHOTOTPAHHUK — NPABULLHDLIL, €CJIA €TO
TpaHU ABJAIOTCA PaBHBIMHW ITPABUJIbHBIMHU MHOTO-
YroJibHUKaM1 1 B Ka}KZ[OfI BepIInHe MHOTOTpaHHUKa
CXOJIUTCST OJTHO U TO Ke uucyio pebep. K mpaBiibHbIM
MHOTOIpaHHUKaM OTHOCSATCS mempasdp (puc. 9.5, a),
zexcasdp, unn ky6 (puc. 9.5, 6), oxmasadp (puc. 9.5, 6),
dodexasdp (puc. 9.5, 2), uxocasdp (puc. 9.5, d).
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Cumson IlInepnu:

(p; q), TIe p — YKUCIIO CTOPOH T'PAaHM,
q — 4WCJIO TPaHell, CXOSIINXCS B OJHOI BEPIIIIHE.

9.1.7. XapakTepucTuKu NMPaBUIbHBIX MHOTOTPAH-

HUKOB:

Ne¢ | HasBaHue, | [panu | Yucno pe- | Yuc- | Yucno | Yuc- | Cymma
CUMBON 6ep, cxo- | no rpa- [(no |yrnoe
Winedan RAWMUXCA | Bep- | HeWl pe- |npu

KOAHOW | WwuH 6ep |Bep-
BeplmHe WwuHe

1 | Terpa- Tpe- |3 4 4 6 180°

anp, (3; 3) | yrosn-
HUKHU

2 | Texcasmp, |Ksa- |3 8 6 12 270°
(4; 3) JIPAThI

3 | Okrasmp, |Tpe- |4 6 8 12 | 240°
(3; 4) YTOJIb-

HUKN
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Ne | Ha3BaHue, | [pauu | Yucno pe- |Yuc- | Yucno | Yuc- | Cymma
cumeon 6ep, cxo- | no rpa- |no |yrnos
Wnednn RAWUXCA | Bep- |Hel | pe- |npu

K OAHOI | WKH 6ep |Bep-
BepLuuHe WwuHe

4 | lonexa- IIaru- | 3 20 12 30 324°
271, YTOJIb-

(5; 3) HUKU

5 | Ukoca- Tpe- |5 12 20 30 | 300°
3/1p, YIoJib-
(3;5) HIUKI

IIpumep. Haiinure o6beM TeTpaspa, BIUCAHHOTO
B Ky0 ¢ peOpoM a, Tak 4To peOpaMu TeTpasapa sBJIsi-
I0TCS IMaroHaJIu rpaHell Kyba, a BepiinHaMu — He-
cMeskHbIe BepimHbl Kyba (puc. 9.6).

B, C,
71N
/|
Ay I \D1
/| N
a // B! ____; c
1/ T
AE= D
Puc. 9.6

Ky6 cocrout u3 5 tem: Terpasnpa AB CD, u 4eTbl-
pex paBHbIX TeTpasapos DD AC, AA,B D,, B,BAC,
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CC,B,D,. Iloatomy obbem a® kyba pasen a® = V + 4,
rie V — obbem terpaszpa AB,CD,, v — 00beM Kax/0-
0 U3 PaBHBIX TeTpaspoB. Haiizem oObeM TeTpasapa
DD1A§, peGpa KOTOPOTO B3aUMHO MEPIIEHINKYISPHL:

0= % . Taxum o6pasom, obbem Terpasapa AB,CD,

paBeH:

9.2. Tena BpaujeHusn

9.2.1. Teaa spawenus — reomMmeTpudeckme Tesa, moJry-
JeHHbIe BPAIEeHeM KaKoi-T1n00 (hurypsl BOKPYT OCH.
OCHOBHBIE Tesla BpaIleH T

O OpssMOU KPYTOBOH yuaundp — TeJio, MOJyYeHHOE
BpallleHueM MPSIMOYTOJIbHUKA BOKPYT OJHOU U3
CTOPOH;

Q npaMOi KPYroBOW KOHYC — TeJiO, MOJydeHHOe
BpallleHneM TIPSIMOYTOJBLHOTO TPEYTOJbHUKA BO-
KPYT OJIHOTO U3 KaTEeTOB;

Q wap — Teso, NOJyYeHHOE BPAIlleHUEM MTOJyKpyTa
BOKDYT JIMaMeTpa.
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9.2.2. [uaundp spamenus (puc. 9.7).

Puc. 9.7

ITnowadv 6GOKOBON MOBEPXHOCTH:

Spx = 27rh | THE ¥ — pamMyc OCHOBaHHS,
h — BbICOTA.

ILiowads IOBEPXHOCTH:

S =27mr(r+h), rne r — pamnyc ocHoBaHUs,
h — BbICOTA.

Obvem nuHIpa:

2
V=_8,h=arh raer— pamyc ocHoBaHus,
h — BbIcoTA.
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9.2.3. Konyc Bpamenus (puc. 9.8).
M

Puc. 9.8

ITiouads GOKOBOIT TIOBEPXHOCTH:

Sy =T, rie ¥ — paanyc ocHOBaHUS,
[ — obpasytomas.

ITnowadv noBepxHOCTHU:

S=nr(r+1), rne r — paamyc ocHoBaHus,
[ — obpasyiomias.

Obvem xoHyca:

1 1
V= 3 S,.h= §7r72h , TZIe 7 — PaanyC OCHOBaHWSI,

h — BbICOTA.
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9.2.4. Yeeuennwviii xonyc Bpamenus (puc. 9.9).

Puc. 9.9

ITnowadv GOKOBOW MTOBEPXHOCTH:

Sﬁmc = ﬂ—(‘R + 7/l)l , T/1e h — BBICOTAQ,

R v r — pagmychl OCHOBaHUIA.

ITnowadv MoBepXHOCTH:

S=7R(R+1)+nr(r+1), rne h — BoICOTA,
R u r — paguycsl ocCHOBaHUI.

Obovem:

V= %nh( R* +7* + Rr), tae h — BricoTa,

R v r — pagmycsl OCHOBaHUT.
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9.2.5. Illlap (puc. 9.10, a).

Puc. 9.10

[ToBepXHOCTD, OrpaHUYMBAIOIIAs AP, — chepa.
IInowads chepsr:

S =4mr? rue r — paguyc (r = OA ma puc. 9.10, a).
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Obvem napa:

4
V= §7rr3, e ¥ — pajnyc.

9.2.6. Illaposoii cezmenm (cm. puc. 9.10, 6).
Obvem MapoBOro CErMEHTa:

V = nh?

1
r+ gh] , TZle ¥ — paJuyc 1apa,

h — BBICOTA CerMenTa, 3HaK + Oepercd,
ecau h > r, 3Hak — Oepercs, ecau h < r
(na puc. 9.10, 6: h = AB <r).

9.2.7. Llaposoii caoti (cm. puc. 9.10 g).

Hactb cdepsl, jgexaiiasg MeK/y OCHOBAHMSAMU IIa-
POBOTO CJl0s1, — chepuueckuii nosc.

ITnowads cdhepuyeckoro nosica:

S =2nrh | re v — paguyc mapa,
h — BBICOTA MAPOBOTO CJIOSI
(h = BC na puc. 9.10, 6).

Obvem MapoBOro CJIOS:

V=mr(h’ —h) —g(hf —h)), tne r — paauyc
mapa, h, = AC, h, = AB (cm. puc. 9.10, 6).
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9.2.8. Illaposoii cexmop (cMm. puc. 9.10, 2).
Obvem MapoBOro CeKTopa:

V= %ﬂi’zh , TJle ¥ — pajuyc Iapa,

h — BBICOTA COOTBETCTBYIOIIETO IAPOBOTO
cermenta (h = AB Ha puc. 9.10, 2).

IIpumep. B xonyc, oceBoe ceueHne KOTOPOro — Ipa-
BIJIBHBIH TPEYTOJbHUK, BIIMcaHa cepa Tak, 4TO OHA
KacaeTcst OCHOBaHMsI 1 GOKOBOU MOBEPXHOCTH KOHYCA.
Haiijiure orHonenus miomnaau chepbl K ILIOIAN
oBepxXHOCTH Konyca (puc. 9.11, a).

N :

A ° C

Puc. 9.11

Ha puc. 9.11, 6 ipe/icTaBIeHbI OCEBBIE CEUEHHS KOHY-
ca ¥ mapa — CeYeHusI, TIPOXOISIINE YePe3 OCh KOHYCa.
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IIycte AB = BC = AC =a, BM 1. AC, OM =r —
a3

6
2 2
[Lnomazns cepsr: S, = 4mr’ = 47T3630 = %.

O6pasytomas konyca: [ = AB=a.

pannyc mapa. Torma 7 =

a
Panuyc ero ocnosanus: R =—.

2
I17101ma1b TOBEPXHOCTH KOHYCA:
a (a 3ra’
S, =7RR+D =722 4| =L
= TRRA D=7 [ ‘ a] i

Takum 06pa3oM, OTHOIIEHHUE TLIONAEN COCTABJISIET
SC¢ 7ra2 -4 4




10. JlunentHan anredpa

10.1. MaTpuubi

10.1.1. Mampuya — ynopsjo4eHHOEe MHOXECTBO
mn YUCeJT, PACTIOJIOKEHHBIX B BUJIE TAOIUIIBI, HMEIO-
el m cTpoK U 7 CTOJAOIOB:

a, ... a

A=Amxn]=

Pasencmeo MaTpHUII:

Almxn|= Blmxn] <« a; = b;, rne

i=1....mj=1..n.

all

Ay
(a, a,...a,,) — MaTpuLIa-CMpPoKa; . | — marpu-
1a-cmo.abeu. a

mi
Ecin m = n, TO MaTpuiia — Keaapamﬂaﬂ n-ro I10-
pAAKa.
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Hyﬂeeaﬂ MaTpuiia:

0 ... 0
Olmxn]=|: :
0 --- 0
(ai]_= 0,i=1...,m j=1,..,n).

ﬂuazommwaﬂ MaTpHuIla 72-TO TTopAaKa:

a, 0 - 0
Anscnl=| . @ 7
0O 0 ... a

(a;=0, i=j, ,j=1...,n).

FEounuunas matpuna n-ro mopsiika:

0,
E:O 1 . 0 ij:{ ?I]ylr]_L' ,n
S R Li=j
00 .. 1

Thancnonuposanue MaTpulbl — NepeMeHa MecTaMu
CTPOK U CTOJIOIOB:
a, ... a

n

Almxn]=|: . i |=

m1 mn
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6111 am1
Blnxm]=|: . i |=A".
aln anm

3necs AT — mpancnonuposannas 1o OTHOIIECHUIO
K A maTpuIia.

Casoticmeso: (AT)T =A.
10.1.2. Jluneiinvie onepanuu.
Crnoxcenue:

Clmxn]= Almxn]+ Blmxn| < c; = a; + b,
i=1....mj=1,..n.

Cesoticmsa:
1)A+B=B+ A
D(A+B)+C=A+(B+C)
A+ 0=A
Vunoscenue na aucio:

Blmxn] = kAlmx n| = Almx nlk < b; = ka,

i=1....mj=1..n.

Ceoticmea (kI €R):
1) k(IA) = (kD)A;
2) (k+ DA = kA + IA;
3) k(A + B) = kA + kB.
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9 01 7 10
IIpumep. lano: A= |, B=|2 4.
3-2 4 9_5

Boraucaure 2A — BT .

oA BT_220—1 72 9)
B 3-2 4] 10 4 —5)

(4 0-2 72 9] (-3-2 -1
6-4 8) (104 —5) |-4 -8 13)
10.1.3. Ymnoocenue marpuiisr Ha matpuity (puc. 10.1):
AB = Almxn]-Blnx p]=C[mx p],
rie ¢; = ayb; +a,b,;, +...+a,b

i171j in~nj

n
) P . ;
m.n B o C
j

Puc. 10.1

Ceoticmsa:

1) k(AB) = (kA)B = A(kB), RER;

2) (AB)C = A(BC), A, B, C — matpuiipl;

3) A(B+ C)=AB + AC,

4)ecrm A = A(mxn), 0 AE = E A=A, rne E,
E — envHuvnbIe MaTPUIIDL.
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Ipumep:

7 10
Jlago: A:[?—(;_i]’ B=|2 4],
Boruucanre AB. 6 -5
301 7 10
AB=[1_2 4] 2 4] -
6 -5

B [21+0—6 30+0+5]_[15 35]

7—4+24 10-8-20] |27 —18

10.1.4. Keadpamnas marpuna B n-ro nopsaka — 00-
pamuas 1o OTHONIEHWIO K KBaj[paTHOW matpuile A
n-ro mopsizika, ecm AB = BA = E . O6osnauenne: A",

a, Gy ... 4

n

Ay Ay ...Q
Ksagpathast matpunia A=| 2 27" | umeer 06-

an1 anZ o arm
patHyio A~! Torja u TOJBKO TOT/IA, KOTAA onpedeiu-
meav A Mmatpuilbl A He pasen 0.
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Dopmya 06pammoil MaTPHUIIL:

A11A21"'An1

A—i :i 1412 A22"’An2
N

A1ﬂA2ﬂ...Aﬂ7L

e A; (4, j=12...,n)— ajrebpanyecKue
JIOTIOJIHEHUST 3JIEMEHTOB MaTPHUIIBI A,
A= |A| =det A — onpegenurenb MaTPUIIbL A.
xl
Xy

10.1.5. Henynesas marpuiia-crontern; X = — 00~

X,

n

cmeennvlil 6exkmop KBaapaTHoi Matpuisl Aln xn],
4HCIO A — cobcmeenHoe wucio MaTPUIbl A, eciu
AX =)XX.

Xapaxmepucmuueckoe ypaBHeHre MaTpuIibl A[n x n]:

a,—A a, .. a,
ay Ay —A... a,, —O(:)|A—)\E|—O
an1 an2 ann - A

Ero KOpHU — COOCTBEHHBIE YHCJIA.
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10.2. Onpepenutenu

a
21 BroO-
Qyy Ay

poro mopsaka (ompeneanTe b BTOPOTO MOPSIKA) —

10.2.1. Onpederumens MaTpuibl A =

. R T ZTI
uncao A =det A= = a,,a,, — Ay, .
a21 022

all a12 a13
10.2.2. Munop M; matpuuibl A =|a,, @y Gy | TPE-

a31 a32 a33
TBETO TIOPSIZIKA — OIPEETUTENb BTOPOTO TIOPSI/IKA,
COCTaBJIEHHBIN W3 9JIEMEHTOB, OCTABIIUXCS MOCJTE
BBIYEPKIBAHUS -1 CTPOKH U j-TO CTOJOIA MATPHIIBI A.

Ipumep:

M o alZ a13 o _ .
21 — = GypQ33 — Q30
Gy Gy
a a
(%21 22|
M13 - = 0y A3y — Ay -
Qs A3

Asrebpanyeckoe TOTOTHEHNE A, ameMenTa a,; Ma-
Tpuilbl A — MUHOp M B3ATBIN co 3HAKOM +, eCJH/I
CyMMa WHJIEKCOB i + j quHaﬂ U B34TbLI CO 3HAKOM —
ecJIi HeyeTHast:

= (-1)""M,,
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Ipumep:
Ay = DM, = - M

217

Ay =DM, =M,
Onpedenumens MaTpuibl A TpeTbero nopsiika (onpe-
JIEJTUTENb TPEThEro TOpsIIKa) — Ynucjao A, paBHOE
CyMMe TNPOU3BE/ICHUI 3JIEMEHTOB MEPBOIl CTPOKU
MaTpUIlbl A Ha UX anrebpanyeckue HOMOJTHEHUS:
Gy Ay
A=detA=lay ay, ay|=a,A;+a,A,+a,A;.
a31 a32 a33
10.2.3. Onpesiesiuresib TPETHETO TTOPSIIKA:
A = a11a22a33 + a12a23a31 + a13a21a32 -
T30y Ay — A4y Qy3lsy — iy Ay
ITOT OMpEAEeJUTEh MOKHO BBIYUCIUTH IO cxXeme

mpeyzonvnuxos (puc. 10.2, a) nim no npasuny Cap-
proca (puc. 10.2, 6).

By Byg B3l an7 3rz
%1 3% 34|34 222
207 262 2P P

+ o+ o+

a 6
Puc. 10.2
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10.2.4. Onpederumeny mMaTpuilbl A n-ro nopsiika
(onpeneaurenb 7-ro nopsjaka) — uncao A, papHoe
CyMMe TNPOU3BE/IEHUIT 3JIEMEHTOB MEePBOIl CTPOKU
MaTpuilbl A Ha MX ajaredbpanyecKue JA0NOJHEeHNU:

ay Q... 4,

A:detA: a21 a22"'a2n _

anl an2.“a

nn

= a11A11 +a12A12 +.. +a1nA‘1n’
rie A,.]. = (fi)f*f'Mij (i=12,...,n,j=12,..n).

MuHOopbI 1 anrebpandecKkie JOMOJTHEHHS OIPeIeIs-
I0TCSl AHAJIOTUYHO TIPEBITYIIEMY.

10.2.5. Teopema pasnosxcenust 1ist BBIYUCTEHUS OTIpe-
JleJIUTEIel 7-TO MOPSIKA: ONPeNeUTeNb n-TO T10-
PsIZIKa paBeH CyMMe MPOU3BEICHUN 3JIEMEHTOB 110001
CTPOKM WK 106020 cTOJ0OIA HA UX ajredpandecKue
JIOTIOJTHEH NS,

10.3. Cuctembl IUHEHUHBIX YPaBHEHUI

10.3.1. Cucmema m nuHeliHBIX YypaBHEHUN C 1 HEU3-
BECTHBIMU:
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a,x, +a,x, +...+a,x, =b,

Ay X, + Qg Xy + ...+ ay,x, = b,

a X +a,x,+..+a,x,=b,

mn*"n
3mech X, — HEU3BECTHBIE (j=12...,n), a; — K03(h-
bummentet (i =1,2,...,m, j=1,2,...,n), b, — cBobon-
uble wiensl (i =1,2,...,m).
Pewenue cucteMbl — yIOPSAOYECHHBI HAGOD 1 Yrces
(%, %y,..-,%,), IPH TIOJICTAHOBKE KOTOPBIX B CHCTEMY
KQK/I0€ ee ypaBHEHUE MPEBPAIAETCSI B BEPHOE YNC-
JIOBOE PAaBEHCTBO.
Cucrema coemecmua, eciu UMeet XOTst GBI O/IHO peiiie-
HU€; CHCTEMA HEeCOBMECMHA, €CIT HEe UMeEeT HY OJIHOTO
periienysi. CoBMeCTHasI CHCTEMA 0NPeOesieHHAS, eCTT
HUMeeT eJIMHCTBEHHOE PEIeHue; U HeonpeoeieHHasl,
ecan uMmeet GECKOHEYHOEe MHOKECTBO PEIIeHUTI.
Memod laycca pelieHnst CUCTEMBbI 71 IMHEHHBIX yPaB-
HEHUI ¢ 7 HEU3BECTHBIMU — METOJ TIPUBEICHUS
cUCTeMbl K mpaneyuesudnoi hopme ¢ TOCIETYIO-
MM HaXO’KJIeHUEeM HEM3BECTHBIX, eCJU CUCTeMa
COBMECTHa.
10.3.2. Cucmema n nuHENHBIX YPAaBHEHUH C 1 HEU3-
BECTHBIMU:
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ayx, +a,x, +...+a,x, =b,
Ay X, + A Xy + ...+ a,,x, = b,

a,x +a,x,+..+a,x,=b,
Mampuya cuctembr:

a, a, ...a,,
A= a:M Ll.zQ :"aQn
ani an2 “.ann

Onpeaeﬂumeﬂb CHCTEMDI:

6111 a12 . am
A= a21 022 ...dzn
an1 anZ o ann

10.3.3 Teopema Kpamepa. Ecim onpenenurens A
CHCTEMBI 71 JIMHEWHBIX YPABHEHUN € 71 HEU3BECTHBIMU
HEe PaBeH HYJIO, TO CUCTEMA UMEET eIUHCTBEHHOEe
pelienue.
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@opmyvt Kpamepa:

Al AZ n A 0
X =—t,x,="2,...,%="" npu A=0.
1 A2 A A p
3aech A; — onpezgenuTenb MaTPULbL, OTy4EHHOM

U3 MaTpuIlbl A 3aMeHol i-ro cTosb1a cToabIoM, CO-
CTOSIIIIUM 13 CBOOOHBIX YJIEHOB.

10.3.4. Mampuunas ¢opma cucreMbl 1 TUHEHTHBIX
YPaBHEHWIT C 77 HEM3BECTHBIMU:

AX =B,
X, b,
X, b,
rae A — marpuna cucremsl, X =| 7|, B=|
X, b,

Pewenue cucremnl B MaTpuutoii opme: eciiu A = 0,
10 X =A"'B r1e A' — obparnas MaTpua.
X —3x,=195
o cop-
3, +x, =—1
myszaM Kpamepa U MaTpUYHBIM CITOCOOOM.
1 -3

A= 3 1 =14+9=10 = pemenne eTMHCTBEHHO.

Ilpumep. Pemure cucremy
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1. ®opmyasr Kpamepa:

5 -3 )
A1: :5_3:2,
—1 1
1 5
A, = =—1-15=—16;
3 -1
xlzﬁzo,gy xzzﬁ:_m_
A A

2. Marpuunslii crioco6:

RN 1 3] (01 03]
- 101-3 1) [(-0,3 01}

4B 0,1 03)(5)_
N 1-0,3 01) |-1

(05-0,3) (02 X = 0,2
T-15-01) |-16) 7 |x,=-16



11. Onepauyunu c BeKTOpamu

11.1. OnpepeneHune u xapaKTepuCTUKK
BeKTopa

11.1.1. Bexmop — 0oTpe30K, KOTOPOMY TIPUTTHUCAHO

onpenesienHoe Hanpasyenne (puc. 11.1): AB = a,
A — Haudajo, B — xoHeil.

a B
A
Puc. 11.1

Mooyav Bektopa AB — pnuna orpeska AB;
[4B|=[d| = a>0.
Hynesoii BexTop — Bextop 0, Hauasio u KOHeI[ KOTO-

POTO COBIAJIAIOT; ‘0‘ =0.
EQunuunoii BEKTOp — BEKTOP € , MOALYJIb KOTOPOTO
pasen 1; | =1.
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11.1.2. Yeon mexy AByMsl HEeHYJIEBLIMM BEKTOPaMU
(puc. 11.2, a):

@@ b)y=¢, 0°<p<180°.

oy

b
Y
a a

a 6
Puc. 11.2
J/lBa HeHYJIEBBIX BEKTOPA OPMOZOHANLHBL, €CIIN
@r l;) =90° (puc. 11.2, 6). O6osnauenne: @ L b .
Henynesbie BEKTOPBI KOLIUHEAPHBL, €CIA TIAPAJI-
JIeJIbHBL oHoM npsamoii (puc. 11.3). O6osHauenmue:

alblc.

)
/
.
-
-
.
g
. b
-
-
-

Puc. 11.3
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Ha puc. 11.3 BexTopnl 4@ u b conanpasnenvt; 4 1T b;
BeKTOpPbl ¢ u C npomueonos0icHO HATIPABJIEHDI:

atle.
G1be @ b)y=0°;a1lbe (G"b)=180°.
Bektopsl d n b pasnvl, ecn @ 11h |Zi|:‘5‘.

11.1.3. Tpu HeHYIEBBIX BEKTOPA KOMILJIAHAPHBI, €CITH
OHM TIAPAJITIEJbHBI OJHON TtockocTu (puc. 11.4).

Puc. 11.4

11.2. JluHelHble onepayumu c BEKTOpamu

11.2.1. Cnoacenue nByxX HeHyJIEBbIX BEKTOPOB: CyMMa

BeKTOpoB @ 1 b maxomures 1o IpaBUIY mpeyzonn-
nuka (puc. 11.5, a) nam 1o paBuIy napaiieiozpam-

ma (puc. 11.5,60): ¢ =d+b.
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oy

o)
ol

Puc. 11.5
Cesoticmsa:
\Ya+b=b+a;
Na+b+E)=(G+b)+¢;
3yda+0=a;
4) Bektop (—@) TIPOTUBOIIOJIOKEH BEKTOPY d@ , eCJIi

i+ (-a)=0; |-d=ld|, (-a)1la.
11.2.2. Pa3nocmwv BEKTOPOB:
d=0b+(-a)y=b—a.

11.2.3. Cnoaxcenue n BeKTOpOB:

—

b=ad +ad,+...+a,.

CyMMa 7 BEKTOPOB HaXOJUTCS IO MPABIY MHOTO-
yronpuuka (puc. 11.6).
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Puc. 11.6

11.2.4. Yunoocenue BekTopa Ha YNUCJIO:
b=ki (ke R);
b=ka b= Hfal.b 11 a
. k<0 - - k=05
b :kc‘i@‘b‘ — |k|[@],b 11 ;5 b= kieb=0.

IIpousse/ienne BekTopa @ Ha YUCIO R UITIOCTPUPYET
puc. 11.7.

- 2a
a -

Puc. 11.7
Ceoticmsa:
1) k(la) = (kDad;
2) k@+b)=hd +kb ke R
3 1d=a.
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11.3. CkanapHoe npon3BefeHne BEKTOPOB

11.3.1. Cranspnoe npouseedenue BEKTOPOB — UUCILO:

i b=(ab)=|a|b|cos@"b).

Cxanapmwlil keadpam: G -a = a- .

Csoticmea:

\Yda-b=b-a;

2) k(a b) = (ka,b) = (G,kb), k€ R;
3ya-(b+c)=a-b+ad-c;

4) 52:|a|;

5) ecan ﬁiﬁ,gia,To Gdlbedb=0.
11.3.2. IIpoexuyus BeKTOpa Ha BEKTOP:

np,af|a|coscp: ;b, biay
b
I ab .
np,b =|b|cosyp = |Zz' ,a=0 e o=(@"b)

Ipoexuyus Bextopa @ Ha och O

npy,a = |Zi| cos(d " Ol) .
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11.3.3. Kocunyc yrina Mexy BeKTOPAMMU:
ab

jal b

a¢6,5¢6,

cos = cos(a l_;) =

)

Ecnt @ = 0,6 = 0,70 d-b >0 0°<p<90°;
G-b<0e90°<p<180°.

11.4. BeKTOopHOe npou3BefeHne BEKTOPOB

11.4.1. Bekmopnoe Tipoussejienue BeKTopa G Ha

BekTOp b — sexmop € =dxb =|[d,b], rakoii uto
1) [¢ =[al[|sinc@ ),
2N EL1aclhb,

3) Tpoiika BeKTOpoB 4, 5,5 — npaBag (puc. 11.8).

ol

=
a

Puc. 11.8
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Csoticmsa:
1) Zixl;:—(l;xc_i);

2) kG@xby=kixb=adxkb, ke R
3) ﬁx(5+5):ﬁxg+&'x

ol

;
) ecrn d=0,b=0,10 axb=0sd|b.

11.4.2. Teomempuueckuii cmbica G X b (puc. 11.9):

ax b‘ =S, a0 = 28, 48p -

N
C H B
A (o}
-
a D
Puc. 11.9

11.4.3. /[goiinoe BeKTOpHOE MPOU3BEIEHUE MPex BEK-

topoB — BekTop 4 X (b X <), mpuuem:
p

Gx(bxc)=b(G-¢)—c@@-b)-
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11.5. CmewanHoe npousBeaeHue Tpex
BEKTOPOB

11.5.1. Cmewannoe npousBesenne Tpex BEKTOPOB —
YHCIIO0:

abe = (@,[b,c]) =ad- (b x¢).-
Ceoticmea:
1) a-(bxd)=b-(Exa)=¢-(@xb);
2y @-(bx¢)=-d-(Exb);
3) Eciu ﬁ¢6,5¢6,5¢6,1‘0 &'55:0<:>ﬁ,5,8
KOMILJIaHapHbI.

11.5.2. Teomerpuuecknii cmbica Gbe :

zzz?e‘:v.

3nech V— obbeM mapasuiesienume/a, MoCTPOEHHOTO
Ha Bektopax (puc. 11.10).

Puc. 11.10
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11.6. KoopauHaTtHasa ¢opma BeKTopa

11.6.1. Opmonopmuposannwvii 6a3uc Ha MIOCKOCTU
(i,7):

‘Z" - m =1,1 L] (puc. 11.11, a).
Opmonopmuposanisiii 6asuc B npocmpancmee, npapast
TpoOiiKa (Z, 7, k ):

il=bl=

El=1,7iL17 i1k, jLE

(puc. 11.11, 6).

> K
7 > J
i
a 6

Puc. 11.11

11.6.2. Koopounamnas hopma BeKTOpa Ha NAOCKOCMU
(puc. 11.12, a):

W:?:xf—ky]’:{x;y}.

3/1ech X U i — KOOPAMHATHI (IIPOEKIINU BEKTOPA HA
ocu Ox u Oy).
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Koopounamnas dhopma BexTopa B npocmparcmee
(puc. 11.12, 6):

oM :F:ﬁ+y7+zgz{x;y;z}.

31ech X, Yy M z — KOOPAWHATHI (TTPOEKITNH BEKTOPA
Ha ocu Ox, Oy n Oz).

ZA
V4
M
2T
b vl
'_') »
xi ! d
X
a 6
Puc. 11.12

Modyaw Bextopa 7 = xi + yj + 2k :

L
Koopounamut u modyv BexTOpa ‘E‘,
rae A(x, y,, 2,), B(x,, y,, 2,):
X=X, X, Y=Y, Yp 2= 2, — 2

‘E‘ = \/(xz _x1)2 + (Y, _%)2 +(z, _21)2 .
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Hanpasnsiowjue KOCHHYCHI BEKTOpA 7' = X+ yj + 2k

x y
COSQt = —————= 0S8} = —————,
Ve +yt + 2 X'+ gyt + 27
cosy = z

2 2 2
Nty +z
3necy @, 3,7 — yrabl, 0OpasoBaHHbIE BEKTOPOM 7
n OCAMMU KOOpP/JIMHAT.

cos® o + cos” B+ cos” y=1.

11.6.3. Cymma BeKTOPOB

Zizxﬁ#—yj—i—zl/g n 5:x2?+y27+zzlg:
a+b= (o +x)1 + (Y, +¥,)] + (2 + Zz)k :
11.6.4. Ilpoussedenue BexTopa d = xﬁ + yj + 21/2

HA YUCTIO M:
mi = mx,i + my,j + szg.
11.6.5. Craznsiproe 1pon3Be/ieHie BEKTOPOB
a:x1?+?/1j+21£ u g:x2?+y2;+2215;

—

a-b=xx+yy, +z2-
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11.6.6. Kocunyc yria Mexxty BeKTopaMu

Ei:xj—&—yj—i—zllg " 5:x2?+y27+22§:

x1x2 +y1y2+2122
Vi +y + 2% 4y + 2
npu G=0,b=0.

cosp =

11.6.7. Bexmopuoe MpOU3BeJleHre BEKTOPOB

-

z+y1]+2k u b_x21+y2]+zzk:

i j k
axb=\x, y, z
X, Yy 2

11.6.8. Cmewannoe npousBeieHEe BEKTOPOB

- — - -

ﬁ:x1;+ylj+ }; b=xyi +y,j +2zk
X0+ Ys) + 2k :
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11.6.9. YcnoBue opmozonanviocmu HeHYJIEBbIX BEK-
TOPOB:

albexx,+yy, +2zz =0.
YcnoBue KoniuneapHocmu HeHyJIeBBIX BEKTOPOB:

Qb= _2
X, Yy, 2
Yenosue Komnjianaprnocmiu Tpex HEHYJIEBbIX BEKTO-
POB:

. XY 4
G, b, ¢ xomnmanapubl & |x, y, z,|=0.

X3 Y3 Z3

Hpﬂ@p: Haiigure yronm mMexmay BeKTOpamu AB
u AC, ecin A(2; 0; 0), B(6; 1; 1), C(4; —1; 2).

Koopaunaruas ¢popma BekTopa AB
AB=(6-2)i +(1—0)j+(1— 0k =4i +]+Fk.
Ero momyss: ‘ZE‘ =4 +12+12 = \/E =
Koopaunaruas ¢opma BekTopa AC:
AC=(4—2)i +(~1-0)] +(2—0)k =
=92 — ] + 21; ;
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Ero mozy: ‘AC‘ JZ (D122 =V9=3.
CKaJIHpHoe TIpOM3BE/ACHNE BEKTOPOB!
AB-AC=4-24+1.(-1)+1.2=9.

Kocunyc yriia u yrou:

9 N2 o= o=
CcoSp = =— = (AB" AC) = o =45°.
® 523 2 ( )=




12. AHanuTnyecKas
reomMeTpuaA Ha NJIOCKOCTH

12.1. lekapToBa cucTtema KOopanHaT
Ha NJI0CKOCTH

12.1.1. Ipsamoyeonvras dexapmosa cucteMa KOOP/IH-
HAT Ha IJIOCKOCTU — JIBE B3AUMHO TIePIIeHINKYJISIP-
Here ocnt Ox n Oy ¢ eUHBIM HavaloM — Toukoit O
1 BIOpaHHBIM Mactirtaboum (puc. 12.1). ObosHaueHwMe:
Oxy.

1] v

Puc. 12.1
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HJIOCKOCTB, Ha KOTOpOfI 3a/laHa CUCTEMa KOODP/n-
Hart, — KOOp()UHamHaﬂ IIJIOCKOCTD.

12.1.2. Jlexapmoswr koopounamovr Toukun M Ha 1io-
CKOCTH — TPOEKIIUU paduyc-6eKmopa OM Tou-
xku M va ocu Ox n Oy: x = npOxW , Yy =np,, OM

(cM. puc. 12.1). O6osHauenue: M(x, y); x — abcuucca,
Yy — opdunama.

3naxu KoopAuMHAT TOYKU M(x, y) TIO 4eTBEPTIM
(xBaspaHTam):

Kopaunara I II III v
X + — _ +
y + + - -

Paccmosimue d mexay asymsa Touxamu M(x,, y,)
u N(x2, y2):

d= \/(x2 - x1)2 +(_7/2 _y1)2 .

Koopounamwi X, U Y, TOYKH, nensiieil oTpesok MN
MIOTI0JIaM:

_Gtn ity
2 7 2
Koopounamo: Touku K(x,, y,), nenauieii orpesok MN

MK m
B OTHOIIEHUN ——— = —:
KN =n

Xy

)
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i nx, + mx, _ny, + my,
o= 2 JoT T T -

n-+m n+m
12.1.3. Ilapannenvroiili nepeHoc KOOPANHATHBIX OCEH:
x=x+a X, =Xx—a
y:y1+b y1:‘7/—b'
3nech (X; y) — KOOpAMHATHI TOUKU M B cTapoil cucTe-
me koopauHat Oxy, (x,; y,) — KOOpAMHATHI TOYKKH M
B HOBOII cucreme koopaunat O x,y,, (a; b) — xoop-
annatel Toukn O, B cucreme Oxy.
12.1.4. Ilosopom KOOPAMHATHBIX OCell HA yTOJ ¥ :
X =X, COS® — Yy, Sing
Y =X, siny +y, cos<p.
3nech (x; y) — KOOpAUHATHI TOUKU M B cTapoil cucTe-
me xkoopaunat Oxy, (x,; y,) — KOOPAMHATLI TOYKK M
B HOBOM cucreme xkoopaunar Ox,y,.

12.1.5. Ypasuenue qunuu ua miockoctu: F(x; y) = 0.
Ilapamempuueckue ypaBHEHNUS TuHUYU HA TIOCKOCTH:

x=p(t) .
y =)
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12.2. YpaBHeH1A NnpAMON Ha NNOCKOCTU

12.2.1. Pasiuunvie 6udv ypaBHEHUI TIPSIMOIT Ha I1J10-
ckoctu (puc. 12.2):

Ne | HassaHue | Bup NosacHeHue
1 |Bektop- |7 =3t+7, 7 ={xy} — paau-
HO-TIapa- yC-BEKTOP TeKyIIei
MeTpuye- touku M(x; y)
Koe
2 | Hapame- | [x =kt + x, 7 ={%;4} — pamu-
Tpude- y=1It+ Y yC-BEKTOP 33/IaHHOM
cKue Touku M (x;; y,)
3 |Kanonn- | x—x, y—y, s ={k;l} — nanpasus-
yeckoe ] FOLUI BEKTOP
4 | O6mee Ax+By+C=0 A, B — KOOp/IMHATBI
HOPMaJIBHOTO BEKTOPA
7 ={A; B}
5 |Hop- xcosa + ysina — A
MajbHoe | —p =0 cosa= [42 1 B
. +B
sinae = ———,
’AQ + B)
FC
= ———, 3HaK
A2 +32
MTPOTHBOTIOJIOKEH
3Haky C

Mpoponxenue »
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(Mpoponkenue)

Ne | Ha3sBaHue | Bup NMoAcHeHue

6 |Borpes- | x y 1 a, b — abcuucca
Kax Ha P + b M OpINHATA TOYeK
ocsx repeceueHust IpsiMoi

c ocamu Ox u Oy:
P(a; 0), Q0; b)

7 |C y=hkx+b k — TanreHc yria
YIJIOBBIM HAKJIOHA TIPSIMOIT
Koahbu- K ocu Ox
IIHEHTOM

Puc. 12.2

12.2.2. Paccmosnue d ot Touku M (x,, y,) 110 TIPAMOIT
Ax+ By + C=0:

g |Ax, + By, + C|

NA? + B
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12.2.3. Ypasnenue mpsmoii, mpoxosieii yepes 2 ToU-
kn M (x, y,) n M,(x,, y,):

X=x% _ Y-y

Xy =X Yy Yy
12.2.3. Yeaogue toro, uto 3 touku M (x,, y,),

M,(x,, y,) 1 M,(x,; y,) €)aT Ha OLHON IPAMOI:

Xs =X _Ys— Y

X=X Y=Yy
12.2.4. Touxa nepeceuenus nByx npambix A.x + B y+
+C=0uAx+By+ C=0:
X, = _C1Bz +C2B1 Yy = _A1€2 +A2C1
A132 - A2B1 A132 - AQBl
npu AB, — AB =0.

12.2.5. Kocunyc yena Mexmy TpsIMBIMIL

COSp = |A1A2 +B1BQ| npun A12 +B12 ¢0,
VA + B4} + B
A +B; =0.
12.2.6. YcioBue nepnenouryisprocmiu npsMblix:
A1A2 + B1 Bz =0.
Bl

12.2.7. YesoBue napainieivnocmu pSIMbIX: —— = 2.
A, B,
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12.3. Kpusble BTOpOro nopsaka
Ha NJI0CKOCTH

12.3.1. Smwwunc (puc. 12.3, a). Kanonnueckoe ypas-
HEHUeE:

2

p +b—2:1,np1/1 O<b<a.
y

x2

y

Puc. 12.3

Bepuumnwvi: A, (—a; 0), A,(a; 0), B,(0; —b), B,(0; b).
Bonvwas ocv: A|A,= 2a; manas oce: B B, = 2b.

Doxycoi: F(—c; 0), F(c; 0), rne ¢ =va* —b* .
Xapaxmepucmuueckoe cpoiictso: MF, + MF, = 2a,
riae M — mpou3BoJibHAS TOYKA JJITUTICA.
IKcuenmpucumem dJIATICA:

c at—b
e=—=—— 0<e<1.
a a
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C yBesmuenueMm akcientpucurera (& — 1) annumc
«BBITSATUBAETCST» BIOJb ocu Ox.
2 2

Ecm e =0,10a=b=r, 5 +5=1=>2"+y" =1 —

rroor
ypaBHeHue oxpyacrocmu ¢ nienTpom B Touke O(0; 0)
u paguycom 7 (puc. 12.3, 6).
ITnowadv snnumca:

S =mab.
Ilapamempuueckue ypaBHEHUST HIITATICA:
X =acost
y=bsint
Ilapamempuueckue ypaBHEHNST OKPYKHOCTH:
X =rcost
y=rsint
2
X Y
daune =+ 7 1 upu 0<a<b <«BBITAHYT>
a

B1oJTb ocu Oy.
YpaBHenue okpyacrocmi ¢ LeHTpoM B Touke M (x,, y,)
U PaIUyCOM 7:

(=2 + -y =7
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12.3.2. Tunepbona (puc. 12.4). Kanonnueckoe ypas-
HEHUeE:

xZ y2 b

= L —{upua>00>0.

a b

Puc. 12.4

Bepuwunor: A, (—a; 0), A,(a; 0).
/eticmeumenvnas ocw: A A, = 2a; mnumas ocv: B B, =
= 2b, rie B (—b; 0), B,(b; 0).

b
Acumnmomor: Y = j:gx, Qoxycor: F,(—c; 0), F,(c; 0),

rie c=+a’ + b .

Xapaxmepucmuuecxoe csoiicrso: |MF, — MF,| = 2a,
e M — 1pousBOsIbHAsI TOYKA TUIIEPOOJIBL.
Ixcyenmpucumem rurepGOIILL:
2 2
c Na +b
e=—=—— ¢e>1,
a a
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Ipu € — 1 Bersu runep6omst mpubmkaTes k OX;

npu € — OO erBU rUEPOOJIBI TPUbIIKAIOTCS K OY.
2 2

Tunepbona b_z - x_z =1npu a>0,b> 0 nepecexaer
och Oy.

12.3.3. Ilapadona (puc. 12.5, a, 6). Kanonunueckoe
ypaBHeHue:

¥ =2px,p=0.
AY y y
N 0
X 0] "x
6) y2=2px 8)x2=2px
)yp<0p y) p>0p
_go .
2px 2) x2 = 2px
)p>0P )p<0
Puc. 12.5

Bepuwuna: O(0; 0). @oxyc: F [%, 0], dupexmpuca:

vo 2

g
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Xapaxmepucmuueckoe cBotictBo: MF = MN, tme M —
POU3BOJIbHAS TOUKa mapaboJibl, MN — paccTosiHue
JIO TUPEKTPHCHI.

IMapa6oJbst y* = 2px npu p < 0 u x> = 2py ipu p > 0

u p < 0 npeacrasieHsl Ha puc. 12.5, 6, 6, 2.
2 2

12.3.4. YpaBuenue x_z + Z—Q =0 upu a=0,b=0
a
3azaet Touky O(0; 0).
2 2
VpaBuenne x_2 ~Y _0 upn a=0,b=0 zagaer
a

b2
JBe 1psmble Y = izx.
VYpasuenne x? = ¢? npu ¢ # 0 3a7aeT ABe TPSIMBbIe

x = £c, mapaensnsie ocu Oy.

YpaBuenue y? = ¢*> npu ¢ # 0 3amaer aBe MpsMbIe
y==*c, mapayresbabie ocu Ox.

Ypasuenne x? = () 3amaer oco Oy. Ypasuenue y* = (
3amaeT och Ox.
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12.4. MNonapHaa cucrtema KoopanHar
Ha NNOCKOCTH

12.4.1. Illonapnas cucrema KOOPANHAT Ha IJIOCKO-
et — (7;9), Tie r — nyiHa paanyc-sextopa 7 = OM
tTouku M, ¥ — yron HakjioHa Bektopa 7 K ocu Ox
(puc. 12.6); >0, 0 < <27,

Puc. 12.6

12.4.2. Cs53b 1ekapTOBBIX KOOPAUHAT C MOJSAPHBIMU:

x=rcosp, y=rsing, x’+y> =7 tg¢:2_
x

2 2 .2 _
12.4.3. Ypasuenue okpyocnocmu x° + y* = 1> B 10
JISSPHBIX KOOP/INHATAX:

r=r,

12.4.4. YpaBHeHue npsamoil y = kx B MOJSAPHBIX KO-
OpAMHATAX:

o =arctghk.
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12.5. Kpusble, 3apaHHble
napameTpu4yecKMMU ypaBHEHUAMU
¥ ypaBHEHUAMU B NONAPHbIX KOOPAUHATAX

Ne | HasBanue | ®opmyna
1 [Tukmo- {x = a(t —sint)

nia y = a(l—cost)

2 Tmorti- {x =acos’ t

KJIOU/1a y = asin®t
(acTpon- 2 2 2
Lla) (x3+y3:a3)

3 Crmpans | 7= ay
Apxume-

na
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Ha3BaHue

®opmyna

Jlora-
pudmn-
qecKast
CIUpaTb

r=ae" (k> 0)

JlemHu-
cKara
Bepnyn-
am

r* = a’ cos2p

Kapauo-
nma

r=a(l—cosyp)

JlexapToB
JeT

3asin 2p
r=————
2(sin’ ¢ + cos’ )
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Ipumep: OnpesieiTe BUA KPUBBIX BTOPOTO MOPSI/IKA
X’ +4y* =25 u x* — y* =5 u HaiiguTe KOOPANHA-
THI UX TOUEK TIepPecedeHmts.

) , x2 y2
X' +4y* =25 :>5—2+2,52 =1 — sJuIc;
a=>5b=2p5.

2 2
2

2 X Y
B
YOV ST By By
a=b~= \/3

KoopHathbl Touek repecedeHs:
X +4y* =25 [5x° =45 [x=+3
= -
5y°=20 " |y=+2"

Touku nepeceuenust: K(3; 2), L(3; —-2), M(-3; —2),
N(-3; 2).

=1 — runep6oua;

X —y*=5



13. AHanuTnyecKas
reomeTpuA B NPOCTPaHCTBE

13.1. lekapToBa cucTtema KoOopanHaT
B NPOCTpPaHCTBE

13.1.1. Ipsmoyzonvnas dexapmosa cucteMa KOOpP-
JIMHAT B IIPOCTPAHCTBE — TPU B3aWMHO IEPIICH/IN-
kyJssspabie ocu Ox, Oy n Oz ¢ eIMHBIM HAYaJIOM —
Toukoil O u BbIOpaHHBIM Maciitabom (puc. 13.1).
O6o3Hauenue: Oxyz.

Puc. 13.1
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13.1.2. Jexapmosvr koopounamv: Toukun M B 1po-
CTPaHCTBE — MPOEKIUU PAduyc-6eKmopa OM Touxu
M na ocu Ox, Oy u Oz: x = npOxO—M , Y =np,, OM

u z=npy,OM (cm. puc. 13.1). O6osnauenne: M(x,
Y, 2); x — abcyucca, y — opounama, z — anniuxama.
3uaxu koopauHat Toukn M(x, y, z) B OKTaHTax:

Kopaunara I |m |Iv |V |VI VII VIII

x e e

I
+

y S I e L T & S R
+

z + + — — - -

Paccmosnue d mexny nBymsa toukamu M(x,, y,, z,)
u N(x,, y,, 2,):

d= \/(X2 _x1)2 +(y2 _y1)2 +(22 _21)2 :

Koopounamuot Xy Y, M Z, TOUKH, JeJsuieil 0Tpesok
MN 1ononam:

Xt _uty Z:z1+z2
2 ’ 0 2 , 0 2
Koopdunamuv Touxu K(x,, y,, z,), nenduieii oTpesok

MN B oTHOIIIEHUN % = ﬂ:

KN n

Xy
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nx, + mx, _ hy, +my, > = nz, +mz,
= —-- 0 — —_— 0 —
n+m ’ n+m ’ n+m
13.1.3. Ilapannenviviii nepernoc KOOPANHATHBIX OCEI:

0

xX=x +a X =x—a
y:y1+b<:>y1:.7/_b~
Z:Z1+C 2122_6

3nech (x; y; z) — KOOpAMHATBHI TOYKU M B cTapoi
cucreme koopaunat Oxyz, (x,; y; Z,) — KOOpAMHA-
Tbl TOukH M B HOBOI1 cucteme koopaunat O x,y,z,,
(a; b; ¢) — xoopaunatel Touku O, B cucreme Oxyz.

13.1.4. YpaBHeHue nogepxHocmu B IPOCTPAHCTBE:

Flx,y,2)=0.

13.1.5. YpaBHEHUS JuUHUYU B TIPOCTPAHCTBRE:
E(xy;2)=0
E(xy2) =0

13.2. YpaBHEHMA NNOCKOCTU B NPOCTPAHCTBE

13.2.1. Pasnuunvie 6udvt ypaBHEHUIl ILIIOCKOCTU B IIPO-
crpanctBe (puc. 13.2):
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Ne | HasBanue | ®opmyna MoscHeHue

1 | Bekrop- | 7#-(F—7)=0 7 ={xy;2} — paau-
Hoe YC-BEKTOP TeKyIei

Touku M(x; y; z);

2 | B xo- A(x — x,) + B(y — yo) +| 1o = {%0;: 4052} —
opau- 5 HC(z—2)=0 palll/lyC-]iCKTOP
HATHOM 3aJIaHHOI TOY-
bopme k1 M (x5 Yy 2,);

7 ={A;B;C} — Hop-
MaJIBHBII BEKTOP

3 |Obuee |Ax+By+Cz+D=0 D = —Ax, — By, — Cz,

4 |Botpes- | x y z " a, b, c — abcuucca,
Kax Ha -+ b + c OpAMHATA W arlTLIH-
0CsIX KaTa TOYeK Iepe-

CeUEHUS ILJIOCKOCTU
c ocamu Ox, Oy,
Oz: M(a; 05 0),

N(; b; 0), P(0; 0; c)

Puc. 13.2
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13.2.2. Paccmosmue d ot Touku M (x,, y,, z,) IO TLIO-
ckoctn Ax+By+Cz+D=0:

g |Ax0 + By, + Cz, +D|

JAZ + B2 4+

13.2.3. Kocunyc yria Mexxy MI0CKOCTSIMU
Ax+By+Cz+D =0
n Ax+ By +Cz+D,=0:
|A/A, + BB, + C,C,|
JA+B +C A + B +C
npu A’ + B} +C} =0, A, + B, +C, =0.

cosp =

13.2.4. YcnoBue mapaiieabHOCTH ABYX MIOCKOCTEI:
A_B_G
4, B G
13.2.5. YenoBue mepHeHANKYASIPHOCTH ABYX TLIO-
CKOCTEIL:

A1Az +B1Bz +C1C2 =0.
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13.3. YpaBHeH1A npAMON B NPOCTPaHCTBE

13.3.1. Paznuunbie BUbl ypaBHEHUH TIPSIMOIA B ITPO-
crpanctBe (puc. 13.3):

N° | HasBanue | Bupg MosacHeHune

1 |Bextop- | ¥ =3t +7, F={xyz} —
HO-TIapa- paznyc-BeKTOp
MeTpuye- TeKymiel TOuKn
Koe M(x; y; 2),

2 |Tlapame- | (x =kt + x, 7= {0 Y2} —
Tpuue- y=li+y, pajinyc-BeKTOp
cKue i

z=mt+z, 3a/IAHHON TOYKH

M(x5 Yy 2,)
3 |Kanomn- | x—x, y-y, z-2 |5={klm — na-

YecKkue b [ m [IPaBJISIONU I
BEKTOD

4 | O6mwme Ax+By+Cz+D, =0| 7% ={A;B;C},

{A2x+Bzy+C22+D2 =0| = {4 By G} —
HOpMaJIbHbIC
BEKTOPbLI I1€peceKa-
TOIIMUXCA TIJIOCKO-
creit
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V<

Puc. 13.3

13.3.2. Kocunyc yria Mexxy npsMbIMA
X—Xx Y-y _z2—2

k1 l1 m1
L X _ Y-y _z-z,
k, L m,
|kky + L1, + mym,|
CosSp =

JB+ 1+ m2 B+ 2+ m
upn B+ 10 +m =0, k) +1 +m =0.
13.3.3. YesioBue nepnenOuxyaspuocmu IByX IPSIMBIX:
kk, + L1, +mm,=0.
13.3.4. YcnoBue napannenvuocmu IByX TMPSIMBIX:
k, 1_1
k2 12

n
m,
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13.4. lIpamas M NNOCKOCTb B NPOCTPaHCTBE

13.4.1. Cunyc yrna Mexty npsamoil % _Y _l Yo _
z—2z,

= u mnockocteio Ax + By +Cz+ D =0:
m

|kA + IB + mC]|
B2+ mP A + B+ C°
mpu B2+ +m> =0, A>+B*+C*=0.

sing =

13.4.2. YeoBue nepnenduxyasprocmu psMoi 1 T110-
CKOCTH:

m
ik
13.4.3. YcrnoBue napanreavnocmu NpAMON U ILIO-

CKOCTH:

)

kA+IB+mC=0.

Ipumep. Haiinute TOUKy 1epecedeHnst MexX/1y TIpsIMOit
x—2 y+1 z+2

2 -1
-5=0.

U IIJIOCKOCTBIO X — 2y + 3z —
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) ) ) x=2t+2
X—z2_y+l_z+ syt =
2 —1 1
z=t-2

Qt+2)—2(-t—-1)+3t-2)-5=0=
=>T7t-7=0=t=1=

x=2+42=14
Y= —A—1=—2 = M@&%~-2-1).

z=1-2=—1

13.5. lNoBepxHOCTU BTOPOro nopsaakKa

Ne | HasBanue | ®opmyna PucyHok
1 | Dnnnn- ¥y
rmveckuii | 7 T 37 = 1
a b
MUJIMHAP

Mpoponxenune »
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(Mpoponkenue)
Ne | HasBanue | ®opmyna PucyHok
2 |Tunepbo- | x> 42 Z
mugeckuit | 2 T g2 T 1
TUJINH]P
v
3 |Mapabo- | y* =2px ZA
JINYEeCKUIL
MUJTUHIP
15>
% g
4 | Dmmmm- ¥y 2
conn oyt =1
a b c
X
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Ne | HasBanue | ®opmyna
5 | Cdepa rXry+2=r
6 | Komyc oyt 2 0
=4+ L =
a b ¢
7 |Omnomo- | 42 42 2
qoctpii |zt oy =1
a b <
runepbo-
JIOU]T

Mpoponxkenune »
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(Mpoponkenue)
Ne | HasBanue | ®opmyna PucyHok
8 | /Bymno- ¥y 2 )
JOCTHBIN | o2 Ty = 2 T T
runepbo-
JIOU]T
9 I"anp6o—u x_z_y_z_ N
JITYeCKHi =%
6 P q
mapabo- 2>0q>0
JION{
. z
10 | Dumn ) x_Zer_Z_Z A
THUYECKUU ’
6 P q
napabo- |, 0 4 >0
JIOU]T
o y
X
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Ha3Banue | ®opmyna PucyHok

IBe P yz 0
nepeceka- | o2 T p2
foLuecst
TLIIOCKO-
cTth

e X
napas- 2
JleJIbHbIEe
IJIOCKO-
CTH

ITo- 2=0
CKOCTh

<Y

o
o
S

Touka
0(0; 0; 0)

Q.\,| =
+

/s
+

nml ~N

>
l "
CHENG o\ o
3 4
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13.6. Liununppuyeckas u cpepuyeckas
CUCTEMbI KOOpAUHAT

13.6.1. Iurundpuueckas cucremMa KOOPIMHAT:
(7r;¥;2), rie r — nanna Bektopa OM, (cocrasisio-
et paanyc-sekropa OM Touku M 10 TLIOCKOCTH

Oxy); ¥ — yron naknona sekropa OM, k ocu Ox;
z — ammnkata Toukn M (puc. 13.4).

0<r<+4o00, 0<p<2r, —00<z< 400,

13.6.2. CBs13b MeXIY /1I€KaPTOBBIMU M ITUJIMHIpUYE-
CKUMU KOOPIMHATAMMU:

X=7cosp y=rsing ;=g
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2y = tge="2.
X

13.6.3. Ypasuenus nexoTOpPhIX MMOBEPXHOCTEN B IH-
JITH/IPIYECKUX KOOPANHATAX:

Q xpy2060L YUIUHOD:
x* +y2 :roz Sr=1;
Q coepa:
Cry = er+2 :r(f(:)z:i\/rozj;
Q xonyc:
Y4y -=0cr-27=0cz=>2r;
Q  oduonorocmuwlil zunepooLoUo:
Py —deler-2=lez=tl"1;

Q Jdsynorocmuwlil 2unepboLouUo:
¥4y -Z=-1err-z22=-1
Sz=4Jr" +1;
Q swunmuueckuil napadoiouo:

YAy =zez=1"
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13.6.4. Cpepuueckas cucrema koopaunar: (7;¢;0),
rie ¥ — JUIMHA Painyc-BeKTOpa OM rouxu M, ¥ —
YToJl HaKJIOHA BEKTOPa O—MJ (cocTaBagionieir pa-
JINYC-BEKTOPA OM 1o niockocTH Oxy) x ocu Ox,

6 — yroJ OTKJIOHEHWUSI PalyC-BEKTOPa OM or ocn
Oz (puc. 13.5).

AZ
M
® r |
|
|
0 Ly
|
X | y
2 M,
Puc. 13.5

0<r<4o00,0<p<2r,0<0< 7.

13.6.5. Css13b MeKTY IEKAPTOBBIME U CPepUIeCKIMU
KOOD/IMHATAMI:

x=rsinfcosy y=rsindsing z=rcosh;

2 2
X
rr=x+y +7, tgw=%, o=
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13.6.6. YpaBHEHUS HEKOTOPBIX TTOBEPXHOCTEN B che-
PUYECKUX KOOPJMHATAX:

Q ceepa:
x2+y2+22:1’02(:)r:1’0;
Q xouyc:

x+y —z=0 S



14. Mpepensol

14.1. Mpepen nocnepoBaTesIbHOCTH

14.1.1. Yucno a — npeden 4NCaI0BOIl OCIER0BATE -
HOCTH @, ecJii Jist moboro uncaa € >0 Haiizercs
nomep N = N(¢), maunnaga ¢ KOTOPOro, TO eCTh
a, — a| <e.

npu n> N, BBIIOJHSETCS YCIOBHE
Ob6o3HaueHNE:;

lima, =a.

n—o0

14.1.2. Tlpenesom YMCIOBOI MTOCTIEIOBATETHHOCTH a,
saBJiseTcss +00 (—00), ecau s JII0O0TO YKcia
M > 0 naiinerca nomep N = N(M), Haunnas ¢ Ko-
TOPOTO, TO €CTh IPU 72 > N , BBITIOTHSIETCS YCIOBHUE
a,> M (a,< —M). Obosnauenue:

lima, =00 (lima, =—0c0).

n—00 n—o0

Ipumepo.
1) limg" =0 npu |g| <1; lim ¢" = +oo npu g > 1;

|
2) lLrElO?:O npu k> 0; lim n* = 400 mpu k> 0.
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14.1.3. 3ameuamenvrwuiil Iipeet:

lim[1+l] =e,rue e=2,71828....
n

n—oo

14.2. Npepen pyHKUUK

14.2.1. Yucno A — npeden GyHkImu f(xX) B TOUKE X,
ecsm jist JmioGoro uncna € > 0 Haiizercs takoe umcsio
6=206(¢) >0, yro us ycaosuit |x—x,| <6, xeD,,
X 7= Xy caenyer |f(x) - A| < e. ObosnaueHue:

lim f(x)=A.

ey
Yucno A — npeden byuxkuuu f(x) npu x — +oo
(x — —00), ecau jyist mo6Goro uncra € > 0 Haiigercst
Takoe urcao M = M(g) > 0, uro us yciosuii X > M
(x<—=M), x € D,(x) crenyer |/(x) — A <. O60-
3HAYEHUE:

lim f(x)=A (lim f(x)=A).
X—+00 X——00
14.2.2. Ilpenenom pyHKImu f(X) B TOUKE X, ABJIACTCS

+00 (—00), ecu ans moboro uucaa M >0 naii-
nercs Takoe unciao 6 =6(M) >0, uro us yciaosuit
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|x — x| <6, x€D,, x = x, crenyer f(x) > M (f(x) <
< —M). Obozmavenue:

lim /(x) = +00 (lim /(x) = —o00),
14.2.3. Odnocmopornnue 1penens:

hm f (x)= hm f(x) — npasocmoponnui;
1¢>10

lim f (x)= hm f(x) — nesocmoponmuii.

X=X
oc<r0

14.2.4. Oynkuusa f(x) nenpepviena B TOUKE X, eCJIN
lim f(x)= f(%,), 4TO PaBHOCHIBHO YCIOBUAM

hm f(x)— hm f(X) S(x,). Ecan ne Bbimos-

X— Xy —

HSIETCST XOTsI 6BI OJIHO W3 TOCJEIHUX YCJOBUH, TO

B TouKe X, DYHKIHs f(X) UMEeT paspuie.

14.2.5. Apugpmemuueckue omepaini ¢ KOHCTHBIMI

npenenamu: eciun lim f(x) = A, lim g(x) = B rze
X=Xy X=Xy

A u B — uucia, To
lim (f(x) + g(x)) = A+ B;
lim (/(2)g(x)) = AB
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14.2.6. 3ameuamenvrvie TIPEIETIBL:

sin x

lim =1; lim [1+l] =e=2,71828....
x

x—0 X xX——+00
14.2.7. Oynknusa a(x) — beckoneuno maias B TOUKe
x,, ecm lim a(x) =

xX—Xx)

Oynximus f(x) — beckoneuno 6omvwas B TouKe X,
ecau lim |f(x)| =+o00.

X=X

1Lm|f(x)|—+oo<:>llmL:O-

J ()
14.2.8. Ecin lim a(x) =0, lim 8(x) =0, npuuem
lim a® _ 1, To Geckoneyno manbie (X) u [(x)

)
IKeUBAJIEHMHbL B TOUYKE XO. Ob6osnaueHue:

a(x) - 6.

Ecan lim a(x) =0, lim 5(x) =0, lim a,(x) =0,

x—x

l_im B,(x) =0, npuuem Oz(x) ~ oz1(x) ,

) @ _ i 4@

SKBMBaﬂeHTHHe 66CKOH6‘{HO MaJIble:
1) sina(x) ey a(x);
2) tga(x) ~ a(x);
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3) 1-cosa(x) - 0a2(x)/2;
4) arcsin a(x) . Oa(x);
5) arctgo(x) . Oa(x);
a(x) _ 1 - .
6) ¢ a(x)—0 Ol(X),
7) a*® —1 3 Oa(x)lna;

8) In(1+ a(x)) BRIRCICOX

9) log, (1+ a(x))a(;ho a(x)/Ina;

10) (1+a@) ~1 = pa().
14.2.9. llpenen nokasamenvno-cmenennoti GyHKINK:
lim (f(2))” = e "

IpumepnoL: o
0,5—0,7x — 8,1

1) lim 5 =
=+ (), 9x° —1,3x + 0,6

QS—Q7—&4

¥ x

2

-8,1

0,9

= lim

x—+400

xﬂa9—L3+Qf
X X

<2 2
2) lim arcsin” 4x . 16x

— = lim =—
*=0 [p (1 — 2sin 5x2> ¥=0 —10x?



15. lMpoussoaHble

15.1. OnpepeneHue N reomeTpuyeCcKUin
CMbICJ1 NPOM3BOAHOM

15.1.1. IIpoussoonas — nipeje OTHOIIECHUS IpUpale-
HUst QYHKIMH f(X) K BBI3BABIIEMY €TO TPUPAIIEHIIO
apryMeHTa TP YCJIOBUH, UTO TIPUPATCHNE apTyMeHTa
CTPEMUTCS K HYJIO: ggl()% ,Thne Ax = () — mpupa-
menne aprymenra, Ay = f(x + Ax) — f(x) — npu-
pamtenue pyukiu. O6o3HaYeHNe:

y=rw=2,
= i FOH 2D 1)

15.1.2. 3naueHue MPOM3BOAHON QyHKIUH f(X) B TOU-
Ke ¢ abcruccoil x paBHO manzency yria HAKJIOHA
KacaTeIbHOM, TPOBeIeHHOM K rpaduky GyHkiuu f(x)
B Touke (x; f(x)) (puc. 15.1).
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f(x + Ax)-
Ay

NS
@)

Puc. 15.1
Ha pucynke MM’ — cexymas, MK — kacaresbHas;
Ay M'N
Ax  MN
lim Ay _ hm tg/M'MN = tg/KMN = tga .

Ax—0 Ax

=tg/M’'MN =

IIpumep: Ha puc. 15.2. npezacrasien rpaduk QyHK-
uun y = f(x). Haiiaure sHaueHue IpoOU3BOLHOM
bynxmum y = f(x) B Touke X,

YA

\h

<
M\
=
<Y

<
=

Puc. 15.2
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3navenne MPOU3BOAHOI i = f(X) B TOuKe X, — TaH-
rerc yrina KML:
KL 5
x,) =tgZKML = —.
['(x) =g ML S

15.1.3. ¥YpaBHenue xacamenvioil K rpapury GYHKIIHT
f(x) B Touke ¢ abermccoii X,

y= f/(xo)(x*xo) + /(%)

15.1.4. Ypasuenne nopmaru ¥ rpabuxy GyHKIUHN
/(%) B Touke ¢ a6cu1/1ccoﬁ X,

y=————@—x)+ f(x).

f(o)

15.2. NpaBuna puddepeHyupoBaHua
¥ Tabnunua NPouU3BOAHDIX

15.2.1. Jlugpgpepenyuposanue — naxoxmpenue mpo-
N3BOHOI.

Ocnosnvie npasuia oup@epenuuposanus:
) (GF@) =C(f@)s
2) (u(x) £o(x)) = u'(x) £0'(x);
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3) (w(x)o(x)) = u'(x)o(x) + u(x)o'(x);
u(x)) _ w'(0)o(x) - u()o'(x) |
o(x)) 0 (x) ’

5) (f (@) = fl¢l:

6) (/(0)*) = g'(0)f () In () +
+8(2) (@) f1().

15.2.2. Tabawia npoussoonsiy:
1) ¢’ =0(C = const);

2) (x”), =ax"";

r
3) (Vx) =0
1

=~
N

) [1] _ 1,
X X

5) (") =a"lna;

6) (¢")'=e";

7) (1 "= :
)(ogax) 1xlna

8) (Inx) ==

) (Inx) ;
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9) (sinx) =cosx;

10) (cosx)/ = —sinx;
1
tgx) = ——
1 ( gx) cos® x’
1
12) (ctgx) =—
) (ctex) sin? x
1
13) (arcsin x g
) | )=
1
14) (arccosx) = — ;
) )=
15) (arctgx) = —— ;
1+ x
1
16) (arCCtgx) :*H_—XQ,
17) (shx) =

18) (chx) =shx
Ipumepw:

1) (’Inx) =% Inx+ x°(nx)

=32 Inx + 2%
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’ 31 3 !
2) (log,(3' +3)) = (3(—&—;3)1)113 _

33 3
(3*+3)In3 3" +3

15.3. ludpepeHumnan n ero
reoMeTpuyeCcK1im CMbICa

15.3.1. Ecai npupantenue yukimu y = f(x) B Touke
x umeeT BUIL Ay = AAx + a(Ax)Ax, rie A KoHETHO,
a(Ax) A:OO , T0 f(x) Juppepenyupyema B TOUKE X.
15.3.2. Ju¢ppepenyuan dbyuxuun y = f(x)
B TOYKe X — JWHeiHas OTHOCUTEIbHO Ax
YacTh NpHUpAlNleHusT GYHKINUU B 3TOW TOUKE:
dy = AAx = ['(x)Ax = ['(x)dx .

15.3.3. duddepennman Gyukuuu y = f(x) B TOY-
Ke X — npupawenie OpAMHATHI KacaTeJIbHOM, Mpo-
BeleHHOM K rpaduky GyHKIuu y = f(x), B Touke (X;
f(x)), cooTBeTcTByIOLIEE TIPUPALIEHNI0 AX apryMeH-
ta (orpe3ok KN na puc. 15.1).
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15.4. lpou3BoaHble BbICLUMX NOPAAKOB

15.4.1. IIpoussoonas n-ro nopsaka Gyuxiuu f(x) —
3TO TPOM3BOJIHAST OT MpousBoaHoil (n — 1)-ro 1o-

psanka GyHkimu f(x):
J"@="@), ["="@), ..,
S @) =)
15.4.2. IIpoussodiwie n-ro mopsijika HEKOTOPHIX (PYHK-
AN:
H @) =n-(n-1)-....2-1=n!;
2) (@) =a'In"a (a>0, a=1);
3) (@) =k"a"In"a (a>0, a=1);
B (@) =e';
5) () = ket

6) (Inx)” = (-1)"" (n;nl)'
x

)

7) (sinx)™ =sin

9 )

8) (cosx)” = cos[x + %TJ .



188 KpaTkuit cnpaBOYHWK N0 MaTeMaTuKe A3 abUTYPUEHTOB U CTYEHTOB

15.5. lpou3BoaHble NnepBoro U BTOPOro
nopagKa (hyHKUMIN, 3aAaHHbIX
napaMmeTpu4yecku

15.5.1. DyHKIMSA, 3aaHHAST NAPAMEMPUUECKIL
{x = (1)
y =)
15.5.2. [IpousBoaHAST NEPEO20 TIOPSIIKA:
VO _ v
R ONES
15.5.3. IIpousBoaHas 6mopozo MOPSIIKA:

/
xl

" o__
ym_

15.6. ®opmynbi Teinopa n MaknopeHa

15.6.1. @opmymna Teiopa nias Gyuaknuu y = f(x)
€ OCTaTOYHBIM 4iieHOM B (hopMme Jlarpanixa:

() = f<a>+f() a)+ f”(’(x Q)+
f“”’() LY
“+—(n—1)!(x a) +—n‘ (x—a)",
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rme c=a+0x, 0<0<1.

15.6.2. @opmyna Maknopena nis yHriumu y = f(x)
C OCTaTOYHBIM 4JieHOM B ¢opme Jlarpamska:

[© (SO ey

S(x)=f(O0) +—— Y
S 1)(0) /7@ .
T T

rme c=0x, 0<f<1.

15.7. NpaBuno Jlonutana

Ecm lim f(x) =0 (£00), lim g(x) =0 (£o00), 10

lim S = lim S )HpI/I YCIIOBUM, YTO HOCIEAHUI
Mg g )

Ipeaest CymecTByerT.

Ipumep.
20+t -3 (2 +x' -3
lim = lim 2v—2 =
=l 1—e = (1—e™?)
4 3
:1irn10x +4x _ 14 _ 7

)



16. DYHKLUUMN HECKOJIbKUX
nepeMeHHbIX

16.1. OnpepeneHne pyHKUUN HECKOJIBKUX
nepemMeHHbIX

Ecmm kaxnoi touke M(x,, x,, ..., X,) HEKOTOPOI
obnactu U n-MepHOro npocrpaHcrBa R" cTaBUTCS
B COOTBETCTBUE €/IMHCTBEHHOE YUCJIO U, TO TOBOPSIT,
uyto B obsmactu U 3afaHa QyHKUUL 1 NEPEMEHHBLX.
Ob6oszmauenue: u = f(M) = f(x,, x,, .., X,).
DyHKuusg deyx nepeMeHHbIX: z = [(x, y).

DyHkuusg mpex nepeMeHsbix: u = f(x, y, z).

16.2. YacTHble npupalieHnsa, npon3BofHble
n auddepeHumansl

16.2.1. Yacmmnoie npupawenus GyHKIun ABYX TMepe-
MEHHBIX z = f(x, y):

Az=[f(x+Axvy) - [(xy),
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Ajz= f(xy+Ay)— [(xy).

16.2.2. Yacmuvie npoussodivie HGYHKIIMU ABYX Mepe-
MEeHHBIX z = f(x, y):

z :&: of (x,y) — lim Az _
* ox ox Ar—0 Ay

i S Ay~ [y
Ax—0 Ax ’

A
z’:%:af(x’y):hm yZ:
oy Ay 2=0 Ay
i LY+ AY) — (oY)
Ay—0 Ay

16.2.3. Yacmuvie Judpepenyuanv GyHKIUU ABYX
nepeMeHHbIX z = f(x, y):

dz=zAx= %dx,
| Ox

0z
d,z=zAy= ady .
16.2.4. YactHble nipupaiiienus, Tpou3BoIHbIe U TU(d-

dbepeniuanbl GyHKINKN 7-TepeMeHHbIX U = f (X, X,,
<y X,) OTIPEJICNIAIOTCS AHATIOTUYHO.
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Ipumepo:
1) z=3x"=5y* +Tay — 4o + 2y ,

2, =6x+Ty—4, z; = —10y + Tx + 2;
2) z=2x —y)e ¥,

2l =27 4 (2x—y)-3- M =

= > (6x — 3y + 2),

! 3x+21 3x+2y
z,=—€""" +(2x—y)- 2. =

=™ (4x — 2y —1).

16.3. MonHoe npupauieHme n NONHbLINA
avddepeHumnan

16.3.1. Hlonnoe npupawenue GyHxuum aByx repe-
MeHHbBIX z = f(x, y) B Touke M(x, y):

HyCTb Az nmeer BU

Az = AAx + BAy + aAx + Ay .
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3nech A u B koneunnsl, o« — 0, § — 0 npu Ax — 0,
Ay — 0. Torma dyukuus z = f(x, y) Jupgepenu-
pyema B Touke M(x, y).

16.3.2. TonHblii dupgepernyuan GyHKIUM ABYX IIEepe-
MEHHBIX z = f(x, y):

dz:AAx—l—BAy:&Ax—i—
ox
0z 0z 0z
+—Ay =—dx+—dy.
Jy Y ox oy v

16.3.3. IlonHoe ipuparenve, moaHbIH AudbepeHtm-
QI ¥ CBSI3b MEKIY HUMU ISt QYHKIMU 7-TIepeMeHHbIX
u = f(x,, X,, ..., X,) OIPEIE/IAIOTCA aHATOTUYHO.

16.4. lpoun3BoaHbIe CNOXKHbBIX U HEABHbIX
thyHKUMI

16.4.1. Ecin 2= f(t,%,y) ,tne x = o(t), y = (1),
TO TIOJIHAST TIPOU3BOIHAS (PYHKIUU Z = ftxy)not:

dz 0z az.dx+%.@

dt ot ox dt Oy dt
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16.4.2. Ecim z= f(x,y), rne x = p(u,0), y=1(u,0),
TO:

9z _0z Ox 0z Oy Oz 0z 0x 0Oz 0y
Ou Ox Ou Oy Ou’ v Ox Ov Oy Ov”
16.4.3. Ecm yHkums asyx nepemennnix Z2 = f (X, y)

3a/1aHa Hesieno ypaBaenneM F(x,y,z) =0, To:

%__Fxl(x’yyz) 827 Eyl(xry’z)

ox  Flxyz2) oy  Flryz)

16.5. YacTHble npousBoaHbIe
n auddepeHumansl BbICLUUX NOPAAKOB

16.5.1. Yacruble MPOM3BOAHBIE BTOPOTO MOPSIAKA
dbyHKIMU ABYX HepeMeHHbIX z = f(x,y):

&z _ g[g &z _ﬁ[%]

o’ T oxlox) oy " oyloy)

0’z , 0 (0z) 0% s, 0 [0z
=z = —] — , —_— 7 = —_—— .
oxdy Y oyl\ox) Oyox U Ox|0y)’

CMeuanHovle npouaso&nbm
B o6sacti HENPEPHIBHOCTH CMENIAHHBIX IIPOU3BOJL-
P —
HBIX Z,, = Z,,.
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16.5.2. Iommbrit uddepeHIman BTOPOro MOPsIaKa
dyHKIMM ABYX MepeMeHHbIX z = f(x,y):

9%z
ox? 8x 6 2

16.5.3. YacTHble TPOM3BOAHDIE 72-TO TOPsiAKa (QyHK-
MK JIBYX nepeMennbix Z = f(x,y):

d*z =

0" 'z
axn—i

2"z 0
ox"  Ox

0z 9
" 9x"O" "y Ox

nT. .

an 1

16.5.4. Iosmbiii quddeperimal 7-ro mopsiaka QyHK-
MU ABYX LIEPEMEHHBIX Z = f(X, y):

d a Y
d"z=|—dx+—d .
‘ ox Oy y] ‘
Ipumep:
) 3
:l 5 —3 /: l:—
z Il(x y)azx Sx_gyr‘zy 5x_3y1

S5dx —3dy . _n 25
dz=——""", 20 = """ a8
‘ Sx — 3y (5x — 3y)’
" o_ 9 " o_ 15

Z.W/ __(5x_3y)2 ’ ZW - (5x73y)2 y
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d*z

_ —25dx* + 30dxdy — 9dy®
N (5x — 3y)? :

16.6. KacatenbHas nnocKoCTb U HOpManb
K NOBEPXHOCTH

16.6.1. YpaBHeHME TOBEPXHOCTH:
F(x,y,2)=0.
16.6.2. YpaBHenue kacaTeabHOHN TIIIOCKOCTH K TIOBEPX-
nocri F(x,y,2) =0 B rouke M, (x,, y,, z,):
Fx/(xo’yo’zo)(x - xo) + Fy/(xo’yo’zo)(y - yo) +
-|-F2/(x0,y0,20)(2 - Zo) =0.
16.6.3. YpaBHeHUs HOpPMAJIW K TMOBEPXHOCTHU
F(x,y,2) =0 B Touke M,(x,,Y,,2,):
X=X _ Y=Y o Z7%
FJf/(xO’yO’ZO) E;,I(xoryo’zo) Fz/(xoyyorzo) '




17. NepBooOpa3Han
U HeonpepeneHHbIN
UHTErpan

17.1. OnpepeneHune nepBoobpasHoii
M HeonpeaeneHHoro MHTerpana

17.1.1. lepsoobpasnas — dyukiwms F(x), TpOU3BOJI-
Hast KOTOPOH paBHA MaHHOU HyHKIMU f(X):

F'(x)=/(x).

17.1.2. Heonpedenenmnviii unmezpai — MHOMKECTBO BCEX
1epBOOOPa3HBIX AaHHOI (YHKIINK:

ff(x)dx=F(x)+C, rae C = const.

Csoticmsa:

D ([ feo] = feo;
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2)f@fuym%w»ﬁ=
—af [()de+b [ gx)de, abe R;

3) ff(x)dx =F(x)+C= ff(u(x)) du(x) =
= F(u(x))+C.

17.2. Tabnuua OCHOBHbIX UHTErPaNoB

a+1

1) [atde==

a

2) fx’1dx:f%:1n|x|+(];

e
3 fa""dx: Ina

4) fe“dx:e"—&—C ;

3) fsinxdx:—costrC;

6) fcosxdx:sinx—i—C;

7) ftgxdx=—ln|cosx|+€;
8) fctgxdx:ln|sinx|+C;

dx .
% fcoszx:tgx—i_c’

HC (a=-);

+C (a>0,a=1);
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d
10) fsin2 —=—ctgx+C;

11) f%arcsin§+c (a>0);
12) f% 7:1n‘x+ X +ad|+C;
13) fxf—ii—xaQ :%arctg%+€;
SR

15) fshxdx:chx+C;
16) fchxdx:shx—i—c_

17.3. OcHOBHble MeTOAbl UHTErPUPOBAHUA

17.3.1. Buecenue nood snax dugpepernvuana:
ff(u(x))u’(x)dx = ff(u(x))du(x) )
Hpumepw:

tg’x ) 1 )
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dx i :
2) [“EE — (e +1) " d(er +1)=
f \/ex——l-1 f( ( )
=2H/e'+1+C.
17.3.2. Uumeepuposarue no uacmsm:
f w(x)do(x) = w(x)o(x) — f o(x)du(x) .
Ipumep:

fx“ lnxdx:flnxd[;:11]:

a+1 a+1

=2 lnx—fx -1dx:
a+1 a+1 x

a+1 a+1

X
= Inx—
a+1 (a+1)
17.3.3. 3amena nepemennoi:
x=p(t)
[ rde = [ F(e@)e' 0.
Ipumep:

s+C,a=—1.

x=(%, dv=6¢"dt 6t5dt

I

tdt 41—
- f1+t =¢f 1+
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1
6f[11+t2

t=Yx
+C = 68x — Garctgf/; +C.
17.3.4. Humezpuposanue 0pobHvix payuoHaLbHbIX
Q%)

rae P (x) u Q,(x¥) — MHorousens! crereHeii m u n
COOTBETCTBEHHO, IIPUYEM M < 71, MOKHO IPeCTaBUTD

]dt = 6t — barctgt +

Gynxyuil. JIoOyI0 HeCOKPATUMYIO APOGh

B BUJIE CYMMbI npocmetiuux 1pobeit Buma (—)k
x—a

Mx+ N
n - 7
(x" + px+q)
BBIZICJICHN TIOJTHOTO KBajipaTa B 3HaMeHaTeJIe Ipoon
Mx+ N
(x* + px +¢q)
IBYX npodeil Buia
ke N.
1) f d :ln|x—a|+C;

X —a

,tine ke N, p> —4g <0. Ilyrem

€e MOJKHO BBIPA3UTh B BUJI€ CYMMbI
H Gx
u 2 ok o TAE
(XZ + a2 )k (x +a ) ’

k=1 1

d
2) f(x—a)k 0 Ba—a T
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,L . *r e
3) fx +a C2a° arctga 2a2(x2+a2)+c’
1
4 +C,
) f (+* +a*) (1—1@)(3«624—612)}H
keNk>1
5 ol +
) f x +a 2512(16—1)(x2—&-612)}H

2k =3 [ @ keNE>1.
2a°(k—1) <x2 +a2> -
17.3.5. Unmezpuposarue uppayionaivivbly 8ulpadice-
HULl BUIA:

k
ax + b
cx+d

R|x, ax—i—b}n

ax+b]z
Nex+d

Nex +d

3nech R — parnmonaibHast (HYHKITNS.

=tV e N — HaumeHb-

3amMeHa repeMeHHON
cx+d

niee obiee kparHoe uucen I, n, ..., g, upeobpasyer
(yukmuio R B paiinoHaibHyio (DYyHKIIMIO apryMeHTa t.

Ipumep: f /erl —— . 3amMeHa TIepeMEHHO:
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x £ —1 )
/x+1¢& ) 2dt
=) ——— =
f X x f ( )(t2—1)2
_f2t2dt_
-1

f(t ;1_—}—11)dt 2[[

x+1

1 “
‘+c Ly

=-2t—1In L=
t+1

NN ey
\/x+ +J_

17.3.6. Humezpuposanue payuonaivivix pynxyuil om

X, \/a2 —x* un \/x2 +a:
1) fR(x Na* —x )dx1 EmfR asint,acost)acostdt ,

|x| < a (BO3MO’KHA TIOJ/ICTAHOBKAa X = A COSL );

=t
2) fR(X,m)dx — _fR L,alctgtl aC.OS2tdt,
sint sin’ ¢
|x| >a >0 (BO3MOXKHA MOJICTAHOBKA X = ):

cost
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adt
cos’ t

x=atgt
3) fR(x N )dx = fR[atgtL
cost
(BO3MOJKHA TO/ICTAaHOBKA X = actgl ).

HeKoTopble YacTHBIE CTydan:
dx
1) fx—:i\/az +2* +C,a>0;
Na* £ x°

2:|: 2 / 2:|: 2
2) fx\/azixzdx:i(a x)sa * +C,a>0;

3) f\/a —dv=2i -+ L 5 arcs1n—+C a>0;
4) f\/x +a’de==~x"+a> £

i;ln‘x—&— P+ d

+C,a>0.

17.3.7. Humezpuposanue npoussedenuil u cmenemell
MPULOHOMEMPUUECKUX (DYHKUULL

1) fsinaxcosbxdx =

_ % [ (sin(a— byx +sina + byx) dx
2) f cos ax cos badx =

= %f (cos(a — b)x + cos(a + b)x) dx
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3) fsin ax sin bxdx =
= %f (cos(a — b)x — cos(a + b)x)dx ;
4) fsin" X oS xdx = fsin" xd(sin x) ;
3) fcos" xsin xdx = —f cos” xd(cos x) ;
6) fsinz"“ xdx = —f (1 —cos® x)"d(cos x) ;
7) fcos”’“ xdx = f(i —sin® x)"d(sin x);

8) fsinz" xdxzzinf(l—coﬂx)”dx;

9 fcosz” xdx = %fﬂ + cos 2x)" dx .

17.3.8. Unmezpuposanue pavuonaivuvix Gyuxyuil
OT Sin X 1 COS X:

1) f R(cos x) sin xdx = —f R(cosx)d cos x ;

2) f R(sin x) cos xdx = f R(sin x)d sin x ;

3) f R(sin x, cos x)dx . Yuusepcaivnas TpuroHome-

2t

X .
TPUYECKast MOJICTAHOBKA [ = th, SInxY = H—tg,

1—¢2 dx 2dt

COSX = —— =
1

2 H_—tz 1peobpasyer MoJIbIH-
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TerpajbHyI0 (PYyHKIIMIO B PAllMOHAJIBHYIO (hyHK-
U0 apryMeHTa I,

4) f R(sin x, cos x)dx 1ipu ycioBun R(sin x, cos x) =

= R(—sinx,—cosx). [lomcranmoBka t=tgx,
t 2 1 dt

—, COS X= 5 -

1+¢ 1+t 142
npeobpasyer MOABIHTErPATbHYI0 (hYHKIMIO B pa-
IIUOHATBHYIO0 (YHKIIMIO apTyMeHTa L.

Ipumepou.

4 _1 2 —
1) fcos xcix—zf(l—i-cost) dx =

sin? x =

_1 2 _
7Zf(1+2cos2x+cos 2x)dx =
—1‘[[1+20052x+1(1+cos4x)]dx—
4 2
if[g+2c052x+%cos4dex

:%x+%sin2x+3—12$in4x+C;
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2 [ dx g [ 2(1 + £*)dt B
) 2sinx + cosx + 1 A+HUt+1- +1+8)

dt
241
17.3.8. Humezpaiwt om Hexomopvix mpancueHOCHmMmblx
dynxyuil:

:%ln‘Zl‘-i—l‘—i—C:%ln +C.

x
2tg—+ 1]
g2

. 1.
1) fx51naxdx:—£cosax+—251nax+C;
a a

2) fxcosaxdxzfsinax+i2cosax+C;
a

3) fSlIlX
4) ‘/‘COS.X':ln

5) fx”e”dx:

nitg ‘+C;

x
tg|—+— C;
g[ +4]‘+

7[ (LX

——fx” 'e“dx + C:

6 e smbxdx— i asinbx — bcosbx) + C;
) Jen sl )

7) fe""‘ cosbxdx_ 2(acosbx—{—bmnbx)—I—C,
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8) farcsinxdx:xarcsinx—i—\ﬂ—x2 +C,
9) farctgxdx:xarctgx—%ln(l—&—xQ)—i—C;
10) flnxdx:xlnx—x+c;

In® x In“ x
11)f —dr= o tCoa=-t
dx
12 =In{lnx|+C;
)fxlnx | |
xa+1 a+1

13) fx” In xdx = Inx

- 4Ca=-1.
att @+ 47



18. OnpepeneHHbIN UHTErpan

18.1. OnpepeneHue u CBOMUCTBA

18.1.1. Onpedenenviii unmezpanr Ot HePePHIBHON
dyurmuu f(x) mo npoMexyTky |[a; b] — npenen

n
}jg});f@i)Axi ,Te Ax; = x, —x,_,,X,=a,x,=b,

% elx, ;] i=12,...,n, \,= max Ax,.

i=1,2,..n

O6o3nauenmue:
b n
J /Gode =lim > f(@)Ax, .
18.1.2. Teomempuueckuii cuoicn: ecau f(x) >0

b
Ha [a; b], a<b, 10 ff(x)dx — IUIOIIA/b KpUgo-

aunetinou mpaneyuu (purypa ABCD na puc. 18.1).
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Puc. 18.1

18.1.2. Csoticmsa:

1) zf(x)dx:O;

3‘Tﬂmﬂ=—]fwﬂw

al[pﬂw+qaw gﬁﬂww+
+qu(x)dx, P.ae R;

0 [ foe= [ feode+ [ feode;
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5) m< f(x) <M xelab]
b
:»m(b—a)gff(x)dng(b—a),a<b;

6) [ f(x)dx = f(e)(b—a), cE(ab),a<b.

18.1.3. @opmyra Hviomona—Jleiibnuya:
b
[ Feode = F)f) = Fby - Fea,

rae F(x) — nepsoobpasHas GyHKmn f(x).
Ipumep.

4 1 3 !
f[x2 4x+3+—]dx[%2x2 +3x+ln|x|]
X

1

1

:%—2(16—1)+3(4—1)+1n4:1n4.

18.2. OcHOBHble MeTOAbI UHTErPUPOBAHUA

18.2.1. 3amena nepemenoi:

b 8
[ reode= [ 7(e@)¢' 0y
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3nech x = @(t) — moHoToHHas GyHKIMA Ha [o; O],
pla)=a, p(B)=>.
18.2.2. Uumeepuposarue no uacmsm:

b b

f w(x)do(x) = - f o(x)du(x) .
Hpumgpbz: ‘

/2

1) f ———— — 3aMeHa IlepeMeHHOI:
14 sinx

t:tgf, sinx = 2t2 , dx = 2dt2,
2 1+1¢ 1+1¢

i ] 2dt B
1+smx 7 2t N
A+1%) 1t
1 9 1
2l ¢+)7de+ ) =—— =1;
[( + 02+ 1) i,
1 1 1
2) | xe'dx = | xde* = edx =
rvae= [l ]

o

_ex —
0 0

xXe
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18.3. punoxeHus onpeneneHHoro
UHTEerpana

18.3.1. IInowads S Gurypbl, OrpaHUUEHHON JTUHUSAMEI
y=f(x),y=g®),x=a x=>bupu f(x) > g (v),
a < b (puc. 18.2):

S=[(f(x) - gx))dx.

y
y=1fx)

a
y=9()

Puc. 18.2

»
b x

18.3.2. ITnowaodw S burypsl, ozpanuuennoi 3amknymou
x = ()
y =)

= [yt

aunuen { npu t € [o; 5] :
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18.3.3. Inowadv S xpusorumneinnozo cexmopa
(puc. 18.3), orpannuennoro gununein 7 = 7(®) u aABy-
M ydamn P =0, ¢ =0 npu a < f:

15,
S:E[r (P)dp.

Puc. 18.3

18.3.4. lnuna L nyru kpuBoii y = f(x) mpu x € [a;b]:

L:]‘,/H(f’(x)fdx.
’ {X=s@(t)

18.3.5. Jauna L nyru KpuBoi mpu
Y y =)

t€la;B]:

&)

- f\/(ap’(t))Z + (@) de.

@
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18.3.6. lnuna L jyru xpusoit 7 = 1(p) npu ¢ € [o; 8]

8
L= [r@)+(r ) de.

18.3.7. O6wvem V tena, niowads nonepeunozo ceuenus
KoToporo pasna S(x), e X € [a;D]:

V= ]’S(x)dx.

a
18.3.8. O6sem V Tena, 10Jay4eHHOr0 BpalleHueM
KPUBOIUHEUNHOU mpaneyu, OrpPAaHNYeHHON JTUHUSIMU
y=f(x),y=0,x=a,x=>bupua<b,Bokpyr ocu Ox:

V= w] 2 (x)dx.

18.3.9. O6vem V Tena, MONYYEHHOTO BpallleHUEM
KPUBOIUHEUNHOU mpaneyu, OTpPAaHNYCeHHON TUHUAMU
y=f(),y=0,x=a,x=>bupu 0 <a<b, BOKpyr
ocu Oy:

b

V= 27rfx|f(x)|dx,
a
18.3.10. ITnowads S TOBEPXHOCTH TeJa, TTOMYIEHHOTO
BpalleHneM KPUBOJNHENHOM TparmeInn, OTpaHIeH-
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HOtt uauaMu y = f(x) > 0,y = 0,x = a, x = b ipu
a < b, Bokpyr ocu Ox:

S=27rff(x) 14 (1)) d

18.3.11. Cmamuuecxue momenmoi MIOCKON (HUTYPHI,
OrpaHUYeHHOM JmHusSME y = f(x), y = g (¥), X = q,
x=bnpn f(x) > g (x),a<b

Q orHOocureabHo ocu Ox:

o=y [ @),

Q orHocurenabuo ocu Oy:

M, = [(f(x)~ g(x)) xd

18.3.12. Koopounamwr uenmpa macc purypsi, orpa-
HU4eHHOH JmHuaMu y = f(x), y =g (x), x=a,x=b
npu f(x) > g (x), a < b:
M, M,
X, = T’ Y :T, e S — miomnanb.
Ipumep: Haiire KOOpAMHATHI IEHTPa MACC MJIOCKON
(burypbl, OTpaHMYEHHON TUHUSMU

1
y=xu y= Exz (puc. 18.4).
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A>

YA

Puc. 18.4

n
o |2
I Il
—_—
ﬂ 0 |1
—_— 7
e o|m
—————
! I
N
x o =4
?.fO Jx
,
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18.4. Heco6cTBEHHbIE UHTErpanbl
18.4.1. Heco6cmeennwii unterpan ot GyHkumun f(x),

HEeIpepbIBHON Ha MTPOMEXKYTKe
O [a+00) (puc. 18.5):

ff(x)dx— hm ff(x)dx
Q (—oc;b]:

J 1= tim [ 1.

y
| |
| | >
a Ol b — +x X
Puc. 18.5

18.4.2. nTerpasbl f S(x)dx n f S dx cxoosm-

€S, €CJIA TIPeIeJIbl hm f f(x)dx n hm f f(x)dx

KOHeYHBI. B HpOTI/IBHOM cayJyae OHU pacxoéﬂmc;z.
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18.4.3. HecobcTBeHHBIN WHTErPas 0T QYHKIUH f(X),
HEeIPepBIBHON Ha TTPOMEKYTKe (—00;+00) :

[ reoe= [ e+ [ rens.

+00
Wurerpain f Jf(x)dx cxodumcs, ecim cxopsrest o6a

—0 +oo

WHTeTpajia B IPaBON YacTH; MHTETPaJl f f(x)dx pac-
—00

XOJIUTCSl, €C/IN PACXONUTCS X0mst 6bl 00U UHTETpa

B MTPABOM YaCTH.

18.4.4. Hecobcmeemnwiii wiHTerpan ot GyHKuun f(x)
(puc. 18.6), HempepbIBHOW HA TIPOMEKYTKe [a; D)
U HEOrpaHWYEHHOW B TOYKeE b (Lig}o f(x)=%00):

[ 7o = tim [ reds.

YA




220 KpaTkuit CnpaBOYHUK N0 MaTemMaTuKe A abUTYPUEHTOB U CTYEHTOB

Hecob6cmsennvii waTerpan ot Gyskimn f(x), Henpe-
PBIBHO# Ha mpoMexyTke (a; b] m HeorpaHUYEHHON
B TOUKE a (xliil}rof(x) =+o0):

[ e = tim, [ oo

a b
18.4.5. Nurerpasbr f f(x)dx cxodsmes, ecim npe-

c b
J1eJIbI (;Egoff(x)dx u (;ngoff(x)dx KOHEYHHBI,;

B MIPOTHBHOM CJIy4ae WHTETPAIBI PACXOOSIMCS.

18.4.6. Hecob6cmeennviii WHTETPAT OT (DYHKITNH
f (x), HenpepbiBHOU Ha TpoMexyTKe (a; b) u He-
OrpaHWYCHHOW B TOYKAX @ U b ( hm f(x) = +o00,

hm f(x) =4o00):

ff(x)dx:ff(x)dx—kjb‘f(x)dx,me a<c<hb.

b
Wurerpan f f(x)dx cxoodumcs, ecin cxopgrest 06a
b
a
uHTEerpasa B npaBoi yactu. uTerpan ff(x)dx

a

PACXOOUMCsL, €CTI PACXOIUTCST XOTs ObI OJUH MHTE-
rpaJi B IPaBOil 4acTH.
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dx ) dx . ,
1) L[l—i—xz —bkg{1+x2 —bETwarctgx|O =
— lim (arctgh — arctg0) = —;
b—+o0 2
b

y [5Gt [ = dim ke -

a

= liin (ln|c — b| — ln|a — b|) = —00, TO €CTh WH-
c—b—0
TEerpajl PacXOUTCsL.



19. iBonHOM UHTErpan

19.1. OnpepeneHue u CBOMUCTBA

19.1.1. /loiinoii unmeepan ot HeNMpepPLIBHON (PyHK-
1 f(x y) 10 3aMKHYTOH obnactu D — mpemen

hm Z S(x, y)AS;  tne AS; — momas i-it saeiikn
)‘n"Ol 1

D.(i = 1,2, .., n), na xotopsle pasbura obmactb D,
A, — HambOMBIIMiT M3 AMAMETPOB BCEX SUeeK,
f(x, y) — snavenue pynximu B TOouke (X, y,), JIe-
Kaulell B i-il gdeiike (puc. 19.1). ObosHaueHue:

lim Zf(xﬂyi)AS f f J(x, y)ddy .

)\~>011
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Puc. 19.1

19.1.2. Teomempuueckuii cmbica: ecnu f(x, y) > 0

B obsactu D, TO fff(x, y)dxdy — obbeM rela,
D

usobpazkerHoro Ha puc. 19.1.
19.1.3. Ceoticmsa:

O [ (pf @y + a8 )) dedy =
=p[[ fCoy)didy +q [ [ gCoy)dedy, p.a e R;

2) D=D,UD,(D,ND,=2)=
= [ feeypdedy = [[ 7 y)dedy +

+ [ S yydedy
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3) f f dxdy = S, — mromans obmactu D.
D

19.1.4. Boruucnenue:

#y(x)

) f [ F e yyddy = f dr [ f(xy)dy (puc.192, a;
#1(x)

2) [ Fesristy = [ | fcupa e 192

¢ (@)

YA ¥ = 0y(x) YAy

? x \_K K
a b y= W1(Y)? D ?,V ='\V2(Y)
(o

y= ¢1(X)
a

Puc. 19.2

19.1.5. I[lepexon K noaspuvim KOOPAUHATAM:

fff(x, y)cbcdy:fff(rcoscp,rsinw)rdrd@.



19. [loiiHol nHterpan 225

19.2. MpunoxeHusa

19.2.1. ITnowadv obaactu D:

Sy = [ [ cbedy.
19.2.2. Ob6sem Tena (cm. pl;Ic. 19.1):
V= [[ /@ y)dedy .
19.2.3. Macca HJIaCTI/fHLI, 3aHuMaroneil oonacts D:

M= f f p(x,y)dxdy | rne p(%,y) — MIOTHOCTD.
D

19.2.4. Cmamuueckue momernmi MIACTUHDBI

O orHocuresabHo ocu Ox: M = f f yp(x, y)dxdy ;
D

Q orxocutenbro ocn Oy: M, = f f xp(x, y)dxdy -
D

19.2.5. Koopounamot nieHTpa Macc IiacTHHbL:
M M

X, = —y = B .
VR Y
19.2.6. Momenmuot unepyuy NIACTUHBIL:

Q ornocureabio ocu Ox: Ix = ff y2p(x, y)dxdy;
D

Q orHocutensHo ocu Oy: I, = f f x* (2, y)dudy .
D
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19.2.7. [lnomans S nosepxnocmu, 3aJaHHON ypaBHe-
HUeM z = f(x, y):

S= [[1+(£) + (1)) dudy.

3necb D — TpOEKINSA TTOBEPXHOCTH Ha IJIOCKOCTD
Oxy (cm. puc. 19.1).
Ipumep: Haiinure miomans urypsl, orpaHI/IquHoi/’I

JIMHUSIMU X = —f y= \/_ y= +1 (puc. 19.3).

S= [[ dvdy = [[ dedy+ [[ dedy =
D D, D,
0 2/(x*+1) 1 2/(x*+1)

=£dxf dy+[dxf dy =

I Jx
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. dx =
xz

0
:f[x22+1_x2

-1

alx+j:[ 2+1—\/}

1

L) 2_y»
=|2arctgx ——x +|2arctgx ——x
3 ) 3

0

r 1,7 2
2 3 2 3 = 7



20. TponHOM MHTErpan

20.1. OnpepeneHue u CBOMUCTBA

20.1.1. Tpoiinoii unmeepan ot HENPEPbIBHON (HYHK-
1 f(x Y, Z) 10 3aMKHYTOU obsactu T — mpezen

hm Zf(xlyy,,z YAV, rne AV, — o6bem i-ii aueii-

)‘n"Ol 1
ki T, (i = 1, 2, ..., n), Ha KoTOpBle pa3buTa 06IACTH

T, A\, — HanbOBIIUI U3 ANAMETPOB BCEX SUYEEK,
f(x, y, z) — sHavenue GpyHKIUN B TOUKe (X, Y, 2,),
sgexaneil B i-ii gueiike (puc. 20.1). ObosHauenmue:

lim > f(x.0,2)AV, = [ JJ 7y iy
A0 =1
20.1.2. Teomempuueckuii cmuicit: ecan f(x, y, z) = 1

B obsactu T, TO dxdydz =V, — obbem Tesa T,
il

uzobpaxentnoro na puc. 20.1.
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z =yy(X, )

20.1.3. Csoticmsa:

O [[[ (p/(x.9.2) + ag(x, . 2)) dxdydz =
= pffff(x,y,z)dxdydz+

+q f f f 8(x,y,2)dxdydz, p,q € R;
T

2) T=T,UT, (LNT,=2)=
= [[[ £y, 2)dvdydz =

= [[] @y 2rdndydz + [[[ f(x.y. 2)dndyd
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20.1.4. Boruucaenue (cm. puc. 20.1, 19.2, a):

Py (x,y)

LUfﬂ%%@W@&:jf[f.ﬂm%a&

Yy (x,y)

e (x)  dy(xy)

:‘bfdxf dy f f(x,y,2)dz .

a @ (x) Py (x,y)

20.1.5. Tlepexol K yuaunopuueckum KOopIuHaTaM:

ffff(x, y, 2)dxdydz = ffff(rcoscp,rsin o, 2)rdrdpdz .

20.1.6. Ilepexon k cgepuueckum KOOPUHATAM:
[[[ 1.y, 2)dedydz =
T

= fff f(rsinf cos p,rsin @sin @, r cos 8)r* sin Odrdpd? .
T

20.2. MpunoxxeHus

20.2.1. O6vem tena T

VT:fLTffdxdydz.
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20.2.2. Macca tena T:

M= fff p(x, y, 2)dxdydz

rne p(x,y,z) — MJIOTHOCTb.

20.2.3. Cmamuueckue moMmeHTHI Tena 1:
O OTHOCHUTETHHO TIOoCKOCTH Oyz:

M, = f f f xp(x, y, z)dxdydz ;
T
Q oTHOCUTEIbHO TmockocTn Oxz:
M, = f f f yp(x, y, 2)dxdydz ;
T
QO oTHOCUTENbHO TIocKocTu Oxy:

M, = fff zp(x, y, 2)dxdydz .
T

20.2.4. Koopaunats! uenmpa macc tena T:
M, M M

— ! e Yy
X, = =

z, = )
M ’ yO M y <0 M
20.2.5. MomenTst unepyuu tema T:
Q orHocurenbHo ocu Ox:

L= [[[ & +2*)p(x, y,2)dxdydsz
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Q orHOCcuTenbHO ocu Oy:

I, = f f (x* + 2°)p(x, y, 2)dxdydz ;
T

Q orHOCUTE bHO ocu Oz

I = f f f (x* + y*)p(x, y, 2)dxdydz .

IIpumep. Haiiznure o6bem tena T, orpaHU4eHHOTO 11a-
patosonzom 3 — 2z = x* + y*, koycom 2° = x° + y’
u maockoctbio y = 0 ipu ¥ >0, 2> 0 (puc. 20.2).

Puc. 20.2

Vpasnenne mapabosonia B MATWHAPUIECKUX KOOP-
L.
JIMHATAX: Z = 5(3—7 ); ypaBHeHUe KOHyca B IU-

JIMHAPUYECKUX KoopanHatax: Z2 =7 npu z > 0. Ilo-

BepxXHOCTHU Tepecekaiorces 1pu z = 1, 7 = 1. YcsioBue
y >0 osnauaet, uto 0 <p <.
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O6bem paseH

3=r))/2

szffrdrdcdezjdgo]rdr f dz =
T 0 0 r




21. KpuBonuHenHble
UHTEerpanol

21.1. KpuBonuHeiiHblit UHTErpan nepBoro
pona (no pnuHe ayru)

21.1.1. Kpugonunetinoiii iHTETpas 10 KpuBoii AB ot
HEMPEPHIBHOM (I)yHKLII/II/I f(x, y, 2) no dnune dyeu —

peses hm Zf(xl,yl,z )AL, rne Al, — nnuna
A0 i

ayru UM, M, na kotopsie pasburta kpusas AB

(puc. 21.1), f(x, y, z) — 3navenue Gynkimn f(x, y, z)

B TO4Ke (X, ¥, z,), nexamei na nyre UM, M, ,

A, = max Al; . Obosnauenme:

lim Zf(xl,yl,z VAL —ff(x y,z)dl .

N0 i=1
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Puc. 21.1

21.1.2. Teomempuueckuii cmoica: eciu f(x, y, z) = 1

Ha KpuBOil AB, TO fdl = L,, — anuna kpusoit AB.
21.1.3. Ceoticmsa: v
0 [ (p/(x,9,2) + ag(x,y,2))dl =
AB
=pf f@y2d+q[ gaydl, Pa€ R
AB AB
2) AB=ACUCB=
[ 1@ y2d = [ fxy2d+ [ fxy,2d;
AB AC CB

3) ff(x,y,z)dlsz(x,y,z)dl.
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21.1.4. Boruucnenue:

0 [ @y = [ (xe@) 1+ (@) dr, e

AB — mockast KpuBasi, 3alaHHAsT YpaBHEHUEM
¥y =p(x), au b — abcimces Touek A u B coort-
BETCTBEHHO, a < b;

2) [ fey2d =

= [ Fe@. @)’ O) + (@ ©) + (V@)

)

rae AB — IPOCTPAaHCTBEHHAsA KpHBasd, 3alaHHasA

x = ()

napameTpudecku 1y = (t), t, u t, — 3HaYCHH:
z=x(0)

mapameTpa t, COOTBETCTBYIOIe ToukaM A u B,

t, <t,
21.1.5. Hpunosxcenus.

1. Jnuna xpusoit AB: L,,; = fdl.
AB
2. Macca matepuasibHOUM KpuBoit AB:

M, = fp(x, y,2)dl | rme p(%,Y,2) — MIOTHOCTD.
AB
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21.2. KpuBonnHeMHbI MHTErpan BTOPOro
popa (no KoopAauHaTam)

21.2.1. Kpusonunetinoii uaterpas no KpuBoit AB ot
HeIPepPbIBHOI d[')yHKL[I/II/I f(x, y, 2) no Koopauname

X — 1npenen hm Zf(xl,yl,z )Ax,; , Tre x, (i =
)\7‘}01 1
., n) — abciycecsl Touek ApobiaeHns KpuBoii AB Ha
nyr UM, M, Ax, =x;, —x, ,, A, = n}ax|uMHMi|,
n

1

M,(%,,7,,%) € UM, M, (puc. 21.2). O6oznaucnue:

hme(xl,yl,z)Ax —ff(x y,2)dx .

Aﬁ011
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21.2.2. Csoticmsa:
D [(pf(x.9,2) + ag(xy,2))dv =
AB

=pff(x,y,Z)dXJrqu(x,y,z)dx, P ae R
AB AB

2) AB=ACUCB=
ffuszx,fﬂx%@w+quysz

AC

3) ff(xyyZ)dx *ff(xy,z)dx

21.2.2. Obuyuil 610 KPUBOJIMHEWHOTO HWHTETPAJIa BTO-
poro poza:

[ Py, 2)dx + [ QG y,2)dy + [ Ry, 2)dz =
AB AB AB

= [ P(x,9,2)dx +Q(x, y, 2)dly + R(x, y,2)dz
AB

3nech P(x, y, z), Q(x, y, ), R(x, y, z) — HenipepbIBHBIE
(yaKIIMM, 3371aHHBIE Ha KPUBOH AB.

21.2.3. Jlang Toro 4toObl KpUBOJIUHEHHBIH MHTE-
rpajJ BTOPOTO poja OOIIETo BUAA He 3AGUCEN OM
nymu unmezpuposanus, Heo6XoauMo 1 JOCTATOYHO,
9TOGBI MOABIHTErPATHHOE BbIpaXkKeHne GLLIO MOJI-
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HBIM auddepeHnmasoM HEKOTOPOH (PyHKIINU Tpex
(B TIJIOCKOM cJIy4ae — JIBYX) TepeMeHHBIX, TO eCTh
P(x,y,2)dx + Q(x,y,2)dy + R(x, y,2)dz = du(x, y, 2).
Torna

[ P(x,y,2)dx +Q(,y,2)dy + R(x, y,2)dz =
AB

B(xy,45.,2)
= f du(x,y,z)
Ay, y1,2)

21.2.3. Bvruucnenue:

f P(x,y,2)dx +Q(x,y,2)dy + R(x,y,2)dz =
AB

ty

= [P (o), w(t), 1)) (1) + Qo(0), W (1), 2(O)) W' (1) +

+R (0(0), (1), 2(0)) 7' (£))dt .

3necb AB — mpocTpaHCTBEHHAs] KPUBasi, 3a/laHHast

x = (1)
napamerpudecki 1Y = ¢(t), t, u t, — 3HaYeHu Ia-
z=x(?)

pameTpa ¢, COOTBEeTCTBYIoIMe ToYKaM A 1 B.
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21.2.4. IIpunoxcenue:
fP(x y,2)dx +Q(x,y, 2)dy + R(x, y,2)dz = fF -  —

paéoma 1o TepeMenieHnTo MaTepMaanon TOUYKU
no kpuBoii AB ot A X B moj nelicTBUEM CUJIBI

F(xa y,2) ={P(x,y,2),Q(x,y,2), R(x,y,2)} , 3€eCb
dr = {dx; dy; dz} .
21.2.5. @opmyna Ipuna:

0Q P

%P(x,y)dx +Q(x,y)dy = ff[g— dxdx .

ox

3nech L — 3amiHyTas kpuBast (KOHTYP), D — 1iio-
cKkast 00J1aCTh, OrpaHUYeHHas KOHTYpOM L, Halpas-
Jierre 00xo/a IOJOKUTEIbHO — 00JIaCTh OCTAeTC
ciesa (puc. 21.3).
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21.2.6. Tmomaap obmactt D, orpaHdeHHON KOHTY-
poM L (HarmpasiieHIe 00X0/a MOJ0KUTEIBHO):

Szfﬁ.xdy:—ggydx:%ffxdy—ydx.
L L L

Ipumep. Haiinnre ninomans hurypsl, orpaHIYeHHON
X =acost

y=bsint
1
Szifxdy—ydx:

IJIJIUIICOM {

27
= %f(acost(bsint)’ —bsint - (acost)')dt =
0
2w

= %f(ab cos’ t 4+ absin® t) dt =

0

2
= %fabdt = %abtﬁ“ =rab.
0



22. [loBepXHOCTHbIE
UHTerpanbl

22.1. lNoBepXHOCTHbIN UHTErpa NEpPBOro
popa (no nnowaan NOBEPXHOCTH)

22.1.1. Iosepxrnocmuwiii MHTETPAI 10 NAOUAOU NO-
gepxnocmu ot GyHKuuu f(x, y, z), HEMPEPHIBHO Ha

MOBEPXHOCTH O , — IIpeIert hm Z J(x,y,,2)AS,, tie
A0 i1

AS, — mnomamu siueek o; (i = 1, 2, .., n), Ha KOTO-
pbie pazbuta moBepxHoctb o, f(x;,y,;,2,) — 3Hade-
uue ¢yukunu f(x, y, z), B Touke M, (x;,y,,2,) € 0;,

A, = max d; — HaubOJIBIINN U3 AUAMETPOB STUEEK

i=1,..n

o; (puc. 22.1). Obosnauenue:

lim Zf(xl,yl,z YAS, = ff f(x,y,2)dS

)\H011
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22.1.2. Csoticmsa:

1 f f (pf(x,y,2) + qg(x, y,2))dS =
:pfff(x,yyz)dSJrqffg(x,y,z)dS, P, qER:

2) o=0,Uo, =
:>fff(x,y,z)d5:fff(x,y,z)dS—i—

+fff(x,y,z)d5.

22.1.3. Ieomempuueckuii cmbici: ecau f(x, y, z) = 1
Ha II0BEPXHOCTU O, TO f f dS =S, — miomas mo-

BEPXHOCTU O. 7
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22.1.4. Boruucaenue:

fff(x,y,z)dS:

—fffxyw(xy)\/i (v]) ddy.

3nech z=1(x,y) — ypaBHEHUE TTOBEPXHOCTH O ,
D — ee mpoekIust Ha KOOPAWHATHYIO MJIOCKOCTh Oxy
(cMm. puc. 22.1).

22.1.5. Ilpunoscenue MOBEPXHOCTHBIX MHTETPATIOB
MEPBOTO PojIa:

QO naowads MOBEPXHOCTH 0 @ S = f ds;

Q macca noBepxHoctH o : M = f f p(x,y,2)dS , rne

p(x,y,z) — TJIOTHOCTb.
IIpumep: Haligure nuiomab 4actu mapabosionja
z=6—x" — y°, nexanieii B Bepxneii moymIocKoCTH
(puc. 22.2).
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Puc. 22.2

YacTHble TTPOu3BOAHBIe DyHKIMN z =6 — x° — i
!

uMeloT BUL: z, = —2x, 2, =—2y.

Auddepennuan naomagm MOBEPXHOCTH:

dS = 1+ 4x* + 4y’ dxdy . Obmnactb unTErpUpOBa-

Hust D 3ajaeTcst HepaBeHCTBOM x* + y2 <6. Ilno-
majab HOBEPXHOCTU: S = ff«/l +4x° + 4y’ dxdy .
D

[epetizis kK MUAMHAPUYECKAM KOOPAUHATAM IO (hOp-
MyTaMm X=7cosg, y=rsing, e 0<r<+6,
0 <o <27, noayunm:
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S = Qfdgofr\/l+4r2dr =

:-fd<pf1+4r d(1+4r) =

NG

0

1 ’ 62
—— (1251 [ do="27.
5 )[ p="m

a2y 4y
8[ plt+ar)

22.2. MNoBepxHOCTHbIN UHTErpan BTOPOro
poaa (no KoopauHaTam)

22.2.1. Eciiu B pe3ysbTaTe HENpPEepbIBHOTO Tepeme-
MEHNUsT TOYKK 10 JI0OOMY KOHTYPY, JexKalieMy Ha
MIOBEPXHOCTU ¢ , IPU BO3BpAlICHUU TOYKU B Ha-
YaJibHOE MOJIOKEHUE BEKTOD 7 HOPMAJU B 3TOU
TOYKE COBIAJIET C MCXOAHBIM, TO MOBEPXHOCTb O
HasbIBaeTcs 0sycmoponnell. B IPpOTUBHOM ciydae
MOBEPXHOCTH HA3BIBAETCST 0OHOCIMOPOHHELL.
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22.2.2. Ilogepxnocmuoiti nHTETPaAS OT DYHKIIUN
f(x, y, z), HENPEPBIBHOIT Ha IBYCTOPOHHEH TTOBEPXHO-
¢ty O, 110 BBIOpaHHOU CTOPOHE HOBerHOCTI/I 110 KO-

OpJMHATaM X U — TIpesiet hm Z S (x,y,,2)ASE? |

)\ 0 it

rie AS™” — momazns npoekin Ha mwiockocts Oxy
stueiikn 0; (i =1, 2, .., n), Ha KOTOpbIe pasbura 1o-
BEPXHOCTh O , B3sATas CO 3HAKOM +, €CJIM HOPMaJib
K 0; obpasyeT ocTpbIil yroi ¢ ocbio Oz, U B3ATasI CO
3HAKOM —, €CJIi 9TOT yroua Tynoit; f(X;,¥;,2;) — 3na-
uenue gyukiun f(x, y, z), B Touke M, (x;,y;,2,) € 0,

A, = = max d, — HanbosbIINil U3 MAMETPOB sTUeeK

..... n

o; (puc. 22.3). O6o3HaueHme:

lim Zf(xl,yl,z YASH = fff(x y, 2)dxdy .

)\H011
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22.2.3. Ceoticmsa:

D [ () + gy, 2)) dudy =
= [[ fGoy 2dxdy + q [ [ gCxy, 2)dxdy,
Pac p ’

2) O'—O'1U’UZ (o,No,=92) =
= f | Sy, 2yddy = f | f oy, 2ydndy +
+fff(x Yy, 2)dxdy ;

3) f f Sy, 2)dvdy =~ f [ Foy.2)dudy rae o

1 0 — pasjuvyHble CTOPOHBI BYCTOPOHHEH I10-
BEPXHOCTH O .
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22.2.4. Bvoruucnenue:

[ f @y 2dedy == [[ (x990 9)) dvdy , 1ne

z=1(x,y) — ypaBHenue 1nosepxHoctu 0, D —

MPOEKINS MOBEPXHOCTH O Ha niaockocTh Oxy,
BBIOMpaeTCs 3HaK +, ecqu HOpMaih K O obpasyer
OCTpPBIiT yron ¢ ockio Oz, U 3HAK —, €CJIU ITOT YO
TYTIOM.

22.2.5. O6wuii 610 TIOBEPXHOCTHOTO MHTErpaia BTO-
poro pona:

ff P(x,y, z)dydz—i-ff Q(x,y, 2)dzdx +

+ff R(x,y, 2)dxdy =
= ff P(x,y,2)dydz + Q(x,y, z)dzdx +
+ R(x, y, 2)dxdy.
3nech P (x,y, 2), Q (x, vy, 2), R (x, y, z) — pyaxnum,

HETPEPBIBHbIE HA TIOBEPXHOCTH O , HHTErpas bepercst
MO0 BBIOPAHHON CTOPOHE MOBEPXHOCTH.
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22.2.6. CBs13b MeX/1y TTOBEPXHOCTHBIMU WHTETPAJIaMU
MIepPBOTO 1 BTOPOTO POjia:

ff P(x,y,2)dydz + Q(x,y, 2)dzdx + R(x,y, z)dxdy =

= ff (P(x, y,z)cosa + Q(x,y,z) cos B+ R(x, y,z) cos 7) ds .
31ech COSq, COS 3, COSY — HaNpaBJIAIOINE KOCHU-
HYChl HOPMaJIU 7 K BbIODaHHOH CTOPOHE TOBEPX-

HOCTH O .



23. Teopua nonsa

23.1. CkanapHoe none. lloBepxHoCTU
ypoBHA. [IpousBoHas no HanpaBneHUIO.
fpapueHT

23.1.1. Ecsmm kax 1011 Touke M HEKOTOPOIi TPOCTPaH-
CTBEHHOU O6JIaCTI/I T cTaBUTCS B COOTBETCTBUE CANH-
cTBenHoe yncao u(M), To roBopsaT, uto B obaactu T
3a1ano ckansapuoe noae u(M) = u(x, y, z).

23.1.2. Ilogepxnocmsv yposus CKaJSIPHOTO TOJIS
u(M) — moOBepXHOCTbH, 3aJlaHHAsA YPaBHEHUEM
u(x, y, z) = C, tne C = const.

23.1.3. IIpoussoodnas cxanspHoro noJst u(x, y, z) no
nanpasienuro Bexktopa | B Touke M (¥, y, 2):

ou_
ol
~ lim u(x+tcosa,y +tcosf,z + tcosy) —u(x,y,z)

t—0
t>0 ¢

3pech COSq, €OS[3, COS7Y — HalpaBJIAIOLIME KOCHU-

HYCBI BEKTOpa | .
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Berancienmne:
ou _ a—ucosoz +%cosﬂ +a—ucos
ol ox Yy oz

23.1.4. Ipaduenm cransspHOTO OIS U(X, Y, Z) — BEK-
TOp gradu = 8—“? +@; +%/€

Ox oy 0z
23.1.5. CBs3pb TpasyienTa U MPOU3BOAHON 110 Ha-
[IPABJIEHHIO:

%:(gradu).é,

e € =i cosa+ jcos+ kcosy — emuHudnbIil
BEKTOP, COHAIPABJIEHHDII C BEKTOPOM [ .

23.1.6. AHAJIOTUYHO OTIpeIesIsIeTcsl CKaJsIpHOe TIoJie
HAa TIJIOCKOCTH, €T0 JINHUU YPOBHS, TPOMU3BOIHAS TI0
HATIPaBJIEHUIO U IPAUEHT.

23.2. BektopHoe none. BeKTopHble nuHUU
U BEKTOPHble TPYOKU

23.2.1. Ecam kax 1011 Touke M HEKOTOPOIi TPOCTPaH-
CTBEHHOI O6JIaCTI/I T ctaBUTCS B COOTBETCTBHE e/InH-
CTBEHHBIN BekTOp d(M), TO TOBOPST, 4TO B 006JIa-
ctn T 3aaHO 8exmopHoe noie:
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a(M) = a(x,y,2) = a,(x,y,2)i +
+a,(x, y,z)j +a,(xy, z)E.

23.2.2. Bexmopnas aunus BexTopHoro mos (M) —
JIMHUS, B KaK/I0i Touke KoTopoil Bektop A(M) as-
JISIeTCsl KacaTeIbHbIM BekTopoM. JJuddeperimanbhbie
ypaBHEHUSI BEKTOPHBIX JIMHUIA:
adc dy @ dz
a(xy,z2) a/ (xyz) a(xyz)’

23.2.3. TloBepxHOCTH, 0OpPa30BAHHASI BEKTOPHBIMU
JIMHUAMY, IPOXOAANMMY Yepe3 3aJaHHyI0 KpU-
BYIO, He ABJAIONIYIOCS BEeKTOPHOW TUHUEH, — gex-
mopuas nosepxnocmy. Ecin 5Ta KpuBas 3aMKHYTa,
TO BEKTOPHAs IIOBEPXHOCTL 00Pa3yeT 6eKmMOPHYI0
mpyoxy.

23.3. [1oTOK BEKTOpPHOro nons.
lmBeprenuus. Teopema OcTporpaackoro—
laycca

23.3.1. Illomox (@ BEKTOPHOTO TNOJHA
a(M) ={a (x,y, 2),a,(x,y,2),a,(x,y,z)} 4epes mno-
BEPXHOCTb O B CTOPOHY €MHUYHOTO BEKTOPA HOP-
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Maimu n = {cos«,cos3,cosy} — TOBEPXHOCTHBIN
UHTErpaJj IePBOro pPoa:

Q= f f i nds =
= ff(cg (x,y,z)cosa +a,(x,y,z)cos B + a,(x,y,z) cos w)dS'
23.3.2. Qusuueckuil cmwici TIOTOKA: Q = f f 7-1dS —

o
Macca HeCKUMAeMO JKUIKOCTH eIMHUIHON TIIIOTHO-
CTH, TIPOTEKAIOIIE Yepe3 MOBEPXHOCTh 0 B CTOPOHY

Hopmaiau " co CKOPOCTBIO
7=0(x,y,2) =0, (x,y, 2)i +
+0, (%Y, z)f +o,(x,y, z)l;.

23.3.3. BoIpaxkeHue 1moToka 4epe3 MOBEPXHOCTHBIN
WHTETPAJ 6Mopozo Pojia:

Q= ff a, (x,y,2)dydz + a,(xy, 2)dzdx + a,(x,y, z)dxdy .

23.3.4. Bviuucnenue notoka yepe3 IBOMHON WHTETPAJL.
Ecnm moBepxHOCTh o 3amaHa ypaBHEHUEM
z=1(x,y), T0:
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cosa = 7%’ =,
et (00 + ()

cos 3 = _wzf =
1+ () + ()

1

cosy = = =,
j:\/H— vl +(v)

ds = 1+ ()" +(v]) dudy

B manpaBisgiomux KOCHHycaX Mepes PaauKanioM
BBIOMpAETCs 3HAK +, €CJIU yTOJI, 00pa3oBaHHbIL HOP-

Masbio ® u ocbio Oz, OCTPLIH, B IPOTUBHOM CJIydyac
BeiGUpaercst 3uHak —. Torya:

Q=[[(7a, (% y. v )V, Fa,(xywx )y,

+ a, (x,y, y(x,y))) dxdy.

31ech D — TIPOEKITHS TTOBEPXHOCTH O Ha MJIOCKOCTD
Oxy.
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23.3.5. Jlusepeenyus sextoproro nons d(M):

a ’ ’
diva = da,(x,y,2) + ay(x Y,2) + da,(x,y,2) '
ox oy 0z

23.3.6. Teopema Ocmpozpadckozo—Ilaycca: motok Q
BekTopHoro mosst A(M) depes 3aMKHYTYIO HOBepX-
HOCTb 0 HapysKy paBeH TPOIHOMY MHTErpajy OT
auBepreniyn BekTopHoro noss (M) o obmactu T,
OTrpaHUYeHHOU ToBepXHOCTHhIO O (puc. 23.1):

Q:ff&'~ﬁd5:fffdivé'dxdydz
o T
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23.4. UnpKynauuna BeKTOPHOro nons.
Potop. Teopema Ctokca

23.4.1. Jlunetinviii unmezpai BEKTOPHOTO IOJI
a(x,y,z) =a (x,y, 2)i + a,(x,y, 2)j + a,(x,y, 2)/2
10 KpUBO#i [ — KPUBOJIMHEHHBII MHTErPaJ BTOPOTo
poza:

f a (x,y,2)dx + a, (%, y, 2)dy + a,(x,y,2)dz .

!
23.4.2. JInHelHBINT WHTETPAJ BEKTOPHOTO IOJIA
d=ai+a,j+ak no samxuyroii kpusoii (1o
KOHTYDPY) [ — Yupkynsyus BEKTOPHOTO MOJS 110
KOHTYDY [:

C= Cﬁax (x,y,2)dx + a,(x,y,2)dy +
I

+a,(xy,z2)dz = 9521 -dr,
1
rine dr = {dx;dy;dz} .

23.4.3. Quauyeckuii cMolcl TAPKYIAIINNA BEKTOPHOTO
TOJIS.
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Ecom F’(x,y,z):{P(x,y,z),Q(x,y,z),R(x,y,Z)} -
cuJIa, AeCTBYONAsd Ha MaTepUATbHYIO TOUKY, TO
[UPKY SIS

C= ggP(x, y,2)dx + Q(x,y,2)dy + R(x,y,2)dz = SEF -dr
I I

npezcTasiger coboil paboTy 10 HepeMelieHnIo Ma-
TepUaJbHOU TOUKM 110 KOHTYPY [ 1Mo aeiicTBUEeM
3TOU CHUJIBI.

23.4.4. Pomop BEKTOPHOTO MOJIst @ = ai + ayf +ak —

5 oa da, |-
rotd =|—%——2%|i +
dy 0Oz
BEKTOP
da, 0Oa )\~ (9a, Oa |7
e e e [
0z Ox ox Oy

CuMBOIMYeCKast 3alIUCh POTOPA BEKTOPHOTO TIOJISL:

-

i k

0 0
rota =|— —].

ox 0z

j
9
Oy

x Y z
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23.4.5. Teopema Cmoxca: MUPKYISIUS BEKTOPHOTO
nosist d(M) 110 KOHTYDY / paBHa MOTOKY POTOPA TOTO
BEKTOPHOTO TI0JIST Yepe3 MOBEPXHOCTh O , OTPAaHWJEH-
HYyIO KOHTYpOM [:

fzz.df:ff(rota)-ﬁds_
1 o

Hamnpasienve 06x0/1a KOHTypa TaKOBO, UTO MOBEPX-
HOCTh O ocraercs ciesa (puc. 23.2).

n

Puc. 23.2

23.5. MNoTeHumanbHoe 1 coNeHoUpanbHoe
BEKTOPHble Nons

23.5.1. Ilomenyuanvioe BEKTOPHOE TOJIE — TIOJE
d(M) , KOTOpOE ABJIAETCA TPAJMEHTOM HEKOTOPOIo
ckazsproro nons u(M), To ectp d = gradu . Ilpu
3TOM CKaJISIPHOE TI0JIe
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u = u (M) — nomenyuan Bextopuoro nons a(M):
u(M) = f i dr.
MM
3aech unTerpan Gepercs 1o moboit kpusoit M M,
Jieskateil B obsractu 3aganust nosst a(M) .

Heobxodumoe u docmamouiioe yciosue mOTEHIAb-
HocTu BekTopHOTO 101 G(M) : BekTOpHOE TOME
d(M) 1oTeHIMaNbHO TOrA U TOJIbKO TOT/A, KOTAA
B KaykKJIOM TOUKe 00JIaCTH 3aJJaHKA 110/ BBITIOJIHA-
ercst yeaosue T0td =0,

Ce0iicmeo TIOTeHINATLHOTO BekTopHoTo mosst (M) :
C= 9§ d-dr =0 s moboro KOHTypa [, mesaiiero

B obyactu 3amanus nojs a(M) .

23.5.2. Conenoudanvnoe BEKTOPHOE T0JIe — IOJIE
d(M) , xotopoe sIBJSIETCST POTOPOM HEKOTOPOTo
BEKTOPHOTO IIOJI b(M) TO ecTh TOtd = b. IIpn

9TOM BEKTOPHOE I10JIe b= b(M ) — eexmopubLil no-
menyuan nions a(M) .

Heobxodumoe u docmamounoe ycioue COJeHOU-
JaabHOCTH BeKTopHOro mons a(M): BektopHoe
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noJsie d(M) cosieHOMIaNIbHO TOTA ¥ TOJBKO TOTIA,
KOIJ/Ia B Ka)K/J0H TOuKe 06JIacTU 3aaHus T10JIS Bbl-
nosusercs yeaosue divd =0,

Ce0ticmeo coJIeHOMANLHOTO BeKTOpHOro 1oJist d(M)
Q= f f d-7dS =0, r1e o — nobast samkHymas mo-
o

BEPXHOCTD, JIeKallas B obactu saganus noas a(M) .

23.6. Oneparopbl lamunbToHa 1 Jlannaca

23.6.1. Onepamop lamunvmona (nabra):

23.6.2. Beipaxkenue rpajiueHTa, IUBEPreHITUN U PO-
Topa uepes orepatop lamuisrona:
gradu*Vufau au] +%l;
ox dy 0z
da N da, N a,
ox Oy 0z’
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i j ok
rotd =Vxa= 9 9 9 .

Oox Oy Oz

a, a, a,

23.6.3. Onepamop Jlannaca:

2 2 2
A:V228—2+02 8—2.
ox* 0oy~ Oz

23.6.4. Ypasuenue Jlanaaca:

*u  0*'u  du
Au=0&—+—+—=0.
ox* oyt 07

Cxamnsipaoe moJte u(x, y, z), yA0BJIETBOPSIOIIee ypaB-

HEHUIO JIaHJIaca, — 2APMOHUYUECKOE.

Ipumep. IlpoBepsnTe, ABAAETCS JU BEKTOPHOE

N r - < - - -
moJe a:r—z, rie 7 =xi+y +zk, T=|7’|=

=2’ +y* +2° =0, CONCHOMIATBHBIM WUJIN II0-

TEHIITUAJIbHBIM. B CJIydae NOTEHIINaJIbHOCTN HaIL/,IIII/ITe

€ro IoTeHIraJsl.
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L 7

Koopannarnasa ¢opma monsa d =— uMeeT BUJ

- o o r
L Xl |+ zk
i= %, 3HAUNT;

Xty +z

x
a, = 2 7o & =5 y2 2
Xty +z Xty +z

z

az =
X4y 7

YacTHble IIPON3BOJHBIE!

6%_ y2+22_x2 3%_ x2+22_y2

Ox m @_(x2+y2+22)2’

%_ x2+y2_22

0z N (xz +y2 +22)2 .
[luBeprentus:

Cry+2 1 0

(x2+y2+22)2 e

To ecTb 110JIE HE COJIEHOMIATIBHO.

diva =
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YacTtHble IIPON3BOJHBIE:

Oa, _0a, _ 2yz 2yz

8y 0z <X2+y2+22)2:_7’_/jy

da, Oa, 2xz

o 0z

oa .
_y:%:_%iy = rota=0.
ox Oy '

To ecTb 110JIE TOTEHIIMAIBHO.

L x4y +zk
[ToreHnman BEKTOPHOTO MOJISA G = —————:
Xty +z
(x.9,2)

xdx + ydy + zdz
“npd= | g r
(%0,40,20) Y

1 1
§1n<x2 +y + 22) —Eln x, + y;f + z,°

-
OxonyarespHo nomyyaem #(r) =In— 7 =0,
.
0



24. Papbl

24.1. Yucnossble paabl

24.1.1. Yucnosoii ps0 — BbIpasKeHUE BUA Zan , TIe
n=1

a, — 4ucJjaoBasd NOCJAe/I0BATENbHOCTD &4y, Uyy... A ...,
a, — o0uguil unen pana.

24.1.2. TlocseioBaTesIbHOCTb YACMUUHBLY CYMM THUC-
JIOBOTO Psijia:

n
S,=aq, S,=a,+a, ..., S, :Zai,
i=1

24.1.3. YucanoBoli psn Zan cxodumcs, ecan

n=1

limS, =S, e § — umcno, B mpoTUBHOM Ciyuae

n—oo

psan pacxodumcs. CyMMa CXOJISIIETOCST PSIa:

n—o00

S=lmS,=> a,
n=1
24.1.4. Heo6x00umbLil IPU3HAK CXOAUMOCTH YHCIIOBO-

o0
TO PA/ia: ecJu Psiji g a, cxoxutcst, To lima, =0.
n—oo

n=1
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24.1.5. YucaoBoit psia Zan CXOUTCH abCoOMmHO,

n=1

o0
€CJI YUCTIOBON Pl Z|an| CXOJIUTCS.

n=1

o0
24.1.6. Yucaosoii psajn Za" — NOJONCUMENLHBLIL,

n=1
ecim @, >0 npu mobpix 1€ N,

24.1.7. Hpusnaxu cxo0umocmu TOJTOKATENbHBIX Psi-
TIOB.

1. IlpusHak cpasuenus: ecan 4jaeHbl JABYX TOJOXKU-

0OC OO
TEJIbHDBIX PA/TOB Z a, n Z bn , HAUMHaA C HOME-

n=1 n=1

pan, (pu 7 > 1y > 1), y10BAETBOPSIOT YCIOBUIO

a, <b,, TO U3 CXOLUMOCTHU Psila an caemyet

n=1

0

CXOZUMOCTD pda Za" , & 13 PaCcXo/IMMOCTHN
0 n=1 oo

pana Zan CJIeyEeT PaCXOJAUMOCTD pAda b,, .

n=1 n=1

2. IIpedenvnwlil TPUSHAK CPAGHEHUS: €CIT JIUIST JIBYX

o0 00
IMOJIOKUTEJIbHBIX PANOB Za" u an , Y KO-

n=1 n=1

Topeix @, =0, b, =0 | prmonnsgerca yciosue
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n—oo

. a,
lim b_ =q,rne 0<g<oo, TO U3 CXOAUMOCTH
n

(pacxoaMMOCTH) OTHOTO psAfa CJAeIyeT CXOIM-
MOCTH (PacXoMMOCTbh) JIPYTOTO Psija.
[Tpusnax Jarambepa: ecav st NOJOKUTETLHOTO

o0
psma Zan , y kotoporo @, = 0 ppmosHsercs yc-

n=1

. a
nosue lim L = ¢ tonpu d <1 psan cxonures,
n—oo a
n
npu d >1 pax pacxomures.
Paduxarvnoii npusuax Kowu: eciv jis 10J1o-

00
JKUTEJbHOTO DPA/lA Za" BBITIOJIHAETCSA YCJIOBUE

n=1

lim g/a, = q, to nmpu g <1 pan cxonurcs, npu

n—oo

q > 1 psin pacxomuTcst.

Humezpanvnowi npusnax Kowu: ecnn GyHK-
st f(x) > 0, HermpepbIlBHA U HE BO3pacTaeT Ha

[0; +09), TO pax if(n) CXOJIUTCSA UJIM Pac-

n=1

XOIUTCA BMeECTE C HECOOCTBEHHBIM MHTETpaaIoM

Tf(x)dx.
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o0
24.1.8. Yucnosoil psan Zan — 3nakonepemenmbvlil,

n=1

€CJIN €TI0 YJIEHbI — 4YnCJa MPOMN3BOJIbHBIX 3HAKOB.

24.1.9. 3nakorepeMeHHbII Pl Zan — 3Hakoue-
n=1

pedyrowuiics, ecin aa < 0 npu mobpix €N

24.1.10. Ilpusnak Jeibnuua: eciv s 3HaKOUepeLy-

00
IolIerocsa psza Zan BBIITOJIHAIOTCA Ba YCJIOBUA:
n=1

1) nocJsiesioBaresibHOCTD |@

n

— yObIBaloIas,

2) lima, =0, 1o psn > a, cxomures.

n=1

24.1.11. Teomempuueckuii psn Zaq'“1 pu |q| <1
n=1

> _ a
cxopuTes K cymme S=>Y ag"" ==, aupn
n=1 —q

|q| >1 pacxonurcs.

24.1.12. Pan Jupuxne (06001eHHbIA TADMOHUYECKUIA

> 1 x
psin): Zn_” (p > 0) cxomures mpu p >1; Zn_”’
n=1 n=1

pacxoaurcs npu p <1,
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> 1
YacTHblil caydail: 2apmonuueckuti ps Z— pac-
XOUTCA. n=1

24.2. DyHKUMOHANbHbBIE PAAbI.
CreneHHble pAAbl

24.2.1. QyuKkyuonarvuviii pam: Zun(x), rie
n=1

u (%), uy(x), ..., u,(X),... — MOCHEAOBATETHLHOCTD

byukiwmit, 3amannpix B obmactr D. Ecin B kamaoit

o0
Touke X, obmacti Dy C D umcnosoit psin Zu" (x,)

n=1
CXOUTCA, a BO BCeX TOYKaX BHE O6]IaCTI/I D1 pacxo-
JAUTCA, TO O6]IaCTI) .D1 — 06/161(,‘771?3 Cxoawvtocmu (byHK'

LUOHAJIBHOTO Psia Zun(x) . CymMMa CXOIAIIErocs

n=1

(pynximonanbuoro psja:
S(x) = u,(x).
n=1
24.2.2. O6mactb abCOMIOTHON CXOAUMOCTH psjia

U, (%)

u, (%)

0O
> u,(x) naxomurcs us nepasencrsa lim <1
n—oo

n=1
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U WCCJIeIOBAHUS TIOBEJIEHUST YUCIOBOTO Psijla B Tpa-
HUYHBIX TOYKAX IMOJYIEHHOTO TIPOMEKYTKA.
24.2.3. Cmenennoii psio 110 CTEIIEHSIM X

00
> c,x" rme ¢, € R
B n=0
Cmenennoii psid 1o cTenenaM (x — x,):
0OC
n
Y6 (x=x)", rae x,¢, € R
n=0
24.2.4. Paduyc cxodumocmu CTENEHHOTO psja
00
> ¢, x" — amcno r> 0, Takoe, uto npu || <7 psx

n=0
CXOAUTCs, a IpU |X| >r PAL PAaCXOAUTCA. HHmepBlel

00
CXOJITUMOCTH Psifia chx" c(-n 7).
n=0
Paduyc cxodumocmu cTelmeHHOro psjaa

o0
ZC,,(X—xO)" — upcao r > 0, Takoe, 4TO IIpU
n=0

v — x| <7 pan cxommtes, a mpu |¥—x|>r

psn pacxomutcsi. Unmepean cXOAUMOCTHU Psija

o]
Zc"(x— x)" 1 (x, — 1 x, ).
n=0
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IIpumep. Haiigure 061acTh CXOAMMOCTH CTEIIEHHOTO

1
psza Z( X+ )
n=1 3'n
NuTepBan cXoanMoOCTH HalgeM W3 yCJIOBUSI
Jim [Ze2) ) <1
llm un+1(x) _ | (x+1)n+13nn\/; _
=l () | = 3" (n+ D+ 1(x +1)"
e+t | [n n | |x+1|
3 ~\n+1 n+1| ’
[ +1]

<le|r+1<3e-4<xr<2.

Wntepsan cxopumoctu: (—4; 2). Ipanudynbie TOUKH:
x,=-4nx, =2

S ="
Xl = = CXOoAuUuTCA 3.6COJIIOTHO,
n=1 NNN
1

o0
Tak Kak cxoautcd pan lupuxie Z

n=1

1
x,=2= Z 3z cxoautest. O6acTb abcomoTHOM
n

n=1

cxomumoctu: [—4; 2].
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24.3. PasnoxkeHue (pyHKLMIA B CTENEHHblE
paabl

24.3.1. Psao Teinopa pnsg dyuximu f(x) Ha mpome-
KyTKe (X, — 15 %, + r):
0 (n)
da,(x—x)", tne a, = _ )
n=0 n '

24.3.2. Psd Maxnopena nist bynkiym f(x) Ha 1po-
MeXyTKe (—7; 1):
(m
Zanx rie a, f © :
n=0 n‘
24.3.3. CrenieHHbIe PsIbl /71T HEKOTOPBIX (DYHKITHIL:

00 n

) 1n 2n+1
2) sinx = Z((2n)+1)l :

3) cosx:z( (;)7:)!2",

2n+1

X
4) th:;my
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0 2n

5) chx= Z ad (o6acTh abCOMIOTHON CXOMM-
o (2m)!
MocTu panoB 1-5: (—00;+00) );
00 (_ 1)n—1xn
6) In(x+1)= Z— (obyacTh CXOAUMO-
n=1 n

ctu: (—1; 1], obmacth abCOMOTHON CXOAUMOCT:

(-1 1));
7y (x+1)° =1+ia(o‘

n=1

JacTh abcoMoTHOM cxopumocTu: (—1; 1)).

—D..(a—n+Dx"
n!

(06-

24.4. TpuroHomeTpuyeckue pagbl Pypoe

24.4.1. Tpuzonomempuueckuii psd Pypve nyst GyHK-
i f(x), 3aaHHON Ha IIPOMEKYTKE [~ 7]

S(x):%-l—Z(ancosnx—ansinnx).

n=1
17 17

3n1ech aoz—ff(x)dx, anz—ff(x)cosnxdx,
Trfﬂ 7T77r

b, :lff(x)sinmcdx.
ﬂ-*ﬂ'
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24.4.2. Tpuzonomempuueckuii psod Pypve nist GyHK-
uu f(x), 3alaHHOI Ha TIPOMEKYTKe [—p; p]:

S(x) = 5 —i—Z[a cos—+b

7’171'.96]
P p )

P P
3nech a, :iff(x)dx, a, :lff(x)cosmdx,
pY pY P

P
b, =iff(x)sin@dx.
pY p

24.4.3. Tpuzonomempuueckuil pso @ypve nis GyHK-
un f(x), uemnotl Ha IPOMEXRYTKe [—p; p]:

a = nwx
S(x)=24+>"a cos—
=%+ S e

n=1
P P
3nech a, zgff(x)dx, a, zsz(x)coswdx.
p 0 p 0 p

24.4.4. Tpuzonomempuueckuii psod Pypve 1yt GyHK-
umu f(x), Heuemnoti Ha ipomeskyTKe [—p; pl:
TX

S(x) = Zb sin np

p
3nech b, zsz(x)sinﬁdx.
P p



25. 06bIKHOBEHHbIe
anddepeHumanbHbie
VpaBHEHUA

25.1. 06bIKHOBeHHble auddepeHuUanbHble
ypaBHeHUA nepBoro nopaaka

25.1.1. Obvixnosennoe dugpepenyuanrvnoe ypas-
nenue nepsozo nopsoxa (OAY-1) — ypaBHeHuUe
F(x,y,y") =0, rue x — He3aBuCHMas TIepeMeHHasl,
y = y(x) — HenssectHast hyHKIMsA, Y — MPOU3BOL-
Hasl HEU3BECTHON (DYHKITUY.

OJ1Y-1 B nopmanvnoii popme: y' = f(x,y) .
OlY-1 B duppepernyuanvroii hopme:

P(x,y)dx + Q(x,y)dy =0.

25.1.2. Pewenue OJ1Y-1: nudepentiupyemast pyHk-
st Y = @(X), YIOBJIETBOPSIONIAs YPaBHEHUIO.
O6wee pewenue OJ1Y-1: pyuxnusa y = @(x,C)
OJTHO3HAYHO Pa3pelrnmMasi OTHOCUTEIbHO C, KOTOpas
npu 11060M C SABJISIETCS PElIEHUEM YPaBHEHUS.
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Obuwyuit unmezpan OJ1Y-1: ypasuenue F(x,y)=C,
3a1aioniee obIee perenne B HESIBHON (hopMme.

25.1.3. 3adaua Kowu nna O/1Y-1: naxoxuaenue Ta-
KOTO peIeHus, KOTOPOe Y/IOBJIETBOPSET HAUAILHOMY
yenosuro Y(X,) =Yy, . Pemenne sagaun Komu —
yacmuoe peulerue.

25.2. OcHOBHble TUNbl 06bIKHOBEHHbIX
anddepeHuManbHbIX ypaBHEHUI NepBOro
nopaaka

25.2.2. YpaBHEHUE C pa30esiouUUMUCS NEPEMEHHBIMIUL
Y = (@)

LW
ubix f,(y)dy = f,(x)dx n unTErpUpOBaHIE.

. ME‘TO,ZI penrenus: pa3aejieHue rnepeMeH-

25.2.3. Odnopoonoe ypasnenne: y' = f[g] Meron
x

pelreHust: 3aMeHa IepeMeHHo 1o opmysiam u = =,
X

y=ux, y =u'x+u npeobpasyer oaHOPOAHOE
ypaBHEHME B ypaBHEHHE ¢ PasJesIsionMKCe Tepe-
MEHHbBIMU.

25.2.3. Jluneiinoe ypasuenue: y' + p(x)y = q(x),
e p(x), q(x) — sapmannbie pynxin. MeTon perne-



25. 06bIkHOBEHHble At depeHumanbHble ypasHenus 277

HUST — METOJ 6apUauui npouU3GoLbHOL NOCMOSAHNOL:
ecin Y = Cp(x) — obmiee penrenue JTMHEHHOIO
00nopoodnozo ypasuenust y' + p(x)y =0, 1o obmee
peleHne JUHEHHOTO He00H0P0ooH020 yPpaBHEHUS
y' + p(x)y = q(x) muercs B opme y = C(x)p(x).
25.2.4. Ypasuenne bepuynu: y' + p(0)y = q(x)y" .
Mertoz pemmenus: 3aMeHa TlepeMeHHOl TTo dopmy.ie

u=y"" npeobpasyer ypasHenue Bephy B ju-
neitroe ypasuerne #' + (1—n)p(x)u = (1—n)g(x).

25.2.5. YpaBHeHMe B noAHbIX Oupdepenuuanax:

P(xvy)dx"i'Q(xry)dy = 0,

o OP(Ly) _ 0Q(xy)
oy ox

vl

Merton pererust:

X Yy
UHTErPUPOBAHLE f P(x,y)dx + f Q(x,, y)dy =C.

0 Yo

25.3. 06bIKHOBeHHble audepeHuUanbHble
ypaBHEHUA n-ro nopaaka

25.3.1. O6vixnosennoe dugpepenyuanrvioe ypas-
nenue n-z0 nopsioka (OJ1Y-n) — ypaBHeHue BUa
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F(x,y,y',y"...y™)=0, rae x — HesaBucumas
nepemMeHHast, y = y(x) — HeusBecTHass QPyHKIH,
y',y"...y"™ — npousBo/HbIe HEM3BECTHOI (DYHKIIIH,
7 — TOPSIIOK YPaBHEHHUSI.

OJ/1Y-n B HOpMasbHOIT (hopme:

v = [y Ly ).

25.3.2. Pewenue O1Y-n: yukuua ¥ = ¢(X) , n pas
nuddepennpyemast u yj0BJIeTBOPSIONIasl ypaBHe-
HUIO.

Obwee pewenue OJ1Y-n:

byukmma ¥y = ¢(x,C,C,,...,C,), apngomasics pere-

HueM npu Jmobbix sHavenuax C, C,, ..., C, u taxas,
4TO CJIe/yolas CUCTeMa OJHO3HAYHO paspelrima
ornocuresnsio C, Gy, ..., C,:

y=¢(x,C,C,...,.C)
y' =¢'(x,C,C,,...,C)

y" =" (x,C,C,,...,C,)

25.3.3. 3adaua Kowu nna OJ1Y-n: HaxoKIeHUe TaKOTO
peIeHNsT, KOTOPOEe YAOBJIETBOPSIET HAUALLHIM YCLO-

_ / / 1 1
susm y(xy)) =y, Y (%)) = Yyr - ]/(" )(Xo):y(()" ).
Permrenne 3a/ladun Komu — wacmuoe peuwenue.
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25.4. 06bIKHOBeHHble auddepeHuUanbHble
ypaBHeHUA N-ro NopAAKa, AonycKawLue
NOHUXeHue NopAaAAKa

25.4.1. Ypasuenue suna y” = f(x). Meron pente-
HUS: TIOCTIeI0BATeIbHOE NHTETPUPOBAHHE.

25.4.2. Ypasnenue suaa F(x,y®,y* ™, ,y™)=0.
Mertoy peniennsi: 3aMeHa repeMeHHol 1o (hopmyiam
2(x)=yP, 2 =y*P 2P = y™  nonmxaer
NOPSAIOK ypaBHeHuUs Ha k.

25.4.3. Ypasuenue suna F(y,y',...,y")=0. Me-
TOJL PelieHus: 3aMeHa TlepeMeHHbIX Mo (opMyIam
2=y, y' =22y" =2"2"+(')’z ur 1 no-
HUIKaeT MOPsI/IOK ypaBHeHus Ha 1.

25.5. JInHeiHble 06bIKHOBEHHbIE
avddepeHymnanbHble ypaBHEHUA
n-ro nopapKa

25.5.1. Juneiinoe OLY -n:
Y’ a0y "+t a, (DY +a,(0)y = f(),

e a;(x) mpu i =1,2,...,n, f(x) — 3apanubie
ynaKIIN.
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Juneitnoe OIY-n — oduopodnoe, eciu f(x) = 0;
B IIPOTUBHOM CJIy4ae — HeoOHOpooHoe.

25.5.2. Obuiee penierHue JUHEHHOTO 00HOPOOH020
OAY-n:

y:C1y1 +C2y2 Jr"'Jrcnyn'

3necy ¥; =Y, (x) upn i=12,...,n — Pynoamen-
manvnas cucrema pemernii (OCP), To ecTh 1 perie-
Huii imHeitHoro ofHopoaHoro O/1Y-n, ynosieTBops-
IOIIUX YCJIOBUIO JUHEUHOU HE3A8UCUMOCTILL

Cy+Cy, +..+Cy,=0%
sC=C=..=C,=0.
25.5.3. Ob1ee pelenre JTUHEHHOTO HE0OHOPOOH020
OoAY-n:
y=Cy, +Cy, +...+Cy, +y

3nech iy = y(x) — 9acTHOe peleHre HeoHOPOIHOTO
OLY-n.
25.5.4. Jluneitnoe OJ1Y-n ¢ nocmosinnvlmu k03 pu-
yuenmamu:

YO tay" e,y ey =[(x).

3nech @, Ipu § =1,2,...,n — 33JIaHHbIEC YHCJIA.
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25.5.5. Xapaxmepucmuueckoe ypaBHEHUE JJIsT JIH-
HeitHOTO omHOpOoAHOTO O/IY -1 ¢ MOCTOSTHHBIMU KO-
acdbumentamu:

N+aN"' +...+a, A+ta,=0.

25.5.6. Pewenus nuneiinoro ognopoauoro OJ/1Y-n
B 3aBUCUMOCTHU OT KOPHEH XapaKTepPUCTUYECKOTO
YPaBHEHWUSI:

KopHu xapakrepu- PeweHus
CTUYECKOro ypaB-
HeHus

A — jelictBu- e
TEJTBHBIN TPOCTOH
KOpPEHb

A — jeficTBUTEND- e, xe™, xPe™, . x e
HBIIT KOPeHb KpaT-
HocTHu 7

a+bi — npocteie | e cosbx, e sin bx
KOPHH

a =+ bi — xopuu e™ cos bx, xe™ cosbyx, ..., x""'e™ cos by,

aTHOCTH T . . _ .
KpatHoc €™ sin bx, xe™ sin by, ..., x"'e™ sin bx

25.5.7. Bun uacmmozo pewenus. Y JTMHEIHOrO HEOLHO-
poaroro O/1Y-n ¢ mocToOSTHHBIMU KO3(hGUITUEHTaAMI
B 3aBUCUMOCTHU OT BHUJIa €r0 NPaBON YacTH f(x)
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WLTIOCTpUpPYeT caenyiomas tadiuma. 3aech P (x),
R (x), S,(x) — 3ajaHHble MHOTOUJEHDI, Q,(x),

U,(x), V,(x) — MHOTO4JICHBI C HEM3BECTHBIMU KO-
apdurmentamu; M, N — 3anannbie uncia, A, B —

HEeM3BECTHbIC YMCJIA:

Bup npaBoit yactu

llononuu-
TesNbHOe
ycnoBue

Bup yacTtHoro peweHus

J(x) = P,(x)e”

a ue
SIBJISIETCSL
KOpHEM
Xapakre-
pucTu-
YeCcKOro
ypaBHe-
HUS

§=Q,(x)e"”

J(x) = P,(x)e”

a sgBisieT-
cs1 KOpHEM
xapakre-
pucTu-
YeCKOro
ypaBHe-
HUST KpaT-
HOCTH 7

g=Q,(n)x'e”
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Bup npaBoii yactu

LlononHu-
TenbHoe
ycnosue

Bup yactHoro peuweHus

f(x) = e™ (M cosbx +
-+N sin bx)

a =+ bi He
ABIAIOTCA
KOPHAMU
Xapakre-
pucTtu-
YECKOTO
ypaBHe-
Hus

y=e"(Acosbx +
+Bsin bx)

f(x) =e™ (M cosbx +
+N sin bx)

a+bi —
KOpHI
Xapakre-
pucTu-
4ecKoro
ypasHe-
HUS KpaT-
HOCTH 7

y=x"e"(Acosbx +
+Bsin bx)

J(x)=e"(R,(x)cosbx +
+8,(x)sin bx)

a =+ bi He
ABJIAIOTCA
KOPHAMU
Xapakre-
pucTu-
4ECKOTO
ypaBHe-
Hus

7y =e"(U,(x)cosbx +
+V,(x)sin bx) , rae

k = max(m,n)

MpoponkeHue »
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(Mpoponkenue)

Bup npaBoi yactu

lononxuu-
TenbHoe
ycnosue

Bup vactHoro pewieHua

J(x) =e" (R, (x)cosbx +
+8,(x)sin bx)

a+bi
KOpHI
XapakTe-
puctn-
YEeCKOro
ypasHe-
HMS KpaT-
HOCTH 7

g =x"e” (U, (x)cosbx +
+V,(x)sinbx) | re
k = max(m,n)

25.6. CucteMa 06bIKHOBE@HHbIX
anddepeHuUanbHbIX ypaBHEHUI NePBoro

nopsaaka

25.6.1. Cucmema OJ1Y-1 B HOpMaNbHOI hopme:

v = (%Y, Yy,

Yy = L (%, 9,

y, = [,(xy, 9,

o Y,)
"yn)

"yn)
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3zech x — HesaBUCUMAad HepeMenHas, Y; = ¥;(X) npu
i=12...,n — wenssectHeie GyHkuHn, Y, = Y, (x)
npu i =12,...,m — uX NpOU3BOJHEIE.

25.6.2. Pewenue cucrembr O1Y-1: n nuddepen-
uupyembix byukmuit ¥ =@(X) | Y, =@ (x) |
Y, = ©,(X), yI0OBIETBOPSIONINX CUCTEME.

25.6.3. Obwee pewenue OJ1Y-1:

Yy, =¢(xC,C,....C)
Y =, (x,C,C,...,C)

y, =9, (xC,C,....C)
IT1a cuctema 17 GYHKIMH TOJKHA SIBISTHCS PEIIeHN-
eM ripu mo6bx 3Havenuax C;, C,, ..., C, 1 6BITb OHO-

3Ha4yHO paspemumoit otnocutenvto Cp, C,, ..., C,

ne
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25.7. Cuctema NMHEMHbIX OAHOPOAHbBIX
AndcepeHuUanbHbIx ypaBHEHMI NepBOro
nopaaka

25.7.1. Cucrema junetinvix 00nopoonsix OY-1 ¢ no-
CTOSHHBIMU KO3 duImenTamu:

.7/1I =ayy, +apy, +...+a,y,
yzl = Ay Yy T ApYy + ...+ a4y, Y,

yr/t = anlyi +an2y2 +.o+ annyn

25.7.2. Mampuunas ¢popma cvicTeMbl TUHEHHBIX OTHO-
poaubix O/1Y-1 ¢ moctossHHBIMU KOahPUImeHTamMu:
Y' = AY . 3nech:

!
Y Y Gy Qyy .-y

Y — Y, Y — !/QI A= Ayy Ay --- Gy

!/
y" yn am an2“'ann
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25.7.3. Obuwee pewenue cucTeMbl JTMHEHHBIX OIHO-
ponubix O/1Y-1 ¢ moctosuubMu KO3 huImenTaMn
B CJIy4ae, KOT/ia Bce COOCTBEHHBIE YHCIa MaTPHUIILT A
JIeHICTBUTEJIbHBIE U PA3HbIE:

Y =Ce"'T, +C,e™T, +...+Ce™T,.

3nech A — coberBennble uncia Matpuin A, I, —
HeHyJIeBble COOCTBEHHBIE BEKTOPBI MAaTPUIIBI A:
AL, = AT (i=1,2,...,n).



26. Teopua pyHKLUUM
KOMMNJIEKCHON nepeMeHHOM

26.1. DyHKLMA KOMNNEKCHON NepeMeHHOoM

26.1.1. Ecau kaxaoMy KOMIIJIEKCHOMY YUCJIY
z = x + iy, npuHaanexamemy obnactu D, cTaButcs
B COOTBETCTBYE OJHO MJIM HECKOJBKO KOMILIEKCHBIX
yucen @ = U+ 10, TO TOBOPAT, 4TO B oOmactu D
3amana Qynxyus xomniexcruou nepemennot (DOKIT)
w=f(2)=u(x,y) +iv(x,y) ; u=u(x,y) — dei-

cmeumenvuas, v = ov(x,y) — muumas sactn OKII.
26.1.2. OcHoBHble (DYHKIIUM KOMILJIEKCHOW Tiepe-

MEHHOI:
1) € =e(cosy +isiny);
. e —e” .
2) sinz = = sinxchy +icosxshy;

3) cosz= % =cosxchy —isinxshy .
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v4 —2Z

4) shz= % = shxcosy +ichxsiny ;

5) chz= etre _ chxcosy +ishxsiny;

6) Lnz=In|z|+i(argz+2nr), n€ 7, |z| — wo-
IyJib, ar§Z — apryMeHT KOMILIEKCHOU Tepe-
MEHHOM Z.

Ipumep: Haiinure i'. IlpeobGpasyem BbIpaskeHue:
. ilni __ ei(ln‘iHi(argHZmr)) .

i'=e
™
Iockompky Inji=In1=0, argi= 3
. 2
TO i = el ((z/2)+2n7) _ e—(w/2)—2nr €z

26.2. lupdepeHunpyemoctb PyHKLUU
KOMMNJIEKCHOU NepeMeHHOM

26.2.1. Ipouseodonas DKII — mnpenen
o JET 22— f(2)

AZ~>0 A

pareHne apryMeHTa.

,Tie Az = Ax + iAy — 1pu-
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O6o3HayeHye IPOU3BOJHOIN: f ’(g) = f{_w . Ecomt ator
2

npezen cymecrsyet, To OKII f(2) dugpepenvyupyema
B TOUKE Z.

26.2.2. Heobxodumoe u docmamouroe ycioBue aud-
depennmpyemoctr MKIT B TOUKE: /7151 TOTO YTOOBI
@OKII f(2) =u(x,y) +io(x,y) 6oina auddepen-
nupyeMa B TOUYKe Z = X+ iy, HEOOXOAMMO U JI0-
cTaTouHO, 4T00bI (hyHKINU u(X, y) u o(x, y) ObLIN
muddepernpyemsl B Touke M(x, i) 1 YIOBJIETBOPS-

. ou Ov
J B 3TO# Touke ycaoBusim Kowu-Pumana — = —
ou ov Ox Oy
uU—=——.
oy ox

26.2.3. Ilpu BwimosHennu ycaoBuii Komu-Pumana
mnpousBonnas OKII:

oy Q00 B0 oo
f(z)_8x+18x_6y+16x_

_Ov .0u_ Ou .0u

Oy Oy ox oy

26.2.4. [leiictBurenbHas u(x, y) u Mmuunmas o(x, y)
vyactu auddepenrmpyemoit OKIT f(z) — zapmonu-
yeckue GYHKIUN.
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26.2.5. [l waxoxaenns npoussogHoin MKIT f(z)
MIPUMEHSIIOTCS Te Ke MPUEMbI, YTO U IS HaXOK/Ie-
HUS TPOU3BOHON (DYHKINN JIeHCTBUTETBHON TIepe-
MeHHOMH f(x).

26.2.6. OKII f(z) — peeyrapuas (anarumuueckas)
B TOUKE Z;, €C/IM OHa O/[HO3Ha4Ha U anuddepenunpy-
ema B HeKoTopoM kpyre 0 < |2 — 20| < R c nenrpom
B TOYKE 2.

IIpumep. Haiinure f'(z) B Touke 2z, =7i, ecau
f(2)=72¢". f(2)=2z¢° —7Z’¢* =z¢ *(2—2);
f(zy) =mie™ (2 — i) = —mi (2 — i) = —7° — 2mi |

26.3. UHTerpan ot hyHKLUU KOMNNEKCHOM
nepemMeHHOM

26.3.1. Uumezpan or ®KII f(2) = u(x, y) + iv(x, y)
1o KpuBoit AB:

ff(z)dz = fu(x,y)dx —o(x, y)dy +

AB

—H’f u(x, y)dy + o(x, y)dx .

AB
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26.3.2. Csoticmsa:
0 [ f@de =~ [ f()ie;

2) [(pf@)+ae@)dz=p [ [z +q [ &),

AB
3) AB= ACUCB

= f f(2)dz = f F(2)dz + f [(2)dz.

26.3.3. Boruucnenue nurerpana or OKII:

1) ecou kpusas AB sagana ypasaenuem Y = @(X)
To (31ech a u b — abcuuccsl Todek A U B cooT-
BETCTBEHHO):

b

[ 1@z = [ (wx,o(x)) = o(x, 000" () dx +

a

b
i [ (o, 0(20)" () + 0, () di
2) ecnu xkpuBasg AB 3ajaHa mapaMeTpUYECKU
x=p(t), y =), 10 (31€CH t, v t, — 3HaYeHNA
napameTpa f, COOTBeTCTByIomue Toukam A n B):
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ly

[ 1@z = [ (@), 00 (6) = (o), () () it +

+if (#(2(0), L)Y (@) + 0(p(0), () (1)) dt
4 X
3) ecau kpusasg AB — myra okpyxkHoctn z = Re”
rne R = const, To (371€ech ¥y U Y, — 3HAYEHUS
yIJjia ¢, COOTBETCTBYIONIME ToukaM A u B):

f f(2)dz = Riff F(Re e dip .

26.4. Pap JlopaHa pna pyHKumuU
KOMMJIEKCHOU NepeMeHHOM

26.4.1. Psao Jlopana nna OKII f(z) B okpecTHOCTH
TOYKH 2
a

—m a—l
...—l-—m—l—...—‘r +
(Z_Zo) 2= %

2lasnas acmo

+a,+a(z—z)+...+a,(z—z)" +...=

pezynapnas uacmo
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-1

=Y a,z-z)"+Y a,(z—z)".
m=—o0 n=0

Obnacmop CXOIUMOCTH — KOJIBIO T<|2—20|<R,
26.4.2. Kosdpuyuenumw psana Jlopana:
1 f(2)dz

=5 rie n€ Z, [ — oKpysKHOCTD
" 2mid (z- z,)" A ’ py

C LIEHTPOM B TOUKE z, 1 PAIYCOM 7, YIOBIETBOPS-

IOINM HepaBeHCTBY 7 < 7, < R.

26.5. U3onupoBaHHble 0COOble TOYKM
(DYHKLUMUU KOMNIEKCHOI NepeMeHHOoMU

26.5.1. Touka z, — u3onuposannas ocodas TOUYKa
DKII f(2), ecu f(z) peryasipHa B HEKOTOPOM Kpyre
0< |2 - 20| < R ¢ 1ieHTpOM B TOUKE Z,, HO HEPETyJIsip-
Ha B CaMOW TOYKE Z,.
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26.5.2. Kraccugurayus W301UPOBAHHBIX 0COOBIX

TOYEK:
Ne | Tun oco6oit Touku Npu3Hak 0co6oil TouKK
1 |z, — ycrpanumas |z, — ycrpanumas < psz Jlopana
ocobast Touka, ecin | s f(z) B OKPECTHOCTH Z, He COfep-
npezen lim f(z) SKUT [JIABHOM YacTH, TO €CTh UMEET
Py .
n
KOHEYEeH B Zan(z —z,)
n=0
2 |z, — momoc, ecm |z, — TOJIOC TOPsA/KA k < TiaBHast
lim f(z) = o0; vacTb psiaa Jlopana s f(z)
Zz—2Z
’ B OKPECTHOCTH Z, COIEPIKUT KOHEY-
MOPSAZIOK TOJTIOCA —
HOE YUCJI0 YJIEHOB, TO €CTh NMEeT
KPATHOCTb KOPHS 2, 1
ynxunu (f(2))! BUJL Z a,(z—2z)" ,tne a , =0
n=—k
3 2z, — CyHIECTBEHHO 0c0obasi TOYKa

ZO — CYULIECTBEHHO

ocobast TOYKa, eCJin
lim /(2) ne cyue-
2z

CTBYeT

& TiaBHas dacth psiza Jlopana
s f(Z) B OKPECTHOCTH 2, COLEPAKUT
6ECKOHEUHOE MHOKECTBO UJIEHOB,

—1
TO eCTb NUMeeT BHJ] Z a,(z—z)"

m=—o0c
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26.6. Bbiuetbl (hyHKL MU KOMMJIEKCHOM
nepemeHHoi. Teopema Kowu o BbiyeTax

26.6.1. Boiuem DKII f(2) B Touke z, — Koahdurment
a_, ee psja Jlopana B OKpecTHOCTH Toukn z,. O6o-

3Havenue: resf(z,) .

26.6.2. Boryucaenue BbIYETOB B U30JTMPOBAHHBIX OCO-

ObIX TOYKAX:

Ne | Tun ocob6oit Touku

BblyncneHue Bblyera

1 z, — ycTpaHuMas
ocobast Touka

resf(z,) =0

2 z, — TIPOCTOi
rroJtioc (TI0JTI0C

res/(2,) = lim f(2)(z ~ 2,)

nopsiika 1) ccmn f(z) = %y @(z)) =0,
10 res () = 52
3 2, — TOJIOC TI0- resf(z,) =
paia k L (-2
= -lim —
(=1l % &

4 z, — CyIIECTBEH-
HO 0c00ast TOYKa

res f(z,) HAXOIMTCST HETIOCPEICTBEH-
HO U3 passioxkenust GyHKunu f(z)
B psan Jlopana
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26.6.3. Teopema Kowwu o Beruerax: eciu MKIT f(z)
peryJsgpHa B 3aMKHYTOW obsacti D BClofy, 3a UC-
KJIIOYE€HIeM KOHEYHOTO YNCJA TOYEK 2y, Zy, -y Z,,
TO WHTErpaj oT Hee 10 rpanute L obaactu D B mo-
JIOKUTEIbHOM HAIPaBJIEHUU PAaBEH MPOU3BEIEHUIO
270 Ha CyMMY BbIYETOB B TOUKAX Z, Zyy oy Z,:

f f(2)dz = 27> resf(z,,) |
I m=1
IIpumep: 1lo Teopeme Komu o BbryeTax BbIUMCIUTE

2z -1 .
IZ(ZZ_—QZ')SdZ’ rae L — OKpysKHOCTb |Z —21| =1
L

(puc. 26.1), 06x071 KOTOPOIi TPOUCXOUT B TTOJNOKHU-
TEJIBHOM HalpaBieHun (KPYT OCTAETCS CJIeBa).

g ®

Z
|

Puc. 26.1

.

W3oaupoBaHible 0COObIE TOUKK IOAbIHTErPaJbHON
bynkumm: z, = 0, z, = 2i.
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Touka z,= 0 He MpUHAINEKNUT KPYTY, TOYKA Z, = 2i
npuHaAnexkuT. Touka z, = 2i — MOTIOC TPETHETO MO~
psizika, Tak KaK SIBJISIETCS KOPHEM KPaTHOCTU 3 3Ha-
MeHaTess1. Beraer B 9TOI TOUKeE:

"

res f(2i) = lim|—22= L, _oiy| =

212 z(z — 2i)°

~gilmf2 -

-~ Linlef = Limf-2) =1,

Wnrerpan pasen:

z(z — 2i) 8) 4

L



27. Teopua BeposaTHOCTEN

27.1. Co6bITMA U ONepaLum C HUMK

27.1.1. Cnyuaiinoii OTBIT — ONBIT, KOTOPBI MOXKET
3aKOHUMTHCSA JIIOOBIM PE3YIBTATOM, TTPUHA/IEKAIIM
HEKOTOPOMY MHOKECTBY, HO TIPEYTaaTh PE3yILTAT
IO OIBITa HEBO3MOIKHO.

27.1.2. Snemenmapnvie cOObITUS, UK UCXOObL CILY-
qaleoro OIIbITa, — PE3yJabTaTbl OIIbITA, B3aNNMHO
uckJrovatonme aApyr apyra. Obo3HaueHue: w, W;.
MHOKECTBO BCEX NCXOA0B — IIPOCTPAHCTBO JIEMEH-
TapHbIX coObiTHil. O603HaYeHHE: (.

27.1.3. Cobvimue A — NoAMHOKECTBO (4aCTh MHOKE-
CTBa) TpocTpaHcTBa 2.

27.1.4. Cobbitue, npomusonoioictoe codbiTuio A, —
coOBITHE, COTEPKAIIEE BCE MCXOADI, HE BXOZSIINE
B cobbtie A (puc. 27.1). O6osnauenme: A .

A

Puc. 27.1
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27.1.5. CobprTne B — caedcmeue cobutusa A, ecnn
OHO COJEPIKUT BCe MCXOIbI coObiThst A (puc. 27.2).

O6osnauenue; A CB.

Puc. 27.2

27.1.6. Onepayuu ¢ cOOBITUAMIL

1) cymma cobwituii A u B — cobbitue C, copepskariee
Bce ucxo/bl cobbitust A 1 cobbrtus B (puc. 27.3).
O6osnauenue: C = A + B;

Puc. 27.3

2) npoussedenue cobeituii A u B — cobeitue C, co-
CTOSIIIIEE U3 BCEX MCXOJ0B, BXOAAIMNX KaK B CO-
ObiTie A, Tak u B coObite B (puc. 27.4). O6o-

snauenne: C = AB;
1%
(4Ge)

Puc. 27.4
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3) pasnocmv mexay cobbitrieM A U cobbiTeM B —
cobwitre C, COCTOsIIIeE M3 BCEX MCXOIOB, BXOJIS-
MUX B cOOBITHE A, HO He BXOIAIIUX B coObITHE B
(puc. 27.5). O6osHauenue: C = A — B.

Puc. 27.5

27.1.7. locmosepnoe cobbiTe — COOBITHE, COLEPKA-
mee BCe MCXO/bI Caydaiinoro onbita. OGo3HaueHue:
Q.

27.1.8. Hesozmooacroe cobbiTue — COOBITHE, HE CO-
JeprKaliee HU OJHOTO MCXOAA CAYyYallHOTO OIIBITA
(mycroe MHOKecTBO). Ob03HAUEHUE: & .

27.1.9. Ilone cobbITuil — MHOXECTBO F coOBITHIA,
YIOBJIETBOPAIOIIUX YCIOBHSAM:

1) QeF;
2) AcF= A€ F;
3) Ay Ay, A, .€F=> A €F,

27.1.10. MHoxectBO cobbiTuii A,A4,,...,4,
nonst F obpasyer noanyio zpynny coObITHIl, ecu

AZ.A].:®(1'¢]')7;A{:Q_
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27.2. BepoATHOCTb CO6ObITUA

27.2.1. Beposimmnocmp cobbitust A nonst F — GyHKums
P(A) cobbITHil 110181, YI0BAETBOPSIONIASA YCAOBUIM:
1) P() =1;
2) P(A)=0;

3) P[ZA,-]:ZP(AJ, ecm A € F,

AN =0G=)),i,j=1,2,.,n
27.2.2. OcHOBHBIE CB0LICMBA:
1) 0<P(A)<T1;
2) P(2)=0;
3) ACB= P(4)<P(B);
4) P(A+ B)=P(A)+ P(B)—P(AB).
27.2.3. Knaccuueckoe onpejiesieHrie BEPOSITHOCTU: €CJIN
MPOCTPAHCTBO TEMEHTAPHBIX COOBITHI ) coCTOUT
U3 KOHeYH020 MHOKECTBA PABHOBO3MOJICHHIX TICXO/IOB
Wy, Wy, vy W, , TO BEPOATHOCTH COOBITUST A paBHa
oTHOIIEHIo yncaa m(A) nexomos, 61aronpUATCTBYIO-
UX COOBITHIO A, K 00IIIEMY YKCITY 72 NCXOJIOB OTIBITA:

) = m;A)
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IIpumep: B bupme tpyasites 8 yenmoBek — 5 JKeHIIUH
u 3 myxuunbl, Tpu desoBeKa, BHIOPaHHBIEC HAyTa/l,
OTIIPABJISTIOTCST B KOMaHAUPOBKY. Haliinre BeposiT-
HOCTH CJIEAYIONTIX COOLITHIT:
1) cpean BBIOpaHHBIX BCE 3 — JKEHIIMHBI,
2) cpean BBIOPAHHBIX — 2 JKEHIIMHBI U 1 My»KurHa,
3) cpeau BbIOpaHHBIX — 1 JKEHIMHA ¥ 2 MYKUMHDI,
4) cpeau BBIOPAHHBIX BCE 3 — MY KUMHBL.
Oob1ee YncsIo NCXOL0B OIbITa — YUCJIO 77 CIIOCOOOB,
KOTOPBIME MOKHO BBIOPaTh 3 4esioBek us 8:

n=C = L 56.

513!

Y110 UCX0A0B, OJIaTOIPUSTCTBYIONIIX EPBOMY CO-
OBITHIO, — 9TO YHCJIO CIIOCOOOB BbIOOPA 3 JKEHIIUH
us 5:

- :ﬁzio.

m, =

10 5
Torma P, %" 78"
YHCI0 NCXO0A0B, 6IarOMPUATCTBYIONIX BTOPOMY CO-
OBITHIO, — JTO YUCJIO cIOCOOOB BbIOOPA 2 JKEHIIUH
U3 5, yMHOKEHHOE Ha 4KCJI0 Bbibopa 1 MyKUMHBI

u3 3:
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51 31
—_ 2 1— ._‘ P . P—
m =Gl =35y gy 103 =30
Torna P, —30 15.
56 28

Yucsio UCXon0B, OJIArONPUSTCTBYIONUX TPETHEMY
COOBITHIO, BBIYUCJISIETCST aHAJIOTHYHO MTPEIBILYIIEMY:
5! 3!

m=CiC =" " =5.3=15.
VTR TPY
15

Torma P =—
Yucs10 ncxon0B, 6JAronpUATCTBYIOMIMX YETBEPTOMY

cobbtuio, papio m, = C: =1, torma P, = — .
56

27.2.4. leomempuueckoe onpejiesieHrie BEPOSITHOCTU:
€CJIM MPOCTPAHCTBO JJIEMEHTAPHBIX COOBITHII M30-
OpaskaeTcss 00J1aCThI0 KOHeuHOU Mepbl U COOBITHS,
nsobpaskaeMbie 00JIACTAMU OJMHAKOBON Mepbl, PAGHO-
603MOJICHDL, TO BEPOATHOCTD COOBITUS A paBHA OTHO-
HIEHUIO Mepbl 00s1acTH, n3oOpaskaiieil coobiTre A,
K Mepe IPOCTPAHCTBA 2/JeMEHTapHbIX coObiTuil £1:

mes(A)

P = e mes(Q)
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3uecs mes(A) — mepa obsacTu, uzobpasaroueit

cobpitue A. Ilox mepoii 06aacT B JAHHOM CJydae

10/Ipa3yMeBaeTcs:

1) anuna, ecnin € — KpuBag Ha ILUIOCKOCTH WU
B IIPOCTPAHCTRBE;

2) mnomanpb, ecan £ — miaockas 061acTb MIM 110~
BEPXHOCTB;

3) obbem, ecam 2 — npocrpancTBennas 061acTb.

27.3. YcnoBHble BepoATHOCTU. DopMmynbl
nonHou BeposaTHocTU u baieca

27.3.1. enoenas BeposATHOCTH COOBITUS A TIPH YCIIO-
BUW, YTO TIPOU3OIILIO COObITHE B:

P(AB)

P(A/B) = (B upu P(B) >0,

27.3.2. Teopema ymmodcenuss BEpOSITHOCTEH d8yx cO-

opituii: P(AB) = P(A)P(B/A).

Teopema ymmooicenus BEpOATHOCTEN 7 COOBITUIA:
P(AA, .. A) =
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27.3.3. ®opmyia noaHol 8eposimHoCm:
P(A) = P(A/H,)P(H,).
i=1

3necy H npu i = 1, 2, ..., n — 2unomesvl, COIyTCTBY-
fotie coObThi0 A (coObITHS, 0Opa3yIoIIKe TOJTHYO
Tpymiy).

27.3.4. ®opmyna baiieca (popmysia armocTepHOPHBIX
BEpPOSITHOCTEH THUIIOTE3):

P(A/H,)P(H,)

> PCA/H,)PCH,)

P(H, /) =

k=12, .. n.

27.4. AncKpeTHble ciyyanHble BeIMYUHDI

27.41. Jluckpemnas cayyaiinas semmunna (JICB) —
yucnosas ¢ynkius X = X(w), 3a7anHas Ha 1po-
crpaHcTBe ) BIeMEHTapHBIX COOBITUIT M MPUHU-
Malomasl Ha 3TOM NPOCTPAHCTBE M30JUPOBAHHEBIE
BHAYEHUS: X, Xyy vy Xy v -

27.4.2. 3axon pacnpedenenus JJCB:

P(x) = p, npraem y_p; =1.
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27.4.3. Qynxuyus pacnpedenenus JICB:
Fx)=P(X <x).
g JICB ata dyHKImns pa3pbIiBHA.

27.4.4. Yucnosvie xapakrepuctuku [[CB:
1) mamemamuueckoe oxcudanue:

M(X)= m, = inpi ;
2) ducnepcus: D(X)=d, = M(X — M(X))* =
:Z(xi —-m,)’ p;;

3) cpeduee xKeadpamuueckoe OmMKIOHEHUE:

o(X) =0, =D(X).

27.5. HekoTopble 3aKOHbI pacnpegeneHus
AUCKPETHbIX C/Iy4anHbIX BeIUYUH

27.5.1. bunomuanvnviii 3aK0H pactpeneneans. Ecam
MIPOBOJIUTCSI CEPUST 7 HE3aBUCHMBIX OIBITOB, B KaK-
JIOM M3 KOTOPBIX COObITHE A TIPOUCXOIUT C OJHON
U TOH JKe BEPOSITHOCTBIO P, TO BEPOSTHOCTH TOTO,
4TO coObITHE A IPOU3OIJET B JAHHON Cepuu m pas:

PX=my=C'p"q"", m=0,1,2...,n,qg=1—p.

)
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Maremarnueckoe oxnmaane: M(X) = np; nucnepcus:
D(X) = npg; cpenHee KBazparnieckoe OTKIOHEHNUE:

o(X) = npq .

27.5.2. 3akon pacnpenenenus [lyaccona:

ae”
P(X:m):T,m* 0, 1,2, ey
Matematuueckoe oxunanue: M(X) = a; nucnepcus:
D(X) = a; cpennee KBajpaTUUecKOe OTKJIOHEHMeE:

o(X)=+a.

27.6. HenpepbiBHble C/ly4alHble BENIMYUHDI

27.6.1. Henpepuisnas cayuaiinas semvanna (HCB) —
gucnosas ¢ynkmus X = X(w), 3a7aHHas Ha Tpo-
cTpaHcTBe ) BJIEMEHTAPHBIX COOBITUI U TIPUHUMA-
0Iasi Ha 9TOM MPOCTPAHCTBE TaKWe 3HAUEHUS, UTO
BEPOSITHOCTD KAXKJIOTO M3 HUX paBHA HyJr0. YacTto Bce
s3Hauenrs HCB 3an0HSII0T HEKOTOPBIN TIPOMEKYTOK
YuCI0BOH ocu, Hampumep (a; b),

[a; b] win (—o0;+00) .
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27.6.2. Qynxuus pacnpedenenus HCB:
F(x)=P(X <x). [Ina HCB asta ¢pyaknmus Hempe-
pBIBHA.

27.6.3. IInomnocmw eepossmnocmu f(x) HCB:

f(x)=F'(x). IIpu atom F(x) = ]f(z)dt.

27.6.4. Yucnoswvie xapakrepuctuku HCB:
1) mamemamuueckoe osxcudanue:

+00

M(X)=m, = f xf (x)da

—00

2) ducnepcus: D(X)=d, = M(X — M(X))’ =

= [Gc=m,)y f(x)dx;

3) cpednee xeadpamuuecrkoe omrIOHEHUE:

o(X) =0, ={D(X).

27.7. HeKkoTopble 3aKOHbI pacnpepeneHus
HenpepbIBHbIX CIY4aNHbIX BEJINYUH

27.7.1. Pasnomepnwiti 3axon pacnpenenenuss HCB
(puc. 27.6, a):
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HpI/I x € la b]
J(x)=
O npu x ¢ |a; b)
A
f(x) F(x)
e 1 .
a o b ;x a lo tI) >x
a 6
Puc. 27.6
DOynkims pactpenenerus (puc. 27.6, 6):
0 mpm x<a
F(x)= 7anp1/1a§x§b.
1 mpu x>b
M . a+b. )
aTeMaTHuecKoe OXHUAAHUE: M(X) = ; JTIC
. 2
nepcust: D(X) = (b1—2a); cpeiHee KBaJ[paTHiecKkoe

oTkyoHeHUE: 0(X) =

V3(b—a)
— s
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27.7.2. IlokazamenvHolll 3aKOH pacrupeneeHus
(puc. 27.7a):

0 mpm x<0
f(x)—{ e mpu x>0

f(x)
A
» »
lo X X
a
Puc. 27.7

Oyuxrus pactpenenenus (puc. 27.7, 6):

0 x<0
F(x) = P .
l—e ™ mpux>0
MatremaTnueckoe oxxujanue: M(X) = 3 ; JINCTIEPCHUSL:

D(X) = 3z ; CpejiHee KBa/[paTUyecKoe OTKJIOHeHUe:

1
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27.7.3. Hopmanvuoiii 3aKOH paclpepaeseHns
(puc. 27.8, a):

1 _(x—m)
x) = 20°
J(x) oy
|
f(x) | F(x)
l 1
A L
! » /—;
ol m X ol "X
a 6
Puc. 27.8

DOynkius pacupenenerus (puc. 27.8, 6):

X 7(l—m)2 _
F(x)=\/2—;fe dt:%+¢> "U’"].
o Y

3nech P(x) = e Zdt — dynaknus Janraca,

3HaYeHNA KOTOPOIl 06131qu 3a/1a10TCcs TabuIei.
Maremarnyeckoe oxupanue; M(X) = m; qucnepcus:
D(X) = o”; cpenHee KBajpaTHYeCKOe OTKJIOHEHHe:

o(X)=o0.
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