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IIpeoucnosue

[Nepea BaMu BTOpasi KHMra CEpPUM M3 YETbIPEX YaCTeH, H3IaHHAs HA OCHOBE MpPO-
BOAMMBIX MHOO ¢ 2012 rona oHnaiiH-KypcoB Mo anropuTMaM. 3TH KypCbl, B CBOIO
ouepe/b, MoABUIKCH Oaroaps IEKUMSM IS CTYIEHTOB, KOTOpbIE 8 uuTan B CTIH-
¢opackoM yHHBEpPCHTETe B TeueHHe nonrux Jert. [lepsas kHura— «CoeplueHHbIH
anroput™. OCHOBBI» — He ABNAETCA 00A3aTeNbHBIM YCIOBHEM NS BTOPOH HACTH,
OHa CaMOCTOATeIbHA U OyeT 1OCTYMHa T000MY YHTATENHO, KTO MMEET NOAMOTOBKY,
OTIMCaHHYO B PUBEAEHHOM HHXe paszenie « st Koro 3Ta KHUra?», H KTO 3HaKOM
€ aCUMNTOTHYECKUMH 0003HaYeHHAMHU (pacCMaTpHBAEMbIMHU B NIpHIIOKEHHH B).





https://www.htbook.ru
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anroput™a JlefikcTpbl. JlepeBbs MOMCKa COXPAHSIOT MOJHYHO YNOPAIOYEHHOCTh
KJIouel XpaHHMbIX 00BEKTOB H MOAAEPKUBAIOT ellle foee LIMPOKHii CnekTp one-
pauuii. Xel-tabnnusl ONTHMH3HPOBaHbI 11 CBepXObICTPLIX Onepauuii Noucka
H LIMPOKO pacnpoCTpaHeHbl B COBPEMEHHBIX MporpamMmax. Mbl Takke paccMOTPHM
¢unbTp bnyma, 6nu3koro poAcTBeHHHKA Xell-TabauLbl, KOTOPbIA HCMONb3YeT
MEHBbLIE NPOCTPAHCTBA 3a CYET Cly4yalHbIX OLIHOOK.

Bonee l'lO)lp06H0 O3HAKOMHUTBCA € COACP)KAHHEM KHHUI'H MOXXHO B pasaeax «BbI-
BOAbLD), KOTOPbIC 3aBEPLUAOT KAKAYHO IMaBy H BbIYJICHAKOT HanOojee BaxHbIE
MOMEHTBI. Paznensl KHHUTH, [IOMEYEHHbIE 3BE3A0UYKOH, ABIAIOTCA Haubonee npo-
ABUHYTBIMH MO YPOBHKO U3JIOKEHHOMN HH(pOpMaU,HH. Ecnu kHura pacCyHTaHa Ha
NMOBEPXHOCTHOE O3HAKOMIJICHHE C TEMOH, TO YUTaTeNIb MOXET NponyCTUTb HX 6e3
NOTEPH LEJIOCTHOCTH HANTHCAHHOIO.

Tembl, 3aTPOHYTBIE B TPeX APYIHX YacTHX. [lepsan uacmb knuzu «CosepuieHHbil
anzopumm. OcHoBbL» OXBATHIBAET aCHMNTOTHYECKHE 0603HaYeH s (opMy 3amicH
O-6onbuoe ¥ ee 61M3KHX POACTBEHHUKOB), AITOPUTMBI «pasfaeiail U BIacTBYiH»
1 OCHOBHYO TEOPEMY O PEKYPPEHTHBIX COOTHOLUEHHAX — OCHOBHO# METOI, paH10-
MH3HPOBaHHYI0 ObICTPYIO COPTHPOBKY U €€ aHalu3, a TAKXke THHEHHO-BPEMEHHDIE
anroput™sl otbopa. B mpemveti vacmu peub naeT o xaaHbIX aNropuT™Max (IiaHu-
poBaHHe, MHHHMallbHbIE OCTOBHBIE epeBbs, KIacTepu3auus, koasl Xagdmana)
1 IMHaAMHYeckoM NMpOorpaMMHPOBaHIH (3a]1a4a O prok3ake, BbipaBHHBaHHE MOCIe-
JI0BaTeNbHOCTH, KpaTyaiiliide My TH, ONITUMasIbHbIE 1epPeBbs NoKcKa). Yemsepmas
yacmsb nocBsleHa NP-nonHoTe, ToMy, YTO OHAa O3HAYaeT A NPOEKTHPOBLUHKA
aNropuTMOB, W CTpaTerMaM pelleHHs BbIYMCIUTENbHO HEPa3peLIHMBbIX 3ajad,
BKJIIOYAs 3BPUCTHYECKHUH aHaNH3 U JIOKaJIbHbIH MOHCK.



Haebiku, komopuoie
8bl Npuobpememe

OcBoeHKe anropuTMOB TpebyeT BpeMeHH M ycuiuii. Paau uero Bce 310?

Bo3mMoxkHOCTE cTaTh Gonee 3 PpeKTHBHBIM MPOrpaMMHCTOM, Bbl M3yuHTe
HECKOJIBKO HEBEPOATHO ObICTPBIX NOANpPOrpaMM At 06paboTKH AAHHBIX H He-
KOTOpbIE MOJIE3HbIE CTPYKTYPbI AJIS1 OPraHH3alMK JaHHbIX, KOTOPblE CMOXETE
HEMOCPEACTBEHHO UCIONbB30BaTh B BallMX COOCTBEHHbIX Nporpammax. Peanu-
3auMs U TIPHMEHEHHE 3TUX aJITOPUTMOB PacLUMPHUT H YIYUYLUHUT Ball¥ HaBbIKH
nporpaMMHpoBaHus. Bbl Takxke y3HaeTe OCHOBHbIE PHEMbl pa3paboTKH aro-
PUTMOB, KOTOpbI€ aKTyallbHbl AJ11 PELICHUS Pa3HOOOpa3HbIX 33a4 B LUKPOKHX
00671aCTsX, MOy YHTE HHCTPYMEHThI 718 IPOTHO3HPOBAHHS NPOU3BOAUTENBHOCTH
3THX anropuT™MoB. Takue «wabloHb MOrYT NPUTOAHTHCS BaM AN pa3paboTkH
HOBBIX aNTOPUTMOB peLIEHH 3aa4, KOTOpble BOSHMKAIOT B Bawleii COOCTBEHHO
pabore.

Pa3BHTHE aHATHTHYECKUX cNIOCOOHOCTEH. ANTOPUTMUHYECKHE OTUCAHUS, MbIC-
nuTenbHas paboTa Hag anropuTMaMu AatoT Gonbioii onbiT. [locpeacTsom Mare-
MaTH4ECKOro aHaau3a Bbl MOy YUTe yryOneHHOe MOHMMaHUe KOHKPETHBIX aro-
PUTMOB ¥ CTPYKTYP JaHHBIX, ONIUCAHHBIX B 3TOH K NOCIEAYIOLMX KHUT'aX CEPHHU.
Bl npuoOpeTeTe HaBblkK paboThl C HECKONBKUMH MaTeMaTHYeCKHMH METOIaMH,
KOTOPbI€ UIHPOKO NPUMEHSAIOTCS U1 aHAIM3a alrOPUTMOB,

ANropuTMHUueckoe MplulieHHe. HayuuBuiMch pasOuparbcs B anropuTMax,
Bbl HAUHETE 3aMeyaTh, YTO OHU OKPY>KaloT Bac NMOBCIORY: €AETE /M Bbl B HdTe,
Habnionaete M 3a cTaeit NTHUL, yNpaBiseTe MM Bbl CBOUM HHBECTULHOHHBIM
noptdeneM HNK Jaxe NPHCMATPUBAETE 32 TEM, KaK YUUTCS peGEeHOK. ANINOPUT-
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MHYECKOE MBbILLICHHE CTAHOBUTCA Bce Gonee Moje3HbIM W NpeBalHpyOIHM
B JIMCLMIJIHHAX, HE CBA3aHHbIX ¢ HH(POPMATHKOM, BKIOUas GHONOTHUIO, CTaTH-
CTHKY H 3KOHOMHKY.

3HAKOMCTBO ¢ BeJHYAHIIMMH ROCTHXKEHHAMH computer science. M3yuenue
INOPHTMOB HAMOMUHAET NMPOCMOTP 3HPEKTHONO KITHMNA C CYNEPXHTaMH NOCNEAHHX
WECTHAECATH JIET pa3BUTUA computer science. Ha QyplueTte ans crneunHanHcToB
B obnacTu computer science Bbl Oonblie He OyaeTe 4yBCcTBOBaThL ce0s He B CBOEH
Tapeike, €ClIM KTO-TO OTMYCTHT LLYTKY no noBoay anroput™a JleikcTpel. [1po-
YUTAB 3TH KHHTH, Bbl TOYHO CMOXETE MOAAEPXKATL PasroBOp.

YenewsocTs B cobecenoBaHHAX. Ha NpoTsikeHHH MHOIHX NIET CTYAEHTBI passiie-
KaJln MeHA paccka3amMH O TOM, KaK 3HaHHS, MOYEPIHY ThIE H3 STHX KHHT, MO3BOJISIN
MM YCELUIHO CMPABIATLCS € JI00LIM BONPOCOM, Ha KOTOPbIH UM TpeGoBanock oT-
BETHTB BO Bpems cobecenoBaHuA.



B uem ocobennocmy
KHU2 9Mou cepuu

OHM npeciefyIoT TONBKO OOHY LENb: MAKCUMAIbHO OOCHYRHbIM CHOCODOM Ha-
yuume 8ac ocHosam aneopummos, OTHOCHTECh K HUM KaK K KOHCTIEKTY, KOTOpbl# Obl
y Bac 61, eciin Obl Bbl 6pany HECKOJILKMX HHANBHIYAJILHBIX YPOKOB Y ONBITHOTO
HacTaBHHKA M0 AJIropUTMaM.

CyllecTByeT psil NpeKpacHbIX, ropas3no 6oiee TpAAULMOHHBIX H JHLHKJIIONEAHYE-
CKH BbIBEPEHHbIX Y4eOHHKOB 110 anropuT™am. [1pu3biBalo Bac pasy3HaTb noapoo-
Hee W HaliTH KHUTH, OTBevalollne BaleMy 3anpocy. Kpome Toro, ecTb HECKONBKO
OTJIMYHBIX OT 3THX KHHI, KOTOPblE OPHEHTHPYIOTCS Ha TPOrPaMMHCTOB, HLLYILHX
rOTOBbIE PEAIM3ALMUH AITOPUTMOB Ha KOHKPETHOM A3bIKE NPOrPaMMHPOBAHHS.
MHorHe Takue peann3auuy HaxoaaTcs B CBOOOJHOM JOCTYIE B HHTEPHETE.



s ko2o sma kHuza?

Becb cMbIc 3TOM KHUMH, KaK M OHNaliH-KypCOB, Ha KOTOPLIX OHa 6a3upyeTcs, —
ObIThb LUMPOKO H NIETKO AOCTYNMHOH YNTATENIO HACTONBKO, HACKOJILKO 3TO BO3MOXHO.
Mowu Kypcbl BbI3BaIM HHTEpEC y NTOAEH pa3HbIX BO3pacToOB, 06LLECTBEHHOTO NoNo-
KEHHA 1 NPOdECCHOHANBHOIO OMBITA, CPEAM HUX HEMAIO YUALIMXCS U CTY/ICHTOB,
pa3pafoTUMKOB NPOrpaMMHOro obecneueHus (KaKk COCTOABLUMXCS, TaK U Ha4HHa-
IOIMX), YUEHBIX H MeracrneHalucTOB CO BCEX YTOJNKOB MUpa.

DTa KHUra — He BBEACHHE B NPOrpaMMHUpoBaHue, ONbLIMM noacnopbeM Obino
Obl BlajilcHie BAMH OCHOBHbIMM HaBbIKAMH MPOrPaMMHUPOBaHUA Ha KaKoM-TIHOO
pacnpocTpaHeHHOM s3blke (Hanpumep, Java, Python, C, Scala, Haskell). Yto6b!
npoiTH «J1aKMYCOBbI» TeCT, 0OpaTHTeCh K pasaeny 8.2 — ecnu Tam BaM Bce OyaeT
MOHATHO, 3HAYHT, B OCTATLHOM YaCTH KHHUTH Y Bac He BO3HUKHYT Bonpockl. Eciu
BaM TpebyeTcs pa3sBUTb CBOM HaBbIKH MPOTrpaMMHPOBAHMS, TO LI 3TUX ueneii
€CTh HECKONILKO NpeKpacHbIX GecnaTHbIX OHNaRH-Ky pcoB, 00y4atoLUX OCHOBaM
NporpaMMHPOBaHHUA.

[Mo Mepe HeOOGXOAMMOCTH MbI TaKXKe UCMONb3yeM MaTeMaTHUecKHil aHanus,
uToObI pa3lodparbcs B TOM, Kak U NoYeMy alropuTMbl AEHCTBUTENBHO paboTaloT.
Haxoasunecs B cBOOOAHOM A0CTyne KOHCNEKThl NeKUWi «MareMaTtuka ans
Computer Science» noa asTopcTBoM JpHka Jlemana, Toma Jleiitona n Ansbepra
Meiiepa aBASI0TCA NPEBOCXOAHBIM H 3aHMMATENbHBIM NOBTOPHUTENLHBIM KY PCOM
N0 CHCTEME MaTeMaTHYeCKUX 0603HaueHnit (HanpuMep, Y. U V), OCHOBaM TEOpPHH
J0Ka3aTeNnbeTB (METOA MHAYKLUMH, 10Ka3aTenbCTBO OT NPOTHBHOMO W Ap.), AMC-
KPETHOH BEPOATHOCTH H MHOTOMY APYTOMY.
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Habops! AaHHBIX, a TaKXKe TECTOBbIE MPUMEPH] U UX PELUEHNS MOXKHO HAWTH Ha
caiite www.algorithmsilluminated.org.

JAuckyccHoHHbIe Gopymbl. OCHOBHOH NMPUYHHON yCniexa OHNaHH-KypCOB SRISET-
€S BOBMOXKHOCTD OOLLLEHHA A1 CITyLLaTeNeH, peann30BaHHaA Hepes INCKY CCHORHbIE
¢dopyMbl. DTO N03BOAAET UM MOMOTraTh APYT APYrY B NyUllieM MOHMMaHHN MaTePH-
ana Kypca, a Takke OTJaXH1BaTh CBOH NPOrPamMMbl MOCPEACTBOM B3aHMOIENCTBHUA
1 00cyxieHns, UnTaTeny 3THX KHUI UMEIOT TaKylo e BO3MOXHOCTbL Gnaroaaps
¢dopyMam, gocTynHbIM Ha caitte www.algorithmsilluminated.org.



brazooaprocmu

DTa K OCTajIbHbIE KHUIH HE TOABUIIUCD Obl HA CBET 6€3 TOro 3HTY3Ha3Ma M «UHTEN-
NEKTYaJILHOTO r0J0/1a», KOTOPbIE AEMOHCTPHPYIOT COTHH ThicAY CllyLUaTenel MOnX
KyPCOB I10 aITOPHTMAM Ha NPOTHKeHMH MHOTHX JIeT Kak Ha kamnyce B CTaHopae,
TaK M Ha oHnaiin-nnardopmax. 51 ocobeHHo 6naroaapeH TeM, KTO OCTaB/IAN M0O-
Jpo6Hble OT3bIBbI B OTHOLUEHHH Gosee paHHero npoekTa 3Toi kHUIrH: ToHe bracr,
I0anio Llao, xumy XbioMencaitny, Bnaanmupy Kokiuenesy, bafipamy Kynuesy,
Marpuky Monken63ny 1 IsHHeny 3uHrapo.

Sl Bcerza LieHI0 o6paTHYO CBA3L OT YUMTATENEH, KOTOPBIE BHOCAT CBOM NpeIOXKe-
Hus. O HUX nyulue Bcero coodwarh Ha yNoMAHYTOM Bbitle GopyMe.

Tum Pagpeapoen
Jlonoon, Benuxobpumanus
utone 2018

OT usparennctBa

He yauBnsaiiTech, 4TO 3Ta KHUra Ha4YMHaeTCA ¢ ceapMoii masbl. C 0AHOH cTOpO-
Hbl, OHA ABNAETCS YacThio Kypca «CoBeplueHHbIH anroput» TuMa Padrapaena,
a ¢ Ipyroil — caMOCTOATENbHBIM W3aHHEM, B KOTOPOM PacCMaTPHBalOTCs BOTIPo-
cbl rpad)oB U CTPYKTYp JaHHbIX. [IpUnoxkeHUs A U b Bbl MOXXeTe HaliTH B NEPBOW
KHHUTIE CEpHH.

Baiuu 3amMeuaHus, NpeanoKeHHs, BONPOChl OTNPaBIAHTe No aapecy comp@piter.
com (u3aarenbcTBO «[1UTepy, KOMMBLIOTEPHAA peAaKLHA).

Mpbi1 OyaeM paasl y3Harh Bawue MHeHHe! Ha Be6-caliTe M3narenscTBa www.piter.com
Bbl HalileTe NoapoOHYy10 HHGPOPMALIMIO O HALLWX KHUrax.
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OTta Hebonbiuas rnaBa OObACHAET, YTO TaKoe rpadbl U B YEM HX MO0Jb3a, & TAKKE
nokKaseiBaeT Hauboee pacnpocTpaHeHHble CNOcoObl HX NPEACTABACHHS B KOMITbIO-
TepHOH nporpamme. B 1Byx mocieayrolIMX raBax peub NoHaeT 00 M3BECTHBIX
H MONIE3HbIX AJITOPHTMAX JUIA paccyXIeHHi o rpadax.

7.1. TepMunHbi

Korza Bbl CIILILIKTE C/IOBO «rpady, NePBOE, O UeM Bbl lyMaeTe, 310 06 ocu X, ocu ¥
u TaK aanee (puc. 7.1, a)'. Jins uenoseka ¢ aropuTMHHECKHM MBILUTEHHEM 2pag Tak-
XKe MOXET 03Hauarh pe/CTaBleHHe CBa3ell Mex 1y napaMu o6bekToB (pHc. 7.1, 6).
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a) Mpacuk (ans GonbwMUHCTBa Nioaen) 6) M'pad (B anropuTmax)

Puc. 7.1. B anroputmax rpad npeacTaBnseT MHOXeCTBO 061beKTOB (Hanpumep,
nioaeit) U nonapHele CBA3N MexXay HUMU (HanpuMep, ApYXeckne OTHOWEHUS)

B uHdopMauHOHHOM nnaHe rpag UMeeT ABe KOMIOHEHTLI — MPEACTaBIsEMbIe
00beKTb! U MX nonapHsle cBa3u. [lepBble HA3bIBAKOTCS gepuiuHamMu, WIH yIamu
rpada’. [lonapHsle cBA31 Ha3bIBAIOTCA pefpamu rpada. Mel 06b14HO 0603HaUaEM
MHOXECTBa BepuinH U pebep rpada OykBaMu ¥ ¥ E COOTBETCTBEHHO, U B HEKO-

! B aHmMHACKOM A3BIKE MOHATHA «rPadHK» H «rpad» 0003HAYAIOTCA ONHHM CIIOBOM —
graph. — Ipumey. nep.

Hanuumne aByX Ha3BaHH L1 0603Ha4YEHHR OHOM H TOH e BEIIM MOXET pasApaxars,
HO 00a NMpHBEACHHBIX B KHHre TEPMHHA LIMPOKO HCTIONB3YIOTCA, H HalIA 3a1a4a — I10-
3HAKOMMTD Bac ¢ HUMH. Ha npoTskeHun Beeil 3Toi Cepur KHHT MBI 110 60Mb1Lel YacTH
OyaeM NMpHAEPKUBATLCA TEPMHHA «BEPLIMHAY.



24 Tnasa 7. Mpadbl: OCHOBbI

TopbIX caydasx nuweM G = (¥, E) ana o6o3Hayenus rpada G ¢ BepIIMHAMH V
1 pebpamu E.

CyuiecTtByeT ABa BUAa rpadoB, OPHEHTUPOBAHHBIE U HEOpPHEHTHpoBaHHbIe. 06a
BaOXHbI M IOBCEMECTHO NPUMEHSIOTCS B MPUIOKEHHSAX, TOITOMY Bbl AO/DKHBI UMETD
NPEACTaBIEHHE O KDKIOM U3 HUX. B neopuenmuposanrom rpade kaxaoe pebpo co-
OTBETCTBYET HEYNIOPAAOUEHHOMH nape {V, w} BEepLUHH, KOTOPbIE HA3bIBAKOTCS KOHEUHbI-
mu mouxkamu pebpa (puc. 7.2, a). B TakoM rpade HeT pasHULIbI MeXIY pebpoM (v, w)
n pebpoM (w, v). B opuenmuposanrom rpade kaxkaoe pedbpo (v, w) npeacrasnser
co00# ynopsaaoYEeHHY0 Napy, pUueM pedpo MpOXOaUT U3 NEPBO BepLUMHBI v (Ha-
3bIBAEMO# X60CmMoM) BO BTOPYIO BEPLIMHY W (20108Y), KaK OKa3aHO Ha puc. 7.2, 6',

a) HeopueHTUpOBaHHLIH rpad 6) OpueHTUpOBaHHLIV rpagd

Puc. 7.2. MNpadbi C 4eTbipbMs BEPWIMHAMM U NSTLIO pebpamn. Pebpa
HEOPUEHTUPOBAHHBLIX U OPUEHTUPOBAHHLIX rPacdoB NPEACTABNAIOT co6on
Heynopsiao4YeHHLIE Y YNOPSAOYEHHbIE Napbl BEPLUNH COOTBETCTBEHHO

7.2. HeckonbKO NpUNOXeHun

[padbl, 6ynyuu ¢yHaaMeHTaNbHBIM OHATHEM, TO H IO «BCIUTBIBAIOT) B UH(OP-
Matuke, OUONOrMH, COLMOJIOTHH, SJKOHOMHKE M MPOYUX HayuHbIX obnactax, Bor
JNIKHLIb HECKONBKO MPHUMEPOB U3 UX OECUHCIEHHOTO MHOXECTBA.

JopoxHas cetb. Koraa [10 cMapTdoHa BbIYHCISET MapLIPYThl ABUXKEHUS, OHO
BbIMONHAET NOUCK B rpade, NPeACTaRASIOIEM JOPOXKHYIO CETb, BEPLUKHbI KOTOPO#H
COOTBETCTBYIOT N1€PECEUECHUAM, a pebpa — OTAENbHbIM YYacTKaM AOPOTH.

I OpuenTupoBaHHbie pefpa HHOTAA HAIBIBAIOT Jy2amu, HO B 3TON CEPHH KHUT NaHHas
TEPMHHOJIOTHA PUMEHATHCA He GyneT.
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7.3.1. Yucno peGep B rpade

Pasmep rpacha ynpasnsiercs AByMs MapamMeTpaMH: YHCIIOM BEPLUMH H YUCIIOM pebep.
Bot Haubonee pacnpocTpaHeHHbie 0003HaYeHUA ITUX BENHYHH.

OBO3HAYEHWUA ANA TFPA®OB

Ans rpada G = (V, E) ¢ MHOXeCTBOM BepLuuH V n MHOXecTBOM pebep E:
« n=|V| oBoaHayaeT YNCNO BEPLLNH;

« m=|E| oboaHayaer uncno pebep'.

[NpuBeaeHHOe Aanee TeCTOBOE 3aJaHHe NPEANAraeT BaM MOAYMaTh, Kak YUCIO m pe-
Oep B HEOpHEHTHPOBAHHOM rpadie MOXKeT 3aBUCETh OT YUCA 7 BepLIMH. JIna mo-
MCKa OTBETA Ha 3TOT BONpoc OyAeM CUMTaTh, YTO MEXIY KaXIoil napoi BepluMH
CyliecTByeT He Gonee 0HOr0 HEOPUEHTUPOBAHHOTO pebpa — napaienbHble
pebpa He Aonyckatotes. [IpeanonoxuM Takke, 4To rpad ABIAETCS (CBA3HBIMY,
Mbl onpenenuM 3To noHsTHe GopMaibHO B pasfene 8.3; MHTYUTUBHO CBA3HOCTb
O3Hayaer, 4To rpad CyulecTByeT Kak OJHO Lesioe 6e3 BO3MOXKHOCTH pa3bUTh ero
Ha JiBe 4aCTH TakuM 00pa3oM, 4yToObl pebpa Mexay 3TUMH YacTAMHU He nepece-
Kanuch. [padbl Ha puc. 7.1, 6 U 7.2, a SBNAIOTCS CBA3HBIMH, B TO BpeMs Kak rpag
Ha puc. 7.3 — HeT.

Puc. 7.3. HeopueHTupoBaHHblii rpad, KOTOPbIA HE ABNKETCA CBA3HLIM

! JIng KoHEeYHOro MHOXeCTBa S YHCIIO €ro 3neMeHToB 0003HayaeTcs kak | S|.
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TECTOBOE 3AJ1AHHE 7.1

PaccMOTPUM HeOpHEeHTHpPOBaHHbIN rpad) ¢ » BepluMHAMH K Oe3
napajuieNbHbIX pebep. ByaeM cuuTarb, 4TO rpad ABIseTCS CBA3-
HbIM, TO €CTb CYLIECTBYET KaK oHO Leioe. Kakoe MUHHMalbHOE
M MaKCHMaJlbHOE YMCNO pebep COOTBETCTBEHHO MOXKET HMETh TakoH
rpad?

a)y n—lunmn-1)2

6) n—1un?

B) nu2"

ry nun

(PeleHre U NOsACHEHUE CM. B paszene 7.3.3.)

B e P S S R T R R e R T e D B o TR gt e SR A NN W 8 B P o

7.3.2. Pa3spexeHHble ¥ NJI0THbIe rpadbl

Tenepb, koraa TecTOBOE 3aJaHHe 7.1 3acTaBUIIO Bac 33yMaTbCsl O TOM, KaK YHCIIO
pebep rpada MOXKET MEHATLCA B 3aBUCMMOCTH OT YMCIIa BEPLUHH, MOXeM 06cCy-
JHTb PasHULLY MEXIY PA3PEHCEHHLIMU W nomHbiMY rpadaMi. 3HATH 3TO OTIIHYHE
KpaiiHe BaXHO, MOTOMY YTO HEKOTOpble CTPYKTYPbl JaHHBIX M AITOPUTMBI JyyLle
NOAXOIAT [ pa3pexeHHbIX rpadoB, a Apyrue — JUIS MUIOTHBIX.

[NepeBenem peLueHKe TECTOBOTO 3a1aHKsa 7.1 B acHMNTOTHYECKYO opMy 3anncH'.
Bo-nepBbiX, eCM HEOPUEHTHPOBAHHBIN rpad) ¢ 7 BEPLIMHAMHM ABNAETCA CBA3HbIM,
TO Yncno pebep m Mo KpaiiHel Mepe JTMHelHO No » (To ecTb m = Q (1))*. Bo-BTOpBIX,
ecnu rpad He uMeeT napanienbheix pebep, To m = O(n*) . Mbl 3aKi104aeM, 4To
yucio peGep B CBA3HOM HEOPHEHTHPOBaHHOM rpade Ge3 napanienbHbIX pebep
HAXOAHTCH [Ae-TO MEXY JIMHEHHBIM M KBaJ[paTHYHBIM YHCIIOM BEPLIHH.

0O630p dhopm 3anucy O-6onbinoe, OMera-6obinoe ¥ TeTa-60/1b110E NPHBEAEH B IIPH-
noxeHuu B.

2 Ecnu rpad He 00s3aTeNbHO A0NKEH ObITH CBAZHBIM, TO MOXKET CYILECTBOBATH BILIOTH
110 Hyns pebep.

Ecnu napannensHsie pedpa paspellieHsl, To rpad 1o KpaiHei Mepe ¢ IByMs BEPLIHHAMH
MOXET UMEeTh CKOb YrofHo Gonblloe yucno pebep.
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HedopmanbHo rpad sensercs paspedcentsim, €CU HHCA0 pebep OTHOCUTENBHO
67IM3KO0 K NIMHEHHOMY NMO YHCIly BEpLUMH, H ABIAETC NIOMHbIM, ECIIH 3TO YHCIO
OJKe K KBaJIpaTH4HOMY MO 4YHCIy BepuldH. HanpuMep, rpadsl ¢ » BeplugHamu
H O(n log n) pebpamu 0ObIYHO CUHTAIOTCS Pa3PEXEHHBIMH, B TO BPEMS KaK rpadbl
¢ Q(n?/ log n) pebpaMu — MIOTHbIMU. HAaCTHYHO MAOTHbIE rpadsl, Takue Kak
rpadst ¢ = n¥? peGpaMH, MOryT CYUTATLCS JIMGO pa3peeHHbIMH, THOO MIOTHLI-
MH — B 3aBHCHMOCTH OT KOHKPETHOIO NPHUMEHEHHS.

7.3.3. PeweHue TecTtoBoro sapnanva 7.1

IIpaBuabHbIH oTBeT: (a). B cBI3HOM HEOpHEHTHPOBAHHOM rpade c n BeplUHHa-
MU 1 Oe3 napajuiensHbix pebep yucno m pebep paBHO He MeHee n — | u He Oonee
n(n — 1)/2. Ing T0oro 4toObl MOHATb, MOYEMY HHXHSAS FpaHULA ABAAETCA Mpa-
BHJIbHOH, paccMoTpuM rpad G = (V, E). B kayecTBe MbICIEHHOIO 3KCIIEPUMEHTA
npeicTaBbTe, YTO Bbl cTpouTe G N0 OHOMY pebpy 3a pa3, HauMHas ¢ rpada c Bep-
wnHamu ¥ u 6e3 pebep. epBoHauansHo, nepea aobarneHneM pebep, kaxaas u3
1 BEPLUHH MOTHOCTBIO H30IMPOBaHa, IO3TOMY rpad TPUBHAILHO HMEET 1 Pa3HbIX
yacreil. JlobaBneHue pebpa (v, w) coznaet 3¢ ekt CAUTHUS YacTH, cofeprkalueii v,
¢ yacThio, coepxauleii w (pHc. 7.4). TeM cambiM kaxaoe nobaBneHue pebpa
yMeHbLUAET YHCII0 yacTei He Gonee ueM Ha 1', JIns Toro 4ro6b1 10Opatbes A0 euH-
CTBEHHOH yacTH, cOCTOsALLEH M3 n YacTel, BAM HYXHO J00aBUTL He MeHee n — |
pebep. CyuiecTByer uenblit psa CBA3HbIX IpadoB, HMEIOLUMX 1 BEPLUHH H TOJIBKO
n — | pebep. Takue rpadb! Ha3bIBAIOTCH Oepegbamu (pHc. 7.5).

TOoNLKO YTO AobaeneHHoe peGpo

Puc. 7.4. lo6aBneHune HoBOro pebpa obbeanHseT 4acTu,
cogepxatuue ero KoHeuYHble TO4KU, B OgHY 4acTb. B gaHHOM npumepe 4ncno
pPaaHbix YacTe yMEHbLWAEeTCA C Tpex A0 ABYyX

I Ecnu o0e KoHe4YHBIE TOUKH pedpa yke HaxXOmATCA B OOHOM M TOMH *e YacTH, TO YHCNO
4acTel He YMeHbLIAeTC .
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U

a) JMHUA 13 YeTbipeX BEPLLNH 6) 3Be3na u3 YeTbipex BeplunH

Puc. 7.5. [iga CBA3HbIX HEOPUEHTUPOBAHHLIX rpada ¢ YeTbiPbMA BEPLUUHAMW
n Tpems pebpamu

MakcumanbsHoe yKcio pebep B rpade 6e3 napannensHeix pebep nocTuraercs

ROAHbLM 2pagom, B KOTOPOM NPHCYTCTBYIOT BCE BO3MOXKHBIE pedpa.

n\ n(n-1)
=———= nap BepLlHH, 3TO

2 2

TaKXKe SBISETCA MaKCHMaJIbHBIM YiciioM pebep. HanpuMmep, npu n = 4 MakcUMarb-

[Tockosbky B n-BepIUMHHOM rpade cyLuecTByeT (

HOe uhcIo pebep paBHO [;J =6 (pHc. 7.6)"%

4
Pwuc. 7.6. MonHbii rpad Ha YeTbipex BepLINHAX UMEET (2) =6 pebep

n -
! (2) NMPON3HOCHTCA KaK «HM3 1 110 2», H TAKXKE MHOTAa YIOMHAHACTCA KaK «OMHOMHUANBHBIH

k03¢ dumenT. Ins Toro 4To6bl MOKATH, MOYEMY YHCIIO CMOCO60B BbIGPaTh HEyMOpA-
AOYEHHYIO NMapy HECOBNANAKOIINX 0GBEKTOB H3 MHOXECTBA, COCTOALLETO U3 77 O6GBEKTOB,
paBHO n(n — 1)/2, nogyMmaiite o Beibope nepBoro o0bekTa (U3 n BAPHAKTOB), & 3aTeM
BTOPOro, HECOBNAAAOIIETo ofbekTa (M3 # — | OCTaBILMXCA BapHaHTOB). n(n — 1) pe-
3yNETUPYIOILMX HCXOOO0B MOPOXAAIOT KKAY IO Napy (x, ) 06bEKTOB ABAX LI (OAHH pa3,
KOrZa x ABNAETCA NEPBHIM U y ABNAETCA BTOPBIM, OJUH pa3, KOraa y ABIAETCA NMEPBbIM
M X ABJIAETCSA BTOPBLIM), MIO3TOMY B COBOKYMHOCTH IOMKHO 6bITh #1(n — 1)/2 nap. — [Ipu-
Mey. nep.

n
2«13 n no 2», MOTOMY UYTO CyWECTBYET [2) €noco6oB BLIOpaTh (Hey NOPALOUEHHOE) Noa-
MHOXECTBO M3 2 IEMEHTOB U3 GHKCHPOBAHHOTO MHOXECTBA U3 1 JNIEMEHTOB. — [Ipu-

Mey. nep.
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7.4. NpepncrasnexHne rpadga

CyluecTByeT HeCKOIBKO coco00B KOAUPOBaHHS rpada Ans UCMOab30BaHUS B an-
roput™e. B 3Toil kHMXHO# cepuu Mbl OyaeM paboTaTh B OCHOBHOM C NpeJcTaB-
JeHueM rpada B BUAE CIUCKOB CMEXHOCTH (pasaen 7.4.1), HO Bbl JOMXKHBI 3HATh
W O NpeACTaBleHHH B BUAE MAaTPULbl CMEXKHOCTH (pasaen 7.4.2).

7.4.1. CNNUCKKN CMEXHOCTH

IIpedcmasnenue 2paghoe B BUE CIUCKOB CMEKHOCTH ABNAETCSH JOMUHUPYIOLUUM,
M B 3TOH KHHXHOMH cepHH Mbl Oy1eM UCTIOJIb30BATh €10,

UHIPEAUEHTbI A8 CNMUCKOB CMEXXHOCTH
1. Maccus, cogepxallmi BeplumHel rpaga.
2. Maccus, cogepxawmi pebpa rpacga.
3. Onakaxaoro pebpa — ykasatens Ha Kaxayio U3 ABYX ero KOHeYHbIX TOHEK.

4. [Anfa Kaxaoi sepliMHbl — ykasaTenb Ha Kaxaoe uHumaeHTHoe pebpo’.

[lpeacraBneHue B BUAE CIIUCKOB CMEXKHOCTH CBOAMUTCA K JBYM MaccHBaM (MJH
KE CBA3HBIM CTMHMCKaM, €ClH Bbl NPEANOYUTACTE HUX): OAMH 1M1 OTCIEKHUBAHUS
BEPLUHH ¥ OUH A1 pedep. DTH 1Ba MACCHBA €CTECTBEHHBIM 00Pa3oM CChIIAlOTCA
JpyT Ha Apyra, npuieM kaxaoe peOpo CBA3aHO ¢ YKa3aTeNAMH Ha €ro KOHeuHble
TOYKH, a KXas BepLIHHAa — C YKa3aTeasMH Ha peOpa, A KOTOPbIX OHa ABASETCS
KOHEYHOH TOYKOIA.

! OGBIYHO FOBOPAT O CMEXHBIX, HITH COCEHUX, BEpIIMHAX, HO 06 HHLMACHTHBIX pebpax.

JlBe BepILMHBI HA3BIBAIOTCA CMEXHBLIMH, €CJIH OHU COeAHHEHbI peOpoM. [lpa pebpa Ha-
3BIBAIOTCH HHUMIEHTHBIMH, €CITH OHM MUMEIOT 06ty BepiuuHy. Kpome Toro, BepiliHHa
¥ peOpo Ha3bIBAIOTCA MHUMIEHTHBIMH, €CJIU BEPLIHHA SBITASTCS OHOM U3 ABYX BEPILHH,
KOTOpbIE AaHHOE pebpo coequHsIOT. — [Ipumey. nep.
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B cnyuae opueHTHpoBaHHOrO rpada kax/o0e pedpo OTCIeNUBAET, KaKas KOHEUHas
TOYKa ABAAETCSA XBOCTOBOH M Kakas — rojoBHOH. Kaxxas BepLIMHA v COAEPIKHUT
JlBa MaccHBa yka3arese: OfKRH 11 UCXOASUX pedep (ANg KOTOPbIX v ABNSETCS
XBOCTOM) U OZIMH 11 BXOIALLMX pebep (4717 KOTOPbIX v ABNAETCS FOJIOBOH).

KakoBbl NOTpeOHOCTH B NaMsATH 1JIS MpeACTaRIeHHs rpada B BUIE CTHCKOB CMEX-
HOCTH?

TECTOBOE 3AJJAHHE 7.2

Ckonbko MecTa TpebyeTcs Ang npeacTaBieHus rpada B BUAE CIIHCKOB
CMEXHOCTH KaK (PyHKUNH OT HHCIia n BEPLUKH U Yucna m pebep?
a) O(n)

6) ®(m)

B) O(m+n)

r) e

(PewueHue 1 nosicHeHue cM. B pasgene 7.4.4.)

7.4.2. MaTtpuua CMeXHOCTH

PaccmoTpumM HeopreHTHpoBaHHblil rpad G = (V, E) ¢ n BepuiuHamu 4 6e3 napan-
nenbHbIx pebep u 0603HauKM ero BepiumHbt 1, 2, 3, ..., n. [Ipeacrasnenue rpada G
B BH/IE MaTpHLbl CMEXXHOCTH — 3TO KBaJpaTHas n X n-mMarpuua 4, paBHbim o0pa-
30M JIBYMEPHbIH MaccHB C HYJNAMU M eIMHULUAMH B KAU€CTBE DIIEMEHTOB JaHHbIX.
Kaxapiii anemMeHT 4, onpenensietcsi kak

|1, ecnn pebpo (i, j) npunaznexut E
""lo-8 MPOTHBHOM CITy4ae.

Taknm o06pa3oM, MaTpULia CMEAKHOCTH XPaHUT OAMH OMT AU KaxkA0# Napbl BEpLUHH,
KOTOPBIA OTCNEXKHBAET, MPHCYTCTBYET U pebpo unn Het (puc. 7.7).
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w
E-N

© -

1/J0 1 0 O

e 211 0 1 1

30 1 0 1

e o 4\0 1 1 0
a) Mpad 6) ...n ero MaTpurua CMEXHOCTH

Puc. 7.7. Matpuua CMeXxHOCTH rpada CoaepxuT oavH BUT ans kaxgomn naps
BEpLUMH, YKa3biBaIOLWMIA Ha TO, CYLIECTBYET nnu HeT pebpo, coeanHsiowee
ABe BEpPLUINHDI

K npeacrasneuunto rpada B BUae MarpuLibl CMEXHOCTH Jlerko 100aBUTL «HaBO-
POTBD».

Q Hapannenvhvie pebpa. Ecnu rpad MoXeT HMETh HECKOIBKO pebep ¢ ofHOMH
U Toi e Napoi KOHEUHbIX TOUEK, TO A, MOXKET ObITh ONPEAEICHO KaK YHCIO
pebep ¢ KOHEUHbIMH TOUYKaMH i H j.

Q Bssewennvie zpagui. CxoxuMm 00pazoM, ecii Kaxaoe pedpo (i, j) umeer
BEC W, — BO3MOXHO, NPECTABIAIOLUMIA CTOMMOCTD MM PACCTOSHHE, — TOr-
A3 KOK/IbIA 3IEMEHT A4, XPaHUT W,

QO Opuenmuposannvie zpagui. B cnyuae opuenTHpoBaHHOrO rpada G kaxpli
NEMEHT A, MaTPULIBI CMEXHOCTH ONPEAENSETCH KAk

4= 1, ecrm pebpo (i, j) mpuHamnexur E
Y lo-8 MPOTHBHOM Clydae,

rae pebpo (i, /) Tenepb OTHOCHTCS K peOpy, OpHEHTHpoBaHHOMY U3 i B j. Kaxablii
HEOPHEHTUPOBaHHbIH rpad MMeeT CHMMETPUYHY O MATPULLY CMEXHOCTH, B TO BpEMS
KaK OPHEHTUPOBAHHBII rpad 06bIYHO HMEET aCHMMETPHYHYIO MATPHLLY CMEXHOCTH.

KakoBbl MOTpeGHOCTH B MaMATH ANA MpeAcTaBleHUs rpada B BUAE MaTpUUbI
CMEXHOCTH?
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TECTOBOE 3AJAHME 7.3
Ckonbko MecTta TpefyeTcs MaTpule CMeXHOCTH rpada kak hyHKUHH
OT yMcna n BepluMH U yucna m pedep?

a) O(n)
6) O(m)
B) O(m+n)
r) O#?

(Pewuenune 1 noscHeHue cM. B pasgene 7.4.4.)

7.4.3. CpaBHeHue npeacTasneHun

CTONKHYBUIHCH C JByMs Pa3sHbIMH cnoco0aMu npenacraeneHHs rpaga, Bbl, BEpo-
ATHO, 3a/laeTeCh BONPOCOM: Kakoe M3 HUX nyuiie? OTBeT, kak 3To yacTo ObiBaeT
¢ Bonpocamu noao6HOro poaa, TakoB: CMOTPS Mo 06cToATENLCTBaM. Bo-niepBhIX,
BCE 3aBMCHT OT IJIOTHOCTH Ballero rpaga — OT TOro, Kak Yucino m pebep coort-
HOCHTCH C YUCIIOM n BepLUMH. Mopanb TeCcTOBbIX 3aaHuii 7.2 u 7.3 3aKknouaercs
B TOM, UTO MaTpHLa CMEXHOCTH ABNseTcs 3 deKTUBHBIM CNOCOOOM KOAUPOBAHUA
MAo0THOrO rpada, HO PacTOUMTENbHA AN pa3pexeHHoro rpada. Bo-BTopbix, He
NOCNEIHIOK POJIb HIPaET TO, KAKHE OMEPaliMK Bbl XOTUTE NoAJepkHBaThL. B 060-
HX Cly4asX CMHCKH CMEXHOCTH UMEIOT 60Nbllue CMbICNa [UIS alrOPUTMOB K NpH-
NOXEHH, OMUCAHHBIX B JAHHOM KHMKHOM CepHUH.

BonbLIMHCTBO HalMX rpadOBLIX ANTOPHTMOB OyAET BKIIOUATh B cebs pa3pe/ibiBa-
Hue rpada, 1,11 Yero WAeaNbHO NOAXOAAT CMUCKH CMEXKHOCTH — Bbl PHObIBaeTe
B BEPLINHY, ¥ CTHCOK CMEXXHOCTH Cpa3y e YKa3blBacT Ballli BADHaHTbI 11d Clie-
JyrIUero wara'. Marpuiisl CMEXHOCTH HMEIOT CBOM COOCTBEHHbIC TPHMEHEHHS,
HO B HallleH KHW)KHOH CepUH OHK OMyLIEeHbI,

Ecnu 661y Bac 661 JOCTY I TOJIBKO K MarpHuLe CMEXHOCTH rpada, Ckonbko Obl BpEMEHH
BaM notpe6oBanock, 4To6bI BLIACHUTL, KakKue pebpa HHUHMASHTHbI JaHHOMN BepLInHE?
Hanpumep, MOXHO MOACYMTATH YHCIO OBLIMX coceneit KakIoH Napbl BEPIIHH «CKOMOM),
B34B KBaJpaT MaTpPHLbI CMEXHOCTH Tpada.
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BOAbluas 4acTh COBPEMEHHOrO MHTEpeca K ObIcTpbIM rpad)oBbIM NPUMHTHBAM
00yCNnoBieHa MAaCCMBHBIMM Pa3peXeHHbIMU CETAMH. PaCCMOTPHM, K NPUMEDY,
BeG-rpad (pasaen 7.2), BepLIHHBI KOTOPOro COOTBETCTBYIOT BeO-CTpaHHLaM,
a pebpa — runepccblikaM. TpyaHO MOAY4YUTbL €r0 TOUHLIA pa3Mep, HO KOH-
cepBaTHBHas HWXHSAS IpaHHLA ykcia BEpPLWIMH paBHa 10 muanuapaam, uau
10", XpaHeHue H YTEHHE MAccHBa Takod AJIMHBLI yxke TpebyeT 3HAUMTENbHbIX
BLIYHCJIHTENbHBIX PECYPCOB, HO 3TO BMOJHE B MPEAENax BO3IMOXKHOCTEH CO-
BpPEMEHHbIX KOMIbIOTepOB. OJIHaKO pa3Mep MaTPHLIbI CMEXHOCTH Takoro rpada
nponopuuxonaneH 100 keuuTHNIHOHaM (10%°). OH canwkoM 60/bLIOH, YTOOI
XPaHHUThL HIH 06pabaTbiBaThk €ro C HCMONb30BAHUEM CETOAHALLIHUX TEXHOIOTHH.
Ho Be6-rpad sBnsieTcs paspexeHHbIM — CpeHee YHCII0 HexoaaLux pebep n3
BepLUKHBI 3HaYMTENbHO MeHbLue 100. CnenoBarenbHO, NOTPEOHOCTL B IAMATH LIS
NpeaCTaBeHHs B BHAE CTTHCKOB CMEXHOCTH Ui Be6-rpada npornopudoHanbHa
10" (Tpuanuony). DTO YHCIIO MOXKET 0Ka3aThCs CAMLLIKOM OONBLLIMM IS BALIETO
HOYTOYKa, HO OHO OyIeT B NpeAenax BO3MOXKHOCTEH COBPEMEHHBIX CHCTEM 00-
paboTKH JaHHBIX'.

7.4.4. PeweHusa TecToBbIX 3apaaHvn 7.2-7.3
PeweHne TeCToBOro 3afavua 7.2

IpaBuasHeiit oTBET: (B). [IpeacTaBneHHe B BUAE CIIUCKOB CMEXHOCTH TpebyeT
NPOCTPaHCTBa, THHEHHOro 10 pa3mMepy rpada (MMeeTCa B BHAY YHCIO BEPLUMH
NAKC YUCIO pedep), KOTOpOoe ABNAETCS UACANbHBIM?, YBHAETH 3TO A0OBOJBHO
HenpocTo. JlaBaiiTe 0aMH 3a ApyTrUM NPOHAEMCS N0 BCEM YETHLIPEM HHIPEAHEH-
taM. BepliuHHbIid 1 peGepHbIi MaCCHBLI HMEIOT AJIMHbBI 11 H M COOTBETCTBEHHO,
W noatomy Tpebytot npoctpaHcTBa © (1) U © (m). TpeTHH KOMMOHEHT CBA3LIBACT
JBa yKa3aTenis ¢ KaxIbiM peGpoM (1o 0JHOMY AUl KaX0#H KOHEYHOH TOUKH).
DT 2m ykazaTelleil BHOCAT JONOJHUTENbHOE O () K NOTPEGHOCTH B Npo-
CTpaHCTBe.

' HanpuMep, CyTb OPUTHHAJILHOMO ANropuTMa PageRank ot Google, npeaHa3Ha4€HHOTO
U3 HIMEPCHHA BHKHOCTH BEG-CTPaHHLb], OCHOBLIBANACH HA 3PBEKTHBHOM MOHCKE
B BeG-rpade.

2 TlpepocTepexenue: 31€Ch BETYLUIHH TOCTOAHHbIH MHOXKHTENb (WK $aKTOp) Ha MOPAAOK
GonblUe, YEM NS MATPULIbI CMEXHOCTH.
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YeTBepThiii MHIPEAMEHT MOXET 3aCTaBHTh BAC NOBOJIHOBAaTbCA. B KOHLIE KOHLOB,
KaXJas M3 n BEPLUMH MOXET Y4acTBOBaTh B # — | pebpax — 1o ogHoMYy B pac-
yeTe Ha APYTYIO BEpLUMHY, YTO, NO-BHANMOMY, MPUBOAMT K rpaHule @ (n?). Dta
KBaJpaTHYHasA olleHka Oblia 6bl TOUHOH B O4YeHb MIOTHOM rpade, Ho B Gonee
paspeseHHBIX rpadax oHa ype3MepHa. KitoueBoe NOHHMaHHE COCTOUT B Clefy-
IOLLEM: 01 KANCO020 YKA3AMeNs ePULUHA —> pebpOo 8 uemasepmom unzpeouenme
cywpecmgyem coomeemcmeyiowuil ykazamens pebpo — 6epuiuna 6 mpemvem
unzpeduenme. Ecnu pebpo e HHUHAEHTHO BEPLUHHE v, TO € HMEET YKa3aTellb Ha
€r'0 KOHEUHY10 TOYKY V H, HA0OOpOT, v UMEET yKasareNlb Ha HHUHAEHTHOe pebpo e.
Mb! 3aK1104aEM, YTO YKa3aTesH B TPETHEM H YETBEPTOM HHIpeAHEHTAX HAXOAATCA
BO B3aHMHO O/JHO3HaUHOM COOTBETCTBHH, H MOITOMY OHH TpeGy1OT TOYHO TAKOTO
ke 06beMa NpoCTpaHcTRa, a UMeHHO O (m). UToroseiil MepeyeHb Nokasarene
NpHBEAEH HHXE:

MacCHB BEpLUHH O (n)
maccuB pebep O(m)
yKkaszarenu U3 pedep B KOHEUHbIE TOYKH ®O(m)

+ ykasarenM U3 BeplUHH B pebpa O(m)
BCEro O(m+n)

['panuua © (m + n) npUMeHNMa HE3aBHCHMO OT TOTO, ABRJIAETCA JU rpad) CBA3HbIM
WJIH HET ¥ UMEET JIH OH MapauienibHbie pedpa’'.

PeweHne Tecrosoro 3afganva 7.3

TpasuasHslil oTBeT: (r). [IpocToli cnoco6 xpaHeHHs MaTPHLbI CMEXHO-
CTH — 3TO ABYMEpHbIH n X n-MaccuB 6MT. JlaHHbIH MaccHB Hcnonb3yeT @ (n?)
NPOCTPAHCTBA, XOTA H ¢ HEOONBLILOH CKPLITOH KOHCTaHTOH. B Ciydae njaoTHoro
rpada, B KOTOpOM 4YMclo pedep caMo no cebe GIU3KO K KBAJAPaTHYHOMY [0 A,
MaTpHlla CMEXHOCTH TpeGyeT npocTpaHCTBa, ONHU3KOro K JIMHeHHOMY MO pas-
mepy rpada. OgHako B clyyae pa3spexxeHHbIX rpadoB, B KOTOPbIX 4HCIO pebep

' Ecnu rpad srnsercs cBA3HbIM, TO m > 1 — | (M0 TeCTOBOMY 3afaHHIo 7.1), U Mbl MOTTIH

661 Hanucarb © (m) BMecTo O (m + n).
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O/1Ke K TUHEHHOMY 110 1, NPEACTABIEHHE B BUE MaTPULIbI CMEXXHOCTH ABIIAETCA
BECbMa PaCTOYMTENBHBIM' .

! 370 paCTOYHTENECTBO MOXET GBITh COKPALLEHO 3a CHET TPIOKOB MO XPAHEHHIO H MaHHITY-
JIHPOBAHHIKO Pa3PEKEHHBIMH MATPHLIAMH, TO €CTb MATPHLIAMH C GONBLLINM YHCIIOM HYJEH.
Hanpumep, a3sik Matlab u maker SciPy sa3bika Python noaaepXuBaioT pa3peXEHHbIE
MaTpH4HbIE MPEACTABIEHHS,
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3apauun Ha 3aKpenneHue marepuvana

3agaya 7.1. [lycts G = (¥, E) paBHO HeopueHTHpOBaHHOMY rpady. [Toa cTenexbto
BepLUIMHBI vV € F Mbl MoapasyMeBaeM Y1cio pedep B £, koTOpble HHUMAEHTHBI Bep-
LIMHE v (TO eCTb KOTOPbIE HMEIOT V B KaueCTBe KOHEUHOH TouKH). Jlns kakaoro U3
cleaytoWwMx yenoBHi Ha rpade G BBIMONHAETCS M YCIIOBHE TONBKO TJIOTHBIMH
rpadaMu, TONILKO pa3pexkeHHbIMU rpadaMu HITH e Kak HEKOTOPLIMH pa3pexeH-
HBIMH, TaK 1 HEKOTOPLIMH ILTOTHLIMH rpadamu? Kak o6b1uHo, 7 =| V| 0603HauaeT
YKo BepluuH. JJonycTuM, 4To 1 aBnsercs GonbluM (ckakeM, He MeHee 10 000).

a) MHHMMYM ofHa BeplinHa G uMeeT cteneHb He Gonee 10.
6) kaxnad BepluMHa G uMeeT cTeneHb He Gonee 10.
B) xoTA Obl onHa BeplinHa G UMeeT cTeneHb # — 1.

r) kaxnas BepuurHa G uMmeer creneHb n — 1.

3apauga 7.2, PaccMoTpuM HeopHeHTHPOBaHHbI rpad G = (V, E), npeacTaBleHHbIN
B BHJIE MaTpHLbl CMeXHOCTH. C YHETOM BEpLIKHBI vV € V CKOJbKO Onepaumi tpe-
Gyetcs ans uaeHtudukauuu pebep, HHUKHAeHTHbIX BepiunHe v? (TlycTs k paBHO
ydcny Takux pebep. Kak o6b1uHO, n M m 0603HA4AI0T YKUCIIO BEPLINH H pebep
COOTBETCTBEHHO.)

a) 0(1).

6) O(k).

B) O(n).

r) ©@(m).
3agaua 7.3. PaccMorpuM opreHTHpoBaHHbii rpad G = (V, E), npeacrasiieHHbli
CIUCKAMH CMEXHOCTH, MPHUYEM KOK/asA BEPUIHHA XPAHHUT MaCCHB CBOMX HCXOAALLIMX
(HO He BxoaAaLHx) pebep. C yueToM BepUIMHbI v € V ckonbko onepauuii TpedyeTcs

g uaeHTHPHKaUMH Bxoaswux pebep BepiunHsl v7? (ITycTh kK paBHO YHCITY TaKHX
pebep. Kak 06b1uHO, n ¥ m 0603Ha4alOT YHCIIO BEPLUMH U pebep COOTBETCTBEHHO.)

a) O(1).
6) O(k).
B) O(n).
r ©(m).
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OTa raBa nocesLlleHa §yHIaMEHTalbHbIM IPUMHTUBAM AJs rpagoBOro MoMcKa
H UX pUMeHeHUAM. OIHH U3 MHTepecHeHIMX aCNEKTOB 3TOr0 MaTepUaa 3akiio-
4aeTcs B TOM, YTO BCE AMOPUTMbI, KOTOPbIE Mbl PACCMOTPHM, ABNSIOTCA HEBEPOAT-
HO GbICTPbIMH (IMHEHHO-BPEMEHHBIMH C HEGONbLIMMH KOHCTAHTaMH), H TIOHATD,
nouyeMy oHd paboTaroT, MOXeT GbITb A0BONBHO HenpocTo. KynbMHUHaUHeR 3TOH
INIaBbl ABNSETCSA BbIYMCIIEHHE CHIIBHO CBS3HBIX KOMINOHEHT OPHEHTHPOBAHHOTO
rpada TONbLKO ¢ ABYMS NPOXOAaMH noucka B myOuHy (pa3aen 8.6) — oHO Ha-
MSAHO UANIFOCTPHPYET TO, KaK ObICTpble aNropuTMbl Hepeako TpebytoT rybokoro
NOHMMAHHUA CTPYKTYPbl 3aJa4H.

Mbl1 HauHeM ¢ 0630pHOrO MatepHana (paszaen 8.1), KOTOpbIi 0XBaTbIBAET HECKOJILKO
NPUYKH, NOYeMy Bac J0/eH 3a00THThL NOUCK B rpade, obLuyto cTparertio rpado-
BOIo noucka 6e3 BbINONHEHUS KaKoii-TM60 H30bITOUHON paboThl U BLICOKOYPOBHE-
BO€ BBeJIEHHE B JIBe HAUBKHEHLIHe CTPaTeru NOUCKA: MOKUCK B LWHpHHY (breadth-
first search, BFS) u nouck B ry6uHy (depth-first search, DFS). Pa3gensbi 8.2
1 8.3 Gonee noapoOHO OMUCHIBAIOT NTOUCK B LIMPHHY, BKJIIOUAsA NPUMEHEHUS A
BbIYMC/IEHUS KpaTyalluuX nyTeid U CBA3HbIX KOMIOHEHT HEOPUEHTHPOBAHHOIO
rpada. Paszennl 8.4 u 8.5 pazbACHAIOT MOHCK B ryOHHY M €ro UCNONb30BaHUE
JUIS BbIYMCIIEHHS TOMONOrHYECKOro YrnopsaouMBaHUs OpHEHTHPOBAHHOIO aLM-
Knuyeckoro rpada (paBHbIM 06pa3oM, IS NOCTPOEHHUS MOCNEA0BaTENbHOCTH
onepauuii npu cobnofeHUH orpaHUyeHuit No npealecTBOBaHUIO). B pazaene 8.6
MCIONb3yeTC MOUCK B MyOUHY A8 BbIYUCIEHHA CHIILHO CBA3HBIX KOMMOHEHT
OopHeHTHpoBaHHOIO rpada 3a nuHelHoe Bpema. B pazaene 8.7 naetcs oGbsacHeHHe
TOIO, KaK 3TOT ObICTpbIH rpatoBbIH NPUMHTUB MOXET ObITb UCNIONB30BAH JUIA pa3-
Be/IbIBAHHA CTPYKTypbl BceMUpHOii nay THHBI.

8.1. KpaTtkuit 0630p

B 3TOM pazaene aaHo obluee npeAcTaBieHHe anropuTMOB rpadoBOro NOUcKa M Ux
NPUNOXKEHHIA.
8.1.1. HekoTopblie npunoxeHusa

3aueM Hy>KHO BbITIOJIHATBL NOKCK B rpade UK BbIACHATD, COAEPXHUT U rpad nyTh
M3 TOYKH A B TOUKY B? BOT nULIb HECKONLKO NPHUYHH U3 OTPOMHOTO HX MHOXECTBA.
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ITpoBepka cBsizHOCTH. B Qu3Hueckoii ceTH, TakoH kak JOpoXHas CeThb MU CeThb
KOMIbIOTEPOB, BaXKHOH NpoBepkoit paboToCMOCOOGHOCTH ABNSETCA TO, YTO Bbl
MOXeTe NMonacThb KyAa yroaHo u3 nobdoro mecra. To ecTh Ans KakA0ro BapuaHTa
TOYKH A U TOUKH B B ceTH AoMkeH ObiTh NyTh OT NEPBOM K NOCNeAHei.

CBA3HOCTL TaKxke MOXeT GbITb BaXKHa B abcTpakTHbIX (Heduiniecknx) rpadax,
NpeACTaBIAIOWHMX NONapHbIe CBA3M MexAy obbexTamu. OQHa Takas CeTb, ¢ KOTO-
po#i HHTEPECHO MOUIrpaTh, — 3TO CETb KHHO(UIIBMOB, IJ1€ BEpLUNHBI COOTBETCTBYIOT
KMHOaKkTepaM, U oba cBA3aHbl HEOPUEHTHPOBAaHHbIM peGpOM BCAKMH pas, Koriaa
OHM MOSABIAIOTCA B OHOM U TOM e kuHoKapTHHe'. Hanpumep, ckonbko cTeneHei
pasaeneHus’ CyulecTByeT MEXAY pasHbIMHU akTepamu?

CaMbIM M3BECTHBIM CTAaTUCTHUYECKKM NOKa3aTesleM 3TOro THNA ABIAETCA YUCIO
Befikona, koTopoe npeacTtasnser co60i MHHUMAIBHOE YUCIIO NEPEXOA0B M0
¢$unbMOBOI ceTH, HeoOxoAWMOe 18 Toro, uyTobbl nobpaTbes A0 Be3decyLuero
aktepa KeBuHa Beiikona’. Tak, KeBuH beiikoHn cam nuuHo umeet uucino beit-
KOHa, paBHoe 0; Kaxablii akTep, KOTOPbIii NOABUIICA ¢ HUM B dHIbME, UMeeT
uucno beiikoHa, paBHoe |; kaxablif akTep, KOTOpbIH NOABUIICA C AKTEPOM —
obnaparenem uucna beiikoHa, paBHOro |, HO KTO He sBNsgeTca caMUM KeBUHOM
BefikoHoM, uMeeT uncno beitkoHa, paBHoe 2, # Tak aanee. Hanpumep, xoH
X3MM — Haubonee u3BecTHbIH no ponun JloHa [lpeiinepa u3 TeJeBU3HOHHOIO
cepnana Mad Men («bezymyor») — umeer uucio beitkoHa, paBHoe 2. X3MmM
HKKOraa He nosisics B punbMe ¢ belikoHoM, HO y Hero 6blna anu3oaMUeckas
ponb B nbece 4 Single Man (« Oounoxuti Mysrcuunar), HanucanHoi ans KonvHa
(epra, a Depr u belikoH cHanuch B dunbMe AtoMa DrosHa Where the Truth
Lies («I'0e cxpvisaemesn npasda») (puc. 8.1)°%

' https://oracleofbacon.org/.

CreneHb pasaenenus (degree of separation) — uucno ypoBHe# cBA3eil, pa3feNfoWMUX
IBa MPOU3BONbLHBIX y3na ceTH. — [Tpumey. nep.

Uucno befikoHa — 3T0 UMNPOBHU3aLUA Ha TeMy 6onee cTapoi KOHUENUHH vucia Dpoéwa,
Ha3BaHHOTO B YeCTb U3BECTHOro MareMaruka [lona Jpagwa, KOTOpoe UIMEPAET YUCIIO
cTerneHeil pasaeneHus ot Opaéiua B rpage coaBTOPCTBA (rae BEPIIHHBI ABMAOTCR UC-
CNEeAOBATEeNIAMH, H MEXTY KOKAO0N napo#l uccnenosarenei, ABNAIOLUIMXCA COABTOpaMH
CTaThbH, CylecTByeT pebpo).

Mexnay befikoHoMm ¥ X3MMOM Takxke CYLIECTBYET pAd APYTHX MyTel ¢ ABYMS Mepexo-
JaMH.



8.1. Kpatkuit 0630p 41

OduHokuti @ I'de ckpbisaemcs KesuH
MyHHa @ BeiikoH

Puc. 8.1. ©parmeHT BUACOCETH, NOKA3bIBAIOLMHA, YTO YMcno BeiikoHa
y OxoHa Xamma He npesbliaet 2

Kpatuyatimme nyTu. Uucno beiikoHa OTHOCHTCA K kpamuaiuiemy NyTH MEXAY
JBYMS BepUIMHAMHU CeTH (UJIBMOB, KOTOPBIH O3HauaeT MyTh, HCHONb3Y IOLLMIA
HauMeHbLIee Yucno pedep. B paspene 8.2 Mbl yBUIHM, uTO cTparerus rpagoBoro
NOUCKA, HMEHYEMAas NOUCKOM B LIUPHHY, €CTECTBEHHBIM 00Pa30M BLIYHCIIAET
Kpardaniui nyTe. Lenslii paa Apyrux 3aaa4 CBOAUTCA K pacueTy Kparuaiiliero
NYTH, I1€ 3HAYSHHE CNOBA KKOPOTKHI1» 3aBUCHT OT NPUJIOKEHUSA (MUHUMH3aLHA
BPEMEHH AJS MapLIpYTOB JBUXEHHA WK [eHer Ha aBHaOWNIeTHl U Tak jaasee).
ANropuT™ Kparyaiuiero nyTu JlelkcTpbl — npeAMeT rMaBbl 9 — OCHOBaH Ha
MOKUCKE B LUIMPUHY AJ1A peleHus Oonee oOLUMX 3a1a4 HaX0XKAEHUS KpaTyaiilero
NyTH.

Ilnannposanne. [1yTh B rpade He 00s3aTeNIbHO JOMKEH NpeACTABNATE hHU3UUe-
CKHii nyTb N0 pU3nueckoi ceTH. Bonee abcTpakTHO, MyTh — 3TO NOCNE0BATENb-
HOCTE PEeLICHHH, NepeBOAALLMX BAC U3 OJHOIO COCTOAHUA B APYroe. AITOPHTMBI
rpaoBoro NOMcka MOryT NMPHMEHATHCA K TaKUM aOCTpPakTHbLIM rpadam ans
BBIYHCIICHHA TJ1aHA JOCTHXKECHHA LEJNEBOr0 COCTOSHHA M3 HCXOAHOrO COCTOA-
Hus. [lpeacraBbTe, HanpUMeEp, YTO Bbl XOTHTE NMPUMEHHTh aJICOPUTM NI TOTO,
4TOOb! PELUIUTE I'ONOBOJIOMKY Cyaoky. [lonyMmaiite o rpade, BepLIMHBI KOTOPOrO
COOTBETCTBYIOT YACTHUHO 3aBEPLUEHHBIM rOIOBOJIOMKaM CYIOKY (e HECKOJIbKO
KJeToK U3 81 nycTbl, HO MpaBUNIA CYAOKY He HapylleHbI), U OPHEHTHPOBAHHBIE
pebpa COOTBETCTBYIOT 3aMOJHEHHIO OAHOH HOBOM AYEHKH rONOBOJIOMKH (MPH
YCNoBHH cobNIOAEHHA NPaBUA CYAOKY). 3afaua BLIYMCIEHUS pelleHHs roNoBO-
JIOMKH — 3TO MMEHHO 33aJaya BbIYMCIIEHUS OPUEHTHPOBAHHOIO MyTH U3 BEp-
LIMHbI, COOTBETCTBYIOLLEH HCXOJHOMY COCTOAHMIO FOJIOBOJIOMKH, B BEpLIHHY,
COOTBETCTBYIOLLLY IO 3aBepLUEHHO# rofioBonoMke'. Elie oaMH npuMep: Hcnonb3o-

' TMockonbKy 3TOT rpad) CNHIIKOM BEJNHK LA TOTO, YTOGHI 3aMHCaTh €ro B ABHOM BHIE,

B MNPAKTH4YC€CKHE pelIaTe/IN NOJIOBOJIOMKH CyJ0KY BCTPaHBAKOTCA HEKOTOPLIC OOMOJIHH-
TCNBbHBIC HACH.
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BaHHe poOOTH3NPOBaHHOMH pYKH Ans 3axBaTa kodeHHOM KPYKKH — 3TO, N0 CYTH,
3ajlaya NaaHUpoBaHus. B cBA3HOM rpacde BepLIMHbI COOTBETCTBY HOT BO3MOXHbIM
KOH(QUrypaumusM pykH, a pebpa COOTBETCTBYIOT HEOONBLINM U pealu3yeMbiM
M3MEHEHUAM JaHHON KOH(HMTYpaLH1H.

CBfi3Hble KOMIIOHEHTBI. Mbl Tak€ YBHIMM aJlrOPUTMbI, OCHOBbIBAIOLLHECH
Ha rpa¢OBOM MOMCKE 11 BbIYHCIEHHA CBA3HBIX KOMNOHEHT (4acTeif) rpada.
Onpenenutb U BLIMUCIUTb CBA3HbIE KOMIIOHEHTbI HEOPHEHTUPOBAHHOTO rpada
OTHOCHUTENbHO NpocTo (pa3aen 8.3). A BOT B Cilyyae OPHEHTUPOBAHHbLIX rpadoB
JXe ONpeleNeHHe TOro, YTO JOJKHO O3HAYaTh NOHATHE (CBA3HAA KOMIIOHEHTaY,
HUMeeT CBOM HeboJbliMe TOHKOCTH. B pasznene 8.6 naercs 310 onpeaeneHue 1 no-
Ka3bIBAETCA, KAK NPUMEHATb MOUCK B ryOuHy (paszaen 8.4), Ans TOTo YTOOLI BbI-
YUCNATH UX 3D dekTUBHO. Mbl Takke YBUIUM NPUMEHEHHUs TOUCKa B IYOUHY 1A
NOCTPOEHHs TIOCNEN0BaTENbHOCTH onepauHii (pasaen 8.5) U ans pa3BeabIBaHUS
CTpYKTyphl BeO-rpada (paszen 8.7).

8.1.2. BecnnaTtHbie rpa¢doBbie NPUMUTUBDI

[Tpumeps! B pazaene 8.1.1 AeMOHCTPHPYIOT, UTO NOUCk B rpade ABnsercs GyHaa-
MEHTaIbHbIM U LIHPOKO NPUMEHUMBIM Ga3UCHBIM dNIEMEHTOM. X0uy MOpafoBarhb,
4TO B 3TOH [aBe BCe HallX anropuTMbl 6yayT paborarb cBepxObICTpO, Bcero 3a
BpeMst O(m + n), rae m U n 0603HaYaOT YUcNo pedep U BepuiuH rpaga’. OHo
OonbLIe BpeMEHH, HEOOXOIMMOTO JUI YTEHHUS BXOAHBIX JAHHBIX, JIMLIb HA NOCTO-
AHHBI MHOXWHTENB!? MBI 3aKJTI04aEM, YTO 3TH AJITOPUTMBI ARIAOTCA GECTIaTHLIMH
NPHMHUTHBaMH — BCAKHH pa3, koraa y Bac €CTb rpadioBbie JaHHbIE, Bbl JOMKHbI
Oe3 konebaHUi NPUMEHATD M060H M3 3TUX NPHMHTHBOB AN cOopa MHbopMaLuu
0 TOM, KaK OH BbIMIAIUT,

I KpoMe Toro, KOHCTaHThI, CKpLITbIE B Gopme 3anucH O-00MbLI0e, JOCTATOYHO MAJIbL.

2 B 3agavax rpa)0BOro noKucka v CBA3HOCTH HET OCHOBAHHIT OXMAATD, YTO BXOAHOM rpad
ABNAETCA CBA3HBIM. B HECBA3HOM cryyae, riae m MOoXeT ObITb HAMHOTO MEHBILIE N, pa3Mep
rpada paBes © (m + #), Ho He 00A3aTenbHO O (m).

3 MoxeM au Mbl 106U TBCA My4iero? Het, BIIOTh 10 CKPLITOTO MOCTOSHHOTO MHOXKHTE-
N KOXIBIA NPaBUIILHBIA AITOPHTM B HEKOTOPBIX CITy4asx JOMKEH, N0 KpaiiHeH Mepe,
CUYHMTLIBATH BCE BXOAHbBIE AaHHBIE LETHKOM.
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BECNNATHbBIE NPUMUTHBDI

ANropuTM C IMHEAHBIM NN MOYTU NINHE AHBIM BPEMEHEM BbINONHEHUSA MOXHO
paccMmaTtpuBaTbh KaK NPUMUTUB, KOTOPLIA Mbl MOXEM UCMONL30BATL MO Cy-
wectsy «6ecnnatHo», NOTOMy 4TO 06bEeM UCNONb3yeMbix BbIMUCNEHNI easa
npesbiwaeT 06beM, HeoBXOAUMbBIA TONBKO AR HTEHUA BXOOHbLIX AAHHLIX.
Korpay Bac ecTb NPUMUTUB, UMEIOLLUIA OTHOLLIEHWUE K Bawe 3aaa4e, KOTOPbIA
ABNAETCH TaKUM 04EBUAHO BbICTPLIM, NOYeMy 6bl UM He BOCNONb30BATLCA?
HanpuMep, Bbl BCeraa MOXeTe BbIYNCNNTL CBA3HLIE KOMMOHEHTHI rpadoBbIX
DaHHbIX Ha 3Tane NpeaesapuTensHon 06paboTkun, faxe ecnu Bbl HE YBEPEHDI,
KaK 3TO NOMOXET B AanbHerweM. OaHa N3 uenemn aton KHUXHOW cepun —
CcHabauTL Ball anropuUTMUYECKUIA MHCTPYMEHTapUidi Kak MOXHO 60NbLUNM
yncnom 6ecnnaTHbIX TPUMUTUBOB, FOTOBbIX K TPUMEHEHMIO B NIOBONH MOMEHT.

8.1.3. 0606uweHHbI rpacdoBbIA NOUCK

CyTb anropuT™a noucka B rpade 3akiro4aeTcs B peLICHHH CIIEAYOLIEH 3a1a4H.

3AJAYA: TIOUCK B I'PA®E
Bxoja: HEOpUEHTHPOBAHHBIH HITH OPUEHTHPOBaHHbIA rpad G = (V, E)
M CTapTOBas BeplUHHa s € V.

Ienn: MAEHTUPULMPOBATh BEPLUIMHBI MHOXKECTBA V, NOCTHXHMBIE
u3 s B rpage G.

# - AT T T T L R L SIS N W S F e L ) U L e T

Mon DOCTHXUMOM BEpLUMHONM v Mbl UMEEM B BHAY, YTO CYLLECTBYET MOCIENO0-
BarenbHOCTL pedep B G, KOTOpas nepeHocHT U3 s B v. Ecni G ABNseTCs OpHEH-
THPOBaHHBIM TpadioM, TO Bce pebpa MyTH JOMKHBI ObITh TIPOHAEHEI B NPAMOM
(ucxoasaieM) HanpasneHUd. Hanpumep, Ha pHc. 8.2, @ MHOXECTBO JOCTHXUMBIX
BepLUMH (U3 ) PaBHoO {s, u, v, w}. B opueHTHpOBaHHOM BepcuH rpada Ha puc. 8.2, 6
OPHEHTHPOBAHHBIA MYTh U3 S B W OTCYTCTBYET, U Yepe3 OPUEHTUPOBAHHBIA MY ThH

U3 § JOCTUXKUMBI TOJILKO BEPLIHHBI §, ¥ U v,

i

B o6wem cnyyae GONBUIHHCTBO aJrOPMTMOB H apryMEHTOB B 3TOH 1aBe OAMHAKOBO
XOPOILO MIPHMERMMBI K HEOPHEHTHPOBAHHBIM H OPHEHTHPOBAHHBIM rpadam. bonbwnM
MCKITIOYEHHEM ABNIAETCS BRIYHCIICHHE CBA3HBIX KOMIIOHEHT, KOTOpOE ABaseTca Honee
COXKHOI 3aaueil B OPUEHTHPOBAHHBIX rpadax, 4eM B HEOPHEHTHPOBAHHLIX.
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a) HeopneHTUpoBaHHLIW rpad 6) OpueHTpoBaHHbIA BapUaHT

Puc. 8.2. B cny4ae a MHOXeECTBO BepuIvH, AOCTUXMUMbLIX U3 S, PaBHO {S, U, V, w}.
B cny4yae 6 310 MHOXECTBO paBHo {s, U, v}

JBe cTpareruu rpadoBOro noucka, Ha KOTOPbIX Mbl COCPEAOTOUHUMCH, MOUCK
B LUMPHHY M MOUCK B TyOHHY MpeACcTaBNsAOT co00# pazHble cnocobbl co3qaHus
06061ieHHOrO anroput™Ma rpadosoro noucka. O606LIEHHbIH AIrOPUTM CHCTEMa-
THYECKH HAXOANT BCE AOCTHIKUMBIE BEPLUHHBI, CTAPaACh HE Pa3BelbIBAThL YTO-JTHO0
ABaxabl. C kax/aoi BepLUMHON OH NOAAEPKUBAET AOTIONHUTENLHYIO MTEPEMEHHYIO,
KOTOpas OTCleXMBaeT, Oblna 1M OHA YKe pasBeiaHa, ycTaHaBinuBas ¢uiar npu
NepBOM JOCTHXKEHUH 3TOM BepiluHbl. O6A3aHHOCTBIO MMABHOTO LMK/IA ABIAETCA
JNOCTHXKEHHE HOBOI HepasBeJaHHOH BepLIMHBI B KOKA0i UTepaLHy,

OBOBIEHHBINA IOUCK (GENERICSEARCH)
Bxon: rpad G = (V, E) v BepuiuHa s € V.

Hocryc.rlonne: BEPLIMHA JOCTHXHMA U3 § TOrda U TOJILKO TOraa,
KOorjia OHa NOMEYCHA Kak «pa3BeaHHas».

NMOMETHTbL BEPLIHHY § KaK pa3BE€AaHHYIO, BCE€ OCTAJIbHbIE BEPLUHUHBI
KakK Hepa3iB€JaHHbIC

while cymecTByet pebpo (v, w) € E ¢ pa3BenaHHoi v U Hepa3sBe-
JaHHO# w do

BbIOpaTh HECKOJNBLKO Takux pedep (v, w) // KoHKpeTU3nposaHo
// HenonHo
NOMETHThL W KaK pa3BeJaHHYIO

AN ey 1 TS N v R s R Y, e e
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J{aHHBIH aJIrOpUTM MO CYILECTBY OAHHAKOB KaK [l OPHEHTHPOBAHHBIX, TakK U 415
HEOPHEHTHPOBaHHbIX rpadoB. B opueHTHpOBaHHOM ciyyae pebpo (v, w), Bbl-
OpaHHOe B MTepauMH UMKIA while, 1OMKHO OBITH HAMPaBlEHO U3 Pa3BEAaHHOM
BEPLUMHbI V B HEPA3BEAAHHYHO BEPILHHY W.

O NCEBAOKOAE

3ta cepuna KHUr 0OBACHAET anropuTMebl C UCNONb3oBaHMEM KOMBUHaLMK
BbICOKOYPOBHEBOIO NCEBAOKOAA U PYCCKOro A3blka (Kak nokasaHo Bbiwe).
1 UICXOXY M3 TOrO, 4TO Y BAC €CTb HABbIKW TPAHCIALMKN TaKUX BLICOKOYPOBHE-
Bbix (06WwmMx) onucaHuii B pabo4uii ko Ha Bawem NoBUMOM fA3biKe Nporpam-
MUPOBaHUA. HECKONLKO APYIrUX KHUI U PECYPCOB B UHTEPHETE NpegnaraioT
KOHKPETHbLIE peanu3aunu pa3nu4HbiX anropuTMOoB Ha onpeaeneHHbIX A3bikax
NporpaMMUpPOBaHUA.

Bo-nepsbix, NpenMyLLIECTBO aKUEHTUPOBAHNUNA BLICOKOYPOBHEBLIX ONUcaHnui
Haa peanusaumamu, cneundundHsbIMU 4151 KOHKPETHOTO 5i3bika, 3aKlo4aeTcn
B rubKOCTI: XOTA 1 NPeanonaraw HEKOTOPYID OCBEAOMNEHHOCTb B KAKOM-TO
A3bIKe NPOrPaMMUPOBAHUA, MEHS HE UHTEPECYET, KaKON UMEHHO 3TO A3bIK.

Bo-BTOPLIX, 3TOT NOAX0M CNOCOGCTBYET MOHUMAHUIO anropuTMOB Ha rny-
60KOM U KOHLENTYanbHOM ypoBHe, He 06peMeHeHHOM AeTansiMu HU3KOro
ypoBHA. OnbITHLIE MPOrPaMMUCTBI U CNieuManucTel B obnactu uHpopMaTtuku
06bIYHO MBICNAT U 0BMeHunBaloTca nHdopManmen 06 anropuTMax Ha CTonb
)€ BbICOKOM YPOBHE.

TeM He MeHee, HUHTO He MOXET 3aMeHUTb NoAPOOHOro NOHUMaHWA anropuTMa,
KOTOpOE BbiTeKaeT u3 paspaboTku ceoein coGCTBEHHON paboueli peannsaumnu.
HacTosTenbHO pekOMeHAYI0 BaM OCYLLECTBUTL CTONIBKO aNrfOPUTMOB U3 3TON
KHWUMN, CKONBKO BpeMeHn GyneT HaxoauTbCA B BaweM pacrnopsixeHun. (31o
6yaeT OTAU4HLIM NOBOAOM 4151 TOTO, 4TOOL) NO3HAKOMUTLCS C HOBLIM A3bIKOM
nporpamMmmMupoBaHus!)

B uensax nonyyeHun ykazaHuii o6patutecs K pasgeny 3aaa4 no nporpammu-
POBAHUIO B KOHLLE IMaBbl U BCNOMOraTeNbHbIM TECTOBLIM NPUMEpam.

Hanpumep, Ha rpade puc. 8.2, a neppoHauanbHO NOMEYEHO Kak pa3BeJaHHOE TOMb-
KO Hallle OCHOBHOe MecTo 6a3upoBaHus s. Ha nepBo#i urtepaunm nukia while yc-
JIOBHIO LIMKJIA YAOBJETBOPSIOT ABa pebpa: (s, #) u (s, v). ANropuT™ GenericSearch
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BBIOHpAET OIHO U3 3THX pebep — CKaxkKeM, (s, ) — M OTMEYAET BEPLIMHY ¥ KaK
pasBenaHHy1o. Bo BTopoii HTepaLiH LMKI1a CHOBA €CTh [1Ba BAPHAHTa: (s, V) M (1, w).
ANTOPUTM MOXET BbIOpaTh (4, w), B KAKOBOM Cllyyae w IMOMEYaeTcs KaKk pasBe-
naHHas. Eme ogHa urepauus (nocne bibopa (s, v) Uau (w, v)) NOMEYaeT v Kak
passenaHHyro. Ha 3tom arane pebpo (x, y) MMeeT ABe Hepa3BedaHHbIE KOHEYHbIE
TOYKH, a Apyrue pebpa HMEIOT JBE pa3BeJaHHbIE KOHEYHbIE TOYKH, U aIMOPHTM
ocraHaBsiuBaercs. Kak cnenyeT 0xuarb, BepLUHHBI, TOMEUYEHHbBIE KaK pa3BeaH-
Hble — §, ¥, VU W — ABJIAIOTCS HMEHHO TEMH BEePUIMHAMH, KOTOPbIE JOCTHIKHUMBI
u3s.

70T 0000LIEHHBIH ANTOPUTM rpadoBOTO MOHCKA KOHKPETH3HPOBAH HETIONHO, TaK
KaK B UTEPAllMH LIKKJIa while MpHeMIeMbIMH 171 BLIOOPA MOTYT ObITh HECKOMBKO
peGep (v, w). [ToKck B LIMPHHY W MOKUCK B INYOHUHY COOTBETCTBYIOT [BYM KOH-
KPETHbIM PELICHHSM O TOM, Kakoe peOpo pa3BeabiBaTh Aanblie. He3aBUCHMO OT
TOTO, KaK 3TOT BBIOOp JeNIaeTCs, alIrOPHTM GenericSearch rapaHTHPOBaHHO OyaeT
NpaBUIbHBIM (KaK B HEOPUEHTHPOBAHHBIX, TAK H B OPHEHTHPOBAHHBIX rpadax).

YrBepxkaenne 8.1. (IIpaBuabHocTh 0606mennoro rpadoBoro NOHCKa.)
Ilo 3asepwenuu anzopumma GenericSearch gepuuna v € V nomevaemcs xax
PpazeedanHas mo20a u monsko moz20a, Ko20a cywecmsyem nyme u3 s 6 v 6 2pa-

pe G.

Pasgen 8.1.5 npenocraBinseT GopManbHOe J0Ka3aTeNnsCTBO yTBepxkaeHUa 8.1;
MOXETE CMOKOHHO ero NpoIyCTHUTh, €C/IH JAHHOE YTBEP)KIACHHE BBIMTIAINT HHTY-
WUTHBHO OYEBHIHBIM.

O NIEMMAX, TEOPEMAX U NPO4YEM

B MaTeMaTU4eCKOW 3anucCH caMble BaXHble TEXHUYECKUE BbICKa3biBaHWA
WUMEIOT CTaTyC TeopeM. JleMmMa — 3T0 TEXHUHECKOE BbiCKa3bliBaHUE, KOTOPOE
NOMOraer ¢ A0Ka3aTeNIbCTBOM TEOPEMbI (BO MHOMOM, Kak noanporpamma
nomoraeT ¢ peanusaumeit 6onee kpynHow nporpammel). Cnegersmne — 310
BbiCKa3blBaHWe, KOTOPOE HENOCPEACTBEHHO BblTEKAET U3 YXe A0Ka3aHHOro
pe3yneTaTta, HanpuMep, YaCTHLIR Cny4ait Teopembl. Mbl UICNONL3yeM TEPMUH
yTBepxaeHue (B UHbIX UCTOHHUKAX OHO UMEHYETCA NPONO3ULVENA AU BbiCKa-
3blBaHUEM) O aBTOHOMHbBIX TEXHUHYECKMUX BbICKa3blBaHUIA, KOTOPbLIE CaMK NO
cebe He 0CO6EeHHO BaxHbI.
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A KaK HacueT BpeMeHH paboThl anropuT™a GenericSearch? AJITOPUTM pa3BebIBACT
kaxaoe pebpo He Gonee onHOro paza — noclie Toro kak pedpo (v, w) ObLIo passe-
J1aHo B MepBblii pa3, 00e BepLUHHBL, v U W, TOMEYaroTCA KaK pa3BeAaHHbIe, U pedpo
He OyaeT paccMaTpUBaThCs CHOBA. DTO HABOAWT HA MbICb O TOM, YTO CyLUECTBYET
BO3MO)KHOCTb peajin30Barh alllfopuT™, paboTatoLLKi 3a TMHEHHOe BpeMd, B clyyae
€C/IH Ha KaK0# UTepallH LKA while Mbl CMOXeM OBICTPO HAEHTU(QHULIMPOBATD
npuemieMoe pebpo (v, w). Mbl noapo6GHO npoaHanH3nupyeM, Kak 31o paboTtaet 1
TMOKCKa B LUIMPHHY W NOKMCKa B NTyOuHY, B pasnenax 8.2 ¥ 8.4 coOTBETCTBEHHO.

8.1.4. Nownck B LLUPUHY U B rMyOuHY

Kaxaan urepalus anroputMa GenericSearch BoiOHpaeT pedbpo, KOTOPOe HaXOaAUTCA
Ha rpaHuLe pa3BeabiBaeMoi YacTu rpada, ¢ oqHOH CTOPOHBI KOTOPOH KOHEYHas
TOYKa pa3BefaHa, a ¢ Apyroi He pa3senana (puc. 8.3). Taknux pebep MoxeT ObITh
MHOTO, U YTOOBI MOJHOCTBIO ONPEAESIUTE ATTOPUTM, HAM HY)XEH METOA BhIOOpa
OJHOTO U3 HHUX. MBI COCPENOTOYMMCS HA ABYX Haubosee BRXHBIX CTpPAaTEruax:
NOKMCKe B LUIMPHHY M MOHcKe B myOuny. O6a ABNAKOTCA OTIHYHBIMU criocob0aMu
pa3BeAbIBaHUA rpada, ¥ KakablH U3 HUX MMEET CBOE€ COOCTBEHHOE MHOXECTBO
NPUMEHEHHH.

INonck B winpuny (breadth-first search, BFS). BoicokoypoBHeBas uaes no-
ucka ¢ wiupuny — wid BFS 1ns Tex, KTo B TeMe, — 3aK/II0YaeTcs B TOM, YTOObI
TILATENLHO pa3BelbiBaTh BepLIMHBI rpada «cnoaMuy. CnoH 0 COCTOUT TONbLKO U3
CTapTOBO# BeplunHbI s. Crioif | coaepHUT BepLUUHBI, COCEACTBYIOLLHE C §, MMes
B BUJY BEpLUHHBI v TAKHE, YTO (s, V) aBJseTca peOpoM rpada (HarnpaBieHHbIM U3 s
B v, B ciiyuae eciii G ABisercs opreHTHpoBaHHbIM). Coif 2 cocToHT M3 cocenei
BEPLLHH c/101 1, KOTopble Yke He NpuHaanexar cnoto 0 unu 1, u Tak aanee. B pas-
nenax 8.2 u 8.3 Mbl yBHIUM:

O kak peanH30BbIBaThb MOWUCK B IUMPHHY C JIMHEHHbIM BpeMEHEM, HCMONb3ys
CTPYKTYPY AaHHBIX, MMEHYEMYI0 ouepeablo (MEepBEIM BOLUEN/MEPBbIM Bbl-
wen);

O kak MCMONBL30BaTh NOKCK B IUMPHHY A/ BBIYUC/IEHHA (32 JHHEiHOe Bpems)
JUIMHBI KpaTyaiiliero nyTd Mexay OAHOW BEepLUMHOMN M BCEMM APYTMMH Bep-

LHHAMH, MTPH 3TOM BEpPLUHHBI CJ/I0f | ABJIAOTCA UMEHHO BEPIUIMHAMH Ha pac-
CTOSAHHH I OT §;
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Q KkaK HCIONBL30BaTh MOUCK B IIMPHHY s BhIUMCIEHHS (3a JMHeliHOe Bpems)
CBA3HBIX KOMITIOHEHT HEOPHEHTHPOBAHHOTO rpada.

pasBeaaHo He pa3segaHo

rpaHuua

Puc. 8.3. Kaxaasa utepauus anroputma GenericSearch suibupaet pebpo
Ha rpaHuue, Npy aTOM 0AHA KOHeYHasn Touka pa3seaaHa, a gpyras HeT

Iouck B ray6uny (depth-first search, DFS). [Touck ¢ 21y6uny (DF'S), BO3MOXHO,
ABNgeTCA ewie 6onee BaxHbIM. [loKck B yGUHY Hconb3yeT 6osee arpecCHBHY1O
CTpaTernIo pa3BebIBaHUA rpada, no cBoeMy IyXy OU€Hb XOpOLLIO COOTBETCTBYS
TOMY, KaK Bbl MOXKETE pa3BelbiBaTh JJaOUPUHT, 3aX0A8 HACTONBKO MyboKo, Ha-
CKOJILKO 3TO BO3MOXHO, H OTCTYNas TONBKO B Clyyae KpaiHeil HeoOXOqHMOCTH.
B pa3nenax 8.4-8.7 mMbl yBHANM:

O kak peau30BbLIBATH MOKCK B MYOHHY C JIMHEHHBIM BpEMEHEM, HCIIONB3YA pe-
KYPCHIO MIIH ABHO 33JaHHYIO CTPYKTYPY AaHHBIX, HMEHYEMYIO CTEKOM (Mo-
CJIeHUM BOLLEN / IEPBLIM BbILIEN);

Q KaK HCroNb30BaTh MOHCK B l"Ily6HHy I BBIYHCJICHHA (3a JIHHEHHOE Bpem)
TONMOJIOTHYECKOTO ynopsJ04HBaHHUs BCPLIUH allHKITHYECKOTIO rpa(ba, MONE3HO-
o NpUMHTHBA [J1A 3a4a4 NOCTPOCHHUS NMOCICAOBATCIIBHOCTH onepaum‘i;

Q kaKk MCTONB30BaTh MOKCK B MyGHHY 1S BBIYKCIIEHHS (32 TMHEHHOE BpeMs)
CHJIBHO CBA3HBIX KOMMOHEHT OPHEHTHPOBAHHOIO rpada ¢ MpHMEHEHHAMH JUIA
NOHWUMAHHA CTPYKTYpPbl BceMupHOit nayTuHsl.
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8.1.5. MpaesunbHoCcTb anroputma GenericSearch

Ceiiyac MblI a0KaxxeM yTBepxaeHHe 8.1, KOTopoe IMAcHT, YTO 110 3aBEPLICHHH aJl-
ropHTMa GenericSearch ¢ BXxoaHbIM rpatom G = (V, E) U cTapTOBOH BEPIUNHOIM
s € VBepiinna v € ¥ nomeuaeTcs Kak pa3BeJaHHas TOra M TOJLKO TOrAa, Koraa
CYLLECTBYET NMyTh M3 s B v B rpade G. Kak 06bIuHO, ecnn G SBNAETCA OPUEHTH-
POBaHHBIM Irpad)oM, TO MYTb § ~* V TAKXKE J0/DKEH ObITH OPHEHTHPOBAHHBIM, MPH
3TOM Bce pebpa ObUTH NpoiifeHbl B NPAMOM HarnpaslieHHH,

Hanpasnenne yTBep>XaeHHSA CO CIOBOCOYETAHMEM TOTIA M TOJILKO TOTAA» JOMXK-
HO ObITb HHTYWTHUBHO MOHATHBIM: €AMHCTBEHHBIN CMOCO0, KOTOPHIM ANTOPHTM
GenericSearch oGHapy>KMBaeT HOBblE BEPLIMHbI, COCTOMT B C/I€JOBaHHH MO MyTAM
n3s'.

Hampasnenne co coBoM «Kkorma» yTBepKIAaeT MeHee OueBHAHBIN daxT, yTo an-
NOpHTM GenericSearch HHYEro He NPOMYCKAET — OH HAXOAMT KaKAY0 BEPLIHHY,
KOTOPY!10 MOT 6bI 06HapyXHTb. B ciiyuae 3Toro HanpasneHHs Mbl OyIeM HCITOJB30-
BaTh JI0Ka3aTeIbCTBO OT MPOTHBHOIO. HalmoMHKM, YTO B 3TOM THIIE J0Ka3aTe/IbCTBA
Bbl HCXOINTE M3 NPOMUBONONOHCHO20 NOMYLIEHUA OTHOCUTEIBHO TOTO, YTO BbI
XOTHTE 10Ka3aTh, a 3aTeM CTPOHTE Ha 3TOM JONYLLEHHH TOCNIE0BaTENbLHOCTD JIO-
IHYECKH MPaBHIIbHBIX LIIArOB, KOTOPas 3aBEPLIAETCH ABHO JIOKHBIM (POPMabHBIM
yTBepKAeHHEM. Takoe NpoTHBOpeUHe Noapa3yMeBaeT, YTO JaHHOE JONYyLUEHHE He
MOXET ObITb HCTHHHbBIM, YTO M I0Ka3bIBAET HCKOMOE YTBEPXICHHE,

Htak, npeanonoxuM, YTo cylecTByeT nyTb U3 s B v B rpade G, HO aJIFOPUTM
GenericSearch KakHM-TO 00pa3oM IMPOITYCKAET €ro U 3aBepLIAETCH BepIIMHOMN v,
noMedeHHOR kak HepasselaHHas. [lycTs S C V obo3Hauaet BepuinHbI rpada G,
NOMEUEHHBIE KaK pa3BesaHHble anropuTMoM. BepuunHa s npuHagiexur S (no
NEPBOH CTPOKE anropuT™Ma), U BEpIIMHA V — HET (M0 MPUHATOMY AOMYILEHHIO).
[ToCKONLKY MyTb § ~ v MPOXOANT U3 BEPLIWHBI BHYTPH S B BEpLUMHY BHE S, TO MH-
HUMYM OJHO pebpo e MyTH HMEeeT OIHY KOHEUHYIO TOUKY u B S, W APYIYIO w BHE S
(Npy 3TOM € OPHEHTHPOBAHO K3 U B w B Clly4ae, eclii G ABNAETCS OPHEHTHPOBAH-
HbIM) (pHc. 8.4), Ho 3T0, Apy3bs MOH, HEBO3MOXHO: pedpo e OyneT NpHeMIEMbIM
1U1s oT60pa B LUMKIE while aropuTMa GenericSearch, H alrOPUTM He caaics Obl

' Ecnu 6bl Mbl X0TEH OBITL GoNee NEAAHTHYHBIMH, TO JOKA3AJIM 6b1 3TO HanpaBJI€HHE NO

HHAOY KUHH HAa YHCIIE uTepauuﬁ LHHKNa.
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W pa3Befas no KpaiHeil mMepe elle onHy BepltHHy! HeT HUKakoH NpHunHbL, No-
yeMy aJirOpHTM GenericSearch Mor Obl OCTAHOBHTBLCS Ha 3TOM 3Tane, U NO3TOMY
Mbl JOCTHINIM NPOTHBOPEYHS. DTO NPOTHBOPEUHE 3aBepluaeT A0Ka3aTe/NbCTBO
yTBepxaeHus 8.1. Y. m. 9.

npueMneMoe ANs passeablBaHUs!

S = pa3ssegaHHble BEPLNHb)

Puc. 8.4. fokasatenscteo yreepxaeHus 8.1. [1o Tex nop noka anroputMm
GenericSearch euwe He 06HapyXun Bce A0CTUXUMbIE BEPLINHBI, CyLLeCTBYeT
npuemnemoe pebpo, BAONL KOTOPOro OH MOXET pa3BeabiBaTh Aanblue

8.2. Mounck B LULMPUHY U KpaTyanlume NyTun

Jlasaiite yrnyGuMcs B Hally nepByl0 KOHKPETHYIO CTpareruio rpaoBoro nouc-
Ka — NOUCKA 8 WUPUHY.

8.2.1. BoicOKkOypoOBHEBaa naen

IMouck B LIMPUHY pa3BeAbIBAET BEPLUHHBI rpada closMH, B MOPAAKE YBENHUEHHA
PacCTOAHUA OT CTapToOBO# BeplIHHBL. Cnoil 0 COAePUT CTAPTOBYIO BEPLUHHY S
u Gonblue HUyero. Cnoit 1 npeacrasnseT coboil MHOKECTBO BEPLUWH, KOTOPbIE
HaxOHATCA HA pacCTOAHUM OAHOTO MEPEXOAA K3 S, TO €CTh COACPXKHT COCEnEii s.
DT0 BEepLUHHDI, KOTOPbIE MPKH MOHCKE B LUIKPHHY Pa3BEAbIBAIOTCA cpa3y Mocie s.
Hanpumep, B rpade Ha puc. 8.5 a n b Ana10TCA coceasaMn s n obpasytoT crioi 1.

B ofuwem ciayuae BepUIMHAME B CJIOE | ABAAIOTCA T€, KOTOPbIE COCEACTBYIOT
' Y. T 1.— 310 ab6peBuaTypa BoIpaXKEHH «YTO H Tpe6OBANOCH JOKA3ATh» OT JIATHHCKO-
ro quod erat demonstrandum (Q.E.D.). B mareMarnueckoi 3anHCH OHa HCNOJb3yeETCH
B KOHUE J0KA3aTe/IbCTBA, M TOTO YTOOBI OTMETHTB €10 3aBEpLUEHHE.
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C BEpIIHHOM B c0€ i — | ¥ KOTOpBIE Yike HEe IPUHALIeXKaT OAHOMY U3 cnoeB 0, |,
2, ..., i— 1. [Touck B LUMPHHY pa3Be/JbIBACT BCE BEPLUMHBI CJ108 § Cpa3y MocJe 3a-
BEPLIECHHS pa3BeabIBaHHs BepLUHH ciiof (7 — 1). (BepLunHbl, HEAOCTHXXHUMBIE U3 §,
HE MPHHAYIEXKAT HY ONHOMY cJiot0.) HanpuMep, Ha puc. 8.5 BepiunHamMu cnos 2
SBSIOTCA ¢ M d, TaK KaK OHH COCEACTBYIOT C BEpLIMHAMH CJ10s 1, HO caMH OHH
He npuHaanexar cioto 0 unu 1. (BepunHa s Takke sBISeTCA COCEAOM BEPILHHbBI
cros |, HO oHa yxe npunamnexut caoto 0.) [Mocneanuit crnoii rpada Ha puc. 8.5
COAEPXKHT TOJIbKO BEPLUHHY e.

“<€— cron 3

Puc. 8.5. Nouck B wupuHy o6HapyXvueaeT BEPLUNHLI CNOSMMU.
BepwuHbl cnos i ABNAIOTCA cocensMm BepwnH cnoa (i — 1),
KOTOpble He NOABAAIOTCA HA B 0AHOM Bonee paHHeM cnoe

TECTOBOE 3AJAHHE 8.1

PaccmoTpuM HeopueHTHpPOBaHHBII rpad ¢ n > 2 BepiurHaMu. Kako-
BO COOTBETCTBEHHO MUHHMAJIbHOE M MAaKCMMAJIbHOE YHCIIO pa3HbIX
CJI0€B, KOTOpble 3TOT rpad Mor 6bl HMETh?

a) lun—1
0) 2un—1
B) lun
ry 2un

(Pewuenve u moscHeHue cMm. B pasaene 8.2.6.)
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8.2.2. Ncespokoa ansa anropurma BFS

Peanun3aiuus TMHEHHO-BPEMEHHOIO NOKCKA B LUMPHHY TpedyeT NpOCTOH CTPYKTYphl
JAaHHBIX C AHCLUMIUTMHON AOCTYNa «NEPBLIM BOLUEI/NIEPBLIM BbILLEM), HIMEHYEMOH
oyepeowro, TToMCK B LUMPHHY MCTMONb3yeT O4epeAb AN TOrO, YToObl OTCIIEXKHMBATD,
KaKWe BepLUMHbI pa3BeAbIBATH Aaiblie. ECNN BbI HE 3HAKOMBI C OUEpEAAMH, TO ceiyac
caMoe BpeMsl MPOYHTATh O HUX B JIH0OOM BBOAHOM Kypce No NporpaMMHPOBaHHIO (WITH
B «Bukuneaunu»). CyThb ouepeau COCTOMT B TOM, UTO OHA NPEACTaBNseT COOOH CTpyK-
TYpY HaHHbIX, CNYXaLLylo A8 NOAAECPKAHHA CTUCKA OOBEKTOB, ¥ Bbl MOXETE YAaNATh
3/IEMEHTBI M3 € Hauasa U1 100aBUTL JNEMEHTDI B ee KOHELL 33 TOCTOSHHOE BpeMs .

BFS

Bxon: rpad G = (¥, E), npeAcTaBneHHbIH B BUAE CIIUCKOB CMEXXHOCTH,
H BeplHHa s € V.

nOCTyCJ'IOBHeI BCpLUMHA OOCTHXHMA H3 § TOrAA H TONbLKO TOraa,
Koraa oHa noMevcHa Kak «pasBc€aaHHas».

1) NOMeTHTb § Kak pa3seaaHHYIO BEpPLINHY, BCE OCTalbHbIE KaK He-
pa3BeaHHbIe

2) Q = ouepeab, MHHUMANIH3NPOBAHHAS BEPUIMHOMN §
3) while Q He sBnaerca nycroii do
4) YAQNUTb BEPLIMHY W3 Hayana (), Ha3BaTh €€ v

S) for xaxxaoe pebpo (v, w) B cnivcke cMeXHOCTH v do

6) if w He paszBenana then
7 NOMETHTb W KaK pPa3BeJaHHY1o
8) nobaBuThL W B KOHeLl O

' B03MOXHO, BaM HUKOTAa HE MOHAA00HTCA pean30BLIBATL OYEPEAb C HY/A, TAK KaK OHa
BCTpPOEHA B GOJTLIIMHCTBO COBPEMEHHBIX A3bIKOB MpOrpaMMHpoBaHHa. Ho ecin Takasd He-
06X0MMOCTb BO3HUKHET, TO BBl MOXKETE HCMIOAB30BATH ABYCBA3HbIA cNHCOK. JIH60 ecnn
Bbl 3apaHee 3HACTE MAKCHMATBHOE YHCNO OOBEKTOB, KOTOPBIE BhI, BO3MOXKHO, 3aXOTHTE
XpaHHTb (TO €CThb | V| B ciyqae BFS), To Bbl MOxeTe 060HTHCH MACCHBOM (PHKCHPOBAHHOH
JUTHHBI H TTAPOM HHACKCOB (KOTOPBIE OTCJIEXKNBAIOT HAYANO0 M KOHEL O4EpEaH).
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Kaxnas nrepauns uvkna while pa3BeablBacT oAHY HOBYIO BepLUHHY. B cTpoke 5
aropHT™ BFS nepedupaet Bce peGpa, HHUMAEHTHBIE BeplunHe v (ecnu G ABns-
€TCA HEOPHEHTHPOBAaHHBLIM) THGO Bee pebpa, nexoadume U3 v (ecnu G aBnseTcs
OpHeHTHpOBaHHbIM)'. HepasBenaHHbie coceau BepLIHHBI v 100aBIAIOTCS B KOHELl
odepeay M MOMEYaloTCs Kak pasBeJaHHble; cO BpeMeHeM OHH OyayT o6paboTaHsl
B IOCJIEAYIOLIMX HTEPALMAX AJINOPHTMa.

8.2.3. Npumep

JlaBaiiTe NOCMOTPHM, Kak Halll nceBRokon paboTaet ans rpada Ha puc. 8.5, npo-
HYMEpOBbIBas BEpIUMHbI B NOPAJKE UX BCTaBKU B ouepedb (paBHLIM 00pa3oM,
B MOpsJke UX pa3BeAbiBaHus). CTaproBas BeplUMHA § BCeTAa ABNAETCA NepBoi
pa3BeasiBaeMoid BepLunHOH. [lepeas urepauus uMkia while H3Bnekaer s U3 ouepe-
Iu Q, a nocnexytoluid uukn for npoeepsiet pebpa (s, a) v (s, b) B 11060M nopsake,
B KOTOPOM 3TH pebpa NOABNAIOTCA B CIIUCKe CMEXKHOCTH s. [TocKoNbKY HU @, HH b
He NOMeYEeHbI Kak pa3BelaHHble, 00a BCTaBNAOTCA B ouepeab. [1peanonoxum, 4to
pebpo (s, a) NOABUIIOCH NEPBLIM, U MOITOMY @ BCTaBnsercs nepen b. Texyluee co-
cTosHHUe rpada 1 ouepean Tenepb OyIeT cCleAyOLUM!

rpaHuua

Ha4ano o4epeau yXe yaanexo

[0 [a X

cocTosHue o4epeau Q

Creayrouias MTepauqs UMKNA while M3BNEKaeT BEPLIMHY g M3 Hayana ouyepenu
M paccMarpuBaeT ee MHUMAEHTHbIe pebpa (s, @) 1 (a, ¢). OHa nponyckaeT nepBoe U3
JIBYX MOCJIE TOTO, KaK NEPENPOBEPHT, HTO § yXKE NOMEYEHA KaK pa3BeJaHHas, U J0-

' 3TO MIMEHHO TOT LA, Ha KOTOPOM OUYeHb YAOGHO HMETb BXOAHOM rpad), peAcTaBIeHHbIR

IOCPEACTBOM CITUHCKOB CMEXHOCTH.
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6aBnseT (paHee Hepa3BelaHHYIO) BEPLIHHY ¢ B KOHewL ouepeau. TpeTbs HTepauus
M3BJICKAET BEPLIHHY b U3 Hayana ouepelH M J00aBnseT BEpIUMHY d B KOHeL (Tak
KakK § U ¢ y)Ke NoMeueHbl kak pa3BedaHHble, OHH IponyckawoTcs). HoBas kapTHHa
UMeeT clieyoui BUa:

rpaHvya

Havano ovepeau yXe yaaneHo

Lo [e Do)

cocTosHue odepeav Q

Ha ueTBeproii HTepauuy BeplinHa ¢ yaanseTcs u3 Hauana ouepeas. M3 Bcex ee co-
celleii BeplUHHA e ABNIAETCA eJMHCTBEHHOM He BeTpevaslueiics panee, 1 oHa Oyaer
nobaaneHa B koHell ouepeau. ITocnenHue ABe UTEpaLMH U3RIEKAIOT d, H 3aTeM e
13 OuepeH M NePEnpOBEPAIOT, YTO BCE UX COCEAM yxe pazBelaHbl. Ouepelb 3aTem
CTAHOBHUTCA MYCTO#, U ANITOPUTM OCTaHaBNUBaeTcs. BeplivHbl pazBeabIBaNHCh
B MOPAAKE PACIOJIOXKEHHS CJIOEB, NPU 3TOM BEPLUMHBI COSA i ObUTH pa3BelaHbl
cpazy nocie BepiinH cnos (i — 1) (puc. 8.6).

cnoi 1

a) Nopnaaok passeaiBaHUA 6) Cnoun

Puc. 8.6. B no1cke B LUMPUHY BEPLLMHBLI CNOA | pa3eeAabiBaIOTCA Cpa3y nocne
BepLUMH cNnon (i — 1)
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8.2.4. NMNpaBUNbHOCTb ¥ BPpEeMS BbINOSIHEHUNA

[Touck B LIMPHHY O0OHAPY>KHMBAET BCE BEPLUMHBI, JOCTHXHMbIE U3 CTApTOBOH BEp-
LIMHB, U BBIMOJIHAETCA 32 JIMHeHHoe BpeMs. bolnee yTouHeHHas rpaHHLa BpEMEHH
BBINOJIHEHHS B NpUBeAeHHONH HUke TeopeMe 8.2 (6) NpHroauTCs Ans HALEro JIH-
HEeHHO-BPEMEHHOIO aNropuTMa BBHIYMCIIEHHUS CBA3HBIX KOMIOHEHT (OMHUCaHHOTO
B pa3aene 8.3).

Teopema 8.2. (CBoticTBa aaropHT™a BFS.) [l Kax#c0020 HEOPUEHMUPOBAHHO20
aubo opuenmuposannoeo epaga G = (¥, E), npedcmasnennoco 8 6ude Chuckos
CMENCHOCMU, U ONA KAXCOOU CIMapmogol 8epuiutsl s € V:

a) no 3asepuienuu arzopumma BFS eepuwuna v € V nomevaemces kaxk pazge-
O0aHHAA MO20d U MONLKO Mo20a, Ko20a cyujecmeyem nyms U3 s 8 v 8 2pa-
de G;

»

6) spems pabomer arcopumma BFS pagno O(m + n), 20em = |E|un=|V
8) 8pems pabomel cmpox 2—-8 ancopumma BFS cocmasnaem
O(m, + n,),

20e m, u n, 0603HA4AOM COOMBEMCMBEHHO YUCIO pebep U 8ePUIUH, OOCMU-
oHcumblx u3 s 6 zpagpe G.

Hoxazamenbcmeso: 4acTb (@) CEXyeT U3 rapaHTHH yTBepxaeHus 8.1 and anroputMa
0600u1eHHOrO rpad)oBOTO NMOHCKA GenericSearch, YaCTHBIM CIIy4aeM KOTOPOTO
ABNAETCA aNroput™ BFS'. Yacte (6) cneayeT U3 4acTH (8), TaKk KaK COBOKYMHOE

! dopmansHO anropuT™ BFS 3KBHBANEHTEH BEPCHH anroput™a GenericSearch, rae

B KaX0H WTEpalli¥ UMKIA while NOCNeHEro ajiropuT™ BLIOHPaeT npuemaeMoe pe-
6po (v, w), A1a koToporo v Obia oOHapykeHa caMoli paHHeH, pa3peiBas CBA3H MEX Iy
npuemaeMbIMi pedpaMH BEPIIHHBI v B COOTBETCTBUH C UX MOPAIKOM B CITHCKE CMEX-
HOCTH 3TO# BEPLUMHbI. ECITH 3TO 3ByUYHT CIIHLIKOM CIIOKHO, TQ, KaK BAPHAHT, Bbl MOXeETE
NPOBEPHTE, HTO JOKA3aTENLCTBO YTBEPXKAEHHA 8.1 NOCIOBHO TaKkke cobnronaercs LA
NOKCKA B IHMPHHY. B MHTYHTHBHOM IUTaHe TIOMCK B WIMPHHY 00HapyKHUBAET BEPLIMHbI,
pa3BelbiBas MyTH TONBKO W3 §; 0 TeX MOP NOKA OH He Pa3BeJaeT KAKAYH BEPLIMHY Ha
NyTH, CIEaYIOIias BEpUIHHA HA JaHHOM MyTH No-npexHeMy OyleT HaXOAHTLCA B OYe-
peld, oxuaas JanbHeHIlero pa3pebiBaHHA.
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BpeMs paboThbl AIrOpUTMA BFS COCTOMT JIMLUBL U3 BpeMeHH paboThl cTpok 2-8 nntoc
BpeMeHH O (1), HeoOXOIUMOrO AN HHHLIMAIH3ALMH B CTPokKe 1.

Mbl MOXeEM I0Ka3aTh 4acTb (), HEMOCPEACTBEHHO 00PaTHBLLMCL K NCEBAOKOAY.
HWunuuanuszaums B ctpoke 2 3aHuMaer Bpems O(1). B rnaBHoM uunkiae while
ANNOPHTM BCTPEYAET TOJILKO 1, BEPLUHH, AOCTHXKHMBIX U3 5. [TocKonbKy HM OAHA
BEPILMHA HE Pa3BeAbIBAETCS JBAX/bI, KaX/1as Takas BepLUIHHA 10OaBnsAeTcs B KO-
Hell oYepean M yAANAETC W3 Hauyana odepeAd POBHO OavH pa3s. Kaxaas 3 aTHX
onepauwmii 3aHuMaet BpeMs O(1) — B 3TOM BECb CMbIC] O4EPENH KaK CTPYKTYpbl
JaHHbIX ¢ QUCUMIIMHON JOCTYNA «IEPBbIM BOLLEJ/MEPBLIM BbILLED», H NOITOMY
CYyMMapHOe KOJIMYeCTBO BPEMEHH, 3aTpaynBaeMoe B cTpokax 3—4 u 7-8, co-
crasnset O(n,). Kaxnoe uz m, pebep (v, w), ROCTHXHUMBIX U3 s, 06pabaTbiBaeTcs
B cTpoke S He 6onee ABYX pa3 — OAMH pas, KOraa pa3BeablBacTCA v, H OJHH pas,
xoraa pazeeabiBaetca w'. TakuM 06pa3oM, CyMMapHoe BpeMs, 3aTpayuBacMoe
B CTpokax 5—6, cocrapnser ((m_), a COBOKYNHOE BpeMs paboThl A1 cTpok 2—8
paBHo O(m +n). 4 m. 0.

8.2.5. KpaTuanwimu nyThb

Cao¥icTBa B TeopeMe 8.2 He ARNAIOTCA YHUKANbHBIMH /1 MOMCKA B ILHPHHY — Ha-
NpUMep, OHH TakKe COONMIOAAIOTCA A1 NOHCKA B IyOHHY. YHHKANILHOCTD aJITOpHT-
Ma BFS COCTOMT B TOM, YTO C NOMOLLLIO Napbl AOMOJHUTEbHBIX CTPOK HCXOAHOIO
KoJa OH 3P PeKTHUBHO BLIYHCIAECT PACCTOAHUS KpaTyaHluero nyTH.

MocranHoBKa 3aaaun

B rpade G mMbl ucnonb3lyeM obo3HaueHue dist (v, w) U HaHMEHBbLLIEro YHCa pebep
B NYTH U3 Vv B W (WM +00, eclid G He COAEPXXHT MyTH U3 v B w)2.

Ecnu G aBnsercd opHeHTHPOBaHHbIM rpagoM, TO NpH pa3BeablBAHHH €0 XBOCTOBOM
BEPLIMHLI KaXA0€e pedpo obpabarbiBaeTca He 6ojiee OAHOTO pa3a.

Kak 06e14H0, ecnu G SBSETCA OPHEHTHPOBAHHBIM, TO Bce pedpa myTH A0MXKHBI ObITh
npo¥aeHs! B NPAMOM HaNpaBieHHH.



8.2. MoUCK B WHUPHHY W KpaT4YanlLMe NyTu 57

3AJAYA: KPATYARLIMA NYTh (EAUHUYHBIE JJIHHbI PEGEP)
Bxo/1; HEOpHEHTHPOBAHHBIN UK OpHEHTUPOBaHHBIA rpad G = (V, E)
Y HayanbHas BepuIMHa s € V.

Buixon: dist (s, v) ANA Kaxa0# BepUIMHbI v € 1,

Hanpumep, ecau G — 310 QuiibMoBas ceTb U S — BEPLIMHA, COOTBETCTBYHOLLAsA
KeBuHy BeiikoHy, To 331a4a BbIMMCIEHHA KPATHAALIKX NyTeH KaK pa3s v ABIAETCA
3ajiaveii BLIYMCIIEHHS YKca belikoHa kaxaoro yuactHuka (pa3aen 8.1.1). Basosas
3ajaua noucka B rpage (pasnesn 8.1.3) COOTBETCTBYET HaCTHOMY Cy4ar0 HACHTH-
(huKallMK BCeX BEPLUMH V C pacCTOSHUEM dist (s, v) # +oo.

NMcespokon

JLnst Toro utoGbl BBIMHCIINTEL KpaTyaiiiie nyTH, Mbl A00aBiseM B 6a30BbIi anro-
pUTM BFS J1Be CTPOKH KOZa (TPUBEAEHHbBIE HUXKE CTPOKH 2 H 9); OHH YBEJIHYHUBAIOT
BpeMs paboThbl AIrOpUTMa Ha HeGobLIOH NOCTOsAHHDbIA MHOXHUTESD. [Tepsas cTpoka
HHULHAIH3UPYET NpeABapUTEIbHbIE OLUEHKH pACCTOSHHH KpaTuaiLuero nyTy sep-
wiiH — 0 a0 s ¥ +o0 NI JpYTUX BepLUUH, KOTOpbie MOTYT ObITh HEAOCTHKHMBI
Jaxe u3 5. Bropas cTpoka BbINMONHAETCS BCAKUI pa3, Korna BepliMHa w obHapy-
JKHBAETCS B MEPBbIH pa3, H BLIYMUCIAET OKOHYATENBHOE PACCTOAHME Kparyailuero
NyTH BEPLUIHHbI W KaK Ha OfHO OoJbliie, YEM Yy BEPLIMHBI v, KOTOpas Bbl3Bala
oOHapyeHHe BEPLUHHBI W.

JOIOJHEHHBIN MOUCK B WIMPUHY (AUGMENTED-BFS)
Bxoa: rpad G=(V, E), npeacTanieHHbIH B BUAE CIUCKOB CMEXHOCTH,
W BepllMHa s € V.

' CnosocoyeTaHHe «eAHHHWYHBIE JJTHHBI pe6ep» B NMOCTAHOBKE 3aaa4H OTHOCHTCA K O0-

nyu1eHuIo, uTo Kaxaoe pebpo G BHocHT 1 B JyIMHY nyTH. [T1asa 9 06061aeT anropurm
BFS 1/15 BBIYHCIIEHUA KpaT4yaliIux myTeii B rpadax, B KOTOPLIX Kaxaoe pebpo umeer
CBOIO COOCTBEHHYKO HEOTPHLATENbLHYIO IJIHHY.
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IMocTycaoBue: s Kax/I0i BEpLIMHBL v € V 3HaveHue /(v) paBHO
MCTHHHOMY PAcCTOSHMIO Kparyakiiuero nyTu dist (s , v).

l) NMOMETHUTD S KaK pa3BC¢AaHHYIO BEPLUHHY, BCE OCTAJIbHBIC KAK HE-
pa3sBCAaHHBIC

2) I(s):=0, [(v) = +oo nnd KKAOH V £ §

3) @ := ouepeb, UHUUHMATU3IUPOBAHHAS BEPLUMHOMN §
4) while Q He spnsercs nycroii do

5)  ynajiuThb BepLIMHY W3 Hayana {J, Ha3BaThb ee v

6) for kaxaoe pedpo (v, w) B CTUCKE CMEXHOCTH BEPIUMHBI v do

7 if w He pazeenaHa then

8) NOMETHTb W KaK pa3BeJaHHy0
9) Iw) =l(v)+1

10) n00aBUTh W B KOHeu

N R R A e O R LT R VT B A 01 B AR b e B AT LG 00 v fn iy F e

Npumep n aHanus

B Hawem npuMepe BbinonHeHUs (puc. 8.6) nepeas MTepaLus UK KIa while oGHapy-
XHBaeT BepuidHbl g U b. TIoCKoNbKY § HHHLIMMPOBaNa nx oOHapyxeHue u l(s) =0,
anroput™ Moaudbuuupyer (@) u /(b), MeHAs ux 3HaUYeHHUs ¢ +oo Ha 1:

rpaHuua

Ha4ano oyepean yxe yganeHo

cocTosHue odepeau Q
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BTopas utepauus UHkna while o6pabarbiBaeT BEPIUMHY 4, YTO MPHBOAUT K 0OHa-
PYXEHHIO ¢. AlropHT™ MoaHUUUpYeT /(c), MeHss ee 3HaYeHHe c + o Hal(a) + 1,
TO €CTb Tereph 3Ha4eHHe ANHHBI paBHO 2. CX0XHM 00pa3oM Ha TpeThei HTEPALHH
[ (d) umeeT 3na4eHue /(b) + 1, kOTOpOE Tak»e paBHO 2:

- rpanvua

o=t / e)=+w

Havano ovyepean Yxe yaaneHo

cocTosHWe odepean Q

YeTBepTas UTepalua 0OHAPY>KUBaeT QUHATLHYIO BEPIUHHY e Yepe3 BEPIUHHY ¢
M ycTaHaBnuBaeT /(e) paBHol 3HaueHuto /(c) + 1, koTopoe paBHO 3. Ha 3Tom
JTane ANA Kaxao# BepIUHHbI v /(v) pABHO UCTUHHOMY PAacCTOSHHUIO KpaTyaiiuero
nyTH dist (s, v), KOTOpOE Takxke paBHO HOMepy C€J10s, coaepkatuero v (puc. 8.6).
DTH cBOHCTBA COOMIONAIOTCA B 00LLUEM cllyuae, a He TOJIbKO 1S JJaHHOTO NpH-
mepa.

Teopema 8.3. (CroiicTBa aaropurma Augmented-BFS.) Jna kaxcoozo neopuen-
Mupo8anHo2o unu opuenmuposannozo epagpa G = (V, E), npedocmaenennozo 6 guoe
CRUCKO8 CMENCHOCMU, U ONA KAXCOOU cmapmogot sepuiunsl s € V.

a) no 3asepwenuu arzopumma Augmented-BFS 0na kaxcool gepuiunbl v € V
snauenue [(v) pasno onune dist(s, v) kpamuatiue20 nymu u3 s 8 v 8 2pa-
e G (nubo +oo, ecru marou nyme He cywecmeyem);

6) epems pabomel ancopumma Augmented-BFS pasno O(m + n), c0e m = | E|
un=|V|.

TMockoneKy aCHMNITOTHYECKOE BpeMs paboThI aIrOpHTMa Augmented -BFS AB/ISET-
CA TOYHO TaKUM Xe, KaK W y anropuTMa BFS, yacTh (6) TeopeMbl 8.3 cleayeT U3
rapaHTHHM BpeMeHH paboThl nocieanero (teopemMa 8.2 (6)). YacTe (a) BeITeKaeT
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U3 aByx Habmonenuii. Bo-nepBbix, BepLIMHEI v, TAe dist (s, v) = i, ABNAIOTCA
KaKk pa3 BeplIMHAMH B i-M cioe rpada — BOT NOYEMY MBI OMpPEAENUIH CIIOH
UMEHHO Tak, a He MHave. Bo-BTOPBIX, A8 KaX A0 BEPLIMHBI W ClI0 | anTOPUTM
Augmented-BFS B KOHEUHOM cueTe ycTaHaBnuBaer /(w) = i (Tak kak w o6Hapy-
»MBAETCA OCPENCTBOM BepLUKHBI v cnod (i — 1), rae {(v) =i — 1). [lna Bepiuuu
HHU B OJIHOM M3 CJIOEB, TO €CTh He JOCTHXUMBIX U3 s, Kak dist(s, v), Tak U [ (V)
paBHbl +0',

8.2.6. PewneHue TectoBoro 3anaHua 8.1

TpaBuabHbI 0TBeT: (r). HeopueHTHpoBaHHbIH rpad ¢ 7> 2 BEpLIMHAMH HMEET
He MeHee JIBYX CJI0eB U He Gonee n crnoeB. [1pu n> 2 He MOXeT ObITh MEHbLLIE ABYX
CNI0EB, MIOTOMY YTO § ABAAETCA eIMHCTBEHHOH BeplUHHOIA B cnoe 0. [TonHsle rpadsl
UMEIOT TOJIbKO JBa cios (puc. 8.7, a). He MoxeT 6bITh Gonbllie 7 CNOEB, Tak Kak
C/IOM He MepeceKaloTcs U COLEPXKAT Mo kpaiHeH Mepe OfHY BEPLIMHY Kakbii.
I'padbl nyTeii umetot n cnoes (puc. 8.7, 6).

Q

<

cnou 0 cnon 1 cnow 2 cnon 3

a) NonHbivi rpadch 6) NyTb rpada

Puc. 8.7. n-BeplunHHbIN rpad MoOXeT UMeTb OT ABYX A0 N Pa3HbiX CNoes

! Ecnu Bel XaxxaeTe Ooee CTPOroro A0Ka3arenbCTBa, TO BLIMOIHUTE €M0 — B YEAUHEHHH
JoMallHel 06CTaHOBKH — MO MHAYKUMH Ha YHCle HTepauuii LMKIa while, BLINOHAE-
MBIX AITOPUTMOM Augmented-BFS. B kauecTse albTepHaTHBEI TeopeMa 8.3 (a) saBnsercd
YaCTHBIM CJIy4aeM NPaBHILHOCTH AIOPHTMa Kparyaiitero nyTH JleAKkcTpel, kak Gynet
ZoKa3aHo B pasnene 9.3.
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8.3. BoiuncneHue cBA3HbIX KOMMOHEHT

B atom pasaene G = (V, E) Bcerna Gyaet 0603HayaTh HEOpHEHTHPOBaHHbIHA rpad.
Mpul oTnoxuM Gosiee COXHbIE 3aaul CBA3HOCTH B OPHEHTHPOBAHHbIX rpadax
Do pasgena 8.6.

8.3.1. CBA3HbIE KOMMNOHEHTbI

HeopuentupoBannslit rpad G = (¥, E) ectecTBeHHbIM 00pa3oM pacnafaeTcs Ha
YacTH, KOTOPbIE HA3LIBAIOTCA CBA3HBIMH KoMnoHeHTamu (puc. 8.8). Ecnn 6onee
(hopManbHO, TO CBA3HAA KOMITIOHEHTa — 3TO MaKCHMAJbHOE MOAMHOXECTBO S C V
BEpLUHH, TaK YTO CYLUeCTBYeT MyTb M3 JI000#H BepLIMHLI B S B Mi06YI0 ApYrylo
BeplUKHY B S'. HanpuMep, cBA3HbIE KOMIIOHEHTHI rpada Ha puc. 8.8 pasnsl {1, 3,
5,7,9},{2,4} u {6, 8, 10}.

Lenb 3TOr0 pasaena — NPUMEHUTS MOMCK B IUMPHHY JUTA BLIYUCIIEHUS CBA3HBIX
KOMIMOHEHT rpada 3a NuHelHoe BpeMsZ.

' Ewe 6onee GopManbHO CBA3HBIE KOMMOHEHTHI rpada MOryT OBITh ONMpEAENEHbl KaK
KAaccyl IKgUeANeHMHOCMYU OAXOALLETO omHouwenus akgueanenmnocmu. [ocnennune
06bIYHO pacCMaTpPHBAIOTCA Ha NEPBOM Kypce B TeMe GOpManbHbIX JOKA3aTeIbCTB WIH
No AMCKPETHON MaremaTHke. Omuouenue Ha MHOXeCTBE X OOBEKTOB M1 KXo
napbl x, y € X 00beKTOB ONpeaeseT, CBA3aHbl WK HET x H y. (Ecau 4a, To Mbl nuiieM
x ~y.) JIns CBA3HBIX KOMMNOHEHT COOTBETCTBY IoLilee OTHOLLEHHE (HA MHOXECTBE V) paBHO
V ~; W TOTJa M TOJNBKO TOTAA, Koraa B G CyIIECTBYET MyTh MeXAY v H w. OTHOLLEHHE
IK6UGANEHMHOCMY YIOBIETBOPAET TPEM CBOHCTBaM. Bo-nepBeix, OHO ABIAETCA pegh-
AEKCUBHbIM, IMES B BUALY X ~ X JUTA Kaxxaoro x € X. (YIoBneTBOPAETCA OTHOLLEHHEM ~;,
TaK KaK MycTod MyTb COEAMHSAET BEPILUHY caMy ¢ coboit.) Bo-BTOpbIX, OHO ABAseTCA
cuMMempuunbiM, TIPH 3TOM X ~ Y TOTAa H TONBKO TOTAA, Koraa y ~ x. (YaosneTsopseTcs
OTHOLLIEHNEM ~;, TAK Kak G ABIAETCA HEOPHEHTHPOBaHHEIM.) M HakoHeu, OHO sBaseTCA
MPaH3uMUEHbIM, UMES B BUITY, YTO U3 X ~ J U ) ~ Z BLITEKAET, UTO X ~ 2. { YAOBRIETBOPAETCH
OTHOLLIEHHEM ~, TAK KaK Bbl MOXKETE (CKIIEUTBY MyTh MEXIY BEPLIMHAMH 4 H v C IyTEM
MEXIy BEPLIHHAMH v U W H TEM CaMbIM MOTYYHUTh MyTh MEXKAY ¥ H w,) OTHOLIEHHE 3K-
BHBATIEHTHOCTH pa361BaeT MHOXKECTBO OOBEKTOB Ha KJ1aCChl IKBUBATIEHTHOCTH, IPHYEM
Kaxkabif 0OBEKT CBA3aH CO BCEMH 00bEKTaMH B CBOEM KJIACCE H TONIbKO ¢ HUMHU. Kiaccl
3KBHBAJIEHTHOCTH OTHOLLEHHSA ~,; MPEACTABNAIOT COOOM CBA3HBIE KOMMOHEHTEI G.

2 [lpyrue alropuT™bi rpad 0BOro MOUCKa, BKITHOUAs NMOUCK B ITyOHHY, MOXKHO HCONTB30BATh
IUTA BBIYMCIIEHHSA CBA3HBIX KOMMOHEHT TOYHO TaK Ke.
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Puc. 8.8. Npad c mHOXecTBOM BepwuH {1, 2, 3, ..., 10}
N TPU CBA3HbLIX KOMMNOHEHTb!

3ATAYA: HEOPUEHTHPOBAHHBIE CBA3ZHBIE KOMITOHEHTbDI
Bxoa: HeopueHTHpoBaHHbIH rpad G = (V, E).

Iean: onpeaenanTsb cBA3HbiC KOMMOHEHTHI rpada G.

Janee naBaiiTe ewle pa3 NpoOBEpHUM Ballle MOHUMAHHE OMpPEETICHHS CBA3BHBIX
KOMIOHEHT.

TECTOBOE 3AJAHHE 8.2
PaccMOTpHM HEOPHEHTHPOBAHHBIA rpag ¢ # BepLIMHAMH H m pebpa-

MH. Kakoe coOTBEeTCTBEHHO MHHHMAJIbHOE H MaKCHMAaJibHOE YHCIIO
CBA3HBIX KOMNNOHCHT 3TOT rpa(b MOXKET UMETh?

a) lun—1

6) lun

B) 1 1 max{m, n}
r) 2 nmax{m, n}

(PelieHue ¥ nosicHeHHe cM. B pasaene 8.3.6.)

A T A ik AT SRR IR 5 TN ST Bt PSS T L0 T e
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8.3.2. NpumeHeHun

CyuiecTBYeT HECKOIbKO NPUYMH, NOYEMY Bac MOFYT 3aUHTEPECOBaTb CBA3HbIE
KOMNOHEHTHI rpada.

O6napyxenne ceTeBbIX c60eB. OIHUM M3 OYEBHIHBIX NPHUMEHEHHH ABNAETCA
NpoBepKa Toro, Oblja W OTKIOYEHA CEeTh, Takasd Kak JOPOXHaA WM KOMMYHHUKa-
LIHOHHAA CETb.

Bmya.umauml AaHHBIX. Elle onHo NPHMCHCHHE HAXOAUTCH B obnacTu BU3yaJIn-
3auHH rpa(boa — €CJIH Bbl NbITACTECH HAPDHCOBATb U1K HHBIM 06pa30M BH3yaJIu-
3UpOBATH rpa(b, TO pasyMHO NpEANOJIOKNTb, YTO Bbl 3aXOTHTEC OTO6p83HTb pa3HbIC
KOMMNOHECHTLI pa3ac/ibHO.

Kaacrepusauus. [Ipeanonoxum, y Bac ecTb KOJUIEKUHS 06BbEKTOB, KOTOPblE
HMEIOT A4 Bac 3HaYeHHe, NPH ITOM KaxkJas napa aHHOTHPOBAHA KaK CXOKHUH HITH
HecxoxHil. HanpuMep, o6bektamMu MOTyT ObITb JOKYMEHTBI (IIPOCMOTPEHHbIE
Be6-CTPaHH bl MM HOBOCTHbBIE PEMOPTAXKH), PH 3TOM CX0XHe 0OOBEKTLI COOTBET-
CTBYIOT [IOYTH NOBTOPSAIOIMMCS AOKYMEHTaM (BO3MOXXHO, OTIHYAIOLIMMCS TOJIbKO
BPEMEHHBIM LITAMIIOM MM 3arojioBKoM). JIH60 o6bekTaMy MOTyT ObITh F€HOMBI,
TIpHYEM [Ba FeHOMa CUUTAIOTCS CXOXKHUMM, €CNTH MaJloe YHCII0 H3MEHEHHI MOXeET
TpaHC(HOPMHPOBATL OIHO B PYro€.

Tenepb chopMHpyeM HeopHeHTHPOBaHHbIi rpad G = (V, E), BepiuMHbI KOTOPOro
COOTBETCTBY10T 00beKTaM, a pebpa — napam cxoxux 0GbeKToB. MHTYHTHBHO KaX-
Jlast CBA3HAA KOMIMOHEHTA 3TOr0 rpada npeacrasnseT coboi MHOXECTBO 0OBEKTOB,
KOTOpbIE MMEIOT Mexay coboi MHoro obutero. Tak, ecan o0bekTaMK SABRAAIOTCA
NPOCMOTPEHHBIC HOBOCTHbBIE PEMOPTAXKH, TO MOXHO OXKHAATh, YTO BEPLUHHbI CBA3-
HOH KOMIMOHEHTbI Oy Ty T BApHAUMSIMH TOTO XK€ CAMOT0 PENOPTaXka, COOOIEHHOTO Ha
apyrux Be6-caiitax. Ecnu o6bexraMu SBASIIOTCA reHOMBI, TO CBA3HAA KOMIIOHEHTA
MOXET COOTBETCTBOBATb Pa3HbIM 0CO0AM, NPUHAAJEKALIMM K OJHOMY BHAY.

8.3.3. Anroputm UCC

BblukcneHue cBA3HBIX KOMIOHEHT HEOPUEHTHPOBAHHOTO rpada Nerko CBOAUTCA
K MOHMCKY B iLIMPHUHY (MW ApPYTHMM &ITOpHTMaM NOMCKa B rpade, TakUM Kak Mo-
uck B my6uHy). Uaeq cocTout B TOM, 4T0OBI MCNONB30BaTh BHEIHHUH LMK A7
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BbINOMHEHHS 0aHOro 00X0a BEPLUKH, BbI3bIBast AITOPUTM BFS B KaueCTBE MOANPO-
rpammbl BCAKHIi pa3, KOraa alrfoOpUTM BCTPeYaeT BEPLUHHY, KOTOPYIO OH HHUKOTIa
He BCTpeya paHblue. DTOT BHEWHHUI LMK FapaHTHPYET, YTO AaHHbI anropHT™
3arIAHET Ha KOKAY0 BEPLUMHY XOTH Obl OAMH pa3. BepLunHsl HHHLHANH3HPYIOTCA
KaK Hepa3BeJaHHbIE HE BHYTPH BbI30BA aNropHTMa BFS, a nepel BHELUHHM LIMKJIOM.
JlaHHbI# anropuT™ TaKxe NOANEPXKHUBAET none cc(v) AN KaKAOH BEPLIHHbI v,
4yT0ObI MOMHHTb, KAKaA KOMMOHEHTa CBA3HOCTH COAEPWHT 3Ty BepluHHy. Mnen-
THPUUMPYA KDKYI0 BEPLUMHY MacchBa V ¢ ee MoNoXeHHEM B MacCHBE BEPLLHH,
Mbl MOXEM AONMYCTHTb, YTo V' = {1,2,3, ..., n}.

UCC

Bxoa: HeopueHTHpoBaHHblH rpad G = (V, E), npeacraBneHHbl
B BHJIE CTTHCKOB CMEXHOCTH, rae V= {1,2,3, ..., n}.

TMocTycaoBHue: Ans kaxaod u, v € V, cc(u) = cc(v) TOTAa U TONbKO
TOr/1a, KOT/la ¥, v HaXOAATCA B OJ{HOM U TOM e CBA3HOH KOMITOHEHTE.

NMOMETHTb BCE BEPLUMHBI Kak HEpa3BeJaHHbIE
numCC =0
fori:=or 1l nondo // nepebpaTb BCe BepuMHbl
if i He pazBenaHa them // w36exaTb W36LITOUHOCTH
numCC :=numCC+ 1 // HOBan KOMNOHEHTa
// Bwi3BaTb anropuwT™ BFS, HauuHaa c i (cTpokn 2-8)
Q = ouepelb, HHHUMANH3UPOBAHHAA 3HAYCHHEM |
while O He aBnserca nycToii do
yAQINTb BEPIIMHY W3 Hayana (J, Ha3BaTb e¢ v
cc(v) == numCC
for kaxaas (v, w) B CITUCKE CMEXXHOCTH BEPLUHHBbI v do
if w He pa3Benana then
NOMETHTBb W KaK pa3BelaHHY10,

Jno6aBUTbL w B koHeU O
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8.3.4. Npumep

IlpocneauM BbiNOAHEHHE anropuT™a UCC Ha rpade (pHc. 8.8). JlaHHblii anroputm
nomMeyaeT Bce BEPLIMHbI KaK Hepa3BelaHHblE W 3aMycKaeT BHELIHWHA LUK for
C BeplUHHOM 1. DTa BepLUHHa paHee He BCTpeyanach, NO3TOMY JaHHbIH ajirOpUTM
BbI3bIBAET U3 HEE NMOANPOrpamMMy ¢ anroputMoMm BFS, Tlockosbky moanporpaMma
BFS HaxOAMT BCe AOCTHIKUMOE M3 CBOE# CTapTOBOM BepLUMHbI (TeopeMa 8.2 (a)), oHa
oOHapy>XuBaeT Bce BeplUMHBIB {1,3, 5,7, 9} U ycTaHaBINBAET UX 3HAYEHUS CC, paB-
HbIMHU 1. OIMH U3 BO3MOXCHBIX NOPALKOB Pa3BeAbIBAHUA UMEET CleAYIOLIHI BUA:

# #2

HEepa3BenaHHan

Hepa3penaHHan  HepasseaaHHas e

HepalseaHHan HepalsefaHHas

CBA3HaA KOMNOHeHTa #1

Ilo 3aBepleHHH 3TONO BbI30Ba NOANPOrpamMMbl BFS BHELUHHH LMK for JaHHOTO
ANrOpUTMa NPOAOIXKAET BbINOIHEHUE H PACCMATPHBAET BEPLUMHY 2. DTa BEpLUMHA
He 6bl1a 06HapyeHa npH NepBoM BbI30BE MOANPOrpaMMbl BFS, MO3TOMY NOANPO-
rpaMma BFS BbI3bIBa€TCs CHOBA, Ha 3TOT pa3 ¢ BEPLUUHOM 2 B KaUeCTBE CTAPTOBOH
BepLunHbL. [Tocne obHapy>xeHUs BepLUKH 2 U 4 (M YCTAHOBKH HX 3Ha4Y€HHii cc paB-
HBIMH 2) 3TOT BBI3OB MOANPOrpaMMbl BFS 3aBepLUIaeTCs, H alrOpUT™ UCC BO30OHOB-
JAET CBOH BHELHHM LUK for. BeTpeuan nu 9ToT alropuT™ BepLUMHY 3 paHblue?
Ja, Bo BpeMsa NepBOro BbI30Ba MOANPOrpaMMbl BFS. A Kak HacueT BEepLUMHbI 47
CHoBa Aa, Ha 3TOT pa3 BO BTOPOM BbI30BE MOANpPOrpaMMbl BFS. A BepluHHa 5?
Bbin TaM 1 caenan 310 Bo BpeMs MEPBOro BbI30Ba NMOANpPorpaMmsl BFS. Ho kak
Hacuer BepLUHHbl 67 HU 01MH U3 NpeablaylUX BbI30OBOB MOANPOrpaMMeI BFS He
00Hapy><un 3Ty BepIUHHY, NO3TOMY NOANpPOrpaMma BFS BbI3bIBAETCA CHOBA C Bep-
LUMHOI 6 B KauecTBe CTApTOBO#H BEPLUMHBL. DTOT TPETHH BbI30B NOANPOrpamMMbi BFS
0OHapy>HBaeT BepLUHHBI B {6, 8, 10} ¥ ycTaHaBIHBaeT 3HaYEHHUS cC PaBHBIMH 3.

Hakonen, anroput™ BepHpHuHpyerT, uTo ocTaBluMecs BepLnHbl (7, 8,9 u 10) yxe
pa3BeAaHbl, H OCTAHABIIHBAETCA.
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#8
#6 #7 e
cBA3Han o m

KOMNOHEeHTa #2 49 #10

cBA3HAA KOMNOHeHTa #1 CBA3IHAA KOMNOHEHTa #3

8.3.5. NpaBunbHOCTb U BPpEMS BbIMOSTHEHNUS

ANTOpyTM UCC NPaBU/ILHO BLIYUCIISET CBA3HbIE KOMIOHEHTb! HEOPHEHTHPOBAHHOTO
rpada 1 Aenaer 3T0 3a IMHEHHOoe Bpems.

Teopema 8.4. (CsoiicTBa aaroputma UCC.) [ kaxcoo2o HeopueHmuposaniozo
epagpa G = (V, E), npedcmagnennozo 6 8U0e CRUCKOB CMENCHOCIU:

a) no sasepwuenuy anzopumma UCC 01 kaxcooul napwl u, v sepuiun cc(u) =
= ¢cc (V) mozoa u monbko moeoa, Ko20a U U v npuRaonexcam oOHou u mou
e ces3nol komnonenme cpaga G;

6) epems pabomur anzopumma UCC pagno O(m + n), 20em = |Elun=|V|.

Hoxazamenocmeo: B LeNAX 10Ka3aTeNbCTBA NPaBUNbHOCTH U3 NEPBOrO CBOICTBA
NOKCKA B LWHUPHHY (Teopema 8.2 (a)) BbITEKAET, YTO KaXK/1blil BbI30B NOANPOrPaMMbI
BFS CO CTapTOBO#H BepIUMHOI | 0OHApPYXUT BEPLUIMHbI B CBA3HOI KOMIOHEHTE BEp-
LIMHBI i U He Donee Toro. ANropuT™ UCC AaeT 3THM BepLUMHaM obLiee 3HaueHHe cc.
[MockonbKy HM OfiHa BEpLIMHA HE pa3BeAblBAETCA ABAX/bI, KOKAbIH BbI30OB MOA-
nporpaMmbl BFS HAEHTHPULMPYET HOBYIO CBAZHYIO KOMITOHEHTY, TPUUYEM KaKas
KOMMOHEHTa UMeeT Apyroe 3HaueHue cc. BHewHud uukn for rapaHTHpyeT, 4To
Kak/Aas BepllMHa OyaeT nocetieHa XoTs Obl OIMH pa3, NO3ITOMY JaHHbLIA aNropUT™
00HAPYXUT KOKAYIO CBA3HYIO KOMIIOHEHTY.

I'patiMLia BpEMEHH BbINONHEHHA CNIEAYET U3 HaLIero YTOUHEHHOMO aHaMH3a BPEMEHH
BbINO/IHEHHA anropuT™a BFS (TeopeMa 8.2 (8)). KaxabiH BbI30B noanporpamMMbl BFS
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M3 BEPLUHMHBI i BLIMOMHAETCA 3a BpeMa O(m, + n), rae m, U n, 0003HAYAIOT YUCIIO
pebep U BeplLIMH B CBA3ZHON KOMIMOHEHTE | COOTBETCTBEHHO. [TockonbLKy noamnpo-
rpaMMma BFS BbI3bIBAETCA TOMBKO OIMH Pa3 ANA KaKAOH CBA3HOH KOMNOHEHTHI
M K&Xaas BeplIMHA UM pebpo rpada G yuacTByeT pOBHO B OJHOH KOMITOHEHTE,
00beJMHEHHOE BpEeMs BBINMOJIHEHHA BCEX BbI30BOB MOANPOrpaMMbl BFS paBHO
O, m + % n)=0(m+ n). Uauunanusauus 1 JONONHUTENbHAA ClyXkeOHas
paboTa, BLINONHAEMbIE ANMOPUTMOM, TPeOYIOT TONLKO BpeMeHH O (71), MOITOMY
¢uHanbHOE BpeMs BbINONHEHUS paBHO O(m + n). Y. m. 0.

8.3.6. Pewuenune vrectoBOro sanaHma 8.2

IIpasuabHblii otBeT: (6). ['pad ¢ oaHo# cBA3HONH KOMNOHEHTOH — 3TO rpad,
B KOTOPOM Bbl MOXKETE MOMacTh U3 Moboro Mecrta B kakoe-nubo apyroe. ['padibt
nyTe# v nonueie rpadbl (puc. 8.7) ABNAIOTCA ABYMs TakuMH piuMepamu. C apyrof
CTOpOHbI, B rpade 6e3 pebep kakaas BepllMHA HAXOAUTCA B CBOeil coOCTBEHHOIH
CBA3HON KOMMOHEHTE, KOMX B 001LeH CNOXHOCTH 1. CBA3HBIX KOMIOHEHT HE MO-
XeT ObITh OONBLLE /1, TAK KAK OHH HE NEPECEKAIOTCSA U KAXKAAA COAEPXKHT XOTH Obl
OIHYy BEpLIHHY.

8.4. Nownck B rnybumHy

3ayeM HyxkHa ellle oaHa cTparerus rpagoBoro noucka? B koHle KOHUOB, MOKCK
B WHPHHY BBINIAMT MOTPACAIOLINM — OH HAaXOJAMWT BCE BEPIUMHBI, JOCTHXHUMbIE
M3 CTapTOBO# BepILHHBI 33 THHENHHOE BpeMs, U MOXET AaXe M0 XOAY BbIMHCIATh
PacCTOSHHUSA KpaTyaiLIero nyTH.

CyuiecTByeT elle 0oJHa JIMHEHHO-BpPEMEHHas cTpaTterus rpagoBoro noucka —
noucx @ 2nybuny (DFS), koTopas cONpoOBOXIAeTCS CBOUM COOCTBEHHBIM Brie-
YaTIAIOLUIMM KaTanoroM MpUMEHEHHH (elle He OXBaYeHHbIX cTparerueit MoMcka
B WIHPHHY). Hanpumep, Mbl YBUAHM, KaK MCIIONb30BAaTh NOUCK B rNyOMHY ANs
JIMHEHO-BPEMEHHOIO BbIYHCIIEHHS TOMOIOTHYECKOTO YNOPAAOYMBAHHSA BEPLUIMH
OPHEHTUPOBAHHOIO ALMKIMYECKOTO rpada, a TakKe CBA3HbIX KOMIOHEHT (COOT-
BETCTBEHHO ONpeAEICHHbIX) Ha OPHEHTHPOBAHHOM rpade.
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8.4.1. Npumep

Ecnu nouck B LUMPUHY MpeACTaBnseT co0oi CTpareruio OCTOPOXKHOIO pa3selbi-
BaHus rpada, To Nouck B MyOHHY sBNAeTcs ee 6onee peLuMTENLHLIM POACTBEHHHU-
KOM, BCET/la pa3BeAblBalOLINM, HAXOAALMMCA B caMoii nocneaHed o6HapykeHHOi
BEpLUUHE U OTCTYNAKOLUMUM TONLKO NPH HEOOXOAWMOCTH (HanpuMmep, pa3Beanipas
nabuprHT). [pexae ueM Mbl ONHLLIEM NONHBIA NICEBAOKOA AJ1S anropuT™a DFS, no-
ACHUM, kaK OH paboTaeT, Ha TOM e paboueM npuMmepe, KOTOPbIi HCNONBL30BAJICSA
B pa3aene 8.2 (puc. 8.9).

Puc. 8.9. Pabouunii npumep noncka B rnybunHy

Kak v anroputm BFS, anroputM DFS noMeyaeT BEPLIHHY Kak pa3BeAaHHY!O B nep-
Bblii pa3, koraa oH ee oOHapyxuBaeT. [TockonbKy OH HAYMHAET CBOE pa3Be/biBAHHE
B CTapTOBOH BepluMHe s Ang rpada Ha puc. 8.9, nepsas UTepauus anropHTma DFS
pasBeabiBaeT pebpa (s, a) U (s, b) B nobom nopsake, B KOTOpoM 3TH pebpa noss-
NAKOTCA B CMIUCKE CMEXHOCTH §. [IpeaAnonoknM, cHauana nossiIseTcs (s, a), 4to
NPUBOAUT AJIFOPUTM DFS K 0OHAPYKEHHIO BEPLLHMHbI d, KOTOPYIO OH MTOMEYAET Kak
pasBeaaxHyio. Bropas utepauus anroput™a DFS — 3TO HMEHHO TOT 3Tal, [ae OH
PacxoaUTCA C aIrOPUTMOM BFS, — BMECTO TOrO 4TOOLI pacCMaTpUBaThL CAENY -
wero coceaa b BepLunHbL s B coe |, anropuT™ DFS HEMEAIEHHO NEPEXOAMT K pa3-
BeAbIBaHHIO coceleii BepLuHHbl a. (Co BpeMeHEeM OH BEPHETCS K pa3BEAbIBAHHIO
(s, b).) Bo3MOXHO, U3 BEpLUHHbI @ OH CHAauajla NPOBEPHUT BEPLUUHY s (KoTOpas
yXe MoMeueHa Kak pa3BelaHHas), a NoTOM 0OHapYXHT BEpLUMHY c, H3 KOTOpO#
OH BUHETCS Aanblue:
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rpaHuua

3areM anropuT™ DFS B HEKOTOPOM MOpAAKE CNEN0BaHHA MpoBepseT coceaeit
BEPLUHHBI ¢, CAMYI0 NOCIEAHIO O0HapYKEHHYIO BepluMHy. Paau uHTepeca
NPEeANONOKMM,UTO aNTOPUTM DFS cieayiolleii o6HapyXKuBaeT BEpLIHHY d, 3a
KOTOpO# cneayer e:

oTclopa
HYXHO
- OTCTYMUTL

rpanvua

N3 BepLuyHbI ¢ aNropuT™Y DFS HATH Hekyna — o0a cocella BEpLUMHbI e yxke [10-
MeYeHbl Kak pa3BelaHHble. ANrOpUTM DFS BBIHY)KAEH OTCTYTHTDb K MPEAbIAYLUEH
BepLUKHE, 8 UMEHHO K BepLIHHE d, B BO30OHOBHTL pa3BebIBAHHE OCTANIbHBIX CBOMX
coceneii. U3 d anroput™ DFS 06Hapy>KHT GUHAJIbHYIO BEpPLIHHY b (BO3MOXHO, M0-
CJle TPOBEPKU BePLUMHBI ¢ H 00HApYKEeHUs, YTO OHA NTOMEYEHA KaK pa3BeAaHHas ).
Haxonsce B b, KOCTALIKH JOMHHO ObICTPO ONPOKKABIBAIOTCA. AIrOPUTM DFS 06-
HapYXXUBaET, 4TO BCE COCEAHU BEPLIMHBI b yxe pa3BedaHbl, H OH JOMKEH BEPHYTHCA
K paHee noceLleHHOM BepLUKHE, KOTOPO# sBnseTcd BeplurHa d. CxoxuM o6pasom,
MOCKOJBKY BCE OCTaJIbHLIE COCeau d yke ITOMeueHbl Kak pa3BelaHHbIE, AITOPUTMY
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DFS HeoOXOAMMO NepeMoTaTh Ha3all, BEPHYBLUUCH B BEPLUMHY c. ANTOPUTM DFS
3aTeM OTCTYMaeT elle Ha OIHH wwar (nocje NPOBEPKH, YTO BCE OCTANIbHBIE COCENH
BEPLUIHHBI ¢ MOMeUeHbl KaK pa3BefaHHbie), U 3aTeM K BeplinHe s. Hakoneu, oH
OCTaHaBIUBAETCA, M0C/e TOrO KaK NPOBEPUT OCTaBLIErOCA COCEAA BEPLUHHDI ¢ (TO
ecTb b) U OOHAPYXKHT, YTO OHa NOMEUEHa KaK pa3BelaHHas.

8.4.2. Ncespokon ana anropntma DFS
UTepaTnBHan peannsayns

OnuH U3 cNOCO60B peaTU3aLlMy ArOpUTMa DFS 3aKTI04AETCs B TOM, YTOObI Ha4aThb
¢ MCXOQHOIO KOAa AN BFS M BHECTH JiBa M3MeHeHMs: (i) NOJACTaBHTb CTEKOBYIO
CTPYKTYpY NaHHbIX (TO eCTb C IUCLHTITHHON A0CTYNa «NOCeAHUM Bowwen / nep-
BbIM BBbiLLIEN») BMECTO OuepenH (To eCTh C AUCLUMNIIMHON JOCTYMNa «NepBbIM BO-
wen/nepBbIM BblleN»); U (ii) OTNOXUTL NPOBEPKY TOTO, 6bia X BEPLIHHA YXKe
pasBejiaHa, TOJILKO MOCNE ee YAaneHHs U3 3TOil CTPYKTYPbl AaHHbIX -2,

DFS (MTEPATUBHASA BEPCUA)
Bxon: rpad G =(V, E), npeAcTaBIEHHbII B BUZE CTIHCKOB CMEXXHOCTH,

1 BeplUUHa s € V.

HOCTyCJ'lOBHe: BE€pLIHHA NOCTHXHWMA H3 § TOTAA H TOJILKO TOrAQ,
KOraa oHa NoMeYECHa KaK «pa3BEeaaHHas.

MOMETHTb BCE BEPLUMHBI KK HEpa3BeJaHHbIE
S := cTek, MHULMANTN3UPOBAHHbIH BEPLUMHON §

while S He aBnserca nyctbim do

! CTek — 3TO CTPYKTypa AaHHBIX ¢ AUCLMIIMHON 0CTYNA «NOCNeAHHM BOWIEN / MepPBbIM

BbILEN», NOAOOHAS TEM CTONKAM MOJHOCOB, KOTOPBIE MOXHO YBHICTL B KadeTepHu,
06BIMHO H3y4aeMas Ha NepBOM Kypce MporpaMMHpOBaHHA (HapAdy C OuepeasiMH,
CM. CHOCKY Ha €. 52). CTek noaaepXHBaeT CHcok 06bEKTOB, H Bbl MOXeTe A06ABATH
00BbEeKT B HaYaJlo CNHCKa («push» — 3aTONKHYTb) WM YAAIATL €ro U3 Havana CrM-
cKa («pop» — BBITONIKHYTh) 32 NOCTOAHHOE BPEMS.

2 Byaer v aNropUTM BeCTH cedd Tak e, eclTi Mbl BHECEM TONBKO NepBOE H3MeHEHHe?
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YAQTUTE (BBITONKHYTb) BEPLUMHY V U3 MON0BbI cTeka S
if v He pa3BenaHa then
NOMETHTL V KaK pa3BelaHHYIO
for xaxcaoe pebpo (v, w) B CTUCKe CMEXHOCTH BepLUUHbI v do

100aBHTb (BTONKHYTb) W B MOJIOBY CTeka S

Kak o6bluHO, pebpa, o6pabaTbiBaeMble B UMKAE for, ABNSIOTCA peGpaMH, HHUM-
JOeHTHBIMH v (ecu G ABASETCA HEOPHEHTHPOBaHHbIM rpagom), nHbo pebpam,
UCXOIALMMHU U3 v (ecnu G ABASETCS OPUEHTHPOBAHHBIM rpagiom).

Hanpumep, B rpacde Ha puc. 8.9 nepsas UTepallus UMKIA while anropuT™a DFS Bbl-
TaNKHBAET BEPLUMHY § U MOMELLAET €€ JByX COCeleH B CTEK B HEKOTOPOM MOPsAKE,
ckaxeM, b nepsoii 1 a Bropoii. [lockonbky a Obiia nocnenHeil NOMELEHHON B CTeK,
OHa siBAseTCs NepBoH, koTopas OyAeT BLITOAKHYTA Ha BTOPOH WTEpaLHH UHKNA
while, 3TO NPUBOAMT K TOMY, YTO B CTek OyyT NOMELLEHb! BEPLIHHBI S H C, CKKEM,
CHavana c. Bepuwuna s BLITaNKHBAeTCs Ha CeyOLLeH UTepaLHH; alTrOPHTM €€ Npo-
NYCKaeT, MOCKOJbKY OHa YiXe NMoMeveHa Kak pa3BefaHHas. 3aTeM BbITAIKHBAETCS
¢, ¥ Bce ee coceau (a, b, d U e) 3aTanKUBAIOTCA B CTEK, NPUCOEAUHAACH K IEPBOMY
BXOXKAEHHIO b. Ecnu d 3aTankuBaeTca nocaeaHeii, a Takxe b BbITANKHBAETCS Nepef e,
Koraa d BbITANKHBAETCS Ha Clieyole Tepaliii, TO BOCCTAHABRIMBAETCS NOPAAOK
pa3BexbiBaHusA U3 pasaena 8.4.1 (kak Bbl MOXeTe yOeaMThCs CaMH).

PexypcvBHan peanu3lauusa

[Mouck B rnyGuHY TaxKe MMEET 3JIeraHTHYH) PEKYPCHBHYIO peaid3aumio’.

DFS (PEKYPCUBHAA BEPCHA)

Bxon: rpad G =(V, E), npeAcTaBneHHblii B BUIE CMUCKOB CMEXXHOCTH,
M BepliMHa s € V.

' 4 HCXOXKY HU3 TOIO, UTO BbI C/IbILLIANTH O PEKYPCHHU B paMKax Ballero onbiTa B nporpamM-

MHpoBaHHH. PekypcHBHas npolieay pa — 3T0 NPOLEAY pa, KOTOpas BbI3LIBAET CaMy cebs
KaK MOANporpaMMmy.
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Hocrycnonne: BEpLUHHA OOCTHXXUMA H3 § TOrda U TOJIBKO TOraa,
KOrja OHa NMOMeE4YCHa KaK «pa3BeJaHHasA».

// nepea BHewHWM BLI3OBOM BCe BEpWWHbL HE pa3BeaaHbl

TIOMETHUTB § KaK pa3BelaHHYy

for kaxaoe pebpo (s, v) B CMUCKE CMEXHOCTH BeplUHHbL s do
if v He pa3BenaHa then

DFS (G, v)

T RAR e B T RV & ST LR L e A e e A B Ly M A

B aTOH peanusauun Bce peKypCHBHbIE BbI30Bbl aITOPUTMA DFS UMEIOT AOCTYN
K OIHOMY H TOMY (€ MHOX(ECTBY [MTOOANBHBIX NEPEMEHHBIX, KOTOPBIE OTC/IEKHBAKOT
BEPLUHHBI, MOMeUEHHbIE KaK pa3BeJaHHble (TpHYeM BCe BepILMHbl H3HAYAJILHO He
pasBedaHel). ArpeccuBHas NpHPOIa anroputMa DFS, noxanyi, Gonee oyeBuaHa
MMEHHO B 3TOH peann3alny — aNropuTM HEMEMIEHHO BbIMOHAET PEKYPCUIO HA
NepBOM HEpa3BeJaHHOM COCElE, KOTOPOro OH HAXOAMT, U TONLKO MOTOM paccMa-
TPpHBaeT oCTaBLUKXCS coceleid'. [To cyTu aena, IBHO 3aJaHHas CTeKOBasi CTPYKTypa
JaHHBIX B HTEPATUBHOMN peanu3alyy anropuT™a DFS CHMYIUPYETCS MPOrpaMMHbIM
CTEKOM peKypPCHBHBIX BbI30BOB B PEKYPCUBHOH peanu3aunu’,

8.4.3. MNpaBunNbLHOCTb U BPEMS BbiINONTHEHUS

[ouck B ryOUHY ABNSETCS TAKUM JKe NPABUIILHBIM H TaKHM %€ HEBEPOSATHO Obl-
CTPbIM, KaK H MOHCK B LUIMPHHY, 11O TEM )€ CaMbIM MPHYUHAM (Cp.: TeopeMa 8.2)°.

! Kak ykazaHo, JBe BEPCHH alropHT™Ma DFS pa3BeibiBalOT pedpa B CIHCKE CMEXHOCTH
BEPILUHHBI B NPOTHBOMOIOKHBIX NMOpsakax. (Bel Buaute, nouemy?) Ecnu oany u3
Bepcuit MOAHGHLHPOBATE NS UTEPATHBHOTO Nepedopa CMUCKAa CMEKHOCTH BEPLUKHLI
B 06paTHOM MOPSAAKE, TO KTEPATHBHAA M PEKY PCHBHAA pealiu3aluy OyoyT pa3BeabiBaTh
BEpLIMHLI B ONKHAKOBOM MOpALKE.

? [lpodeccHOHANBHBIH COBET: €CITH BallleMy KOMIILIOTEPY HE XBATAET IAMATH IIPH BBIMOM-
HEHMH PEKypPCHBHOH BEPCHH alrOpUTMa DFS Ha 6onbwoM rpade, To Bbl AOMKHBI IGO0
NEPEKIIOYNTBECA HA UTEPATHBHYIO BEPCHIO, MTHOO YBENHUUTD pa3Mep NMpPOorpaMMHOTO
CTeka B Ballle# cpeie MPOrpaMMHUpPOBAHHS.

3 CoKpailleHKe «CP.» 3HAUMT «CPABHHUTD ON.
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Teopema 8.5. (CBoiicTBa aaropuT™Ma DFS.) [{15 KaxCO020 HEOPUEHMUPOBAHHO20
wiu opuenmuposannozo zpagpa G = (V, E), npedcmaanennozo 8 eude cnuckos
CMEINCHOCMU, U OIS KAXCOOU cmapmosoti epuuunel s € V:

a) no 3asepwenuu arzopumma DFS gepuuna v € V nomevaemca xax pasee-
oannas mozoa u moneko moz0a, kozoa 8 G cywjecmayem nyms u3 s 6 v,

6) aspems pabomer areopumma OFS pasrno O(m + n), 20e m = |E| un = |V].

YacTb (@) codmonaeTcs, noToMy YTO NIOUCK B IMYOUHY ABASETCA YaCTHBIM CyHaeM
0606u1eHHOrO anropuT™a rpad)oBoro noucka GenericSearch (yteepxuaerue 8.1)'.
YacTb (6) cobnonaercs, NOTOMY 4TO allrOPUTM DFS MpoBepseT kaxaoe pebpo He
Oornee yem aBa pasa (OAMH pa3 U3 KOKAOH KOHEYHOH TOUKH) H, TOCKOJIbKY CTEK MOA-
IIep’KUBAET OMepaluy BTaJIKUBAHHUS U BbITAIKHBAHUA 3a Bpemsi O(1), OH BbINONHAET
TIOCTOSIHHOE YUCIIO onepauuii B pacueTe Ha pebepHoe pazBeblBaHHE (CYMMAapHO
3a BpeMs O(m)). Mununanusauus tpebyet BpeMenn O (n).

8.5. Tononornyeckas copTMposka

Mouck B ryGHHY MaeanbHO MOAXOAUT AJIst BBIYHCIIEHHS TOMOJOTHHECKOTO yNops-
JIOYMBaHHA® OPHEHTHPOBAHHOTO aUXKITHYecKoro rpaga. Bel HaBepHsKa cnpocHTe,
YTO 3TO TAKOE H KOTO ITO BOJIHYET.

' PopManbHO anropuT™ DFS 3IKBHBANIEHTEH BEPCHH ANTOPHTMA GenericSearch, B KOTOPO#t
Ha K2X10# HTepaLMH UMKNa while anropuT™ BeiGUpaeT npueMnemoe pebpo (v, w), ans
KOTOPOTO BepLUKHA v GbLna 0OHapykeHa coBceM HeaaBHO. CBA3M MeXIY NMPHEMIEMbIMH
peGpamu BEpUIHHBI V pa3pbiBalOTCS B COOTBETCTBHH C UX MOPAAKOM (V18 PeKypCHBHOMN
BepCcUH) MO0 ¢ ux 0OpaTHLIM NOPAAKOM (U1 HTEPATHBHOW BEPCHH) B CITHCKE CMEX-
HOCTH BEpLIKHLI V.

YTouHeHHad rpaHuua B TeopeMe 8.2 (6) Takke cobmonaercs A anropuTMa DFS (no
TEeM ke NPUYHHAM), 3 ITO O3HAYAET, YTO ANTOPUTM DFS MOXKET 3AMEHHTB ANTOPHTM BFS
B IMHEHHO-BPEMEHHOM aNropuT™Me UCC A8 BHIYMCAEHHA CBABHBIX KOMIMOHEHT H3 pas-
nena 8.3.

[Mo npaBuiaM pycckoro f3blka YNMopsafo4eHHe — 3TO NMPHBEAEHHUE B MOPAAOK ecTe-
CTBEHHBIM NMyTeM, TOra KaK ynopaaouHBaHHe — NpHBeeHHeE B NOPAAOK B pe3ysbTare
BHelLIHero Bo3aeHcTBHA. KpoMe Toro, ynopaaodyeHHe sBNAeTcs pe3ynbTaToM, TOrAa Kak
yNops104HBaHHE — npoueccoM. — /Ipumey. nep.

o



74 Tna.a 8. Mouck B rpacde u ero NPUMEHeHUs

8.5.1. Tononoruyeckue ynopsaoumMsaHusa

[MpeacTaskTe, 4TO Y Bac MOMHO 33/1a4, KOTOPbIE HY>KHO BbITONHUTB, U CYLUECTBYOT
OZPAHUYEHUA NO NPEOWECMBOBAHUI0 — Bbl HE MOXKETE Ha4aTh HEKOTOpLIE 33a4H
[0 TeX Top, noxa He 3aBepluute apyrue. [logymaiite, HanpuMep, o Kypcax yHU-
BEPCHTETCKOM MPOrpaMMBbl, KOTOpblE HEOOXOAMMBI B Ka4eCTBE NMpelBapUTEIbHOIO
ycioBud Ans Apyrux. OHUM U3 IpUMeHeHuH TOnoJ0rHYeCKHX yNopsAoUHBaH1H
ABJISETCA NOCTPOEHHE NOCIIENOBATELHOCTH ONepaLHi ¢ LENbo COOTIONEHHs BCeX
OrpaH{yeHHii o NpeILeCTBOBAHUIO.

TOMOJOTrHYECKHE YNNIOPAJOYHUBAHUA

IMycts G = (V, E) paBHO opHeHTHpOBaHHOMY rpady. Tononocuneckum
ynopadoyueanuem rpada G sBlseTcs 3aKpeneHue 3a f(v) B KaxaoH
BepllHHe v € V OT/IHYAIOLIEr0OCs YMC/a, TAKOTO 4TO:

i kaxaoro (v, w) € E, f(v) <f(w).

@Oynkuus f 3¢deKTHBHO YNOpsaoiHBaeT BEPLUNHbBI — OT BEPLUMHb! C HAUMEHD-
LIMM 3HaYeHHeM f 10 BeplUHHbI C HauOONbLIKM 3HaueHHeM. JlaHHOe yCloBHe
yTBEpXKIAET, YTO Bce (OpUEHTHpPOBaHHLIE) pedpa rpaga G AOMKHBI ClIEeAOBaThH
Brepea B YNOPAAOMEHHH, MPH 3TOM MeTka XBocTa pedpa JoMmKHa ObITh MEHbILE,
4eM MeTKa ero rofoBbl.

TECTOBOE 3AJIAHHE 8.3
CKOJIBbKO pa3HbIX TONONOINHYECKHX YIIOPAAOUEH W CY LUECTBYET B NMPH-
BelleHHOM Hixe rpage? Mcnonbsyiite Tonbko MeTku {1, 2, 3, 4}.
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a) 0
6) 1
B) 2
r 3

(PewueHue 1 noscHeHHe cM. B pasaene 8.5.7.)

Bbl MOXETE BU3yaM3MPOBATL TONOJIOrHYECKOE YOPANOYHBAHHUE, IOCTPOUB Bep-
LIMHBI B TOPAKE HX 3Ha4YeHuii /. B TonogornueckoM ynopsaouMBaHuu Bee pebpa
rpadha opueHTHpPOBaHbI cheBa Hanparo. Ha puc. 8.10 nokasaHel Tononornyeck1e
yNOpAI04MBaHUSA, BLISABJIEHHbIE B PELIEHHH TECTOBOTO 3a/laHHs 8.3.

2 3 4

a) OaHo TononorvYeckoe yNopsRosMBaKHKeE. . . 6) ...v ewe ogHO

Puc. 8.10. Tononorudeckoe ynopsanoympaHne apPpexTsHO CTPOUT BEPLUNHBY
rpada Ha NpsiMOK, NpuyemM Bce pebpa nayT cneea Hanpaeo

Korna BepiumHbl rpada npeacTaBisioT onepalyi, a OpHEHTHpPOBaHHbIE pebpa
NPEACTARNAIOT OrPaHH4EHUs N0 NPEALLECTBOBAHUIO, TOMONOTHYECKHE YNOPALOUH-
BaHUA TOHHO COOTBETCTBYIOT PasHbIM C1ocobaM NoCTPOEHHS MOCIe0BaTeIbHOCTH
onepauMii npH cobAOAEHHN OrpaHHUYEHHI N0 NPEeALIECTBOBaHHUIO.

8.5.2. Koraa ectb TONONOrUYeckKoe
ynopsaounsaHue?

Bce nu rpadbl uMetor Tononornueckoe ynopsaouusanue? Hu B koeM ciyuae.
[oaymaiite o rpade, cOCTOALIEM HCIITIOYHTENLHO H3 OPHEHTHPOBAHHONO LHMK-
na (puc. 8.11, a). HeBaxHo, Kakoe ynopsaaouMBaHUE BEPLIMH Bbl BbibepeTe,
npoxokAeHHe no pedbpaM LKKJIA BO3BpALLAET Bac Ha3aJ K CTApTOBOH TOUKE, YTO
BO3MOXKHO TOJIbKO TOTZa, KOTa HEKoTopble pebpa HAYT Ha3al B ynopsioue-
HuM (puc. 8.11, 6).



76 Fnasa 8. Mouck B rpade u ero NPUMeHeHns

B 6onee obuieM cnyuae HEBO3MOXXHO TOMONOTHYECKH YNOPAAOYHTL BEPLUHHBI
rpada, colepallero OpHeHTUPOBaHHbIH UMK, PaBHBIM 00pa3zoM HEBO3MOXHO
YTOPAIOYMTE MHOXXECTBO OMepauuii, Koraa X 3aBUCHMOCTH 3aLIMKIIEHbI.

K c4acTbio, OpHEHTHPOBAHHBIE LIMKIbI ABRAIOTCSA €IMHCTBEHHBIM MPENATCTBHEM
JUTA TOTIONIOTHUYECKH X YTIOpAa0unBaHuii, OpHeHTHPoBaHHbIH rpad Oe3 kakux-nubo
OPHEHTHPOBAHHbIX LMKIIOB HA3bIBAETCA — IOTOBBI? — OPUEHMUPOBAHHBIM aYu-
xAuueckum zpagom, unn npocto DAG (directed acyclic graph). Hanpumep, rpad
Ha puc. 8.10 opueHTHPOBaH aunknuuecky; rpad Ha puc. 8.11 — Her.

a) OpUeHTNPOBaHHLIN LIMKN 6) HeTtononoruyeckoe ynopsaoveHue

Puc. 8.11. Tononoruyeckoe ynopsaaoyeHUe MOXeT UMETb TONbKO TOT rpad,
KOTOPbIN He UMeeT OPUEHTUPOBAHHbIX LIUKITOB

Teopema 8.6. (Kaxasiit rpad DAG HMeeT TOMOJOrHYecKoe YNOopAgoYeHHe.)
Kaxcoviii opuenmuposanmblti ayuxnuseckuii epag umeem Munumym o0OHo mono-
J102UuNeCcKoe Yynopsoouerue.

Jlng mokasaTenbCTBa 3TOM TeopeMbl HaM MOHAA00MTCA cleayowas iemMma ob
MCTOKOBBIX BeplIMHax. Mcmokoeas eepuiuna OpHEHTHPOBaHHOTO rpada — 310
BeplurHa Oe3 Bxomsaumx pebep. (CxoxuM obpasoM cmoxosasn epuuna — 3TO
BepluMHa 6e3 uexoaswmnx pebep.) Hanpumep, s sBaseTcs eAMHCTBEHHOH HCTOKOBOIH
BEPLIMHOIA B rpade Ha pHc. 8.10; OpMeHTHPOBAHHbIN LMK Ha pHC. 8.11 He uMeeT
MCTOKOBBIX BEPLIMH.

JlemMma 8.7. (Kaxabtit rpag DAG HMeeT HCTOK.) KaocOwtii opueHmuposanHuiii
AYUKIUNECKUY 2pah uMeem MUHUMYM OOHY UCIMOKOBYI0 BEPULUHY.
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Jlemma 8.7 aABnAETCS HCTHHHOM, MOTOMY YTO, €CJIM Bbl MPOAOKHTE CIE€A0BATH 10
BXOIAILMM pedpaM Ha3a/[ U3 MPOH3BOJILHOH BepIUMHBI OPHEHTUPOBAHHOTO ALMKIIH-
ueckoro rpaa, Bbl 0053aTeNbHO JOCTHIHETE HCTOKOBO#H BepLIHHEI. (B NpoTHBHOM
Cllyuae Bbl NOPOAMTE LMK, YTO HEBO3MOXKHO.) CM. Takxe puc. 8.12',

Puc. 8.12. Tpaccuposka Bxogsawmx pebep Hasan U3 Tekylen BepuwmnHbI
HEe CMOXET HAWTKU UCTOKOBYIO BEPLUUHY, TOJNbKO €CNK rpad coaepXuT
OPUEHTUPOBAHHLIA LUK

Mkl MOXeM A0ka3aTh TeopeMy 8.6, HanoNHsAs TOMOJNOTHYECKOE YNOPAAOUEHHE
CJleBa HanpaBo M3BJIEKAEMbIMH MTOAPSAA HCTOKOBLIMM BepLUHHAMH?,

Hoxazamenbcmeo meopemut 8.6: nmyctb G paBHO OpHEHTHPOBAHHOMY aLIMKIIHue-
ckoMy rpady ¢ n BepLiMHaMy. [11aH COCTOMT B MPUCBOEHHH BEPLUHHAM 3HAUEHHI

! Bonee pOpMaILHO, BbIGEPHTE BEPLLIHHY V, OPHEHTHPOBAHHOTO aUMKIIHYECKoro rpada G;
€CJI1 ITO HCTOKOBAsA BEPIUHHA, TO MBI 3aKOHYMNH. ECiM HET, TO OHa HMEET MHHUMYM OHO
Bxoasuiee pedpo (v,, v,). ECH v| aBnseTCA HCTOKOBOMH BEPIIMHOMN, TO Mbl 3aKOHYHIIH.
B npoTHBHOM CnyYae CyLIeCTBYET BXoasuiee pedpo GpopMbl (v,, v,), H Mbl MOXKEM MO-
BTOPHMTb HTEPALHUIO CHOBA. [Tocnie HTepaTHBHOrO NOBTOPA BILIOTH 10 /2 Pa3, Te 7 — 3T0
YUCNIO BEPLIMH, Mbl TMOO HaXOAUM MCTOKOBYIO BEPLIHHY, MO0 cO3laeM nocnenopa-
TENBHOCTD U3 1 pebep (v, v, 1)y (V,_ 15 V,_2)s - (¥4, Vy). TTOCKONEKY CYILECTBYET TONIBKO
n BEpUINH, CYLIECTBYET MO KpaiiHe# Mepe OfiHa MOBTOPHaA BEPLIMHA B MOCIE10BATEb-
HOCTH V,, V, |, ..., V,. Ho €citn v, = v, ipu j > i, T0 pebpa (v, v, ), ..., (v, v,) 0OpasyroT
OPHEHTUPOBAHHbIH LMK, NPOTHBOPEYALLHI NPUHATOMY JOMYIIEHHIO, 4TO G ABNAETCA
OpHEHTHPOBAHHLIM aunkanyeckuM rpadoM. (Ha puc 8.12i=2n;=38.)

B kauecTBe albTepHATHBLI: NPOCIEKHBAHHE HE 10 BXOAALLMM, a I0 HCXOAALIMM pebpam
B N0Ka3aTe/IbCTBE IeMMbI 8.7 TOKa3biBAET, YTO Kaxk/bli rpad) DAG MIMEET MHHMMYM OIHY
CTOKOBYIO BEPLUHHY, U Mbl MOMKEM HArOMHUTh TOMONOTHYECKOE YIOPAAOUEHHE Cripasa
HAJIEBO M3BJIEYEHHBIMH MOAPAA CTOKOBLIMH BEPLIHHAMH.
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B NOps/Ke Bo3pacTaHus oT 1 Ao n. Kakas BepuiMHa 3acinykuiia npaBo UMEThb
€IMHHULY B KauecTBe cBoero 3HayeHus f?7 Xopowo Obl, YToObI 3TO ObiNa HCTOKO-
Bas BepLUIMHA — €CJIH BEPLUMHE C BXOAAIMM pebpoM Obina nmpucBoeHa neppas
no3uuMs, To BxoAsiuee pebpo Gyaer npeabiayluM B ynopaaoueHuu. Takum o6-
pa3oM, NycTh v, PaBHO HCTOKOBOH BepllHHe rpada G — oHa Takas CyLUeCTBYET
no nemme 8.7 — u HazHaunM f(v,) = 1. Ecnu cyluecTByeT HECKOIBKO HCTOKOBBIX
BEPLUHH, TO BbIOEPEM OIHY M3 HHX MPOHU3BONBLHO.

Hanee, Mbl nonyuuM rpad G’ n3 G, ynanus BeplUHHY v, H Bce ee pebpa. Ilo-
CKONbKY G ABNAETCA OPHEHTHPOBAHHBIM aMKJIUYECKUM rpatdom, TO TAKOBbIM
ABnseTca U G'— yaaeHHe 31eMEHTOB He MOXET CO31aTh HOBblE LUMKIIbL. [ToaTomMy
Mbl MOXEM PEKYPCHBHO BbIYMCIHTBL TOMOJIOTHYECKOE ynopsaodeHue rpada G',
Hcnonb3ys MeTkH {2, 3, 4, ..., n}, npuueM kaxnoe pebpo B G’ cneayet B ynops-
no4eHny Breped. (ITockonbky Kaxablil peKypCHBHbIH BbI30B BbIMOJIHAETCH Ha
MeHbLIeM rpade, pekypcus B KOHEUHOM utore octaHoBuTcA.) Tonsko Te pebpa
B G, KOTOpble OAHOBPEMEHHO He HaxoaATca B G, ABNAIOTCA (MCXOAALLMMHU) pe-
OpaMH BepLUMHBI v ; NOCKOLKY f(v,) = 1, OHHM TaKxke CIECAYIOT B YNOPs0UEHHH
Bnepea'. Y m. 0.

8.5.3. BoiuncneHmne Tononornyeckoro
ynopsaaoynBaHms

H3 Teopemsi 8.6 cneayer, uTO MMEET CMbIC 3aNpallMBaTh TOMONOTHYECKOE YNOps-
JIOYMBAHHE OPUEHTHPOBAHHOTO rpada Toraa H TOALKO TOrAa, Koraa rpad asiasercs
OPHEHTHPOBAHHBIM ALNKIIHUECKHM.

3AJJAYA: TONOJNOIMYECKA A COPTHPOBKA
Bxoa: opueHTHPOBaHHDIA aunkiinveckuit rpad G = (V, E).
Beixoa: Tononornueckoe ynopsaaoueHye BepiunH rpaga G.

' Ecnussl NpeAnOYHTAETE qJOpMaJ'IbHOC A0Ka3aTeNbCTBO NPABHILHOCTH, BHIMTONTHHTE €10
B YCIHUHEHHH JoMalliHeH 06CTaHOBKH Mo HHOYKUHH HA YUCNIE BEPLUUH.
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HokazarenbcTBa nemMMbl 8.7 U TeopeMbl 8.6 ecTeCTBEHHBIM 00pa3oM MPHBOAAT
K anroputmy. Jins n-BepLIMHHONO OPHEHTHPOBAHHOIO aLMKIHYECKOro rpada,
NpeACTaBIEHHOTO B BUIE CIIHCKOB CMEXHOCTH, NIepBOE A0Ka3aTenbcTBO AaeT O(n)-
BPEMEHHYIO MOANpOrpaMMy /i HaxoxXAeHHA UCTOKOBOH BepuinHbL [locneaHee
Jl0Ka3aTeNnbCTBO BLIUMCAET TOMONIOMMUECKOE YOPSAI0UHBAHHE C /2 BbI30BAMU STOH
MOANPOrpaMMbl, BbIXBAThIBasA HOBYIO HCTOKOBYIO BEpLIHHY Ha KaXA0H UTepalinu’.
Bpems paGoTsl 3TOro anropurMa coctasnset O(n?), To ecTh THHEHHO-BpEMEHHOE
AN caMbIX TUIOTHBIX rpadoB (¢ m = @ (n?) pebpaMu), Ho He ans Gonee paspe-
JeHHBIX rpadoB (rae n? MoxeT ObITh HaMHOTO Gonblue m). [lanee cnenyer 6onee
OCTPOYMHOE peLLEHUE NOCPEACTBOM NOUCKA B IyOUHY, NPUBOAALLEE K TUHEHHO-
speMeHHoMY (O (m + n)) anroput™y?,

8.5.4. Tononoruyeckas COpTMpoBKa NOCPeACTBOM
anroputma DFS

Brnectanuii cnoco6 BLMUCIUTHL TOMOTOTHYECKOE YIIOPALOUHBAHUE 3AKITIOYAETCS
B YCHJIEHHUH NOUCKA B NTyOUHY 3a cueT AByX HeOONMbILUX AonoaHeHuid. /ins npo-
CTOTHI Mbl HAYHEM C PEKYpPCHBHOIi peanu3aluM anroput™a DFS u3 pasaena 8.4.
[lepBoe nononHeHWe — 3TO BHELIHHUI LMK, KOTOPbIH AenaeT OQUH NPOXOA Hal
BEPLIMHAMH, BbI3bIBasg aJIFOPUTM DFS Kak MoANporpaMMy BCAKMEA pa3, Koraa
o0HapyH1BaeTCA paHee Hepa3BeAaHHasd BepLIMHA. DTUM rapaHTHpyeTcs, 4TO
Kak[as BeplIHHa Co BpeMeHeM Oyaet o6HapyxeHa, U eii OyaeT NpUcBOeHa MeTKa.
I'nmobanbHas nepeMeHHas curlabel OTCNEXHUBAET, I1€ Mbl HAXOAUMCS B TOMONO-
rH4eckoM ynopsaouuBaHuu. Haw anroputm 6yaeT BLIUMCAATE YIOPSAOUMBAHHUE
B 00paTHOM MopsAke (CNpaBa HANEBO), MOITOMY curlLabel OTCUHTHIBAET Ha3al OT
4ycna BeplMH 1o 1.

' Lins rpada Ha puc. 8.10 3TOT AIrOPUTM MOXKET BBIYHUCIHTD JIIO00E H3 ABYX TONOJO-

THYECKHX YNOpAJIOYHBAHUMH, B 3aBHCHMOCTH OT TOTO, KaKas W3 BEPUIMH v, w BbiOpaHa
B KaY€CTBE MCTOKOBOH BEPUIMHBI HA BTOPOH HTEpALHH NOC/IE YIATECHHUS S.

[pu HanHYHH HEKOTOPOH cOOOpa3HTENBHOCTH AJITOPHTM, HEABHO NMPHCYTCTBY IOWHA
B 0Ka3arenbCTBax JieMMbl 8.7 u TeopeMbl 8.6, Takke MOXeT ObiTh peau30BaH ¢ JiH-
HEHHbIM BpEMEHEM — BHAHTE, KaK 3TO clenarb?
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TOPOSORT
Bxoa: opHeHTHpOBaHHbIi auuknuueckuit rpap G = (V, E), npea-
CTaB/ICHHBIH B BUJIE CTTHCKOB CMEXKHOCTH.

IMocTycaoBue: 3Ha4YEHH f BEPLUKH 00pa3yIoT TONOIOrHHECKYIO yNO-
pAanoueHHocTh rpaga G.

TIOMETUTDb BCE BEPLUMHbI KaK Hepa3BelaHHbIE
curLabel :==|V)| // oTcnexuBaeT ynopaao4MBaHue
for kaxnas ve Vdo

if v He pazBenaHa them  // B npenviaywem DFS

DFS-Topo (G, v)

BTopbiM 0OTIONIHEHHEM Mbl JOMKHLI J00ABHTL CTPOKY KoJa B aNropHTM DFS,
KOTOpas NpHCBauBaeT 3HaueHHue f BepliuHe. CaMoe noaxonsiuee BpeMs Ans
3TOro — cpasy Nocie 3aBePLICHHA BbI30BA AITOPUTMA DFS, HHHLIWMPOBAHHOIO
B BEpILHHE V.

£ R

DFS-TOPO

Bxoa: rpagp G=(V, E), npeAcTaBNeHHbIH B BUIIE CIUCKOB CMEXXHOCTH,
1 BepllHHa s € V.

Hoc1yc.l|onue: KaxJas BEpLIHHA, JOCTHXXHMaA U3 §, MOMEHACTCA KaK
«pa3B€aHHaA» H UMECT NPHCBOCHHOC eH 3Ha‘ieHHef

TIOMETHTD 5 KaK pa3BelaHHY0
for kaxnoe pebpo (s, v) B HCXOMALIEM CTIHCKE CMEXHOCTH s do
if v He pa3BenaHa then
DFS-Topo (G, v)
f(s) := curLabel // NO3uuMA S B YNOpPSAOYEHUM

curLabel := curLabel — 1 [/ pBwratbca cnpasa Haneso
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8.5.5. Npumep

[NpeanonoxuM, 4TO BXOAHBIM rpadoM sBnseTcsa rpad U3 TecToBoro 3aaaHus 8.3.
AJIrOpHTM TopoSort HHHUHANH3KPYET MobanbHY10 NEPpeMEHHYIO curlabel uncnoM
BEpLUHH, paBHbIM 4. BHewHu#t uukn anroputMa TopoSort nepeGUpaeT BEPLINHBI
B IPOU3BOJILHOM NOpsAAKeE; OyAeM CUHTaTb, YTO 3TOT NOPALOK paBeH v, 1, s, w. Ha
NepBoii UTepaLuH, MOCKONLKY BEPLIMHA v HE MOMEUeHa Kak pa3BelaHHas, JaHHbIH
AJIFOPHTM BbI3bIBAET NOANpPOrpamMMy DFS-Topo o cTapTOBO# BepLIMHOH v. EnuH-
CTBEHHbIM UCXOAALLMM U3 v peOpoM aBaseTcs (v, f), U CAEAYIOWUH ar COCTOUT
M3 PEKYPCUBHOIO BbI30Ba NMOANPOrpaMMbl DFS-Topo CO CTapTOBOii BEpILUMHOA f.
TOT BbI30B BO3BpALIAETCA HEMEANEHHO (TaK Kak BEpLUMHA f HE UMEET HCXOAALHNX
pebep), M Ha 3TOM 3Tarne f(f) ycTaHaBIUBAeTCS paBHbIM 4, a nepeMeHHas curlLabel
yMeHbLuaercs ¢ 4 10 3. 3aTem BbI30OB NOANPOrpaMMbl DFS-Topo B BEPLUHHE V 3a-
BepLUAeTCA (MOCKONbKY Vv He HMEET JpYrUX UCXoAAlMX pebep), ¥ Ha 3TOM 3Tane
f(v) ycTaHaBnHBaeTCs paBHbIM 3, a nepeMeHHas curlabel yMeHblIaeTcd ¢ 3 10 2.
Ha paHHOM 3Tane anroputm TopoSort BO30OHOBISET JIMHEHHOE CKaHHPOBaHHE
BEPLLMH B CBOEM BHELIHEM LUKIIe. Cneayioule il BepLIHHOM ABIACTCS £; NOCKONbKY ¢
yxe ObLla MoMeUueHa Kak pa3BeJlaHHas B IEPBOM BbI30Be NOANPOrpaMmbl DFS-Topo,
anropuTM TopoSort ee nponyckaer. [lockonbKy cneayiomas BepLUHHa (TO €CTb ¢)
ele He Oblna pa3BelaHa, aJiTOPUTM BbI3BIBAET MOANPOrpamMMy DFS-Topo u3 s. U3
BEPLUHHBI § NOANpPOrpamMma DFS-Topo NponyckaeT BepllHHYy v (koTopas yke Obuia
NoMeueHa Kak pa3BeJaHHas) U PeKYPCHBHO BbI3bIBAET NoAnporpaMmy DFS-Topo
B TOJIbKO UTO OOHApyXEHHO# BepuiMHe w. BbI30B B BepllMHE w cpa3y *ke 3aBep-
waeTcs (€AMHCTBEHHOE UCXOAsLlee pedpo HANpaBNEHO B paHee pa3BeAaHHYIO
BEPLUMHY f), U HA 3TOM 3Tarne f(w) YCTaHaBJIUBAETCA PaBHLIM 2, a MepeMeHHas
curLabel ymeHbwaercs ¢ 2 o 1. HakoHeu, BbI30B nofanporpaMmbl DFS-Topo
B BEPUIMHE § 3aBEPIIACTCA, U f(5) yCTaHaBIMBaeTCs paBHbIM 1. PesynbTHpylouee
TOMONOTHYECKOE YNIOpALOUeHHE ABNAETCA TaKUM Ke, kKak Ha pHc. 8.10, 6.

TECTOBOE 3AJAHME 8.4

YTO NporCXOaHT, KOT1a AIrOpUTM TopoSort BbIMOJHAETCS Ha rpade
C OpPHEHTUPOBaHHbLIM LUKIIOM?

a) AJITOPUTM MOXET 3aLUKIINTBCA, 3 MOKET U HET.

6) AnropuTM™ Bceraa 3alMKIIMBaeTCs.
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B) AIIFOpHTM BCeraa oCTaHaBiHWBaACTCAa, H OH CMOXET BbIYHUCJ/IUTD
TONMOJNIOTMYECKOE YNopaaAOYHBAHHE YCNECLIHO MO0 HEe CMOXET.

F) Aﬂr‘OpHTM BCEraa OCTaHAB/IMBACTCA H HHKOraa HE BbLIUHCACT
TONOJOTHYECKOE ynopsanoinuBaHHUE.

(Pewuenue u nosicHeHue cMm. B pasaene 8.5.7.)

8.5.6. NpaBNbLHOCTb U BPEMSA BbINONMHEHUA

Anroput™ TopoSort NMpPaBHIBLHO BLIYUCAAET TONONOMHYECKOE YNOPALAOUHBAHHE
OPHEHTHPOBAHHOTO ALMKIIMYECKOro rpada M JenaeT 3To 3a JIMHeiHoe Bpems.

Teopema 8.8. (CoiicTBa aaroputma TopoSort.) [Jis kaxc0020 opueHmupo-
8anno20 ayuxauyecrkozo cpaga G = (V, E), npedcmasnennozo 6 6uoe cnuckos
CMEXNCHOCU:

a) no 3agepuwenuu arzopumma TopoSort Kaxcoou eepuiure v bbL10 npuceoe-
HO 3HaweHue f, u smu 3naveHun  06pasyiom mononozudeckoe ynopaooye-
Hue epaga G;

6) epema pabomuvi arcopumma TopoSort pagho O(m + n), 20e m = |E|

un=|\V.

Hokazamenbcmgo: anropuT™ TopoSort paboTaeT ¢ THHeHHbIM BpeMeHEM
1o o6bluHbIM NpHUHHaM. OH pa3BelblBaeT Kakaoe peOpo TOAbKO OAHMH pa3
(M3 ero XBoCTa) ¥ MOITOMY BbIMONHAET TOAbKO MOCTOAHHOE YHCIIO onepauui Ans
KaXx10ii BepwinHbl WK pebpa. M3 3TOro BeiTekaeT COBOKYNHOE BpeMs paboThl
O(m + n).

Y10 KacaeTcs NpaBUILHOCTH, TO, BO-TIEPBbIX, 00paTHTe BHUMAHHE, UTO MOAMNPO-
rpaMma DFS-Topo OyneT Bbi3biBaTbCAl M3 KaX/10i BEPIUHHBI vV € J pOBHO OIMH pas3,
KOrza v BCTpPe4aeTcs BNEepBble, M UTO 3a BEpLIMHOMN v 3aKpenseTcs MeTka, koraa
3TOT BLI30B 3aBepluaerca. TakuMm 06pa3oM, Kax/as BEpLIMHA MOJYy4aeT METKY,
M, YMeHbLlIas NepeMeHHYI0 curLabel BMECTe ¢ KaXAbIM 3aKperieHHEM METKH,
anropuTM obecneurBaeT TO, YTO Ka)KAas BEPLIMHA v MOJNyyYaeT HECOBMAAaoLLY 10
MeTKy f(v) u3 MHoxecTBa {1, 2, ..., | V|}. [Ing Toro 4tobbl MOHATL, NO4EMY 3TH
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METKH 00pa3yloT TOMONOTHYECKOE YNOPAAOYEHHE, PACCMOTPHUM NPOH3BONIBLHOE
pebpo (v, w); Mbl JOJIXKHBI B0Ka3aTh, uTo f(v) < f(w). CylecTByeT ABa clyyas,
B 3aBUCUMOCTH OT TOr0, Kakyl0 BEpLUMHY U3 Vv, w alIrOpUTM ob6HapyxuBaeT
nepBoii'.

Ecnu BeprunHa v o6HapyxuBaercs 10 w, TO NoAnporpaMma DFS -Topo BbI3bIBAETCA
CO CTapTOBO# BEpIUMHOH V 10 TOT0, KaK BepllUMHA w ObL1a MOMeUeHa Kak pa3BeaH-
Has. Tak kak w A0CTHXKUMA U3 v (Yuepe3 pebpo (v, w)), STOT BbI3OB NOANPOrpaMMbl
DFS-Topo B KOHLIE KOHLIOB OOHAapYKUBAaET W U PEKYPCHUBHO Bbi3bIBAET MOANPO-
rpamMMy DFS-Topo B w. [1o XapakTepy pekypCHBHBIX BbI30BOB C JUCLIMIIMHOM
«MOCIEAHUM BOLLEJ / NEPBBIM BbILLE» BbI3OB MOANPOrpaMMbI DFS-Topo B w 3a-
BepllaeTcs A0 3aBepiueHus B v. [10CKkoIbKy METKH PUCBAUBAIOTCA B YObIBAIOLIEM
nopsjke, BepliiHe w NpUcBauBaeTcs Oonee KpymHoe 3HaYeHuUe f, 4eM BepLUUHE v,
Kak H Tpebyertcs.

Bo-BTOpLIX, MPEaNnoNoxumM, 4To BEpLIHHA w 0OHapyXeHa anropuTMOM TopoSort
10 BepliuHb! v. [Tockonbky G ABNAETCA OPUEHTUPOBAHHBIM ALMKJIMYECKUM Ipa-
¢oM, NyThb U3 w Ha3aJ B V OTCYTCTBYET; B IPOTUBHOM CJ1y4ae oGbeAMHEHHE TAKOro
nyTH ¢ pe6poM (v, w) npuseno 66l K OPUEHTHPOBAHHOMY LMKy (puc. 8.13). Ta-
kUM 00pa3oM, BbI30B NOANPOrpaMMbl DFS-Topo, HAYMHAIOLLHIACS B W, HE MOXET
00HapYXHUTh Vv U 3aBEpLUAETCA, KOTa v OCTAETCA NMO-MPEXKHEMY HEpa3BEeAHHOM.
Eie pa3: BbI30B NOANPOrpaMMbl DFS-Topo B w 3aBepLIaeTcs A0 3aBEPLICHHUS B V
H, ciegoBateneHo, f(v) <f(w). U m. 0.

Puc. 8.13. OpreHTMPOBaHHbIN aUMKIMHECKUN rpad HEe MOXET coaepXaTtb
pebpo (v, w) u nyTb 13 wHa3an e v

' Kak Mb1 Buzenu B pasaene 8.5.5, o0a ciiyuas ABASIOTCA BOMOXHBIMH.
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8.5.7. PewueHus TecToBbIX 3anaHui 8.3-8.4

PeweHne recrosoro 3agaHna 8.3

MpaBuabnbiit oteeT: (B). Ha puc. 8.14 nokasaHbl aa pa3sHbIX TOMONOTHYECKHX
yNopsA04MBaHUs rpada — Bbl JOKHBI YOEAUTLCS, YTO OHU €AMHCTBEHHbIE.

fiv)=2 fiv)=3

fis)=1 fih=4 f(s)=1 fity=4

fiw)=3 fiw) =2

a) Tononornyeckoe ynopsinoveHune 6) ...n ewe ogHO

Puc. 8.14, [1sa Tononoru4yeckux ynopagoueHus rpadpa
13 TeCTOBOro 3aaaHvwa 8.3

PeweHue TeCcToBOro 3afatns 8.4

IpaeuabHblil oTBeT: (r). AITOPHTM BCEraa OCTaHAB/IMBAETCA: CyLUECTBYET
TONLKO | V| MTepauuii BHEWHETO LMKIA, U KaX/Jas UTepaumus THOO HHUUYEro He
JefiaeT, 1100 BLI3bIBAET MOUCK B IITYOUHY (C HE3HAYMTENLHOH AOMOJHHTEIbHOM
cnyxeOHol paGotoil). [Tonck B myOMHy BCeraa OCTaHaBIIMBAETCA, HE3ABUCHMO
OT TOro, SABJAETCA JIM BXOAHO! rpad OPHEHTHPOBAHHBIM ALMKIHYECKUM HIIH HET
(Teopema 8.5), 1 o3ITOMY anroput™ TopoSort JenaeT To xke camoe. CyliecTsyeT
JIK LIAHC, YTO OH OCTAHOBHTCA C TOMONOTHYECKUM YNopAao4nBaHueM? Hukakux
WAHCOB — TOMONOrHYECKH OTCOPTHPOBATh BepLUHHbI 1106010 rpada ¢ OpHEHTH-
POBAaHHBIM LIMKJIOM HEBO3MOXKHO (BCOMHUTE pa3aen 8.5.2).
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*8.6. BbluucneHme CMNbHO
CBA3HbIX KOMMNOHEHT

Jlanee Mbi y3HaeM elue Gonee MHTepecHOe MPUMeHeHHe Noucka B IyOHHY, a UMeH-
HO — BbIYKHCJIEHHE CHIILHO CBA3HBIX KOMIMOHEHT OpUEHTHPOBaHHOro rpaga'.
Haw anroput™ GyeT cTonb ke MONHHEHOCHBIM, KAK H B HEOPMEHTHPOBAHHOM
cnyvae (pazaen 8.3), XOTA U MeHee NPOCTbIM. BbluMcaeHHE CHIBHO CBA3HbLIX
KOMITOHEHT ABseTCA Gonee cnoxHOM 3a1aueit, 4eM TONONOrMHECKas COPTHPOBKA,
¥ OIHOIO Mpoxoaa noucka B mybuHy Oyaer HeaoctatouHo. [1o3ToMy Mbl BGyaem
UCNONL30BaTh ABa!?

8.6.1. OnpenenexHne CUNLHO CBA3HbLIX KOMMOHEHT

Yto Mbl BoO6LLE NOApa3yMeBaeM NoA CBA3HOH KOMIIOHEHTOH OPUEHTHPOBAHHOIO
rpada? Hanpumep, ckonbko CBA3HbIX KOMIOHEHT HMeeTcA B rpade Ha puc. 8.157

Puc. 8.15. CKONbKO CBA3HBLIX KOMMOHEHT Bbl MOXETe Ha3BaTL?

Tak U XoueTcs cKa3aTh, YTO 3TOT rpad) UMEET OAHY CBA3HY IO KOMIOHEHTY — €CIIHU
6b1 OH ObIn PusnueckuM 06bEKTOM, pebpa KOTOPOrO COOTBETCTBOBAIM HUTAM, CBS-
3bIBAOUIHM BEPLUMHBI BMECTE, TO Mbl MOTJTH Obl €10 «MOAHATBLY, U OH «BUCEID) bl

! OrTMeueHHbIE 3Be30YKOM pazaensl, NOAOGHbIE ITOMY, ABAAIOTCA Goslee CIOKHBIMH; NPH

1epBOM YTEHHH HX MOXHO NPONYCTHTb.

Ha camMoM aelte CyluecTBYET HECKOIbKO XHTPOYMHbIH crocob BBIMHCIMTD CHITBHO CBA3-
Hble KOMITOHEHTbl OPHEHTHPOBAHHOIO rpadha TOMLKO C ONHHM IIPOXOAOM MOHCKA B IITy-
6uHy; cM. ctarbto «Depth-First Search and Linear Graph Algorithms» («AATOpUTMbI
noucka B riyOHHy H nuHelHble rpadoBbie anropuTMeD) Pobepma O. Tapeana (SIAM
Journal on Computing, 1973).
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Kak oiHO uenoe. Ho BCIOMHUTE, UTO Mbl OMpeEIHIIH CBA3HbIE KOMITOHEHTBI B He-
OPHEHTHPOBAHHOM cnyuae (paszen 8.3) kak MakcUManbHbIE 061acTH, B npeaenax
KOTOPbIX Bbl MOXeETE A06paThcs M3 Kakoro-n16o MecTa B nroboe gpyroe. B rpage
Ha puc. 8.15 HeT HuKaKoi BO3MOXXHOCTH JIBUTaThbCs BJIEBO, MO3TOMY 3TO HE TOT
clyuaii, koraa MoXXHO A06paThea U3 11000H TOUKH B I00YI0 APYTYIO.

Cuneno ceasnas kamnonenma (strongly connected component, SCC) opueHTH-
pPOBaHHOTO rpada SBIseTCS MAaKCHMANbHLIM MOAMHOXECTBOM S ¢ V BepLIHH,
TaK 49TO CYLIECTBYET OPHEHTUPOBAHRbIHA MyTb U3 000K BeplIHHLI B S B N100GyI0
Apyryto BeplunHy B S'. Hanpumep, cunbHO CBA3HBIMM KOMNOHEHTaMH rpada
Ha puc. 8.16 ssnsiotes {1, 3, S}, {11}, {2,4,7,9} u {6, 8, 10}. BuyTpn kaxxaoii

SCC#1 SCC#2 SCC#4

Puc. 8.16. 'pad ¢ MHOXecTBOM BepwuH {1, 2, 3, ..., 11} n yeTbipe CUABLHO
’ CBSAI3HbLIE KOMMOHEHTbI

! Kak H co CBA3HBIMH KOMIIOHEHTAMH B HEOPHEHTHPOBAHHBIX rpadax (CHocka Hac. 61),

CHJILHO CBSI3HbIE KOMITOHEHTHI OPHEHTHPOBaHHOTO rpadha G ABAAIOTCA KaK pa3 Kiac-
CaMH SKBHBAJIEHTHOCTH OTHOLIEHHS KBHBAJIEHTHOCTH ~g, T/IE€ ¥ ~; W TOTAA H TOJIbKO
TOTAA, KOrAa CyILeCTBYIOT TyTH U3 v B W, a H3 w B v B . J0Ka3aTenbCTBO TOrO, YTO ~¢
ABNIAETCA OTHOLIEHHEM KBHBANEHTHOCTH, BOCIPOH3BOAHUT ITO B HEOPHEHTHPOBAHHOM
cnyuae.
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KOMMOHEHTBI MOXXHO A00paTbes U3 noboro Mecta B moboe apyroe (Kak Bbl CaMH
MoxeTe yoeanTbes). Kakaas KOMNOHEHTa ABNAETCA MAKCHMANBbHOR B OTHOLUEHHH
3TOrNo CBOWCTBA, Tak KaK HET BO3BMOXXHOCTH ABMIaTLCA BIEBO M3 OAHOH CHIIBHO
CBA3HOIH KOMMOHEHTBI B APYTYIO.

OTHOLIEHHSA MEXAY YETbIpbMA CHIBHO CBA3HBIMH KOMIIOHEHTaMHu rpada
Ha pHC. 8.16 BOCTIPOH3BOAAT T€, KOTOPbIC HAXOAATCH MEXAY YETbIPbMS BEPILIMHAMH
B rpade Ha puc. 8.15. B uenom, ecnu npucMOTpeThCS, kaokcObili OPHEHTHPOBAHH bIH
rpa) MO>XHO paccMaTpHBATh Kak OPHEHTHPOBAHHbIH AUMKNHUECKHI, NOCTPOEHHbIH
M3 ero CHIbHO CBA3HBIX KOMITOHEHT.

Yr1Bepxaenue 8.9. (Merarpag cHILHO CBA3HbIX KOMIIOHEHT SIBASETCH OPHEH-
THPOBAHHBLIM ALUHKJAH4YecknM rpadom.) IIycme G = (V, E) pagHo opuenmupo-
sannomy epaghy. Onpedenum coomgememsyiowuit memazpagp H = (X, F) ¢ ooHou
Memasepuunoti x € X Ha cunbHo céas3nylo komnonenmy zpaga G u memapebpom
(x, ¥) 8 F 6caxuii pas, koeda cyugecmayem pebpo 6 G u3 8epuiuHbl 8 CUIbHO CEA3HOU
KOMNOHEHme, COOMBeMCmaYIOuell X, 8 8epUUHy 8 CUTbHO CEA3HOU KOMNOHEHme,
coomsemcmeayiowen y. Toeoa H asrsemcsa opueHmuposannbimM ayuKIu4ecKum

epaghom.

Tak, OpueHTHpPOBaHHbIH aunknHueckHii rpad Ha puc. 8.15 sBnseTcs MeTarpagom,
COOTBETCTBYIOLLHM OPHEHTHPOBAHHOMY rpady Ha pHc. 8.16.

Hoxazamenocmeo ymeepxrcoenus 8.9: ecnu 61 Metarpad H nMen opHeHTHPOBaH-
HbIii UMK € kK> 2 BeplIMHAMH, TO COOTBETCTBYIOLIHI LIMKIT NTPEeANONOXKHTENBLHO
HEeCOBNAJAIOLIUX CHIIBHO CBA3HBIX KOMIIOHEHT S, S,, ..., S, B G cnoxuncs Obl
B OIHY CHJIBHO CBS3HYIO KOMIIOHEHTY: Bbl Y2k MOXeTe cBOOOAHO nepeMeLarbes
B Npeaenax Kaxxaoro U3 S, U LHKJ TOTAA NO3BOJIMT MepeMeLLaThCs Mexay Nnoboii
napoii S. 4. m. 0.

W3 yTeepkaeHus 8.9 BbiTekaeT, 4TO Ha KaXAblH OPHEHTHPOBAHHBIH rpad MOXXHO
CMOTpETH C ABYX ypoBHeii aetanu3aunu. [Ipu ymenblueHun maclutaba Bbl ¢o-
KyCHpyeTeCh TONbKO Ha (AUMKITHYECKHX) CBA3AX MEXAY €ro CHNbLHO CBA3HBIMH
KOMIIOHEHTAMH; YBelHueHHe MaciuTaba 10 ONpeAeneHHON CHIIbHO CBA3HON KOM-
MOHEHTDI N0KA3bIBAET €r0 MENKO3EPHHCTYIO CTPYKTYPY.
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TECTOBOE 3AJAHHE 8.5
PaccMoTpuM opHeHTHpoBaHHBIH auMkIHYeckuit rpad ¢ » Bepuiu-
HamH 1 m pedpamu. KakoBo COOTBETCTBEHHO MUHMMAIBHOE M MaK-

CUMaJIbHOE YMC/IO CHIBHO CBA3HBIX KOMIOHEHT, KOTOpbIE MOT Obl
umMeTb rpag?

a) lunl
6) lun
B) lum
r) nﬁn

(Pewenue u nosicHeHue cM. B pasaene 8.6.7.)

8.6.2. NMNoyemMy NOUCK B rNyouHy?

s Toro 4ToObI MOHATH, MTO4YeMY rpadoBbIii MOMCK crIOcOOeH NOMOYb B BEIYHCIE-
HUU CUIILHO CBSI3HBIX KOMIOHEHT, BepHeMcsl K rpady Ha puc. 8.16. [Mpeanonoxkum,
4TO MbI BbI3bIBAEM MOMCK B IMYOHHY (JIMOO MOMCK B IUMPHHY) U3 BEPLUMHBL 6. AJl-
rOpUTM HalieT Bce JOCTHXKUMOE U3 6 U HUuero Honblite, o6Hapyxus {6, 8, 10},
TO €CTh UMEHHO OZIHY U3 CHJILHO CBSI3HBIX KOMMOHEHT. [110XHM pelueHneM bynerT,
€CI¥ Mbl BMECTO 3TOr0 HHULIMHMpPYeM rpadoBbIi MOMCK U3 BEPILHHbI |, B KAKOBOM
Cllyyae oOHapy>KHBaIOTCS BCe BEPLUMHBI (@ He ToNbkO {1, 3, 5}), U Mbl He MoTy4aeM
HHUKAaKUX CBEACHUH O KOMMOHEHTHOH CTpYKTYype.

OCHOBHOI{ BbIBOJ1 3aKJIKOYAETCS B TOM, 4TO rpadioBbIif TOUCK MOXKET BbISABIATE CHJIb-
HO CBAI3HbIE KOMIIOHEHTBI, TPH YCJIOBMH YTO Bbl HAYMHAETE C MPAaBHIILHOIO MeCTa.
HHTYHUTHBHO MBI XOTHM CHa4a/na 00Hapy>KUTb CTOKOBYIO CHJIBHO CBA3HYIO KOMIO-
HEHTY, TO eCThb CHJILHO CBA3HYIO KOMITOHEHTY 6e3 Hcxoaswmx pebep (MoaobHyro
SCC#4 Ha puc. 8.16), a 3aTeM BUraThCs B 0OpaTHOM HanpaBsiieHUM. B TepMuHax
Merarpada B yTBepxaeHuH 8.9, no Bceil BUAUMOCTH, Mbl XOTUM OOHapy>KUBaTh
CUJIBHO CBSI3HBIE KOMITOHEHTbI B 00paTHOM TOMONOTHYECKOM MOPsiIKE, BbIXBAThIBAsA
CTOKOBBIE CHUJILHO CBS3HbIE KOMIOHEHTHI OHY 3a Apyroif. B pasaene 8.5 Mul yxe
BHJIEJH, YTO TONOJIOrHYECKHE YTIOPA 10U UBaHUA HAXOAATCS B IPSIMOM BeAEHHH M0-
MCKa B DTYOUHY, H MMEHHO 1O JTO NpUYMHE HaLll anropuT™ OyJeT UCNOoIb30BaTh
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J1Ba Npoxoja noucka B rnyouny. [lepsbiii npoxoa BbIYUCAsET BonwebHOE ynops-
JOUYEHHEe, B KOTOPOM BepLIHHBI OyayT 00pabaTeiBarbcs, H BTOpo#i NOAYHHAETCA
3TOMY YNMOPAAOUYEHHIO C LIeNbi0 0OHAPYKHThL CHIBLHO CBA3HbIE KOMIOHEHTbI OHY
3a pyroii. 3Ta 1By XnpoxoaHas CTparerus HasbiBaetTcs arzopummom Kocapaiuo'.

Od¢dexra pagy: ot 3ab1aroBpeMEHHOE NpEeAyNpPeKIEHHE O TOM, KaK BbIITISANT
anroput™ Kocapaiito ¢ BbICOTbI 9 KHIIOMETPOB:

KOCAPAKIO (BbICOKOYPOBHEBbIW)

1. NycTb G 0603HavaeT BxoaHOM rpad G, B KOTOPOM HarnpaBneHne Kaxaoro
pebpa nosepHyTo B 06paTHYIO CTOPOHY.

2. Bwoi3aBaTb anropuT™ DFS U3 kaxaom BeplwuHbl rpada G™, o6paboraHHON
B NPOM3BOALHOM NOPAAKE, AN TOro YTo6bl BHIYMCIUTL NO3nuMIo f(v) ans
KaXAO0N BEPIUMUHDI V.

3. Bbi3BaTb anroputm DFS U3 kaxaon sepuwmHbl rpada G, 06paboTtaHHON OT
CaMOW BLICOKOW A0 CaMOM HU3KOW NO3UUMK, ANK TOrO YTOOLI BHIMUCINUTL
WUAEHTUYHOCTb CUNIbHO CBA3HOIO KOMNOHEHTA KaXA0i BePLUMHDI.

Y Bac MOXeT ObITb XOTb KaKas-TO HHTYHLMS B OTHOLUEHWH BTOPOIO H TPETHErO
aroB anroput™a Kocapaiito. BTopoii war, no-BHaAHMOMy, AENAET YTO-TO NOA0O-
HOe anropuTMy TopoSort M3 paszena 8.5 ¢ uenblo 06paboTkH CHIBHO CBA3HBIX
KOMMOHEHT BXOAHOIO rpadpa Ha TpeTbeM luare B 0OpaTHOM TOMONOTHYECKOM
nopsake. (ITpenocrepexeHue: Mbl yManu o6 anroputme TopoSort TOJIBKO B Ipa-
(ax DAG, a 3nech y Hac obwuit opueHTHpOBaHHbIHA rpad.) TpeTHii war, kak Mol
HaJeeMcs, aHaOrM4eH aNnropuTMy UCC M3 pasaena 8.3 Ans HEOPHEHTHPOBAHHBIX
rpagos. ([penocrepexenHne: B HEOPHEHTHPOBAHHbIX rpadPax NOps 0K, B KOTOPOM
Bbl 06pabarbiBaeTe BepLUINHBI, HE HMeeT 3Ha4eHHS; B OPHEHTHPOBAHHBIX rpadax,

! JlaHHBIi anropuT™ BnepBble MOABWICA B HeonmyOnukoBaHHoi cratee C. Pao Koca-

paiito (S. Rao Kosaraju) B 1978 roay. 10T anroput™ Takxke 6bu1 06HapyxeH Muvei
Ulapupom (Micha Sharir), kotopbiii ony6nukoBan ero B crarse «A4 Strong-Connectivity
Algorithm and Its Applications in Data Flow Analysis» (<ANTOpHTM CHIbHOH CBA3-
HOCTH H €r0 NPHUMEHEHHA B aHATH3E NMOTOKOB AaHHbIX») (Computers & Mathematics
with Applications, 1981). laHHblil anropuT™ TaKKe HHOILA HA3BIBAKT ANZ2OpUMMOM
Kocapaino—Lllapupa.
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KaK Mbl BUIEIH, 3T0 Tak. Ho kak 6b1Tb ¢ nepBbiM WwaroM? [ouemy nepBbiit npoxon
pabotaeT ¢ rpadoM, pa3BepHYTbIM B 0OpaTHYHO CTOPOHY ?)

8.6.3. MNouyemy oGpatHbIN rpacd?

Jlapajite cHayana paccMoTpuM Ooliee ecTeCTBEHHYIO HAEIO BbI30Ba aroOpuTMa
TopoSort u3 pasaena 8.5 Ha ucxonHoM BxoaHoM rpade G = (V, E). HanoMuuM,
4TO TOT ANTOPUTM UMEET BHELIHHI UMKR for, KOTOPLIH JenaeT NpoXoa Hal Bep-
wrHaMH G B POM3BONBLHOM NOPAAKE; HHHLMHPYET MOUCK B MYGHHY npH oOHa-
PY>KEHHH €LLE He pa3BeJAHHON BEpPLUMHBI U HA3HAYAET MO3ULHIO £ (V) BEPLIHHE v,
KOTIa MOMCK B MYyOWHY, HHHLIMMPOBaHHbIH B BEPUIMHE v, 3aBepluaetcs, [1o3nuuu
Ha3HaualoTcs B yOblBaloLIEM NMopsiake, HAYUHAA ¢ | V| BHU3 10 1.

ANropuT™ TopoSort repBoHavaabHO 6bl1 00YCIORIEH CNy4aeM ¢ OpPHEHTHPOBAH-
HbIM AUHMKJIHYECKHM BXOAHBIM rpad)oM, HO €ro MOXHO HCTIONB30BaTh AJIS BbIUKC-
JIEHHA MTO3HLHI BEPLUWH AJIS [POU3BOJILHONO OPUEHTHPOBAHHOIO rpada (TecToBoE
3afianue 8.4). Mbl HaaeeMcs, YTO 3TH MO3ULMH BEPLUHH KakKUM-TO obpaszoM OyayT
nonesHsl A1 GbICTPOro onpeneneHus XopoLlue cTapToBOH BepLIMHLI AN HaLlle-
FO BTOPOro npoxona novcka B rmy0OuHy, B Hieale BepLUMHbI B CTOKOBO#H CHIILHO
CBs13HOM KoMIoHeHTe rpada G, 6e3 ucxonsawux pebep. OCHOBaHUS A/ ONTHMH3MA
€CTb: B CITy4ae ¢ OPMEHTHPOBAHHBIM ALMKIHYECKUM TpadoM G NOULMH BEPLIHH
00pasyioT TONONOrMYECKYIO YNOPAAOYEHHOCTh (TeopeMa 8.8), H BeplLIHHA B NO-
ceqHEH NO3HLMM J0MKHA ObITh cTOKOBOH BeplunHOM rpada G Oe3 HCXOAALINX
pebep. (Jlrobble Takue pebpa OyayT HanpaBieHbl Ha3aj B yrmopsaaoueHuu.) Bos-
MOXHO JIH, 4TO B Clly4ae ¢ OOLIMM OpHEHTHPOBaHHbIM rpadoM G BepLUMHA B Mo-
ClIeAHeH MO3NLMH BCErla NPUHALIEKUT CTOKOBOH CHIILHO CBA3HOM KOMMNOHEHTE?

MNpumep

K coxanenuio, HeT. Hanpumep, npeanonoxum, 4To Mbl BbINONHAEM aJrOPUTM
TopoSort Ha rpade puc. 8.16. [lpeanonoxum, yto Mbl 06pabaTbiBaeM BepLIHHBI
B BO3pacTaloUIeM Nops ke, pHYeM BepluvHa 1 paccMarpusaeTcs nepBoii. (B 3tom
clly4yae BCe BEpLUHHbI OOHAPYKHBAIOTCSA HA MEPBOH UTEpALMM BHELUHETO LIMKNA.)

IMpeanonoxum aanee, 4To MOMCK B ryOHHY npoxoauT Yepes pebpo (3, 5) Ao pe-
6ep (3, 11), (5, 7) no pebep (5, 9), (9, 4) no pebpa (9, 2) u (9, 2) no pedpa (9, 8).
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B 3TOM cnyuae BaM clieayeT NpOBEPUTS, YTO MONYYAKOTCA CIEeAYIOIINE HHXE M0~
3ULIUH BEPLUUH:

fi3)=2

Bornpeku HalleMy kenaHuto, BepLIMHA B NOCeRHel Mo3vumMH (BeplurHa 4) He Npu-
HaJUIeXHT CTOKOBO# CUJILHO CBA3HOM KOMNOHEHTE. XopoLleH HOBOCTBIO ABJIAETCA
TOT ()aKT, 4TO BEPLIMHA B NEPBOi NO3ULKH (BEPIUUHA |) NPUHALIENKHT UCTOKOBOH
CUNILHO CBSA3HOW KOMMOHeHTe (UMes B BUAY CHILHO CBA3HYIO KOMMOHEHTY 6e3
BXOAALIUX pebep).

A uro, ecnu BMecTo 3Toro obpaborars BepliMHbI B YObIBaioieM nopaake? Eciu
noKck B My6uHy npoxoaut yepes pebpo (11, 6) no pebpa (11, 8) u pebpo (9, 2)
1o pebpa (9, 4), To (kak Bbl camy MoXkeTe yOeANTLCSA) NO3HLMY BEPLUMH COCTABAT:

f1)=2
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Ha 3ToT pa3 BepiuHHa B nocneAHed MO3UUMHU HAXOOUTCA B CTOKOBOWH CHUJIBLHO
CBA3HOH KOMITOHEHTE, HO Mbl 3HaEM, YTO 3TOr0 HE MPOUCXOAUT B 00LLIEM Cllyyae.
Bonee uHTpUryeT To, YTO BepLIMHA B epBO MO3MLHH MPHHAANIEKHT HCTOKOBO#
CHITBHO CBA3HOH KOMITIOHEHTE, XOTA U IPyroil BEpLUMHE U3 3TOM CUJIbHO CBA3HOM
KOMITOHEHTBI, HEXXeNIM B MPOLLJIbIH pa3. MoxeT i 3T0 ObiTh BEPHBLIM B 001IEM
cnyuvae?

MepBan BeplwnHa HAXOAUTCA B UCTOKOBOW CUNIbHO
CBSAI3HOW KOMNOHEHTe

Ha caMoM zerne ecTb Ko€-4To Nocepbe3He: ecly Mbl MOMETHM KaXIYH CHIbHO
CBA3HYIO KOMMOHEHTY rpaha G HauMeHbLuei Mo3HLHMel OfHOI U3 ee BEpILMH, TO
3TH METKH 00pasyIoT TOTIONIOTHUYECKOe YMopAAoYeHHe MeTarpada CHIILHO CBA3HBIX
KOMIMOHEHT, ONpPEAESCHHOIO B yTBEPXKAEHHH 8.9.

Teopema 8.10. (Tonosornyeckoe ynopsiiouMBaHHe CHIBHO CBA3ZHBIX KOMIIO-
HeHT.) Ilycme G pasHo opuenmuposannomy zpagy, 8 KOMopom eepuilinbl YRo-
PAOOUEHbL NPOU3BOALHO, U ONA KAXCOOU eepuiunbl v € V nycme f(v) o6o3nauaem
RO3uyUro v, 8bluucisiemyo ancopummonm TopoSort. Ilycme S|, S, oboznauarom
08e CunbHO C6A3HbIX Komnonenmel epaga G, u nycmov G umeem pebpo (v, w), 20e
ve S uwe S, Toeoa

min f(x) <min f(y).

Hoxasamenvcmeo: noka3aTenbCTBO OyJeT CXOXKHM C 0Ka3aTesIbCTBOM TNpPaBHJlb-
HOCTH anropuT™a TopoSort (Teopema 8.8, koTopyro celiyac CTOMT NepeuUuTarh
3aHoBO). [ycts S, S, 0603Ha4alOT ABE CHIILHO CBA3HBIX KOMMOHEHThI rpada G,
NpU 3TOM paccMOTpHUM ABa ciiyyas'. B nepsoM ciyuae npeanonoxum, 4To anro-
PHUTM TopoSort 06HapyKHBaeT U MHHLMUPYET MOUCK B IYyOUHY U3 BEPLIMHBL §
KOMITOHEHTB! S| Tiepe 11000 BepLIMHOH KOMIIOHEHTBI S,. [ToCckoNbKY cylllecTByeT
pebpo 13 BeplUKHbI V B S, B BEPLUHHY W B S,, U S, U S, ABIIAIOTCA CHUIILHO CBA3HbI-
MM KOMIOHEHTaMH, KaX/1ad BepLIHHA KOMIIOHEHTbI S, ABJISAETCA JOCTHXUMOM U3
§ — [ TOro 4To6bl JOCTHYb BEPLUHHY Y € S,, HAO CKICUTb MYTh § ~* V BHYTPH
KOMIOHEHTBI S, pe6po (v, w) M Iy Tb W ~xy BHYTPU KOMINOHEHTH!I S,. [To Xapakrepy

! Kak Mbl BuIenu B NpeablayLeM mpuMepe, 06a ciyuas BOIMOXKHBI,
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PEKYPCHBHBIX BbI30BOB C AHCLHIUIMHON «TOCNEAHHM BOLIES / MEPBbIM BbILIE
MOUCK B IyOGHHY, HHULIMHPOBAHHOM B s, He OyzeT 3aBepILEH A0 TeX NMOp, MOKa BCe
BEPLUMHBI KOMIOHEHTHI S, He OYly T MOJTHOCTLIO pa3BeaHbl. [T0Cko/IbKY NO3HUNH
BEpIIMH Ha3Ha4aloTCs B YObIBAIOLUEM MOPsAKe, NO3HUMA v OyAeT MeHbLUE, YEM
y KaX10# BEPLINHbI KOMIIOHEHTHI S,

Bo BTOpOM clyyae npeanoiokHM, YTO alropuTM TopoSort oGHapyXHBaeT Bep-
WHHY s € S, a0 mo6Goii BepuKHbl S,. [Tockonbky MeTarpad G sBnseTCs OpUEH-
THPOBaHHLIM aUMKIMUECKUM (yTBeprkaeHHe 8.9), OpHEHTHPOBAHHLIH MYTb U3 §
B 00y 10 BepLUMHY KOMNOHEHTHI S, oTcyTcTBYeT. (Takoi nyTh cioxun 6u1 S, 1 S,
B OJIHY CHJIbHO CBSI3HYIO KOMMOHeHTY.) TakuM o6pa3oM, MOMCK B MIyOHHY, HHH-
LMMPOBAHHBIH B 5, 3aBepLIAETCS NOCIE 0OHAPYKEHHS BCEX BEPLUMH KOMIOHEHTI
S, (1, BO3MOXHO, APYTHX Bellle#) U HH OIHOH U3 BEPILHMH KOMIOHEHTbI S|, B 3TOM
cnyuae Kax/J0i BEpLIMHE KOMIOHEHTDI S; MPUCBAHBAETCS NO3UUHS MEHbLUAS, YeM
y KadcOo# BEPLIHHBI KOMIOHEHTBI S,. Y. m. 0.

W3 teopemsi 8,10 BbITEKAET, YTO BEpLUHHA B TEPBOH NO3HLIMH BCET1A pacnofaraercs
B HCTOKOBOM CHJBHO CBS3HOM KOMIMOHEHTE, KaK Mbl H HaJessIMCh. PaccMOTpHM
BepILKHY v ¢ f(v) = |, OGUTAIOLLYIO B CHIILHO CBSI3HOH koMnoHeHTe S. Eciin 6ot §
He Gbia Gbl UCTOKOBOW CHJILHO CBA3HON KOMIMOHEHTOH ¢ peOpoM, BXOAALIMM H3
JIpYToii CUJIbHO CBA3HOH KOMMOHEHTBI S', To 1o TeopeMe 8.10 HauMeHbILas MO3HLUA
BepLIKHBI B S’ 6b11a 651 MeHbLIE |, UTO HEBO3MOXKHO.

[oaBeaeM MTOr: Mocjie OAHOrO NMPOX0Ja NMOHCKa B MyOHHY Mbl MOXEM Cpa3y
ofnpe/eNMTh BEPUIMHY B HCTOKOBO#H CHJIbHO CBA3HOH KOMMOHeHTe. EqMHCTBEHHAs
npo6ieMa — Mbl XOTHM ONPEAEIHTL BEPLIMHY B CTOKOBOH CHIIbHO CBS3HOW KOM-
TNoHeHTe, Pewenue — cHayana pazgepHyms 2pag 6 0bpamuyro cmopoHy.

Pa3sopot rpada B 06paTHyIO CTOPOHY

TECTOBOE 3AJAHME 8.6

[Tycts G paBHO OpHEeHTUPOBaHHOMY rpady, a G' paBHO KOTHH rpa-
da G, B xoTOpOM KaxKa0e pebpo pa3BepHYTO B 0OpaTHYIO CTOPOHY.
Hackonbko CHILHO CBA3HblE KOMIOHEHTHI rpaoB G U G CBA3aHbI
mexay co6oii? (BribepHTe Bce NoaXOAsLUINE BAPHAHTEL.)
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a) B uenoM oHM He cBA3aHbl MeXay COOOM.

6) Kaxnas cunbHO cBA3Has KoMMoOHeHTa rpada G Takxke sBnseTcs
CHNTBHO CBA3HOM KOMMOHeHTOH rpada G, U Hao60opoT.

B) Kaxpaas HCTOKOBas CHIIbHO CBA3HAsA KOMMOHeHTa rpada G Tak-
)Ke ABJIAETCA UCTOKOBOH CUIBHO CBA3HOW KOMMOHEHTOH rpa-
q)a Grev‘

r) Kaxaas cTokoBas cHJIbHO CBA3Has KOMMoHeHTa rpada G cTaHo-
BUTCS HCTOKOBO# CHIIbHO CBA3HON KOMMOHEHTOH rpada G".

(Pelenue u noscHeHue cM. B paszaene 8.6.7.)

,,,,, e g e e R ey D Rl e e T R

Creayloulee aanee cnecTBUE nepenucsiBaeT Teopemy 8.10 ans obparHoro rpada,
MCTIONB3Ys peleHHe TECTOBOIO 3a/1aHus 8.6.

Caencraue 8.11. ITycme G pagro opuenmuposannomy 2pag)y, 8epuiurvl KOmopozo
YROPAOOYEHbI NPOU3BOTLHO, A ONIA KaXCOOU 8epuunbl v € V nycmo f(v) obosnawaem
nozuywio v, suiyucasemyio anzopummom TopoSort na obpamuom epage G™. [Tycme
S, S, obosnauaiom dee cunbHo ceasnbix komnonenmul 2paga G, unycme G umeem
pebpo (v, w), 20eve S, uwe€ S, Tozoa

min f(x) > min f(y), 8.1

B yacTHOCTH, BeplUKMHa B NMEpPBO#i NO3HMLMK PacnoNaraeTcs B CTOKOBOH CHIBHO
CBA3HOM KoMnoHeHTe rpada G U ABAseTCA MeanbHOW CTapTOBOH TOUKOH ANs
BTOPOIO MPOX0/a NOUCKa B MyOHHY.

8.6.4. Ncespokoa ansa anropurma Kocapauwo

JlaBaiiTe cHauana npuBeieM Bce B MOPALOK: Mbl BBINIOJIHAEM OJIHH MPOXOA NOUCKa
B ry6HHY (MocpeacTBOM anroputMa TopoSort) Ha 0OpaTHOM rpade, BbIYHCIAIO-
Kt Bone6GHOE ynopaaouMBaHKHE, B KOTOPOM TpebyeTcsi MOCETUTh BEPLIHHBI,
1 BTOpO# Npoxon (nocpecTBOM NOANporpaMMbt DFS-Topo), NS TOro 4To0b! 06-
HapyXHTb CHJIBHO CBA3HbIE KOMITOHEHTbI B 06pPaTHOM TOMONOrHYECKOM NMopsKe,
BbIHMMAas MX OJHY 32 JAPYTrOi, KaK CIOH C JYKOBHLbL.
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KOSARAJU
Bxon: opuentupoBanHbiit rpad G = (V, E), npeacTaBieHHbIi B BUAE

CIUCKOB CMEXHOCTH, ¢ V= {1,2,3, ..., n}.

IMocTycnoBue: A1 KaxKA0# v, w € V, scc (v) = scc(w) TOraa H TONBKO
TOrAa, KOraa v, w HaXxoAAaTCA B OQHOM W TOW e CHILHOH CBA3HON
koMnoHeHTe rpada G.

G™ := (G, B KOTOPOM Bce pedpa pa3BepHyThl B 00paTHY1O CTOPOHY
MOMETHTH BCE BepUIMHbI ™ Kak Hepa3BeJaHHbIC
// nepBbih NpoOXOA MOMCKAa B FAy6uHy
// (BbumcnAeT nosuuum f(v), BonwebHyw ynopAAOYEHHOCTH)
TopoSort (G™)
// BTOpOW npoxop nmoucka B rnybuHy
// (HaxoAUT CUNBHO CBA3HLIE KOMMOHEHTHI
// 8 06paTHOM TOMONOrM4Y4ECKOM nopaake)
TIOMETUTH BCE BEpPLUMHBI G Kak Hepa3BeaaHHbIE
numSCC =0 // ThobanbHaa nepemeHHasn
for xaxpas v € V, B nopsaaxe Bo3pacranus f(v) do
if v He pasBenaHa then
numSCC = numSCC + 1
// Ha3Ha4MTb SCC-3HayeHua (NoapobHOCTH Huxe)

DFS-sCC (G, v)

Tpu netanu peanuzaumnu':

1. HaunGonee oueBHAHBIA cnocol peanu3auud airoputMa — caenarb Oyk-
BaJ1bHYI0 BTOPYIO KOMHIO BXOAHOTO rpada, B KOTOpoM Bce pebpa pa3BepHy-

! ﬂ,ml TOro 4ToObl OLUEHUTH MX TMO-HACTOALLEMY, NYYLIE BCCro pealnu3oBarb aJirOPUTM

CaMOCTOATENLHO (CM. 3aaady nmo nporpaMMupoBanuio 8.10).
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Thl B 00parHyo CTOPOHyY, ¥ nepeaaTsb ee B NoANporpaMMy TopoSort. bonee
yMHas peani3alus BbIMONHAET ANrOpHTM TopoSort B 06paTHY10 CTOPOHY Ha
HCXO/IHOM rpadpe MyTeM 3aMeHbl MPeANoKeHHs «kaxaoe pebpo (s, v) B He-
XOZSIIEM CIIHCKE CMEXHOCTHY» B MOANporpamme DFS-Topo pasaena 8.5 Ha
«Kaxaoe pebpo (v, s) B MCXOAALLEM CIIUCKE CMEXKHOCTHY.

2. Jlns nonyyeHHs HaWy4LIHMX Pe3y/IbTaTOB NEPBbIA MPOXo] NOoHcKa B NTyOH-
Hy JOMKeH JKCMOPTHPOBATb MACCHB, COAEPMXAILMit BepUIMHLI (THGO yKa-
3are/in Ha HUX) B MOpAJKE MX MO3HLMH C Uenbto, 4ToObl BTOPOH MpOXoa
Mor o0pabarbiBaTh WX C MOMOLUBI) NPOCTONO CKaHHPOBaHUA MaccHBa. OTa
paboTa nobaenseT B QyHKLHIO TopoSort TONBKO MOCTOSHHbIE HAKIAAHbLIE
pacxofbl (Kak Bbl CaMH MoXeTe yOeauTbes).

3. MoanporpamMa DFS-SCC Takast e, Kak W DFS, ¢ OfHOH JOMONHHMTENbHOMH
cinyxebHoit cTpokoit koaa:

DFS-SCC

Bxon: opueHTHpoBaHHbIi rpad G = (V, E), npeacTapneHHbIH B BHaE
CMMCKOB CMEXHOCTH, H BEpLUMHA s € V.

HOC'I)’CJIOBHCZ KOKAasA BEPIUHHA, AOCTHXKHUMAA H3 5, TOMEYACTCA KaK
«pa3BeaaHHas» U UMECT NMPUCBOECHHOE el 3HaYeHue scc.

NMOMETHTD § KaK pa3BeaHHYIO
sce(s) =numSCC // npuseaeHHan sblwe rnobanbHas nepeMeHHasn
for kaxaoe pebpo (s, v) B HCXOAALLIEM CITHCKE CMEXHOCTH s do

if v He pa3BenaHa then

G,v)

G bt

DFS-SCC (

AR

8.6.5. Npumep

JlaBaiiTe npoBepUM Ha HaweM paboyeM MPHUMEPE, YTO MbI MOIYYAEM TO, YTO Mbl
XOTHM, — 4TO BTOPO# NPOXOA MOHCKA B My6HHY 06HapYKHBAET CHILHO CBA3HbIE
KOMIOHEHTH! B 00paTHOM TonosorudyeckoM nopaake. Ilpeanonoxum, uto rpad
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Ha puc. 8.16 siBnseTcs pa3BepHYTLIM B 00paTHYIO CTOPOHY rpadoM G™ BXOLHO-
ro rpada. B pasgene 8.6.3 Mbl BLIYMCIHAH ABa cnoco6a, KOTOPBIMH aJrOPUTM
TopoSort Mor Obl Ha3HayaTh BeplIMHAM 3Toro rpada 3HaYcHHs f; faBaiTe Npu-
MeHHUM rnepBblii. BoT BxoaHOM (He 06parHblit) rpad), B KOTOPOM BEPLUMHLI AHHO-
THPOBaHb! STUMH BEPLIHMHHBIMHU O3HLUSMH:

Bropoii npoxon nepeGupaeT BepLuHHbI B NOPAAKE BO3pacTaHUA WX NO3ULIMH. TeM
CaMbIM MepBblif BBI30B NMOANPOrpaMMbl DFS-SCC MHULIMHPYETCS B BEPLUMHE B Niep-
BO# No3ULMH (KOTOpast OKa3bIBaeTCA BEPLUHHOH 1); OH OOHapy»1BaeT BepLiuHEI 1, 3
U 5 ¥ OTMEUaeT UX KaK BEPLUHHBI NEPBOH CHILHO CBA3HOH KOMITOHEHThI. AMOPUTM
NEepPEeXOAHT K PacCMOTPEHUIO BEPIUMHBI BO BTOPOH no3uuuu (BepiunHa 3); oHa
yxe Obl1a pa3BeaaHa NepBbIM BbI30OBOM IOANPOrpaMMbl DFS-SCC W nponyckaeT-
ca. BepunHa B TpeTbeii no3uuuy (BepiuHa 11) eie He oOHapykeHa U sBnsercs
crleayowel cTapToBoi TOYKOi Ans NOANporpamMMbl DFS-SCC, EqMHCTBEHHOE HCe-
xoasLliee pedpo 3TOi BepIIHHLI HaNpaBAAETCs B yXe pa3BelaHHY 10 BEpLUUHY (Bep-
uHy 3), nodToMy 11 ABnseTCs €AMHCTBEHHBIM YJIEHOM BTOPOH CHIIbHO CBS3HOH
KOMITOHEHTBI. AIFOPHTM NPOMYCKaeT BEPLUMHY B YETBEPTOH MO3MLMH (BepILMHa 5
yXe pa3Be/laHa) W 3areM UHHLIMHPYET NoANnporpaMmy DFS-SCC U3 BEPLUMHBI 7, TO
€CTb BEpIUHHBI B NATOH MO3ULUH. DTOT NOMCK 0OHApYUBaeT BEpLIHHbI 2, 4, 7
1 9 (ocTanbHble HexoaslHe pebpa Hanpap/eHbl B yXe pa3BeaHHYIO BEPLIHHY 5)
H KN1aCCHPHULUPYET UX KaK TPETbIO CHIbHO CBA3HYHO KOMITOHEHTY. ANTOPATM Mpo-
nyckaeT BeplUHHY 9, a 3aTeM BepLUMHY 2 U, HAKOHELl, BbI3bIBAET NOANPOrPaMMY
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DFS-SCC H3 BepuinHbl 10, 06HapyxHBas PUHANBHYIO CHITBHO CBA3HYHO KOMIIOHEH-
Ty (coaepyailyto BepiHHbl 6, 8 1 10).

8.6.6. NMpaBuNbHOCTb M BPEMS BbINONHEHUSA

AJ"’OpI/ITM Kocapaﬁlo ABJIAETCA NMPABHJIbHBIM H HEBEPOATHO GblCprlM JJIA KaX10Io
OpPHUEHTHPOBAHHOIO rpa(ba, a HE TOJIBKO B HAWLIEM IIpUMEpE.

Teopema 8.12, (CeoiicTBa aaroputma Kocapa#o.) /s xaxcoozo opuenmu-
posannozo zpaga, G = (V, E), npedcmasnennozo 6 ude CHUCKO8 CMENCHOCIU.

a) no 3aeepwenuu arzopumma Kocapaiiio ona kaxcoou naper v, w eepuiun
scc (V) = scc(w) moeoa u monvko mozoa, koeoa v u w NpuHaoaexcam oo-
HOU U MO Hce CUNBHO C8A3HOU Komnonenme epaga G;

6) epems pabomur ancopumma Kocapaitio pasno O(m + nj, c0e m = | E|
un=|\V|.

Mel yxke paccCMOTpesIH Bce HHTPeAHEHTbl, Heo0X0AHMble AJIA 0Ka3aTe/lbCTBRa.
JlaHHB1# aIrOPUTM MOXET OBLITh pealin30BaH ¢ BpeMeHeM O (m + 1), ¢ HeGoNbLIUM
CKPBITbIM IOCTOAHHBIM MHOXKHTEJIEM, 110 00bIYHBIM MpHYHHAM. Kax bl U3 ABYX
3TAroOB MOHCKA B MyOHHY BBINONHAET MNOCTOSHHOE YKCIIO ONepalyii B pacueTe Ha
BEPLUHHY WK peOpo, M JONOTHUTENbHAS clyxeOHas paboTa yBelMu1BaeT BpeMs
BbIMOJHEHHS TOJIBKO Ha NOCTOSHHBIK MHOXHTENb.

JlaHHbIi AINOPHTM TaKkKe NMPaBHNBbHO BbIYMCIISET BCE CHTbHO CBA3HbIE KOMMOHEH-
Thl: BCAKHI pa3, KOrna OH HHULMHPYET HOBbIH BbI30B MOANporpaMMbl DFS-SCC, AaH-
HbI} anNropuT™ 0GHAPYKHBAET POBHO OAHY HOBYIO CHJILHO CBSI3HYHO KOMIMOHEHTY,
KOTOpas AB/IAETCS CTOKOBOI CHIIBHO CBA3HOH KOMMOHEHTOI OTHOCUTENBHO rpada
€lle He pa3BeJaHHbIX BEPLIUH (TO €CTh CUITBHO CBA3HOM KOMMOHEHTOH, B KOTOPOiA
BCe MCXOJidILMe pebpa BedyT K Y)ke pa3BelaHHbIM BepLUHHAM)'.

! B uensax 6onee popManbHOro 0ka3arenbCTBa paCCMOTPHUM BBI30B MOATIPOrpaMMbl DFS -
SCC CO CTapTOBO# BEPLUHHOI# v, KOTOpas UPHHALIEKHT CUIIbHO CBA3HOM KOMMOHEHTE S.
U3 cneacteus 8.11 BbITEKAET, YTO OPHEHTHPOBAHHBIE ITYyTH H3 V MOTYT JOCTHYb TOJILKO
TaKMX CHIbHO CBA3HBIX KOMITOHEHT, KOTOPbIE COAEPKaT N0 KpaiHEeH Mepe OAHY BEPILUMHY
¢ IpHCBOEHHOM €it no3uuueit, Gonee panHeit, uem y v. [Mockonbky anroput™ Kocapa#io
obpadarriBaeT BEPILINHELI B NOPAAKE MX MO3HLIKH, BCE BEPILIMHBI B CHJIbHO CBA3HBIX KOM-
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8.6.7. PeweHuna TecToBbIX 3anaHuin 8.5-8.6

PeweHne TeCTOBOro 3apanns 8.5

IIpaBuabHbIH oTBeT: (T). B opHeHTHpOBaHHOM alukianueckoM rpade G = (V, E)
KaX/1as BEPLIMHA HAXOJHMTCS B CBOEH COGCTBEHHOM CHIILHO CBA3HOH KOMIIOHEH-
Te (B 0bw1eli 7 = |V| CUAbHO CBA3HBIX KOMNOHEHT). UTO6bI yBHAETD 3TO, 334a0UM
Tononoruueckoe ynopsaouenue rpada G (pasaen 8.5.1), npuueM kaxaou Bep-
WHHe v € V HasHauaeTcs HecoBnajatoinas Metka f{v). (Takas cywecTByeT no
TeopeMe 8.6.) Pebpa rpada G HanpaBiaeHbl TONBKO OT MEHbLIErO K GonblueMy
3HAYEHHIO f, MOITOMY ANS KaXIo# napbl v, w € V BepluH B G 1ub0 HeT nyTH
v~ w (eciH f(v) > f(w)), 1100 HeT yTH w ~ v (ecau f(w) > f(v)). 310 He maer
JIBYM BepLUHHAM OOHUTaTh B OAHOH H TOH Me CHABLHO CBA3HOH KOMIOHEHTE.

Pewuenne TeCTtoBoro 3apanuns 8.6

IpaBuibHbie 0TBeTHI: (6), (T). J[BE BEPIIMHDI v, w OPHEHTHPOBAHHOIO rpada Ha-
XOOATCA B TOM ke caMOM CHJIbHO CBS3HO KOMIIOHEHTE TOr/a ¥ TOJIBKO TOrAd, KOraa
CYILIECTBYET OPHUEHTHPOBAHHbIN MyTb P, M3 v B W 1 OPHEHTHPOBAHHbIH NyThb P, U3
w B v. 310 cBOMCTBO cobnonaercs And v U w B G TOI/a M TOJIbKO TOTNA, KOIa OHO
cobmopaercs B G — B MOC/EHEM, C HCTO/b30BaHHEM pa3BepHYTOi B 0OpaTHY 10
CTOPOHY BepcHH P,, 115 TOro 4ToObI 100paThCs M3 W B v, M pa3BepHYTOH B 0OpaTHY O
CTOPOHY BEPCHH P,, 1151 TOro 4ToObl 106paThest U3 v B w. Mbl MOXKEM 3aK/IIO4HTD, YTO
CHJILHO CBSAI3HbiE KOMMNOHEHTHI rpadoB G U G™*¥ ABNAIOTCS COBEPILCHHO OAUHAKOBbI-
MH. McTOKOBbIE CHILHO CBS3HbIE KOMIOHEHTHI rpada G (6e3 Bxoasiumx pebep) cra-
HOBSTCS CTOKOBBIMHU CUJILHO CBA3HBIMHM KOMNIOHEHTaMH rpaga G (6e3 ncxoasinx
pebep), H CTOKOBbIE CHILHO CBA3HbIE KOMIOHEHTbI CTAHOBATCS HCTOKOBLIMH CHIIBHO

MOHEHTAX, JOCTHXHMBIX U3 v, yike ObUTH pa3BeiaHbl ANrOPHTMOM. (BcnoMHHUTE, 4TO Kak
TOJILKO aJIFOPHTM HAXOANT OAHY BEPLUHHY H3 CHJIbHO CBA3HOH KOMITOHEHTBI, OH HAXOAHUT
ux Bce.) Takum o6pazom, pebpa, BoIXoASALLHE U3 S, JOCTHIAIOT TONBKO YKE pa3BeaHHbIX
BEPILHH. DTOT BbI30B MOANPOrpaMMbl DFS-SCC 06HapyXHBAET BEPIIUHbBI KOMITOHEHTBL S
1 Hu4ero GOMbILE, TAK KAK A1 HErO HET AOCTYMHbLIX MMyTeH AN TPOHUKHOBEHHA B ApY-
THE CUBHO CBA3HBIE KOMMOHEHTBL. [TOCKONBKY Ka)(Ibiif BBI3OB MOANPOrpaMMbl DFS-SCC
o6HapyXHBaeT OJHY CWIbHO CBA3HYIO KOMITIOHEHTY W KaXK[as BEPIIHHA B KOHCYHOM
cyeTe paccMarpuBaercs, anroputm Kocapaiito npaBuibHO HACHTHYUUHPYET BCE CHITLHO
CBS3HbIE KOMITOHEHTBI.
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CBs3HBIMM KoMMOHeHTaMH. B 6onee o6iueM niaHe cyuiecTsyer pebpo M3 BepILMHbB
B CUJIbHO CBA3HOM KOMMOHEHTE S| B BEPLUHHY CUIILHO CBA3HON KOMMOHEHTHI S, B G
TOTa H TONbKO TOTAa, KOrJa CyLIECTBYET COOTBETCTBYIOLLEE pe6po M3 BeplUHHBI
KOMIOHEHTHI S, B BEPLUMHY KOMIOHEHTSI S, B G™" (puc. 8.17)'.

sCC SCC SCC ScC SCC SCC

a) UcxopHbiv rpag 6) O6paTtHbin rpad

Puc. 8.17. pad n ero pa3sopoT B 06paTHYIO CTOPOHY MMEIOT OANHAKOBbLIE
CUJIbHO CBA3HbLIE KOMMOHEHTbI

8.7. CtpykTtypa BceMUpHON NnayTUHbI

Tenepb Bbl 3HaeTe Ko/LNeKLHIO GecnnaTHbIX rpadoBbiX NPUMHUTHBOB. Ecnu y Bac
€CTb rpa)OBbIe AaHHBIE, TO Bbl MOXKETE MPUMEHHTb 3TH ObICTpbIE aNrOPHTMbI, aXe
€ClIM He YBepeHbl, kak OyaeTe UCMONb30BaTh pe3ynsTarhl. HanpuMep, B cnyvae
C OpHEHTHPOBaHHbIM rpadom, mouemy Obl HE BLIYUCIIMTbL €0 CHIBbHO CBA3HbIE
KOMIOHEHTbI, YTOOBI MONYYHTh NPEACTARNEHHE O TOM, Kak OH BoImaauT? [lanee Mbl
pazBefaeM 3Ty HAEHO B OTPOMHOM U Ype3Bbl4aiiHO MHTEPECHOM OpUEHTHPOBAHHOM
rpage — rpacde BceMupHoii nayTHHBI, UK geb-cpaghe.

8.7.1. Be6-rpad

B BeG-rpade BepiuMHbI COOTBETCTBYIOT BeG-CTpaHHuLam, a pebpa — rumnepccbli-
KaM. 3ToT rpa¢ sBNSETCS OPHEHTHPOBAHHBIM, €10 pebpo YKa3bIBaeT CO CTPaHHLIb,

I Ipyrumu cnoeamu, Metarpad G' (yTeepxaeHue 8.9) npocTo-HaNpOCTO ABJIAETCA
MerarpagoM G, B KOTOPOM Bce pedpa pa3BepHyThl B 0OpaTHYIO CTOPOHY.
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coxeprallieit CChbUTKY, Ha CTPaHHLLY, Kyaa OyaeT nepeHarnpasieH Mojb30Bareib Mo-
cie kinka. HanprMep, Mos 1oMalliHgs CTPaHHLA COOTBETCTBYET BEPLIHHE B 3TOM
rpade, a ucxoasiue pedpa COOTBETCTBYIOT CCbUTKaM Ha CTPaHHLBl CO CTIUCKOM
MOMX KHHUT, MOMX KYPCOB U TakK aanee. EcTb Taloke Bxoasiue pebpa, cooTBETCTBY-
I0IL[HE CChUIKAM Ha MOK JAOMAIIHIOW CTpaHHULY, BO3MOXHO, OT MOHX COaBTOpPOB
MNH CTIUCKOB Mpenogasarteneil OHNalHOBBIX KypcoB (puc. 8.18).

Cnucok
OHNaWH-
Kypcos

Puc. 8.18. MusepHas yacTb Beb-rpacda

HcTtokn BeeMupHO# nayTHHBI AATHPYIOTCA TPUMEPHO 90-MH rofamH, HO B3pbIBHOH
POCT OHa McmbiTaa okono nATY net cnycta. K 2000 rogy (Bce elue «KaMeHHbIH
BeK» B HHTEPHETOBCKOM JieTOMCUUCTeHUH) Be6G-rpad ObL yKe HACTOJILKO BENHK,
YTO He NOJJaBaJICA NMpPeACTaBIeHNIO, H UCCIIeA0BaTENH ObITH OYEeHDb 3aUHTEPECO-
BaHbl B MOHUMaHUK ero cTpyKTypbl'. B 3TOM paszeine onuchIBaETCA H3BECTHOE
UcClie0BaHKe TOTO BPEMEHH, B KOTOPOM H3yyanach CTpyKTypa Beb-rpada nytem
BBIUKMCIICHHSA €N0 CHJIbHO CBA3HLIX koMnoHeHT?. ['pad numen 6onee 200 MUITHOHOB

! ina T0r0 YT06BI NOCTPOUTS 3TOT rpad, TpeGyeTcd BeINMONHUTL 06X0n (OONBLIOTNO KycKa)
MayTHHBI, MHOTOKPATHO CIEAYS 1O FHNEPCChUTKaM, H 3Ta 3aJa4a caMma rno cebe npea-
CTaBRNAET 3HAYNTENLHbIH HHXEHEPHBIA NOABMT.

310 HccnenoBaHNE ONKCAHO B oveHb yrobouuraemoit crarbe « Graph Structure in the
Web» («Ctpyxrypa rpada B Cetun) Anopes bpooepa, Pasu Kymapa, @apsuna Mazyaa,
Ipaéxaxapa Pazxasana, LlIpuoxapa Paoxcazonanana, Paiimu Cmama, Snopio Tomxuuca
u [ocanem Bunep (Computer Networks, 2000). B To Bpema komnaHua Google Tonbko-
TONLKO MOABHIIACH, H B ITAHHOM HCCNEOBAHHH UCTIONbL3OBAHCH JaHHbIe BeG-06xomoB
NOUCKOBO# CHCTEMO# Alta Vista (koTopo#t yxke JaBHO He CyLIECTBYET).
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BepLIMH U 1,5 Muanuapaa pedep, n03TOMy NTHHEHHO-BPEMEHHbBIE ATMTOPHTMbI ObLTH
a6CcoNTHO HEoOXOAUMBI!!

8.7.2. «rancTtyk-6a6ouxa»

B uccnenoBanun bpoaepa U coaBTOpoB GbUTH BBHIYHCIIEHBI CHIILHO CBA3HBIE KOM-
NOHEHTHI BeG-rpaga U npuBeAeHbl OOLACHEHUS MONYYEHHbIX pe3yJLTaToB ¢ Hc-
NnonL30BaHHEM «ranctyka-6aboukny, u3obpaxeHnHoro Ha puc. 8.19. ¥Y3en «ran-
cTyka-6aboukm» ABNAETCA KPYMHEHLIHM CHIBHO CBA3HBIM KOMIIOHEHTOM rpada,
COepKaLLUM NpUMEPHO 28 % ero BepLIHH. Ta CHIILHO CBA3HAA KOMMOHEHTA Ha-
3b1BAETCS MTUMAHTCKOH BIIONIHE 3aCITY’KEHHO, TaK KaK CNeAYyHolas No BeIMUHHE CUIILHO
CBA3Has KOMMOHeHTa Oblna Ha 1Ba NOpAAKa MeHblue?. [MraHTCKas CHIbHO CBA3HAA
KOMIMOHEHTA MOXET GbITh HCTONKOBAHA KaK sIPO CETH, KaXAas CTPaHHLA KOTOPOToO
JIOCTYMHA ¢ J1t000# ApYroH CTpaHHULILI 110 MOCNe0BaTeNLHOCTH TMNEPCChLIOK.

TyHHENb

BbIXOA,

ruraHTckan O O
CUNBHO O

CBA3HAA

ocTposa

Puc. 8.19. Busyanusauus Beb-rpada B Buae «rancryka-6aboukun». MpumepHo
OMHAKOBOE YNCNO BEB-CTPaHWL, NPUHAANEXUT MIraHTCKON CUNBHO CBA3HOW
KOMIMOHEHTE, BXOAY, BLIXOAY W O0CTasbHOW YacTu rpada

! JlaHHOe HccnefoBaHKe NPeNBOCXULIAET COBpeMeHHbIe I1aTrdopMbl 00paboTKu MaccHe-
HbIX JAHHbIX, TakHe kak MapReduce u Hadoop, U B To BpeMs 310 ObL1 OTITyrHBalOWHH
pa3Mep BBOAHBIX AAHHbBIX.

2 TloMHUTE: YTOOBI CIOXKHTH JBE CHITBHO CBA3HBIX KOMIOHEHTH B OQHY TpebyeTcs Nuib
OIHO pedpo B Ka)KA0M HanpasieHUH. HHTyUTHBHO 6bU10 Obl IOBONBHO CTPAHHO, €CITH
651 6B1TO JBE MACCHBHBLIX CHITBHO CBA3HBIX KOMITOHEHTHI O€3 NPOXOAAILHX MEXTY HHMH,
N0 KpaHHeH Mepe B OIHOM HanpasJieHHH, pebep.
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Bonee MenkHe CHIBHO CBA3HBIE KOMIOHEHTbI MOXXHO OTHECTH K HECKOJbKHM
KareropusaM. M3 HekoTOpbIx MOXXHO 06paTbCs A0 MMIAHTCKOW CHIILHO CBS3HOH
KOMIIOHEHTBI (HO He Ha060POT); 3TO JieBas (BXOAHAA) YACTb (TANCTyKa-0ab0uKH».
Hanpumep, B 3T0# 4acTH NOSBUTCS BHOBb CO31aHHas BeO-CTpaHHLA CO CCBITKOH HA
KaKy10-JIH0O CTPAHHLLY B THTAHTCKOH CHIbHO CBA3HOM KOMIIOHEHTE. AHAJIOTHYHBIM
00pa3oM BbIXOZIHAsA 4acThb NpeAcTasnseT co6od BCe CHILHO CBA3HBIC KOMIOHEH-
Thl, JOCTHXUMbIE U3 THIAHTCKOM CHITbHO CBS3HONH KOMMOHEHTBI, HO HE HAa06OPOT.
OnHKM M3 NPUMEPOB CHIILHO CBA3HOH KOMIMOHEHTBI B 9TOM HacTH AB/AETCS Kop-
nopaTHBHbI BeG-cailT, 4715 KOTOPOro NOJUTHKA KOMIIAHKUH MPeANHCIBAET, HTOObI
BCE TMMEPCChLUIKM ¢ ero CTpaHHL| OCTaBaUCh B Npejenax caiira. ECTb M apyrue
CTpaHHble BELIU: « TYHHEIH», NPOXOAslLHe OT BXO/A K BbIXOAY, MUHYS THTAHTCKYIO
CHJIbHO CBA3HYIO KOMIIOHEHTY; «YChD», KOTOpbIE JOCTYMHBI U3 BXOAA HITH KOTOpbBIE
MOTYT JOCTHIaTh BbIXOZa (HO HE NpHHaNeXalllie THIAHTCKOH CHIIbHO CBA3HOM
KOMIIOHEHTE), H KOCTPOBa» BeG-CTPaHMLI, KOTOPbIE HE MOTYT JJOCTHIaTh HITH ObITh
JOCTUTHYTbI MOYTH U3 T000# Apyroit uactu CeTH.

8.7.3. OcHOBHbIE BbIBOAbI

BO3MOXHO, CaMbIM YIMBHTENbHBIM OTKPBITHEM JAHHOTO HCCIIELOBAHHS SABIAETCH
TO, YTO BCE OCHOBHBIE 4acTH BeO-rpada: rHraHTckas CHbHO CB3Has KOMIIOHEHTA,
BXO[IHas 4acTh, BbIXOAHAA YaCTb U CTPAHHbIE BEIIM HMEIOT MPUMEPHO OXMHAKOBBIH
pasMmep (= 24-28 % BepluuH kaxaas). Jlo 3Toro UccaeA0BaHUsi MHOTHE OXKHIANH,
YTO FMTaHTCKAs CHIIbHO CBA3HAA KOMIIOHEHTa OyaieT HaMHoTO 6oJblile, 4eM MPOCTO
28 % INayTuHbl. BTopo#t HHTepecHbIH BbIBOJ 3aK/IHOHAETCS B TOM, YTO THraHTCKas
CHJIbHO CBsI3Has KOMIOHEHTA BHYTPEHHe OOHIIbHO CBsI3aHa: OHA HMEET NpUMep-
HO 56 MH/UIMOHOB BeO-CTpaHUL, HO TS MEPEXOAA OT OAHON CTPaHHULb] K ApYTOH
HYXHO, Kak NpaBuJIO, NepeiTH He MeHee 4eM no 20 runepceblikam'. OcranbHas
yactb BeG-rpada ces3ana cnabee, rae Anis nepexoaa oT OAHON BEPLUHMHbI K Apyroi
4acTo HEOOXOAUMBI JIMHHbBIE MYTH.

Bui Gb11M Gb1 NpaBsl, eci Gbl 33AaNKCL BONPOCOM, ABISIOTCS JIH Kakue-ITH60 u3
ATHX HAX0JOK MEPEXHUTKOM HbIHE JOMCTOPHUUECKOTO CHUMKA BeO-rpada, KoTopbIi

! HanMuue KOPOTKHX BE3MECYLIHX MyTed Take H3BECTHO MOJ Ha3BaHHEM «CBOWCTBA

MaJIoro Mupa», KOTOpPOe TECHO CBA3AHO ¢ MOMmy1apHO# (pazodt «wecTh cTeneHen pas-
ngeneHun» (cM. Teopus wecmu pykonoxcamuii).
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Obln 3a1€HCTBOBAH B 3KCTIEpUMEHTE. XOTH C TeUEHHeM BpeEMEHH TOUHbIE LUPLI
MEHSJIHCh, 110 Mepe Toro kak BeG-rpad poc v 3BoMoLHOHHPOBA, bonee no3aHue
JOMNOMHHUTEIbHbIE UCCIIEN0BAHHS € NEPEOLIEHKOH €T0 CTPYKTY bl CBUAETENLCTBYHOT
0 TOM, YTO KaueCTBEHHbIE BLIBOBI Bpoaepa u ero coaBTopos 0CTAOTCS TOUHBIMK' .

' OrtHocuTenbHO BeO-rpadha u Apyrux HHHOPMaUMOHHLIX CeTell NPOAOIKAETCA MHOTO HH-

TEPECHBIX HCCIIE0BAHHIA; HANPHMED, B OTHOLICHHH TOTO, Kak BeG-rpad 3BONIOLIMOHHpYET
C Te4eHHEM BPEMEHH, N0 JHHAMHKE PACMpOCTpaHEeHHs HHPOPMALIMM Yepes Takod rpad
M B OTHOLIEHHH TOrO, KaK HACHTU(PULHPOBATH (COOBIIECTBAY WIM APYTYIO 3HAYUMYHO
MEJIKO3EPHHCTYIO CTPYKTYPY. B 60MbILIHHCTBE 3TUX HCCieN0BaHHi HEBEPOATHO ObICTphie
rpagoBble MPMMHUTUBBI HIPAIOT PELIAIOLLYIO POTib. B kauecTBe BBEACHHS B 3TH TEMBI PEKO-
MeHIyeM O3HAKOMHUTBCA ¢ y4eOHHUKOM « Networks, Crowds, and Markets: Reasoning About
a Highly Connected Worldy («CeTH, TONNbL U PHIHKK: PacCyKAEHUA O CHILHO CBAZHOM
mupe») Jaeuoa Henu w Incona Kneiinbepza (Cambridge University Press, 2010).


https://www.htbook.ru
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3azaua 8.1, Kakoe u3 cnelyrouiux yTeepxaeHui codmonaerca? Kak oOpiuHo,
n ¥ m 0003HAYAKOT YKCNIO BeplluH U pebep rpada coorsercTBeHHO. (BpibepHTe
BCE MOAXOIALLHE BAPHAHTBI.)

a) [louck B IIMPHUHY MOXET UCMOJIL30BATECSA A BHIYHCICHHUS CBAZHBIX KOM-
MOHEHT HEOPHEHTUPOBaHHOIO rpada 3a Bpems O(m + n).

6) [loMCK B LIMPUHY MOXET HCHOJb30BATHCA 1A BLIYUCIICHHA JUIHH KpaTyaii-
WIMX NyTe# U3 CTapTOBOH BEPLIMHBI 10 JIIOO0H APYroii BEPLUHMHBI 3a BpeMs
O(m + n), Tae «xpar4aiilunit» 03HaYaeT HauMeHblLee YHCIIOo pebep.

B) Ilouck B myGHHY MOXET HCI0Nb30BaTLCS AN BbIYHCIIEHHS CHIBHO CBA3-
HbIX KOMIIOHEHT OpPHEHTHPOBaHHOIO rpaga 3a BpeMs O(m + n).

r) Ilouck B myOuHY MOXKET UCNIONB30BATECA ANA BBIYHUCIICHHS TOIONOTHYe-
CKOTO YNOpAAOYHBAHHA OPHEHTHPOBAHHOTO alMKJIMYecKoro rpada 3a spe-
M O(m + n).
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3anaua 8.2. KakoBo Bpems BBIMOJNHEHHA NMOHCKa B TyOHHY Kak (yHKUHH
n U m (Y4cna BepLINH H pebep), ecnu BXOAHOH rpad npeiacrasied Marpuiei
CMEXKHOCTH (@ He CNIUCKaMU CMeXHOCTH)? Bbl MOXeTe HCXOANTL U3 TOTO, YTO rpad
He UMeeT napajuieNibHbIX pedep.

a) ®@(m+n)

6) ©(m+nlogn)

B) ©(n*)

r) ®(mxn)
3apa4qa 8.3. B nanHoii 3anaue uccneqyercs cBi3b Mexay ABYMs ONpeAeNeHUIMHU
paccTosHuii Mexay rpadgamu. B 1ol 3anaue paccMaTpuBarOTCS TONLKO HEOpUEH-
THPOBaHHbIE U CBA3HbIE rpadbl. Juamemp rpada — 310 MakcUMANLHOE KpaTyaii-
l1€e pacCTosHHE MEXXAY v U W Hall BCEMH BapMaHTaMU BepLIKH v U w'. [lanee, ais
BEpLUHHbI v, 0003HaUMM yepes / (V) MakcHMaTbHOe KpaTyaiililee pacCTOsHUE MEXIY

V U W Halx BCEMH BeplUMHAMHU w. Paduyc rpada — 3T0 MHHUMaIbHOE 3HaYeHHe
/(v) Haa BceMH BapHAHTaMH BEPLUMHLI V.

Kakoe H3 crenyroliMx HepaBeHCTB, CBA3LIBAIOLUMX PAAHYC r ¢ IUAMETPOM d, CO-
JEepPXKUTCA B KaKIOM HEOPHEHTHPOBAHHOM cBA3HOM rpade? (Bribepure Bce non-
XOAsALLHE BAPHAHTBL.)

a) r<di2

0) r<d

B) r>d/2

r) r>d
3anaya 8.4. Korna opveHTHpOBaHHbIN rpad HMeeT YHHKAIbHOE TOMOJIOTHYECKOE
ynopszaoyenue?

a) Korna oH sBnseTcs OpMeHTHPOBAHHLIM AUMKIHYECKHM.

6) Korna oH uMeeT YHHUKaANbHBIH LIUKJI.

B) Bcskuil pa3, KOrJa OH COAEPXKUT OPHEHTHPOBAHHBIA NMyTb, KOTOPLIA MO-
cellaeT KaXAyro BEPILHMHY POBHO OIUH pa3.

F) Hwu oauH u3 NpeACTABJICHHbIX BADUHAHTOB HE ABAAECTCA NPaBHJIbHLIM.

" HanoMHuM, 4TO KpaTuaiilliee pacCTOAHHE MEXIY v U W — 3TO HaHMeHbLLIee Yrcno pebep

B MyTH V-w.
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3axaua 8.5. PaccMoTpuTe BhINONHEHHE anropuT™a TopoSort (pasaen 8.5) Ha opu-
eHTUPOBaHHOM rpage G, KOTOPbIi HE SBIAETCS OPHEHTHPOBAHHBIM ALUUKIIMYECKHUM,
JlaHHbIi aNropuT™ He GYAET BLIYMCIATL TONOJIOrHYECKoe yNopsaaounBaHHe (To-
CKOJIbKY OHO OTCYTCTBYeT). BbluMCNIsAeT 1M OH ynopsaaoudBaHHE, MUHHMHU3HUPY-
1oulee Yucio pebep, KOTopble HanpasneHbl Hasaa (puc. 8.20)? (Buibepure Bce
NOAXOAALIME BAPUAHTHI.)

a) AnropuT™ TopoSort BCErna BbIYHCIAET YNOPAAOYMBAHHE BEPLIHH, KOTO-
poe MUHHUMH3HPYET YHco 00paTHbIX pedep.

0) Anroput™ TopoSort HHKOLAA HE BBIYMCIAET YNOPsJ0YMBAHHME BEPLUMH,
KOTOpOE MHUHUMHU3UPYET UMcio 00paTHbIX pedep.

B) CylilecTBYIOT IPUMepLI, B KOTOPBIX aJITOPUTM TopoSort BbIYHCIAET yNo-
pAAOYMBAHHE BEPLUMH, KOTOPOE MUHUMH3HPYET UMCIO 0OpaTHbIX pebep,
a TaKKe NpUMepbl, B KOTOPLIX OH 3TOMO He AefaeT.

r) ANropuT™ TopoSort BbIYMCIAET YNOPAAOYHBAHHE BEPUIMH, KOTOPOE MH-
HUMH3HUpPYeT YKciI0 06paTHbIX pebep TOorAa M TONbKO TOT/A, KOT/1a BXOAHOH
rpa¢ npeactaBnseT co6oi OpHEHTHPOBAHHBIH LMK,

Puc. 8.20. Mpad 6e3 TONONOrN4ecKoro ynopaaoineanus. B ynopsaoumeanum s, v,
w, t eAMHCTBEHHBIM 06paTHbIM pebpom sensieTcs (t, s)

3anaua 8.6. Eciu 106aBuTh 0AHO HOBOE pebpo B OpUeHTHpOBaHHbIH rpad G, To
YMCJIO CUIILHO CBA3HBIX KOMITOHEHT... (BbibepuTe BCe MoAXoAAlMe BADHAHTEL.)

a) ..MOXET WM HE MOXET OCTAThCA TeM Xe caMbiM (B 3aBUCHMOCTH OT G
¥ HOBOTO pebpa).

6) ...He MOXeT YMEHbIUHThLCS.
B) ...HE MOXET YBEJIMUHTHCH.

r) ...He MOXeT YMeHbLUHUTLCs 6oJiee ueM Ha |.
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Fnaea 8. MNownck B rpade U ero npUMeHeHus

3agaya 8.7. BcioMHuTe anroputM Kosaraju u3 pasaena 8.6, KOTopbli HCHONb3yeT
JIBa NpoxoJa Noucka B rMyOURY AN BLIYHCIEHHUS CHUIIBHO CBA3HBIX KOMMOHEHT
OopueHTHpOoBaHHOrO rpada. Kakue M3 clienyromnx yTBep>KAEHUH ABISIOTCH HC-
TUHHBIMU? (BbibepuTe Bce noaxoasine BapHaHThL.)

a)

6)

B)

r)

Anroput™ octaBaics 6bl NPaBUJIBHBIM, eClM Obl OH UCMONB30BAN MOUCK
B LIMPUHY BMECTO NMOKCKa B ry6uHYy B 000MX CBOMX MPOXOJaX.

A.IH‘OpPITM ocTancs Obl MpaBUJIbHBIM, €CJIH Obl MBI HCTIONIBL30BANH MOMCK
B LIMPHHY BMECCTO NMOUCKA B l".IIy6HHy B NNIEPBOM NpOXOI¢.

AI]mpPITM octancs 6bl NpaBHJIBHBIM, €CJIN Obl Mbl MCIOJIL30BAJIM MOHCK
B LIHPHHY BMECTO NMOUCKA B F.II)’6HH)’ BO BTOpPOM IpOXOAE.

ANropuT™ He SIBRSETCS NPaBUIBHBIM, €CITH TOJILKO OH HE HCTONBb3YET Mo~
UCK B ryOUHY B 000MX CBOUX NMPOX0Aax.

3agaua 8.8. HanoMuuM, 4To B anroput™Me Kosaraju MepBblii Npoxoa NOUCKa
B m1yOuHY paboTaeT Ha pa3BepHyTO#i B 00paTHYt CTOPOHY BEPCHM BXOAHOIO
rpada, u BTOpo# npoxon — Ha HCXOOHOM BxonHOM rpacde. Kakue U3 cnegyromnx
yTBEPXXKAEHHH SBISAOTCS HCTHHHBIMH? (BbiOepuTe BCe noaxonsiiye BapHaHThI.)

a)

6)

ANropuT™ ocTajics 6bl NPaBUIIbHBIM, M ObI B IEPBOM NPOXOJE MY NPH-
CBOMIIM MO3HLIMM BEPLUUH B BO3pacTaiolleM (a He yObiBaiolieM) nopske,
a BO BTOPOM [1POXOJIe pacCMaTpHBaiy BEPLUMHBI B yObIBatoLIeM (a He BO3-
pacTarolleM) Nopsaake NO3ULHi BEpLUHH.

ANroput™ octancs Obl NPaBUIILHBIM, €cH Obl OH HCTIONbL30BAT HCXOAHBIH
BXOAHOH rpad B CBOEM NMEPBOM MPOXOAE W 0OpaTHbIN rpad B cBoeM BTO-
POM TpOXoze.

ANroput™ octaincst 6bl MpaBUIIbHBIM, €CNM Obl OH MCMONL30BAN HCXOI-
Hblif BXOHO# rpad B 060KWX NpoXoaax, NpK YCJIOBHM 4YTO B NEPBOM MNpo-
X0J€e OH NMPHCBOMI NMO3KHLMH BEPLIMH B BO3pacTawlleM (a He yObiBaro-
11eM) NopsaKe.

Anroput™ octaiics Gbl IPaBHIBHBIM, €CITH Gbl OH HCMONB30BANT HCXOMHBIH
BXoaHO# rpad B 0boux mpoxoaax, NpH yCIOBHH YTO BO BTOPOM NpPOXOZe
OH paccMaTpHBai BepLUKHBI B nopsike yObIBaHMs (a He YBENHUEHHS) Mo~
JI0OXKEHUS BEPLUHH.
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3agayvya noBbILLEHHOW CJI0XKHOCTU

3anaua 8.9. B zanaue 2SAT' 3anaH0 MHOMECTBO BbIP&XKEHHH (AM3bIOHKTHBHBIX
OIHOY/IEHOB), KAKA0€ U3 KOTOPBIX ABISETCH AUIBIOHKLUMEH (JIOTHYECKHM «HITH»)
JBYX nuTepanos. (Jlutepan — 31o OyneBa nepeMeHHas MM OoTpHUaHKe OyneBoi
NnepeMeHHoi.) Bbl XOTHTE MPUCBOUTL KaXI0H NEpeMEHHON 3HAYEHHE KUCTHHAY
60 «oXbY, 1A TOro YyToObl Bce BbIpaXKeHHs ObITH yAOBIETBOPEHBI N0 Kpai-
Heif Mepe OIHUM MCTHHHbIM JIMTEPAJIOM B KaX10M BhipaxkeHHH. Hanpumep, ecin
BXOJIHbIE IaHHbIE COAEPKAT TPH BBIPWKEHHS X, V X,, X V X3 U X, V 7X;, TO OAHH
13 CNocob0B yA0BNETBOPUTD BCE U3 HUX — YCTAHOBUTD X, U X, PABHBIMH K HICTHHA»
U X, PaBHBIM «JIOXB»2. 113 CeMH IpyTHX BO3MOXHbIX NPUCBaHBAHMA HCTUHHOCTHBIX
3HaYe€HHUH TONbKO OHO YAOBIETBOPSET BCEM TPEM BbIPAKEHHUAM.

PazpaboraiiTe anropuT™, KOTOpBIi OnpeAenseT, UMEeT JM AaHHBIA IKIEMIUTAp
3apauu 2SAT xoTs Gbl OAHO yZOBIETBOpSIOLIEE NMpUCBaKBaHKe. (Bawl anroput™
OTBEYACT TONBKO 32 MPHUHATHE PELIEHHS O TOM, CYLIECTBYET MM HET YAOBNET-
BOpsIOlIlEe €ro MPUCBaHBaHUe; CaMO TaKoe NPUCBaUBaHHe AEMOHCTPUPOBATL HE
obsi3arensHO.) Bai anroput™ A0MKeH BBINONHATECS 3a BpeMs O(m + n), rae m
M 1 — 3TO YKCJIO BbIPAXKEHHUH U NMEPEMEHHBIX COOTBETCTBEHHO.

[Moackaska: MOKaXKMTe, KaK PELUUTh 3a7auy, BLIYMCIASA CHIILHO CBA3HBIE KOMIIO-
HEHThLI HaJnexaluM o6pa3oM onpeae/eHHOro OpUeHTHPOBAHHOO rpagda. ]

3apa4a no NnporpaMmmMupoBaHUIO

3agaya 8.10. Peanusyiite Ha cBoeM JIIOOMMOM SI3bIKE NPOrpaMMHPOBAHHS ajro-
PHTM Kosaraju U3 pasaena 8.6 U Mcnonb3yiTe ero As BbIYHCICHUS Pa3MEPOB MATH
CaMBbIX GOJNBUIMX CHIBHO CBA3HBLIX KOMIIOHEHT Pa3HbIX OPUEHTHPOBAHHBIX rPagoB.
Bbl MOXETe peanu30BaTh HTEPATHBHYIO BEPCHIO NOKCKA B Iy OKHY, PEKY PCHBHY KO
BEPCHIO (CM. CHOCKY Ha ¢. 43) nu6o u To u apyroe. (O6parurtech K caiTy www.
algorithmsilluminated.org ans nonyueHHUs TECTOBLIX CAY4aeB H COBOKYNHOCTEH
JAHHBIX JUTS 331a4.)

' OrHocuTensHo 3anau 2SAT oM. http://neerc.ifmo.ru/wiki/index.php?title=2SAT. — [Ipu-
Mey. nep.

CuMBON «v» 0603HaYaeT OTHUECKYI0 OTNIEPALIHIO KHIIHY, @ «™» — OTpHUAHHE OyneBoi
NEPEMEHHOM.
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Mpe1 no6panuch 10 eie oqHOMo U3 BeaHYalLMX XUTOB computer science: anro-
puTMa kpatuaiiwero nytn Jefketpel'. DToT anroput™ pabortaeTt B n1060M OpH-
€HTHPOBAHHOM rpade ¢ HeOTPHUATENLHBIMH IJTMHAMH pebep U BLIYHCTSET IJTHHBI
Kparvanux nyTei U3 cTapTOBOW BEPLUMHBI A0 BCEX OCTaNIbHbIX BepiuHH. [locne
tdbopmansHOro onpeaeneHus 3anaun (pazaen 9.1) Mbl JaeM onucaHue JAHHOTO
anroput™a (pasaen 9.2), 1oka3aTeNbCTBO €ro NpaBHJILHOCTH (pa3aen 9.3) v npu-
BOZIMM €ro MpocTyto peanu3sauuio (pasaen 9.4). B cnenyioieit mase Mbl yBHINM
HEBEPOATHO OLICTPYIO peaiv3alHio JAHHOIO aJITOPHTMA, B KOTOPOM HCIOJIb3yeTCs
NPEeUMYLIECTBO CTPYKTYPbl JaHHBIX, IMEHYEMOH Kyueil.

9.1. 3apava o KpaTyanwieMm nNyTn
C €AUHCTBEHHbLIM UCTOKOM

9.1.1. OnpepneneHne 3apaun

Anropyut™ JIeHKCTpbl pellaeT 3a1ay O Kparuailuem nyTH ¢ eIMHCTBEHHBIM HC-
TOKOM?.

3AJAYA: KOPOTKHUE NYTH C EJHHCTBEHHBIM HCTOKOM
Bxoa: opueHTHpoBaHHbIi rpad G =(V, E), ctapTroBas BepluMHas € V
W HeoTpHLaTeNbHas JUIMHA [, 10 kaxaoro pebpa e € E.

Beixon: dist (s, v) ANS KaXA0H BeplIMHbIV € V.

I OGuapyxen Jxacrepom B. [efikctpoii B 1956 roqy («npuMepHO 3a ABafLATE MHHYTY,

MO €ro C/0BaM B WHTEPBBIO MHOTO JeT cnycTs). Heckonbko apyrux uccnenosareneit
He3aBHCHMO 0OHapYKHNH aHANOTHYHBIE ANTOPHTMBI B KOHLE 1950 ronos.

TepMHH «MCTOK» B HA3BAHHH 3a134H OTHOCHTCA K 33[laHHOI CTapTOBOM BEpIMHE. MBI
Y€ MCNOb30BAIH TEPMHH KUCTOKOBAA BEPLIMHA» I/ 0603HAYEHUA BEPIUHHBI OPH-
eHTHpoBaHHOro rpada 6e3 Bxoaswmux pebep (pasmen 8.5.2). Ans Toro uto6bl OCTATHCA
NOCNENOBATENLHBIMH C Hallel TEPMHHONOTHEH M3 MaBkbl 8, Mbl OylieM NpHAEPXKHBATLCA
TEPMHHA «CTAapTOBasA BEPLUIHHAY.
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HanomuumM, uto dopma 3anucu dist (s, v) 0603HauaeT JIMHY KpaT4yaillero nyTy
n3 s k v. (Ecnu nyT n3 s B v HeT, 1o dist (s, v) paBHO +00.) [Ton wIMHON MyTH MBI
nogpasymeBaeM cyMMy AHH ero pebep. Tak, B rpade, B kOTOpoM kaxaoe pebpo
MMeET AJIHHY 1, UIHHA MyTH — 3TO KONH4YeCTBO pebep B HeM. Kparuaiiumii nyTs
M3 BEPLUMHBI v A0 BEPLUHHBI W — 3TO MyTh ¢ MUHUMANILHOH JUIMHOM (CpeAn Beex
nyrte# v-w).

HanpuMep, ecau rpad npeactaBnseT ZOpoKHYIO CETb, a AJMHA Kaxaoro pebpa
NPEACTABAET 0XKHAAEMOE BPEMA B MyTH OT OJAHOIO KOHLA O APYroro, To 3aaa-
Ya O KpaTyaiillieM MyTH C €XMHCTBEHHBIM HCTOKOM MpeacTaBnser coboi 3anavy
BLIUHCJICHHAA BPEMEHH B MYTH U3 UCXOAHOH TOYKH (CTAPTOBOIi BEPLUNHBI) BO BCE
BO3MOXHbIE (PUHANBHBIE BEPLUNHBI.

TECTOBOE 3AJAHHE 9.1

PaccMoTpuM cieaytoiunii BxonHoii rpad as1s 3aaa4m o kparyailuem
MYTH C €IMHCTBEHHBIM HCTOKOM, CO CTApTOBOH BEPLUHHOMN 5 U B KO-
TOPOM Kaxaoe pebpo noMeueHo ero ATHHOM:

KakoBbl paccTosHHA KpaTyaiillero nyTH COOTBETCTBEHHO 10 S, V,
wH?

a) 0,1,2,3
6) 0,1,3,6
B) 0,1,4,6
r 0,1,4,7

(Pewienne u noscHeHHe cM. B pasaeie 9.1.4.)
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9.1.2. Heckonbko aonyweHnn

N8 KOHKpETHOCTH B 3TOil rMaBe Mbl HCXOOWM M3 OONYLUEHHSA, YTO BXOAHOM
rpag ABISETCA OPUEHTHPOBAHHbIM. ANrOpPUTM JleHKCTpbl OAMHAKOBO XOPOLLO
NPUMEHHUM K HEOPHUEHTHPOBAHHBIM rpataM nocyie HeGOoNbIIMX KOCMETHYECKUX
U3MeHeHu# (Kak Bbl caMU MoxeTe ybeauThbes).

Jpyroe Hallle fonyiueHHe ABISETCA 3HAYUTENBHBIM U MPO3BYYANIO OHO YXKE B NO-
CTaHOBKE 33J1auli: Mbl NPeNoaraeM, YTo JUTHHA KKAOTO pebpa SB/IMeTCs HeoTpHLa-
TebHOH. BO MHOTMX NPHUIOXXEHHUAX, TAKUX KAK BbIMHUCIIEHHE MapLUPYTOB JBUXKEHHS,
JJMHBI pebep aBTOMaTHYECKH ABIAIOTCA HEOTPULATENbHBIMHU (33 HCKITIOUEHHEM
MalUMHbl BpeMeHH), U 6ecrokouTbes He 0 4eM. Ho nomHuTe, 4TO NyTH B rpage
MOTYT NpeACTaBIATL aOCTPaKTHbIE N0C/IEJ0BaTEILHOCTH peleHHH. Bo3MOXHO, Bbl
3aXOTHTE BbIYUCINTL NPUOBLIBLHYIO NOCEAOBATENLHOCTE (PUHAHCOBBIX TPAH3aKLIHIA,
KOTOpas BKJIIOYaeT B ce6s kak NOKYNKY, Tak U Npoaxy. DTa 3aaya COOTBETCTBYET
HaxOXJEHHIO KpaTyaiiLiero myTH B rpagde ¢ annHamu pebep kak MoaoXKHUTENbHbIMY,
TaK ¥ OTpULIaTeNbHBIMH. BaM He cefyer ucnonb3oBarh anropHT™ JleKeTpel B pu-
TIOKEHUSAX ¢ OTpHLATeNbHON ANMHOM pebep; cM. Tatoke pasaen 9.3.1'.

9.1.3. MoyeMy He NOUCK B WWNPUHY?

B pasgene 8.2 Mbl yBUAENH, YTO OIHUM U3 NPEBATHPYIOLLMX MPUMEHEHUH nToucka
B IIMPHHY ABNAETCA BbIYUCIIEHHE PACCTOAHUI KpaTyaifluero MyTH U3 CTapTOBO#H
BEPIUHHEIL. 3a4eM Hy)eH ellle OOHH alroOpHTM Kpardaiiero nyTu?

HanoMH#M, 4TO MOKCK B LUMPHHY BbIYMCIAET MUHHMAJIBHOE YHCIO0 pebep B MyTH
OT CTapTOBO#H BepLUKMHBI A0 JI0O0it Apyroii BepluWHbI. DTO YacTHBIHA ciyyail 3a-
Ja4y O KpaTyaiilieM MyTH ¢ €AMHCTBEHHBIM UCTOKOM, B KOTOPO# Kaxaoe pebpo
uMeeT JUTMHY 1. B TecToBOM 3amaHuu 9.1 MBI YBHENH, 4TO NPH 061UX HEOTPH-
LATeNIbHBIX ANMuHaxX pebep kparyaidluuii myTs He 0093aTeNbHO AOMEH ObITh Iy TEM
C HAaWMEHbLUUM YHCIIOM pebep. MHOrHe NpUMEHEHHUA KpaTyaillux nyTei, Takue
KaK BbIYHCIIEHHE MapLUPYTOB ABHKEHHS WM MOCIEN0BaTEIbHOCTH HHAHCOBBIX
TpaH3aKUKii, ¢ HeU36EXKHOCTBIO Npe/lyCMaTPUBAIOT Hanuue pebep pa3HON UTHHBI.

' B mpemoeii yacmu Haweii cepuy Mbl y3HaeM 06 3¢ deKTHBHBIX aropuTMax Ans fosnee

obuielt 3a0a4u o KpaT4yailleM NyTH ¢ €AXHCTBEHHBIM HCTOKOM, B KOTOPO# pa3pelleHbl
oTpuLuaTeNibHble IHHBI pebep, BKIloyas 3HaMEHUTBIH anroputM bennmana—dopaa.
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Ho nocroiite, Bo3pa3uTe Bbl, a 1HCTBUTENBLHO JH 0611as npobiemMa Tak oT/iHYa-
eTcs oT 3Toro ocoboro cnyyasa? Pazse Mbl He MOXEM MPOCTO NoAyMarh O pebpe
¢ Gonbluel AMUHOMK Kak o nyTH U3 [ peGep, Kaxaoe U3 KOTOPBIX UMeeT ANHHY 17:

O——® = O-0—0—O

U peficTBHTENBHO, HET NPUHUMNHANBLHOHA Pa3HHLBI MEXAY PEOPOM C MONOKHTENb-
HOii MHTErpanbHOM [UTMHOH / M yTeM U3 / pebep AnuHel 1. B mpuHUKDE, BBl MOXETE
pelnTh 33a4y O KpaT4ailueM NyTH ¢ EAMHCTBEHHBIM HCTOKOM, pa3BepHYB pebpa
B NYTb U3 pebGep ANUHbI | ¥ NIPUMEHHB K pacllMpeHHOMY rpady MOUCK B LUHPHHY.

Beiuie npuBeAeH npuMep pedykyuu OLHOH 3a/1a4u K Apyroi — B JaHHOM cllyuae
3a7a4M O KpaTyaillieM NyTH ¢ €AMHCTBEHHbIM HCTOKOM H C MOJIOXKHTENbHBIMH
LeNOYHCTIEHHBIMH JUTHHAMH peep K 4acTHOMY Cilyualo AaHHO# 3aJa4K, B KOTOPO#
Kaxjoe pedpo HMeeT AJIMHY 1.

I'naBHas npoGneMa ¢ 3TOH peayKUHeH 3ako4aeTcs B TOM, YTO OHA NPHBOAMT
K B3pbIBHOMY pocTy pa3zmep rpaca. BapbIBHOM pocT He Tak yik NM0X, €C/H BCE NTHHB!
pebep ABNAIOTCA MANBIMH LEbIMH YHCIIAMH, HO B PEATbHBIX MPHIIOKEHHAX 3TO HE
Bcerza Tak. JInuHa peGpa MoxeT ObITh Jaxke HAMHOTo GONbLLE, YEM YHCIIO BEPLUHH
1 pebep B ucxonHoM rpade! [Nouck B WIMPHHY OyAET BbINOMHATLCA BO BPEMEHH,
NHHENAHOM Mo pasMepy pasBepHyToro rpada, Ho 3To He 0ba3arenbHO OyaeT Gnusko
K JIHHEHHOMY BPEMEHH MO pasMepy HCXOAHOrO rpada. Anropitm JleikeTpbl MOXHO
paccMaTpHBaTh KaK INIakoe MOIENHPOBAHHUE MOUCKA B LUIMPHHY Ha PacLIHPEHHOM
rpade, paboTast TONBKO ¢ UCXOHBIM BXOAHBIM rpad)om nmouTH 3a NHHEHHOE BpeMs.

0 PEAYKUUAX

3anava A cBoanTCs (UK peayumpyeTcs) K 3anade b, ecnn anroputm, pewa-
ownin 3anadvy b, MOXHO erko NnepeBecT B a/irOPUTM, peLlalowmi 3aaady A.
Hanpumep, 3aa4a BoIMUCNEHUA MeAUaHHOIO 3NeMeHTa MaccuBa CBOAUTCA
K 3afavYe COPTUPOBKM Maccuea. Peaykuumn sBARIOTCA OOHMM U3 Haubonee
BaXHbIX MOHATUIA B U3YYEHUU aNrOPUTMOB U UX OrpaHUHEHUA, U OHU MOTYT
uMeTb 60MbWYIO NPaKTUYECKYIO NONBL3Y.

Bbl BCeraa 4onkHbI 6biTb B NOUCKe peayKuni. BCAKWi pas, Koraa Bbl CTankuea-
eTech ¢, Ka3anochk Obl, HOBOM 334a4€H, BCEraa cnpawmsanTte: ABNRETCA NN 3Ta
3anava 3aMackMpoBaHHOW BEpPCUEN TOW, pelieHne KOTOPOMH Bbl yXe 3HaeTe?
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9.1.4. PeweHue TecToBOro 3apanma 9.1

IIpaBuabHbii oTBeT: (6). HeTpyaHo aoraaarkcs, 4To Kpatuaiilee pacCTOAHUE U3
BEPLIHHBI s B caMy cebs paBHO O M U3 s B v paBHO 1. BepluMHa w — HHTEpecHee.
OnanH nyThb s-w ABJSETCS NPAMBIM pebpPoM (s, w), KoTopoe MMeEET JuuHYy 4. Ho
MCMOAb30BaHHe OONBILETO YKCa pebep MOXKET YMEHbLUMTB OOLLYIO JNIHHY: MYyTh
s — v — w HMeeT AuHy Bcero | + 2 = 3 4 sBiseTCH KparyaillkM MyTEM S-w.
CxoxuM 00pa3oM KaxXIbl# U3 myTel ¢ ABYMS NIEPEXOAAMH U3 § B  UMEET ANHHY 7,
B TO BpeMs KaK 3Mr3aroo0pasHblii nyTh UMeeT ANUHY Bcero 1 +2 +3 =6,

9.2. Anroputm [lekcTpbl
9.2.1. NceBnokop

BricokoypoBHeBas CTPyKTypa airoputMa JleHKcTpbl HaNOMHUHAET CTPYKTYpY
Halmx anroputMoB rpadosoro moucka'. Kaxaas utepauus ee MIaBHOTO UHKIA
obpabarbiBaeT OAHY HOBYIO BeplUHHY. M301UPEHHOCTL aNrOPHTMAa 3aKIHOUACTCS
B €r0 YMHOM Mpasuiie 0TOOpa ciIenyiowei BepLuHHbI 1j11 00paboTkH — elile He
o6paboraHHOM BepILMHBI, KOTOPas BLIIAAKT CaMoit OJ1M3KO pacnoNOKEHHOM K Ha-
YyaneHOH BepluuHe. CledyoLuid deraHTHbIA NCEBAOKOA MPOACHAET 3TY HACHO.

DIJKSTRA

Bxoa: opuenTupoBanHbiii rpad G = (V, E), NpeACTaBNEHHBIH B BHIE
CMHCKOB CMEXHOCTH, BeplunHa s € V, annnal, >0 ans kaxaoroe € E.

IlocTycaoBHe: Ui Kaxa0# BEPLINHBI v 3HAYEHUE [en (V) paBHO uC-
THHHOMY KpaTyaiillieMy pacCTOSHHUIO dist (S, V).

// wHnumanu3lauma

1) X:={s}

2) len(s) :=0, len(v) := +oo pis KKAOMO V# §
// rnaBHLiA UMKA

3) while cyuectryer pebpo (v, w),raeve X, w & X do

' Koraa Bce pebpa HMeIOT ITHHY 1, 3TO 3KBHBATEHTHO NMOMCKY B INHPHHY (KaK Bbl MOXKETE

ybenuTbes camu).
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4)  (v*, w*) = Takoe pebpo, KOTOpoe MHHUMU3HpYET len(v) + 1,
S5)  nobaBuTh w* B X

6) len(w*)=len(v*)+1,.,.

MHOxecTBO X COAEpXHUT BEPLUHHBI, C KOTOPbIMH alITOPHUTM YyXe WMmen aeno. U3-
HavanbHO X COJAEPKHMT TONILKO CTApTOBYIO BEpLUIMHY (M, KOHE4HO, len(s) = 0),
M MHOXECTBO pa3byXaeT Kak TeCTO, 0 TEX MOp NOKa OHO He OXBATHT BCE BEPLUH-
Hbl, JOCTHXHUMBIE K3 5. JJaHHbIH airOpPUTM NPUCBaHBAET KOHEUHOE 3Ha4YeHue len-
3Ha4€HUIO BEpLWHHbI B TO e BpeMs, Koraa oH Aobaenser BepluuHy B X. Kaxnaas
UTEpAaLUs MAaBHOMO LHK/IA HAPALIMBAeT X Ha OfHY HOBYIO BEPLUHHY, NOJIOBY He-
kotoporo pebpa (v, w), nepexoaswiero u3 X B ¥ — X (puc. 9.1). (Ecnu takoro pe6pa
HeT, TO aAJINOPUTM OCTaHaBNMBaeTCA, NpuieM Jen(v) = +oo 1nis Bcex v € X.) Takux
peGep moxkeT ObITb MHOIO; anropuT™ Dijkstra Beibupaer oaHo (V¥, w*), koTopoe
MUHUMH3HPYET Oeltikcmposy DaaNbHYI0 OYeHKY, OTIPEAeNAeMyIo KaK

len(v) + 1,,. ©.1)

O6paTtuTe BHMUMaHHUeE, 4TO AEHKCTPOBbI OalbHbie OLEHKH ONPEAENSIOTCA Ha
pebpax — BeplIMHA w € X MOXeT ObITh roNoBOM MHOTHX pasHbIX pebep, nepe-
XOAALMX U3 X B V' — X, M 3TH pebpa 06bIYHO MMEIOT pa3HbIe eHKCTPOBBI OLIEHKH.

o6paboTtaHHble eule He o6paboTtakHbie

o

KaHauaatol
ans (v, w*)

rpaHuya

Puc. 9.1. Kaxaan urepaumn anroputma [enkctpul o6pabarbisaet ogHy HOBYIO
BepLIMHY, ronosy pebpa, nepexoasuierons Xs V- X
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Bbl MOkeTe cBA3aTh NeWKCTPOBY oueHky ais pebpa (v, w), rie ve Xuw € X,
C FHNOTE30MH, YTO KpaT4allLHiA MyTb U3 S B W COCTOUT M3 KpaTHaNILEro myTH 13
s B v (KOTOpbIH, XO4eTca BepUTb, UMeeT MUTHHY len(v)) ¢ pebpom (v, w) (koTopoe
MMeeT JUTHHY /), NPHCOeAHHEHHBIM B KoHLE. Takum o6pa3oM, anroputm Dijkstra
pewaer n06aBuThL ewle He 06paboTaHHYIO BEpLUHHY, KOTOpass BLIMIAAMT CaMOH
61u3KOH K s B COOTBETCTBHH C YKe BLIUMCITEHHBIMU pacCTOAHHAMH KpaTuaiiuero
NyTH W ANHHaMHK pebep, nepexonaimx U3 X B V' — X. [pu nobasnennn w* B X an-
FOPHTM Ha3HadaeT Jen (W*) ero rUNMOTETUYECKOMY KpaTuaiilieMy pacCTOAHUIO U3
s, TO eCTb AEUKCTPOBOH oueHke len (v*)+ [, . pebpa (v*, w*). Marus anroputma
HeiikcTpsl, popMani3oBaHHas B NpUBEAEHHOH HIke TeopeMe 9.1, 3aknouaercs
B TOM, 4TO 3Ta TMNOTE3a rapaHTUPOBAHHO HCTHHHA, 1aXE €CJIH AINOPUTM 10 3TOrO
paccMOTpen TOJILKO KpOLUEYHYIO yacTh rpada’.

9.2.2. Npumep

IMonpobyemM anroputM Dijkstra Ha npuMepe U3 TECTOBOrO 3aiaHus 9.1:

N3HauanbHO MHOXECTBO X COIEPXKHT TONbKO §, U len(s) = 0. Ha nepsoit ntepauuu
MaBHOIO LMKNA CyIeCcTByeT ABa pedpa, nepexoaalux U3 X B ¥ — X (1, cnenosa-
TeNbHO, pHeMIieMble AN ponH (v*, w*)) pebpa (s, v) u (s, w). JleiikcTpoBbl oLeH-
kH (onpeneneHHble B N. 9.1) ang 3Tux AByx pebep paBHbl len(s) +/,=0+1=1

' Jlna Toro 4TobH1 BBIMUCHTL CaMH KpaTuailuue NyTH (a He TONBLKO MX LUTHHBI), CBAXKH-

Te yKazarenb npeduwecmeennux (v) ¢ KaKa0#i sepwinHoli v € V. Koraa pebpo (v*, w*)
BbIGUPAETCA B MTEPALHH TNIABHOTO LMKNA while (CTpokH 4—6), Ha3HaubTE yKasarens
NpeAlIeCTBEHHHK (w*) BEpILHHE V*, TO €CTh BepLIHHe, OTBETCTBEHHOM 3a BbiGOp w*.
Jns Toro 4yTobbl BOCCTAaHOBHTL KpaTyalLKi MyTs M3 s B BEpLIMHY v OCNE 3aBEPLUCHHUS
anropuTMa, cleayiTe Nno yKasareasM NpeallecTBEHHHKA Hasal OT v, A0 TeX Mop noka
He JIOCTHIHETE S.
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ulen(s) +1, =0+ 4 =4 Tlockonbky nepeoe pebpo UMEET MEHBILYIO OLEHKY,
ero ronosa v aobasnsercs B X, U len (v) HazHaueTcs JeHKCTpOBO# oLieHke pebpa
(s, v), koTopas paBHa 1. Ha Bropo#i utepauns ¢ X= {s, v} umeercs Tpu pebpa mis
ponu (v¥, w*): (s, w), (v, w) H (v, ). Ux nelikcTpoBbi oLeHkH paBHbl 0 +4 = 4,
1+2=3n1+6=7.Ilockonbky (v, w) MMEET HAUMEHBLLYIO JEHKCTPOBY OLIEHKY,
W BTATHBAETCA B X, U AnuHe len (w) Ha3HauaeTcs 3HaueHHe 3 (aeiikcTpoBa oLeHKa
pebpa (v, w)). Mbl yke 3HaeM, kakas BepLiMHa nobanserca B X B GHHANBLHOMN
HTEpaLMH (CAMHCTBEHHAs elle He 06paboTaHHas BeplUMHA {), HO HaM BCE PaBHO
HYXHO OnpeAeauTs pebpo, KOTOpoe NPUBOAHUT K €€ N0OaBNEHHIO (BLIYHCIHTD
len(1)). Iockonbky pebpa (v, f) U (w, f) IMEIT NeHKCTPOBLI OLEHKH COOTBETCTBEH-
HOo 1 + 6 =7 u 3 + 3 = 6, miHHa len(f) ycTaHaBnUBaeTCs paBHOMH Oonee HU3KOM
oLeHke 6. MHOXecTBO X Tenepb CONEPHMT BCE BEPLIHHbI, MOITOMY HHKaKHe pebpa
He nepexoiaT U3 X B V' — X, M anropuT™ ocTtaHaBnuBaercs. 3HaueHus len(s) =0,
len(v) =1, len(w) = 3 W len(t) = 6 COOTBETCTBYIOT HCTUHHBIM KpaTUaillNUM pac-
CTOSHHSM, KOTOPbIE MbI OTIpEJEeIHIIM B TECTOBOM 3aaHHH 9.1,

KoHneuHo, ToT (hakT, ¥To anropUT™ npaBHibHO paboTaeT Ha KOHKPETHOM NpUMeEpe, He
03HAuaeT, YTO OH ABNAETCA MPaBUIILHLIM B 061em cimyyae!' [lo cyTd nena, anropur™
Dijkstra we 0653aTeNbHO BLIYMCIIAET NPABUIILHBIE PACCTOAHHSA KpaTyaiLIero nyTH,
Korzaa pebpa MoryT UMeTh OTpHLATENbHbIE UTHHBE (pa3aen 9.3.1). Bul 1omkHEI H3Ha-
YaJIbHO CKENTHYECKH OTHOCHTBLCA K aNropuT™My Dijkstra 1 TpeboBaTh 10Ka3aTeNnbCTBa
TOTO, YTO, N0 KpaitHeH Mepe, B rpadax ¢ HeoTpULUATEIbHBIMH peOEPHBIMU AJTMHAMU
OH NPABHJILHO PELLIAET 3a/1a4y O KpaT4ailieM MyTH ¢ €1HHCTBEHHBIM HCTOKOM.

*9.3. Mouemy anroputm [lenkcTpbl
npasuneH?

9.3.1. duxTuBHan peayKuus

Brl, BO3MOXHO, 33aaaeTech BOMPOCOM, NIOYEMY TaK BaKHO, MMEIOT WK HeT pebpa
OTpHLATENbHBIE pebepHble ANHHBL. Pa3Be Mbl HE MOXEM NPOCTO CIENaTh Tak,
yTO6bI Bee pedepHble JIMHBI ObUTH HEOTPHLATENBHBIMHU, 106aBHB 00bIIOE YHCIIO
K JUITMHE Kaxxaoro pebpa?

! llax(e C/IOMaHHLIE aHAJIOTOBbIE YacChl BEPHbLI IBa pa3a B CyTKH.
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370 OTNKYHBII BONPOC — BbI BCETa J0MKHbI ObITh Haueky, NbITasch PeayLHpOBaTh
3a/la4y, peLleHus KOTOPbIX Bbl Y)Ke 3HaeTe, YBbl, TAKHM 00pa3oM Bbl HE MOXeETE
CBECTH 3aauy O KpaTyalillieM NyTH C eIUHCTBEHHbIM HCTOKOM ¢ OOLUMMH pebepHbl-
MH [JIHHAMH K YAaCTHOMY CJly4al0 HeOTpHLaTeNbHbIX pebepHbix AnuH. [Ipobnema
B TOM, YTO pa3Hble MyTH U3 OAHOMH BEPLUHHbBI B APYTYIO MOTYT UMETh pPa3HOE YHC-
no pebep. Ecnu 106aBUTL HEKOTOpPOE YHCNO K J/IHHE KaxXa0ro pebpa, To ATHHbI
pa3sHbIX NyTeH MOTYT YBENMYMTLCA HA Pa3Hble BENHUMHbI, U Kparyahlluii myTb
B HOBOM Ipadie MOXeT OTIHYaThcs OT HexoaHoro rpada. Bor npocTtoit npumMep:

CyuiecTByeT ABa NYTH U3 s B £: NIPAMOMH NyTb (KOTOPbII UMEET NHHY —2) U NyThb
C JIByMA Nepexojamu s — v — £ (KoTopblif uMeeT Anuny 1 + (—5) =—4). [TocnenHui
MMeeT MEeHbLLYIO (TO ecTh 6osiee OTpULATENbHYIO) THHY U ARASETCS KpaTuaimm
nyTem s-f.

Jns Toro utoObl rpad 3auMen HeoTpHLaTelbHbIe peGepHbIe JTMHBI, MbI MOTIIH bl
100aBUTh 5 K JUTHHE Kaxa0ro pebpa:

Kparuaituimii nyTb 43 s B f NOMEHANCA U TENepb ABASETCA NPAMbIM peOpoM s-¢
(xoTopblii UMeeT ANMHY 3 — Ny4ule, YeM allbTepHaTHBa U3 6). BrinonHenue an-
ropuMTMa Kparyaiiuliero myTH Ha npeoGpa3oBaHHOM rpade He JacT NMpaBHALHOTO
OTBETA AN UCXOAHOTO rpada.

9.3.2. Nnoxon npumMmep anropmtma [lenkcTpsl

YTo npou3oiizer, ecau Mbl nonpobyeM BbIMOJHUTL aNropuT™ Dijkstra Hemocpen-
CTBEHHO Ha rpage ¢ OTpHUaTeNbHbIMU peOepHBIMU THHAMH, KaK Ha NPHBEAEHHOM
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Bblwwe rpade? Kak Bcerna, usHayansHo X = {s} u len (5) =0, v Bce 3TO npekpacHo.
OnHako Ha nepBOii UTepaLK NIaBHOTO LIKKJIA AJITOPUTM BBIYUC/IAET AEHKCTPOBDI
oueHkH pebep {s, V) u (s, 1), To ectb len(s) + [ , =0+ 1 =1nlen(s) +1/,=0+
+ (—2) = —2. INocneaHee pedPo UMEET MEHBILYIO OLEHKY, H TIOITOMY ANFOPHTM
no6aBnseT BeplUKHY ¢ B X U Ha3zHauaeT len (¢) oueHke —2. Kak Mbl yxe oT™Meuany,
tdhakTHueckuil kpaTyaiiumMid NyTb U3 s B £ (NyTb § — v — ) UMEET ANHHY —4. Mbl
3aK/IK0YAEM, YTO ANrOpPUTM Dijkstra He 0083aTeNbHO BBIYMCIAET MPABUIbHbBIE
PaccTOAHHUA KpaTyaifiiero nyTH NpH HATKYKK OTPULIATENbHBIX peOepHBIX AMHH.

9.3.3. MpaBunbHOCTb C HEOTPULUATENbHLIMU
pebepHbIMM ANUHaAMKN

JlokazarenbCTBa MpaBUIbLHOCTH MOTYT Ka3aThCA 0OBOBLHO 3aHYAHBIMU. BoT noue-
MY S YACTO KX «3aTYLUEBbIBAIOY 15 AITOPUTMOB, B OTHOLLEHHH KOTOPbIX CTYAEHTHI,
KaK NpaBuJI0, UMEIOT CHAbHOE M TOUHOE MHTYWTHUBHOE NIOHUMAHHE. AJITOPUTM
Heiikctpe! otinuaercs. Bo-nepBbix, TOT $akT, YTo OH He paboTaeT Ha 4Ype3Bbi-
yaiiHO NpoCTbIX rpadax ¢ oTpULATENbHBIMU pebepHbIMU JnHHaMH (pa3aen 9.3.1),
JIOJKEH 3aCTABUTH Bac HepBHHYaTh. Bo-Bropbix, AefikcTpoBa oleHka (9.1) moxeT
NOKA3aThbCA 3araJO4yHON WK Jaxe HEOOOCHOBAHHOH — YTO B HEl TAKONO BXKHOMO?
M3-3a 3TUX COMHEHHIi U TOTOMY, 4TO 3TO Tako# GyHIaAMEHTANbHbII ANrOPUTM, Mbl
CrMeUHabHO NOTPaTUM Bpems Ha TO, 4ToObI TWATENbHO A0Ka3aTh €ro MpaBHIIb-
HOCTb (B rpahax ¢ HeOTpHLATEIbHBIMU peOepHBIMU JTHHAMH).

Teopema 9.1. (IlpaBuabHoOcTh aaroputma Dijkstra.) [ns kaxcooco opuenmu-
posannozo epagpa G = (V, E), kaxcool cmapmosoli 8eputunbl § U Kaxcoo20 6apu-
anma HeompuyamenbHbix pebepHuix ONUH o 3agepuleHuu arzopumma Dijkstra
len(v) = dist (s, v) ons kaxcooi sepuunbt v e V.

NHaYKUMOHHOE OTKIOHEeHue

[MnaH cocTouT B TOM, 4ToObI 060CHOBATL PacCCTOAHHA KpaTYailuero myTH, BbIYKC-
nseMble ArOpUTMOM Dijkstra 0HO 3a ApY UM, 0 HHIYKUMH Ha YKCTIe UTepaLuit
ero MaeHoro uxkna. HanoMHuM, 4To A0Ka3aTenbCTBa N0 MHAYKLMHU MOAYHHSAIOTCS
JIOBOJIbHO XECTKOMY LUAOIOHY, L1e/b KOTOPOro — 3aMKCHPOBATh, YTO JJIOTHYECKOE
yTBepxaeHHe P (k) cobntopaetcs 1ns 1060ro NoN0KUTENLHOIO LEIOro Yuena k.
B nokasarenbctse TeopeMbl 9.1 Mbl onpeaenuM P (k) crneayrowuM ¢gopManbHbIM
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CYXAeHHeM: ANA k-ii BepIUHHBI v, 10OABNEHHOH B MHOXECTBO X B alropHTME
Dijkstra, len(v) = dist(s, v).

AHaJIOTHYHO PeKy PCUBHOMY alrOPUTMY, J0Ka3aTebCTBO 10 HHAYKUKH COCTOUT
M3 [IBYX 4YacTeil: 6a308020 crytas M uUHOYKYUOHKHO20 wa2d, TaK Ha3bIBAEMOrO
MHYKLUHOHHOro nepexoaa. basosblii cnyuaii npamo Aoka3biBaeT, uto P(1) aB-
NfeTcss HCTHHHBIM. Ha MHAYKUHWOHHOM 1Lare Bbl MPHHUMAETE AOMYLUEHHE, YTO
Bce P(1), ..., P (k— 1) ABNAOTCA HCTHHHBIMH — 3TO HA3bIBA€TCA MHYKIIHOH-
HOM THIOTE30M, — H HCMONb3yeTe 3TO JOMYyLUEeHHe, JUIA TOro 4ToObI A0KA3aTh,
uto P(k), cnegoBaTesibHO, TOXE SIBNAETCA HCTHHHBIM. ECIH BBl 10Ka3bIBaeTe
v 6a30BbIil clyyail, © MHAYKLUHOHHBIH war, To P (k) NeHCTBUTENLHO ABNSETCA
MUCTHHHBIM UIs J:000T0 MONOXKHUTENBLHOIO LIENoro ykcna k. P (1) aBasercs UCTHH-
HbIM N0 6a30BOMY CJIyuaro, U MPHMEHEeHHE HHAYKLHOHHOIO ara HECKOJIbKO pas
NOApPAA NOKa3bIBaeT, 4T0 P (k) ABNAETCA MCTHHHBIM [ CKOJIb YTOAHO GOMBIIKX
3HaueHui k.

O YTEHVUM AOKA3ATENLCTB

MaTemaTtudeckue apryMeHTbl BbiBOAST 3aK/TIOHEHNA U3 aonyweHui. MNpu yre-
HUW AokasaTenbCTea BCceraa cneayet y6eauTbCs, 4TO Bbl NOHUMAETE, KAKUM
o6pa3oM kaxaoe AonyleHne UCNONb3YeTCA B apryMeHTe, n noYemMy apryMeHT
HapyLlaeTcs NpU OTCYTCTBUN KaXA0ro A0NyLWEeHUN.

WMesa aTo B BUAY, BHUMATENBHO CneauTe 3a ponbio, KOTOPYIO UrpatoT B Aokasa-
Tenscree TeopeMb 9.1 ABa KTIOHEBbIX AONYWEHUA: 4TO ANTMHL pebep fBnAloTCA
HeoTpuuaTenbHBIMKA U 4TO ANTOPUTM Beeraa BbibupaeT pebpo ¢ HauMeHbWwen
DeNKCTPOBOM oLeHKOW. Jlio6Goe NpeAnpUHATOe AOKA3aTENLCTBO TEOopeMul 9.1,
B KOTOPOM He yAiaeTCs MCNONb30BaTh 06a aTux AoNyleHUs, aBTOMaTUHECKU
ABNSETCH OLNOOYHBIM.

[doka3aTtenscreo Teopems! 9.1

Mbi1 OyaeM neiicTBOBaTh N0 HHAYKLHH, € P(k), TO €CTb IOTHYECKHM YTBEPXKACHHEM,
YTO aNropuT™ Dijkstra NPaBUABHO BLIYKC/ISET PACCTOAHHE KpaTyaiiuero nyTH k-i
BepILMHBI, 100aBIeHHOM B MHOXeCTBO X. B 6a30BoM cryuae (k= 1) Mbl 3HaeM, 4TO
nepBas BepLIHHA, Jo6aBieHHas B X, SBISETCA CTAPTOBOi BEPIUMHOM 5. ANINOPHTM
Dijkstra naszHauaet O gnuHe len(s). [lockonbky kaxaoe pedpo HMEET HEOTPHLIA-
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TEJBbHYIO JJIMHY, KpaT4akIUMid NyTb U3 BEPLIMHBL S B caMy cebs ABISETCS MyCThIM
nytem ¢ AndHo# 0. CnepoBarensHo, len(s) = 0 = dist (s, s), uto aokasbiBaer P(1).

Ha uHaykuMoHHOM 1uare Bolbepem £ > | M npuMeM Jonyiuenue, uto sce P(1), ...,
P(k—1) aBns10TCA NICTUHHBIMU: UTO len (v) = dlist (s, v) A NEPBbIX k — 1 BEPILKH v,
Ao6GaBieHHbIX anropuT™MOM Dijkstra B X. IlycTh w* 0bo3Hauaer k-10 BepLUUHY,
ao6aeneHHy10 B X, H nyctb (v*, w*) o603Hauaer pebpo, BbIOpaHHOE HA COOT-
BETCTBYIOLIleil HTepaunH (rae obsa3arenbHO v* yke HaxoauTes B X). ANMOpUTM
HazHauaeT Jen(w*) mefikcTpoBoii oueHke 3Toro pebpa, a uMeHHo len(v*) + [, ..
MbI HaneeMcs, 4TO ITO 3HaUYEHHE ABJIAETCA TEM XeE CaMbIM, YTO U UCTUHHOE pac-
CTOsAHME Kparuaiuiero nyTH dist(s, w*), HO TaK Ji 3T0?

MBe! yTBEpKAaEM B ABYX 4aCTAX, YTO 3T0 Tak. [Ipexae Bcero, JaBaiTe AoKaxeM,
YTO HCTHHHOE PacCTosHHE dist (S, w*) MOXeET ObITh TOJBKO MEHbILE, YeM NpeArNo-
JoXeHUE anroputMa len(w*), rae dist(s, w*) < len(w*). ITockonbky v* yxe Ha-
xoaujacsk B X, korzaa 6su10 BeiGpaHo pedpo (v*, w*), aTa BeplurHa Obl1a OTHOI 13
nepBbIX £ — | BeplUuH, Ao6aBneHHbIX B X. [10 HHAYKUMOHHOH rUNoTe3e anropuT™
Dijkstra MpaBUILHO BBIYHCIIHI PACCTOSHHE KpaTyalllero myTH BEPUIMHBbI V*:
len (v*)=dist (s, v*). B yacTHOCTH, CylleCTBYeT NYTb P U3 § B v* ¢ ANIMHOMN POBHO
len (v*). B pe3synbTate npukpennenus pedpa (v*, w*) B koHUe P nonyyaetcs nyTb
P* w3z s Bw* ¢ umHol len(v*) + 1, . = len(w*) (puc. 9.2). JInuna kparyaitiuero
nyTH s-w* He NPEBbILIAET AMHY NMOTEHLUMANLHO BO3MOXHOIO MyTH P*, nostoMy
dist (s, w*) coctasnseT He 6onblue len(w*).

KpaT4aiwun s-v* nytb P
(anvna fen(v*))

Y
s-w* nyTb P* (anuna len(v*)+l .}

Puc. 9.2. NpukpennerHue pebpa (v*, w*) B KOHLE KpaTyanwwero s-v*-nytu P
NpouU3BOAUT S-W*-NyTb P* anuHbl len(v*) + ..

Tenepb paccMOTpUM 00paTHOE HEPABEHCTBO, KOHCTATUPYIOUWEE, UTO dist (s, w*) >
> len(w*) (n noatoMy len (w*) = dist (s, w*), kak Toro Osl XoTenoch). JlpyruMu
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C/I0OBaMH, 1aBaiiTe NOKAKEM, UTO MyTb P* Ha puc. 9.2 AeHCTBUTELHO ABNAETCA
KpaT4yallliuM myTeM s-w* — JJIHHA KaXJO0ro KOHKYpPHPYIOLIEro 1yTH s-w* co-
CTaBIISET He MeHblie len (w*).

3adukcHpyeM KOHKypUpyIOLui s-w*-nyTs P'. Ml odeHb Mano 3Haem o P'. Bmecte
€ TeM Mbl BCe-TaKH MMeeM IpeACTaBIeHHe, YTO OH OepeT Hayallo B s M 3aKaH4YH-
BaeTcs B W* U YTO B Haualle 3TOH MTepalluy BEpLUHHA S, a He w*, IpUHaANexala
MHoxecTBy X. [Mockonbky nmyTh P’ HauMHaeTcs B X M 3akaH4MBaeTCH 3a npejena-
MH X, OH NepecekaeT rpaHuLy Mexay X B V' — X He MeHee oaHoro pa3a (puc. 9.3);
nycTsb (y, z) 0603Ha4aeT nepeoe pebpo P’, KOTOpoe nepecekaeT ITy rpaHuLy (IpH-
yeMy € Xuze X).

o6paboraHHbie elle He obpaboTaHHbie

rparuua .

Puc. 9.3. Kaxablid nyTb S-w* nepecekaeT He MeHee oaHoro pasausXe V- X

JIns Toro 4toObl A0Ka3aTh, YTO AJIMHA MYTH P’ cocTaBnseT He MeHee Jen (w*), Mbl
paccMaTpuBaeM TPH €ro YacTH pas3eNibHO: MepBOHAYaNbHYIO YacTb P', koTopas
IIPOXOJMT U3 § B Y, pebpo (¥, z) M PUHANBHYIO YaCTb, KOTOPAs MPOXOAMT M3 Z B w*.
[MepBas yacTb He MOXKET ObITh KOpOUE KpaTyaifluero myTH W3 s B y, NO3TOMY €ro
AJIMHA COCTARNAET He MeHee dis! (s, y). [lnuna pedpa (v, z) paBHa /. Mbl He 3HaeM

' He Hy)HO 6eCNOKOUTBCA, €CIH J = § WIH z = w* — 3TOT apryMeHT paboTaeT HOpMaJTLHO,

B YEM Bbl MOXETE yGCIlHTbCFI CaMH.
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MHOTOTO0 0 PMHANILHOM YaCTH MyTH, 3aTEPAHHOM CPENU BEPILHMH, KOTOPBIE AITOPUTM
etue He npocMarpuBan. Ho Mbl BLISCHHIIH (TOCKOMBKY BCE JUTHHBI pebep sBISIOTCS
HEOTPHLATENILHBIMU!), HTO €ro CyMMapHasi IJIHHA COCTARIAET He MEHbLUE HyIA:

ANUHa 2 dist(s,y) = len(y) 1

—

anvHa = In

!

cymMmapHan anuHa 2 len(s, y) + 1,2 (s, v*) + 1.,. = len(w*)

OO6beaMHAS HALUK HHKHHUE MPAHHLIb! JUIMHBI TPEX YacTed myTH P, Mbl HMEEM

mmuea oyta P'2 dist(s,y)+ I, + 0 9.2)
—_—— —~ noamyTs z—w*

MOANYTS S—y pebpo (¥, z)

e

TTocneqHHI NyHKT HA MOBECTKE — CBA3aTb Hally HUXHIOIO TPAHULY JUIHHbBI
B (9.2) ¢ 6annbHBIMH AeHKCTPOBBIMH OLIEHKAMH, KOTOPbIE HANPABIAIOT PELUICHHUA
anroput™a. ITockonbky y € X, 3ta BepLuMHa Oblna oAHOH M3 nepBbIX k — 1 Bep-
LIKH, J06aBJIEHHBIX B X, U U3 HHAYKLHOHHON rHNOTE3bl BBITEKAET, YTO ANITOPUTM
TPaBHJILHO BLIYUCITHI PACCTOAHUE CBOETO Kparyaiiiuero nmyTH: dist (s, y) = len(y).
Takum oGpasom, HepaBeHCTBo (9.2) TpaHCIHpyeTCa B

JUTMHA IyTH P' 2 len(y)+1, 9.3)

e
nefixctposa GarmpHas ouctka pebpa (v, z)

TNpaBas cTOpOHA HEPaBEHCTBA — 3TO HMEHHO AeHKCTPOBa olieHKa pebpa (y, z). [To-
CKOJIbKY JITOPMTM Beer/a BuidupaeT pebpo ¢ HauMeHbLUeH JeAKCTPOBOH OLEHKOH,
1 MIOCKOMBKY B 3TOM UTepaunu oH npeanoyen pebpo (v*, w*) pebpy (y, z), nepsoe
U3 JIBYX HMeEeT ellle MeHbLIYIO AeAKCTPOBY OLEHKY: len(v*) + /... < len(y) +1,
IMoctanoBka HepaBeHCTBA 9.3 4acT HaM XKellaeMoe:

JJIMHA ITyTH P' 2 len(v*)+1

LI ]

= len(w*).

nefixcTpona GanibHas oucHKa pebpa (v, w*)
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DTHM 3aBepLIAETCA BTOpas H4acTh MHAYKLIMOHHOIO 1L1ara, ¥ Mbl 3aK/TIOYaEM, YTO
len(v) = dist (s, v) Ans Kax a0l BepLUMHbI v, KOTOpas Koraa-nubo 6yner nobasneHa
B MHOXECTBO X.

QUHANBHBIM aKKOPAOM CTAHET PacCMOTPEHHE BEPLUMHBI v, KOTOpas HU pasy He
nobaensnack B X. Koraa aJiropuT™ 3akoH4u pabory, len(v) = +co, 1 HH1 oiHO pebpo
He nepexoanT 3 X B ¥ — X. DT0 03HauaeT, UTO BO BXOAAHOM rpade He CyLiuecTByeT
MyTH U3 s B vV — TaKOM NyTh B KAKOi-TO MOMEHT Jo/keH Obl1 Obl nepeceyb 3Ty
rpaHuLy — H, CJIe 10BaTe/bHO, MBI TAKXKE UMeeM dist (s, v) = +oo. Ml 3aKiiouaem,
YTO aNrOPUTM OCTaHaBNMBaeTca ¢ len (V) = dist (s, v) AN KaKAOH BEPLUHHbI Vv, He-
3aBUCHMO OT TOro, ObL1a 11 koraa-nubo nobaBneHa BeplUMHa v B X. OTo 3aBepluaeT
Halue aokasarenscTBo! Y m. 0.

9.4. Peanu3auus n BpeMs BbINOSIHEHUA

AJropUTM Kparuaiiwero nyTH JleikCTpb! HANOMHHAET HaLlY JIWHEAHO-BPEMEHHbIE
anropuTMbl rpadoBoro noucka B rase 8. OCHOBHas pUYHHA, 10 KOTOPOH NOUCK
B LWIMPHHY U B NyOHHY BBINOJHAETCSA 3a JMHeHHoe BpeMs (Teopemsl 8.2 U 8.5),
3aK/TIOYAETCA B TOM, YTO Ha pelleHHe, KaKy o BepLIHHY pa3BeAblBaTh Aablile, OHH
TPaTAT TOJNBKO NOCTOSHHOE KOJMIMUECTBO BpeMeHH (yaanss BEPLUMHY W3 Hauana
ouepeau MM cTeka). BbizbiBaeT 06€CMOKOEHHOCTD, UTO KaXKAad UTEpaLMs anro-
puTMa JlefikcTpbl AomkHa MAeHTHOHLMpOoBaTL pebpo, nepeceKaroliee rpaH1Lly
C HaMMeHblleH NefKCTpoBOil oLeHKOH. MOXEM JIM MBI peanu30BaTh aINOPHTM,
KOTOpbiit paboTan 6bl 3a NHHeHHOE BpeMs?

TECTOBOE 3AJAHUE 9.2
Kakoe 13 cieaytolyx BpeMeH BbIMONHEHHS Jyyllle BCEro ONUChIBaeT
NpoCTyHo pean3aluio aroput™a Jleliketpbt ans rpados, npeacras-

JICHHDIX B BUJE CIIMCKOB CMEXHOCTH ? Kak 00bIuHO, 7 1 m 0003HayaoT
COOTBETCTBEHHO YHCIIO BepLUMH U pebep BXoAHOrO rpaga.

a) O(m+n)
6) O(mlogn)
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B) O(n’)
r)y O(mn)

(PeuieHue 1 NOsICHEHHUE CM. HUXE.)

G MR T e PRI S T S P R Tt €N S B RO S VR S e e

IIpaBuabHbiii oTBeT: (). [IpocTas peannsauus OTCIEKUBAET TO, KAKHE BEPLIM-
Hbl HaxoAATCs B X, CBA3bIBAs Oy/eBy nepeMeHHYI0 ¢ KaxaoH BepuinHoil. Kaxaas
UTepauMs BbIMOJHACT UCUYEPNbIBAIOLIMH NOUCK MO BceM peGpam, BbIUKCIAET
JIeHKCTPOBY OLEHKY s Kaxaoro pebpa ¢ XBOCTOM B X M roogoii BHe X (3a no-
CTOsIHHOE BpeMsi Ha peGpo) M BO3BpalllaeT nepecekatoliee pebpo ¢ HauMeHbLLel
OLIEHKO# (MJIM NPaBHJIbHO HACHTU(HULIUPYET, YTO HUKAKHE Nepecekaiolme pebpa
He cyuecTsytor). [locne He Gonee uem n — 1 urepauuii anroput™ Dijkstra uc-
4YepnbIBaeT BCE HOBbIE BEPLIMHbBI, KOTOPbIE J06ABAIOTCS B €r0 MHOXECTBO X,
[Mockoneky uncno urepaunit paBHo O(n) ¥ Kaxaas 3anumaeT Bpems O(m), COBO-
KyMHOE BpeMsl BbINOJIHEHUSA paBHseTCs O(mn).

Y1BepxaeHne 9.2, (Bpems BbinosiHeHNs aaropHT™a Dijkstra (mpoctoroe).) /s
Kaxc0020 opuenmuposannozo epaga G = (V, E), kaxcooi cmapmogoit eepuiunbl s
U KAXCO020 8apuUarma HeompuyamenbHoix pebepHolx ONUH NPOCMAs Peatu3ayus
ancopumma Dijkstra evinosnsemes 3a spema O(mn), 20e m = |E|un = | V).

BpeMms BeINoNHEHHs NPOCTOH peann3aly XoTb H ABIAETCS XOPOLIMM, HO HElo-
cTaroyHo. Peanu3auus Oyaer 3aMmeuarenbHo paborars Ans rpagoB, B KOTOPLIX
YHCJIO BEPLUHH HCHHCIIAETCS COTHSAMH HITH HECKONBKHMH ThICAYaMH, HO 3arJIOXHET
Ha 3HaYMTeNbHO Gonee kpynHbIX rpadax. MoxkeM i Mbl 10OMThCA syutuero? [To-
MCTHHE CBALLEHHBIM I'paaneM B NpoeKTHPOBaHHH ANTOPUTMOB ABNAETCA JIHHEH-
HO-BPEMEHHOH anropuT™ (MJIH GIH3KHH K HEMY), H 3TO TO, YETO MBI XOTUM JUIA
3a7a4M O KpaTyailuem MyTH ¢ eAMHCTBEHHbIM HCTOKOM. Tako# anroputM mor 6ol
obpabarbiBaTh rpadbl ¢ MHIJIMOHAMH BEPLIMH Ha HOY TOYKe.

Ham He HyxeH Gonee ObICTpBIH ancopumm, KOTOPBIA AOCTHran Obl MOYTH JH-
HelHO-BpeMEHHOTrO0 pelleHHs 3aaa4i. HaM npocto HykHa 6onee kadecTBEHHas
pearuszayus anroput™a JledxcTpol. CTpPyKTypbl AaHHBIX (OYepean U CTEKH)
ChII'paJIH PELLAIOLIYIO POJIb B HALUUX JTUHEHHO-BPEMEHHBIX peanu3auusix Mouc-
Ka B LILPHHY M B MyOHHY; CX0XHUM 00pa3oM anroput™ JleikcTpbl MoxeT ObITh
peasiM30BaH NOYTH B THHEHHOM BpeMEHH € MOMOILLBIO MPAaBUJIBHON CTPYKTYPBI
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JaHHbIX 1)t 06Ner4yeHus MOBTOPHBIX BbIYMCIEHHH MHHUMYyMa B €r0 I1aBHOM
UHKIE, DTa CTPYKTYpa AaHHBIX HA3bIBAETCA Kyyel U ABNAETCA MPEAMETOM Clle-
Aaylouiei rmassl.

3anaum Ha 3aKpenneHne matepuana

3anaya 9.1. PaccMoTpum opueHTHpOBaHHbIH rpad G ¢ HECOBNANAIOUIMMH H HE-
oTpHLATENLHBIMU ANHHamMu pebep. [1ycTb s paBHO CTapTOBOH BEPLIMHE, U ¢ pABHO
thHHaNbLHO#M BepLUNHE, U OyaeM cuuTarh, 4To G UMEET M0 KpaiiHeil Mepe oOauH MyTh
s-t. Kakde U3 cieyloIiX yTBEPKACHHI ARAIOTCA HCTUHHBIMU? (BbibepuTe BCe
MOAXOAALLME BADUAHTBDIL.)

a) Kparuaiiiumii (To ecTb ¢ MUHUMAIBHOM JIHHOMK) NYTb S-f MOXET HMEThH
BILUIOTH A0 17 — 1 pebep, rae n — YKC/I0 BEpLUMH.
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6) CywecTByer kparyaiLlunii nyTsb s-f 6€3 NOBTOPAIOLLUXCA BEPLIHH (TO €CTh
6e3 nerens).

B) KparyaAwni myTb s-t JomkeH BKIOYaTh pebpo MHHUMANBHOH AJMHbI
B rpage G.

r) KparyaHwmii myTb s-f AOMKEH HCKIIOYATh pebpPo MaKCHMANBHOH ANHHBI
B rpade G.

3apaua 9.2. PaccmoTpuM opueHTHpoBaHHbIi rpad G co CTapTOBOI BEPLLHHOI s,
(dHHaNbHOM BEpLUMHON ¢ U HEOTPHUUATENLHBIMU JUTHHAMK pebep. IpH Kakux yc-
JIOBHAX rapaHTHPYETCA YHUKAIbHOCThL KpaTyailiero myTH s-1?

a) Korna Bce LuHbI pebep ABNAIOTCA HECOBMNAAANLMMH UENBIMHU MOJIOKH-
TENbHBIMH YHCTaMH.

6) Korna Bce pnuHbl peGep ABNAIOTCA HECOBMAAAIOLHUMH CTENEHAMH JBOHKH.

B) Ecnu anuHsl Becex pebep ABIAIOTCA HECOBNAJAIOLMMHU TTONOKHUTENILHBIMH
uKcnamu U rpad G He coaepKUT OPUEHTHPOBAHHBIX LIUKJIOB.

l‘) Hu oauH u3 NpEeACTABNCHHBIX BADHAHTOB HEC ABJIACTCA [IPABUJIBHBIM.

3aaauya 9.3. PaccMoTpuM OpUeHTHpOBaHHbIH rpag G ¢ HEOTPHLIATENbHBIMH ATH-
HaMH pebep M IBYMs HECOBMAJAIOLIMMH BEpLUHHAMM, § H . [TycTb P 06o3HayaeT
Kpar4ailuuii nyThb H3 s B £. Ecnin Mbl no6aBuM 10 k AnMHe kaxaoro pe6pa B rpade,
TO: (BbIOEPUTE BCE, YTO MPUMEHHMO.)

a) P onpefeneHHo ocTaeTcs KpaT4aHlIUM NYTEM s-L.
6) P onpeneneHHO He OCTAeTCA KpaTiailluuM MyTeM s-1.

B) P MOXET UM He MOXET OCTaBaThCA KpariyailluuM nyTeM s-f (B 3aBUCHMO-
CTH OT rpada).

r) Ecau P uMeet Tonbko 04HO peGpo, TO P onpeienieHHO OCTaeTCcsa KpaTuaii-
LM MYTEM S-1.

3agaqa 9.4. PaccMoTpuM opHeHTHPOBaHHBIH rpad G U CTapTOBYIO BEPILHHY S CO
CNIEAYIOIMMH CBOHCTBAMH: HH OHO PeOpO HE BXOAHMT B CTAPTOBYIO BEPLUMHY S;
pebpa, BLIXOAALLME U3 S, MMEIOT MPOM3BOJILHY O (BO3MOXKHO, OTPHLATENBHYIO) AU~
HY; BCE OCTanbHbIe pebepHbIE UTHHBI ABNAIOTCA HEOTpHLATENbHBIMH. [TpaBUIILHO
AH anropuT™ JledkcTpe! pelnaeT 3aqa4y o Kparyaiuem MyTH ¢ €AHHCTBEHHBIM
MCTOKOM B 3TOM ciyuae? (BuiGepute Bce noaxoaslie BAPHAHTSIL.)
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a) [a, ang Bcex TakMX BXOOOB.
6) Hukornma, u60 TakMX BXOJOB HET.

B) U To M apyroe (B 3aBHCHMOCTH OT KOHKpeTHoro Buibopa G, s U JUIHH pe-
6ep).

r) Tonbko ecnu Mbl 106aBUM momylleHHe, 4To G He COAEPKUT OpHEHTHPO-
BaHHBIX L{UKJIOB C OTPHLATENBHOI CyMMapHOH AJMHOM.

3amaua 9.5. PaccMoTpum opHeHTUpOBaHHbIA rpad G ¥ CTapTOBYIO BEPLUMHY .
Mpeanonoxum, 4to G UMEET OTpPULATENBHBIE ANHHBI pebep, HO He UMEET OTpH-
LaTeNbHbIX UHMKIOB, TO €CTh G HE HMEET OPHEHTHPOBAHHOIO LIMKNA, B KOTOPOM
cyMMma ero anuH pebep apnaeTca oTpuuarensHoi. [Ipeanonoxum, 4To Bbl Bbi-
nonHsete anroput™ JelKeTpbl Ha 3THX BXOHBIX AaHHbIX. Kakue u3 cnenyrowmmx
yTBepxAeHUH ABAAIOTCS HCTUHHBIMK? (BbIGepHiTe BCe MOOXOASLINE BAPHAHTDI.)

a) Anroput™ JlefKCTpbl MOXET 3aLUKJIMTHCA.

6) HeBo3MOXxHO BbINONHUTE anroputm [leiikcTpbl Ha rpade ¢ oTpULaTenb-
HbIMU ATMHaMHU pebep.

B) AnroputM JleHiKkcTpbl Bceraa 0CTaHaBAHBAETCA, HO B HEKOTOPbIX Clyyasx
paccToAHUs KpaTyaillero MyTH, KOTOpble OH BbIYHUCISAET, He OyAyT npa-
BHIIbHBIMH,

r) Anroputm JlelKCTpBI BCer[a OCTaHABIMBAETCA, H B HEKOTOPbIX Clyyasx
PacCTOAHMA KpaTyaifluero MyTH, KOTOPbIE OH BbIYUCHSAET, OYAYT MpaBHib-
HbIMH.

3agaua 9.6. B nponomxeHue npeabiayllei 3aja4n Tenepb NpeAnoNokiM, 4YTo
BX0AHOH rpad G COAEPXKMT OTpULIATENbHbIA LMK, a TAKXE NMyTbh U3 CTAPTOBOM
BEPLIMHBI § B 3TOT UMKI. [1peanonoxum, Bbl BbINOJHAETE aNroput™ JeHAKCTph
Ha 3THUX BXOAHbIX JaHHbIX. Kakue U3 caeaylolnx yTBEPXACHUIN ABIAOTCA HC-
THHHbIMHU? (BbiOEepHTE BCE MOAXOAALLME BAPHAHTDL.)

a) Anroput™ JleHKCTpbl MOXET 3aLUKJIMTHCA.

6) HeBo3MOXHO BLIMONHHMTL aNroput™ JledkcTpbi Ha rpade ¢ orpuuareb-
HBbIM LIHKJIOM.

B) Anroputm JlefiKcTpbl Bcerna OCTaHaBIMBAETCA, HO B HEKOTOPBIX CIydasx
paccToAHHA KpaTyaHlero NyTH, KOTOPHIE OH BbIYMCIAET, He OyayT npa-
BUJIbHBIMH,
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r) Anroput™ JlefkcTpbl Bcerna oCTaHaBAMBAETCH, U B HEKOTOPBIX Cllydasx
paccTosHMs KpaTyaiillero myTH, KOTOPblE OH BbIYHMCIAET, OYAyT NpaBHb-
HBIMH.

3anaua NOBLILWEHHOW CNOXHOCTH

3amaua 9.7. PaccMoTpuM opueHTHpoBaHHbli rpad G = (V, E) ¢ HeoTpUuaTENb-
HBIMHK JUtHHamMK pebGep u ctapToBoi BeplUMHOH §. OnpeneuM Y3Koe MECTO Y TH
KaK MakCHMAITLHY K0 JTHHY OJIHOTO M3 ero pebep (B OTNIHYHE OT CyMMBI ANHH €ro
pebep). [okaxuTe, kKak U3IMEHHTb aNrOPHTM JIGHKCTpBI TaK, UTOOBI BLIMHCIUTH
JUTA KaXIOM BEPLUMHBI v € V HaHMeHbLLEe Y3K0e MeCTO Moboro nyTu s-v. Bain
aJrOpuTM JI0/KeH paboTats 3a BpeMs O (mn), rae m ¥ n 0603Ha4aloT YKCNo pebep
M BEPLUUH COOTBETCTBEHHO.

3apaya no NnporpamMmMupoBaHUIO

3aaaua 9.8. Peanusyiite Ha 1106MMOM s3blKe POrPaMMHUPOBAHHUS aJIFOPHTM
Dijkstra u3 pasnena 9.2 M Mcnonb3yiiTe ero A7s pelleH s 3a1aul O KpaT4aiiueM
TyTH C €IMHCTBEHHBIM HCTOKOM B Pa3HbIX OPUEHTHPOBaHHbIX rpadax. C yuetom
NPOCTOii peau3aliy B 3TOH I1aBe KakoB pa3mMep camoit 6onbluoii 3a1a4H, KOTOPYIO
Bbl MOXETE PELUMTL 3a NAThL MHHYT WIH MeHbliee Bpems? (O6paTtutech k caiTy
www.algorithmsilluminated.org a1 nonyueHHs TECTOBBIX Cy4aeB U COBOKYNHOCTEN
JaHHbIX Ans 3a7a4.)
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OcTanbHble TPH MaBbl 3TOH KHUIM NOCBALUEHLI TpeM Haubonee BAKHLIM M IMO-
BCEMECTHBIM CTPYKTYpaM JaHHbIX — Ky4aM, ACPEBbAM MOUCKA U Xelu-Tabnuuam.
Llenb cOCTOMT B TOM, 4TOObI H3y4YHTB ONEPaLIuK, KOTOPbIE NOAAEPKUBAIOTCSA ITHMH
CTPYKTypaMH JaHHbIX (BMECTE C HX BPEMEHAMH BBINONHEHHUA), Pa3BHTb C MOMO-
LLbIO IPUMEPOB NPUMEHEHHH CBOIO HHTYHLIMIO O TOM, KaKHe CTPYKTYPbl JaHHBIX
NoJNe3Hbl A8 KaKHX BUIOB 337a4, H, BO3MOXHO, Y3HAaTb HEMHOMO O TOM, KaK OHH
peanu3yloTcs NoA kanotoM'. Mbl HAYWHAEM € Ky4¥u — CTPYKTY Dbl JAHHBIX, KOTOpas
cnocoGCTBYET OLICTPbIM BBIYHCICHHAM MHUHUMYMa TM60 MakcUMyMa.

10.1. CTPYKTYpbI AaHHbIX: KpaTKuk 0630p

10.1.1. Bbibop npaBUNbHON CTPYKTYPbI AaHHbIX

Cmpyxmypbl OaHHbLX UCTIONB3YHOTCA NOYTH B KOKA0H OCHOBHOH 4acTH NporpaMm-
Horo ofecneyeHus, NO3TOMY 3HaHWE TOIO, KOra U Kak UX NPUMEHATD, ABASETCA
BXHBIM HAaBLIKOM U1 CEpbE3HOr0 MporpaMMucTa. CMbICH CTPYKTYpbl JAHHBIX
3aKJIIOYaeTCA B OpPraHH3alMu JaHHbIX TakuM 06pa3oM, 4ToObl Bbl MOMIM MOJY-
yaTh K HUM JocTtyn 6bIcTpo U ¢ nonb3oH. Bbl yxe BUaenH HECKONLKO NPUMEPOB.
QOuepedb, ucnonbiyemas B HalleH NHHEHHO-BpeMEHHOH peann3auly NoMcKa
B LUMpURY (pa3zaen 8.2), nocneoBaTeNbHO OpraHu3yer AaHHbIe TakK, YTO yAAICHHE
oObekTa B ee Hauaso Unu gobaBnenue obbekTa B ee KOHIE 3aHUMAaET NOCTOAHHOE
Bpems. Cmex B KaueCTBE CTPYKTYPbl AAHHBIX, KOTOPas MeNa peluatoLlee 3HaueHHe
B Hallleif MTEpPaTHBHOM peanu3auuy noucka B ryOuHy (paszen 8.4), noszsonser
yaanaTb 06bekT uny 106aBasATh 0OBLEKT B €M0 HAYaNlo 3a MOCTOSHHOE BpEMS.

CyuuecTByeT ele MHOro ApYTUX CTPYKTYpP JaHHBIX — B 3TOH KHHXKHOWN CEpHH
Mbl YBUINM KyuH, OUHapHble (MU ABOUYHBIE) A€PEBbA OHCKA, XeLU-TabnuLby,
¢unsTpel Biyma u (B mpemseit vacmu) CHCTEMY HENEPECEKAIOWMXCA MHOXKECTB
(union-find). [loyeMy Tako# HeMOHATHbIH NepedeHb? [ToTOMY YTO pasHbre cmpyx-
mypbl OGHHBIX NOOOEPHCUBAIOM PA3HBIE MHONCECMBA ONepayuil, Ymo oeraem ux
XOPOULO NPUCOOHBIMU OIS PA3ZHBIX MUNOE 3a0ay npocpammuposarwt. Hanpumep,
MOKCK B LLIMPHHY W NIOKCK B NyOHHY UMEIOT pasHble NOTPeOHOCTH, YTO NPHBOANT

' HexoTOpble NPOrpaMMHCThI PE3EPBHPY HOT CNOBOCOMETAHHE «CMPYKMYpa OAHHIXY 118
KOHKPETHOM peanu3aumny 1 CCbLIaIOTCA Ha CMHCOK NMOAACPKHBAEMbIX OTIEPaLIHi Kak Ha
abcmpaxmubltii mun 0anHuIx.
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K ABYM Pa3HbIM CTPYKTYpaM JaHHbix. Hawa 6bicTpas peanM3alls airoput™a
kpaTuaituiero nytu Jeiikctpsl (B pa3aene 10.4) umeet cBou coO6CTBEHHBIE OT-
JuvarouMecs norpebHocTH, TpebytoLire bonee ClOXHON CTPYKTYpPbl JaHHBIX,
UMEHYEMOI Ky4eH.

KakoBb! nIHOCk1 1 MUHYCBI pa3sHbIX CTPYKTYP JaHHbLIX M Kak BbIOPaTh, KaKyo H3 HUX
MCIONB30BaTh B nporpamme? Kak npasuiio, yeM 6onblie onepaunii noaaep>KMBaeT
CTPYKTYpa IaHHbLIX, TeM MelJIeHHee onepaluH ¥ TeM Gonblue 06beM 3aHHMaeMoro
npocrpanctea. Ciieyiowas UMTara, 4acTo np1nMceisaeMas AnsGepry JifHureiny,
OyZeT 31ech YMEeCTHOM:

«Bce cnepyet ynpowars 1o TeX nop, noka 3T0 BO3MOXKHO, HO He
6oJiee TOron».

[lpu peanu3auuu nporpaMMbl BaXHO TLUATENLHO MPOAYMBIBATb, KAKHE UMEHHO
onepauuy Bbl OyaeTe WCnonb30BaTh CHOBAa M CHOBA. HanpuMep, uHTepecyer JiM
Bac TOJILKO OTC/IeXKUBAaHHE TOM0, KaKHe OObEKTbI XPaHATCA B CTPYKTYpE AAHHBIX,
MW BBI TAKXKE XOTHTE, 4TOOBI OHH OblIKM yNOpAAOUEHbI OTIpeieneHHbIM 06pazoM?
[Nocne Toro kak Bbl NoHMeTe NOTPeOHOCTH Balllel NPOrpaMMbl, Bbl CMOXKETE NIPH-
JePXKUBAThCA NMPUHUWNA 3KOHOMHOCTH W BBIOpaTh CTPYKTYpPY AaHHBIX, KOTOpas
NOAAEP)KHUBAET BCE HYXKHBIE ONMepauHH, KpoMe JHLIHHX.

NPUHLIAN 3KOHOMWUH

Buibepurte npocTerwyio CTPYKTYPY AaHHbIX, KOTOpPas noanepxusaeT sce
onepauun, Tpebyembie NPUNOXEHNEM.

10.1.2. Nepexon Ha cneayloWNA YPOBEHb

KakoB Baiu Tekyuuii 1 xenaemblii YpoBEHb OCBEJIOMJIEHHOCTH O CTPYKTYpax
JaHHbIX?

Ypoens 0 «YT0 Takoe CTPYKTYpa NaHHBIX?)

VYposeHs 0 npeacrasnser coboif MonHOe AUAETAHTCTBO — TOT, KTO HHKOraa
He CJIbIlIAN O CTPYKTYpE AAHHBIX W HE 3HAET, YTO YMHas OpraHu3auus BalUX
JIAHHBIX MOMXET 3HaYHTEJbHO YIY4LIUTL BpeMs paboTbl NporpaMMsl.
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Yposens 1 «Cribiluan MHOTO XOpOLIEro o xel-Tabauax»

YpoBeHb | npeacTarnser coboH NOBEPXHOCTHYO OCBEIOMIIEHHOCTb, KaK eC/IH
Obl, 0Ka3aBIIMCh B KPYry CHELHATMCTOB HAa BeYepPHHKE, Bbl MOAAEPKAIH Obl
pa3sroBOp Ha YPOBHE OCHOBHBIX CTPYKTYP AaHHBIX'. Bbl C/IBILIATH O HECKONBKHX
OCHOBHBIX CTPYKTYpaX, TAKUX KaK JepeBbA NOUCKA U XELI-Ta0HLIbI, H, BO3MOXHO,
3HaeTe 0 HEKOTOPLIX M3 WX MOAAEPXKHBAEMBIX OrepaLtii, HO UyBCTBOBAIH Obl
cebsl HeyBepEHHO, MBITasCh HCTIONb30BATh HX B POrPaMMe UK COOECel0BaAHHH.

Yposens 2 «/1na 310 3anaun TpebyeTcsa Kyuan

C ypoBHeM 2 y Hac yxe YTO-TO Nojnyyaerca. ITO TOT, KTO 00/1anaeT CoNUAHOM
IPaMOTHOCTBIO B OTHOLUIEHHH OCHOBHBIX CTPYKTYP IaHHBIX, KOMPOPTHO HC-
MOJIL3YET HX B KaYECTBE KIINEHTA B CBOUX COOCTBEHHBIX MPOrpaMMax H UMeeT
Xopolliee NpeACTaRIeHHe O TOM, KAKHE CTPYKTYPbl JaHHBIX JUIA KaKMX THIOB
3a1a4 NpOrpaMMHPOBaHUS MOAXOAAT.

YPOBeHb 3 ((”CﬂOJlb3y}0 TOJIKO T¢ CTPYKTYpbl JAHHBIX, UTO HANIUCAJl CaM»

YpoBeHb 3, caMblii NPOABHHYTHI yPOBEHb, OTHOCHTCA K BLICOKOKNACCHBIM
NporpaMMHCTaM M ClieLHaIucTaM B 001acTH computer science, KOTOpbie
He IOBOJBLCTBYIOTCA MPOCTO MCMONb30BAaHHEM CYILECTBYIOIHX peaiu3alui
CTPYKTYPpbI JaHHBIX B KauecTBe KIHeHTa. Ha 3ToM ypoBHe y Bac eCTh AeTanbHoe
MOHHUMAaHUE CYTH OCHOBHBIX CTPYKTYP JAAHHbBIX U TONO, KAK OHH PEasiH3yOTCA.

Camoe Gonbluoe peulaiolee pacluHpeHHe BO3MOXKHOCTEH NPOUCTEKAET H3 J10-
CTHIKEHHUS YPOBHA 2. BONBIIMHCTBO MPOrPaMMHCTOB B KAKOH-TO MOMEHT JOJIXKHBI
cTaTh 00pa30BaHHBIMKM KJIHEHTAMH OCHOBHBIX CTPYKTY P AaHHBIX, TAKHX KaK KYUH,
AepeBbA MOHCKa U Xelw-Tabnuubl. OCHOBHas uenk mas 10-12 — noaHaTs, Bawm
3HAHMs [0 ITOM MJIAHKH C UCTIO/IB30BAHHEM JTHX CTPYKTYP JaHHbIX, yaAenss 0coboe
BHUMaHHE OMepaLHiM, KOTOpblE OHU NOMNEPKHBAIOT, U HX KAHOHHYECKHM TIpH-
MeHeHHAM. Bce 3TH CTpYKTYpbl JaHHbIX J1€TKO AOCTYIHbI B CTaHAAPTHBIX GHOIHO-
Tekax GO/IbIIMHCTBA COBPEMEHHBIX A3bIKOB NPOrpaMMHPOBAHHA, KOTOPBIE TOJILKO
¥ XIYT TOro, 4TOObl HX JIOBKO pa3BEPTHIBAIH B CBOMX COOCTBEHHBIX NPOrpaMmax.

Y NpOABHHYTHIX MPOrPaMMHCTOB MHOTIA BO3HHKAeT MOTpeOHOCTL B pealu3a-
LMY YNPOLIEHHOH BEpCHH ONHOH M3 3THX CTPYKTYp NAaHHBIX ¢ Hyls. Kaxnas u3

! Kak Bceraa, pedb 0 A0CTaTOuHO 3aHYAHbIX (QyplIeTHbIX BeuepUHKax!
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NOC/IEAYIOIUMX [JIaB BKJIIOHaeT 1o KpaiHeld Mepe OAWH paclUMpEHHbIH pasjen,
NOCBALLEHHbIA THNMHYHBIM peali3aliAM 3THUX CTPYKTYP AaHHbIX. OTH pa3ielbl
NpeaHasHaueHbl Ui TeX U3 Bac, KTO XOMET JOCTHYb MAaKCHMANIbHOW BEPLUMHLI.

10.2. NopnepXxuBaembie onepauum

Kyua — 3T0 cTpyKTypa JaHHBIX, KOTOpas OTCJEXHBaeT IBONOLHOHHPYIOLIEE
MHOXECTBO OOBEKTOB C KIrOHaMU H MOXKET ObICTPO HAEHTHPHLIMPOBATL OOBEKT
¢ HaWMeHbIUMM KmouoM'. HanpumMep, o6bekTbl MOTYT COOTBETCTBOBATD 3aIIUCAM
0 COTPYAHHKAX C KITFOUaMH, PaBHLIMH MX HAEHTHQHKALHOHHBLIM HOMEpaM. Onu
MoryT GbiTb peGpaMu rpadya, B KOTOPOM KJIHOYH COOTBETCTBY HOT HX AJIKHAM. JIn6o
OHM MOTYT COOTBETCTBOBATD 3aMJIaHHPOBAHHBIM Ha Oyaylliee COObITHAM, IPHYEM
KakbIA KJIIOY YKa3bIBAET Ha BpeMs, B KOTOpoe coObITHE Npou3oiaer’.

10.2.1. BcTaBgka ® U3BN1€4EHNE MUHUMYMA

CaMbie IaBHble BELLH, KOTOPbIE CIIeAyeT NOMHHUTb O JIFOOOH CTPYKType AaHHbIX, —
3TO ONepaLMH, KOTOpble OHA MOAAEPXUBAET, H BpeMs, HE0OX0AMMOe JUIS Kax10H
U3 HUX. J[Be camble BaxHble ONepalHy, MOAAEPKHBAEMblE KyHaMH, 3TO ONEpaLuH
BCTABHTH ¥ M3BJIEUS MUHUMYM?.

KYUYH: OCHOBHBIE ONNEPALIUH
BctaBuTh: € yueToMm H U HOBOro o6bekTa x 106aBHTL x B H.

M3BNEYL MMHUMYM: C YUETOM Kyud H ynaiuTh 1 BepHyTb U3 H 06bekT
¢ HauMEHLIUMM KITH0HOM (GO ykazarelsib Ha HEro).

! He cnenyer myTarth ¢ Kyueii B ka4eCTBe ANHAMH4ECKON namamu, TO €CTb YaCThIO IAMATH

NpOrpaMMbl, 3ape3epBUPOBAHHON L1 IUHAMUYECKOTO BhIAENEHHA.

KJIouH 4acTo BhIPAXEHBI YMC/IAMH, HO MOTYT MPHHALIEKATh NIOGOMY MOAHOCTBIO
YOpAJOYEHHOMY MHOXKECTBY — Ba)KHO TO, 4TO JUIA K&KIOH Napbl HEPABHBIX KJIIO4EH
OZIMH MEHbIUE JIPYroro.

CTpYKTy pbl JaHHBIX, IOJAEPKABAIOLLIUE ITH OMEPALIHH, TAKKE HA3bIBAIOTCA IPHOPUTH-
3MPOBAHHBIMHU OUEPEIAMH, UITH OYepeOsimMU C NPUOPUMEMOM.
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Hanpumep, ecnu ins nobasnenus oobexToB ¢ kiouamu 12, 7,29 u 15 B myctyio
Kyuy YEThIPE pa3a BbI3BaTb METOA BCTABHTE, TO onepauus U3BNEY, MUHUMYM Bep-
HeT 00beKT ¢ kmouoM 7. KimouM He 06s3aTenbHO N0MKHBI ObITE HECOBNANAOLLMMH;
€CJIM B Ky4e UMEETCS HECKOJIbKO OOBEKTOB ¢ HAUMEHBIUUM KJIIOUOM, Omepauus
H3BJEYS MHUHUMYM BO3BpALLAET MPOU3BOJIbHbIA TakoH 00beKT.

Bbino Okl JIETKO MoanepxuBaTh TOJILKO ONepaUyio BCcTABHUTL, MTOBTOPHO NPUCO-
€IMHAS1 HOBblE OOBEKTHI B KOHEL[ MACCHBA UM CBA3HOIO CMUCKA (32 MOCTOSHHOE
BpeMsl). 3arBo3/1Ka 3aK/104aeTCS B TOM, YTO Onepauus U3Bineys MUHUMYM TpeGyeT
JIMHEHHO-BPEMEHHONO HCUEPIBIBAIOLLIETO MOUCKA 10 BceM oObekTaM. SICHO Takxke,
Kak¥M 06pa3oM NoAAep>KUBaTh TOJBKO orepaLunio U3BnEYs MHHUMYM — OTCOPTH-
poBaTh UCXOAHOE MHOXECTBO 1 OOBEKTOB MO KITHOUY 3apaHee pa3 U HaBceraa (¢ uc-
nonb3oBaHueM BpemeHu O (n log n) Ha npenobpaboTky), a 3aTeM NOC/IeA0BaTENILHO
BbI3bIBaTh OMepauuio U3BNEYL MUHUMYM /1718 BbIXBATbIBAHUS OOBEKTOB O OAHOMY
¢ Hauana OTCOPTHPOBAHHOIO cMUcka (kax/as 3a MOCTOSHHOE BpeMs ). 3arso3ka
34ech B TOM, UTO /1100as NpocTas peanusalus onepauuu Berasuts Tpebyer nuneii-
HOro BpeMeHH (Kkak Bbl caMU MoxkeTe yOeauThes). XUTPOCTb KpoeTcs B paspaboTke
CTPYKTYpbI JaHHBIX, KOTOpas NO3BOJSET obeur ONepaUusM BLIOIHATHECA OYEHb
6b1cTpo. IMEHHO B 3TOM 3aKJTIOYAETCS CMBICI CYLLIECTBOBAHUSA KyUH.

CraHpapTHbie peanu3alud Kyd, KaK Ta, KOTopas CXeMaTHYHO OMUCaHa B pasfe-
ne 10.5, rapanTupyiot cieaylollee.

Teopema 10.1. (Bpema BbInonaHeHHs OCHOBHBIX oMepauuii Ky4n.) B xyue
¢ n obvexmamu onepayuu BCTABUTS u U3BNEUE MUHUMYM BbINOAHAIOMCA 30 8DEMA
O(log n).

B kauecTBe GOHyca B TMIMMYHBIX pealiu3alUAX KOHCTaHTa, CKphITas 3a opMoit
3anucu O-60nbLIoe, 0O4eHb Malla, U NOYTH HET JIMLIHUX NPOCTPAHCTBEHHbIX Ha-
KJIAMHbIX PacXO/OB.

CyLuecTByeT Takxke BAPUAHT Ky4H, KOTOPbIii MOAAEP>KUBAET onepauuu BcTABUTS
u M3BnEYs MUHUMYM 3a Bpems O(log n), rae » — 310 yucno o6bekToB. OaHH
U3 cnocof0B peajiu3alKy 3TOr0 BapUaHTA COCTOUT B CMEHE HalpaBlieHHUS BCeX
HEepaBEeHCTB B peanu3auuy u3 pasgena 10.5. Bropoii cnoco6 — ucnonb3oBars
CTaHAAPTHYIO Ky4y, HO BBINONHATD Onepauuio HE ¢ KIIo4aMHi 0OBEKTOB Niepe] HX
BCcTaBKOH (B pesynsrare 3¢ dexkTuBHO npeoGpa3oBbiBasd onepaluo H3piEus Mu-
HUMYM B onepaumio U3Bneue MAKCUMYM). HU OZMH U3 BapUaHTOB Ky4M He noj-
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JepXXUBaeT onepauny U3BjaEY, MUHUMYM H U3BIEUL MAKCHMYM OJHOBPEMEHHO
3a O(log n) — BB AOMKHbI BbIOPATD, KAKYHO U3 HUX Bbl XOTUTE'.

10.2.2. flononHUTEeNnbHbIE ONepauun

Kyuu MoryT Taxke noaaepxarb pajl MeHee CylleCTBEHHbIX OnepaLuid.

KYUYHU: TONOJHHUTEJIbHBLIE ONNEPAUHUH
HAATH MHHMMYM: C Y4€TOM Kyud H BepHYTb 00bEKT C HAUMEHBILIHM
KJIFOYOM (JTHOO yKa3aTeseM Ha Hero).

OBBLEAMHUTL B KYYY: C YYETOM OOBEKTOB X, ..., X, CO31aTh Ky4y, CO-
JepKaLLy o 3TH OOBEKTDI.

VIAINTB: ¢ Y4€TOM Kyuu H W ykazatens Ha o0bexT x B H ynanuts
xus H.

Bbl MOXeTe CLIMUTHPOBATH Onepauuto HANTH MHHHMYM, BbI3BaB onepauuio Hs-
BJIEUb MMHUMYM, A 3aT€M NpUMeHUB BCTABUTH K pe3ynbTary (3a BpeMa O (log n) no
teopeme 10.1), HO THNHYHAA peann3aUUs KyuH MOXeT H3berarb 3Toro 06xXoaHOro
peLUeHHs W MOAAEPXKUBATh onepauuio HAHTH MUHUMYM HEMOCPEACTBEHHO 3a
BpeMsa O(1). Boi Moru 661 peanin3oBarb onepauuio OFbEJHHHTD B KY4Y, BCTARIAA
n 00bEKTDI MO OAHOMY B MYCTYHO Kyuy (3a cymMMapHoe Bpems O(n log n) no Teope-
me 10.1), ogHako cyuiecTByeT 6nectawmii cnocod no6aBnsTh 0ObLEKTHI B MYCTYIO
Ky4y OOHHM NaKeTOM 33 cyMMapHoe BpeMst O(n). HakoHel, Ky4H MOryT Takxe
noaaepXHeaTh yAajieHHe NPOU3BOJIbHBIX 0OBbEKTOB, @ HE TONBLKO OOLEKTOB C HaH-
MEHBIUMM KITHOUOM 3a Bpema O(log n) (cM. Takke nporpaMMHblii npoekt 10.8).

Teopema 10.2. (Bpemsi BbITIOIHEHHS JOMOJIHHTEIbHBIX Ky4eBblX ONEPaLHii.)
B kyue ¢ n obvexmamu onepayuu HARTH MUHUMYM, OFbEAUHHTL B KY4Y ¥ Y AANUTD
svtnonusiomes 3a spema O(1), O(n) u O(log n) coomeemcmeenro.

! Ecay Bb XOTHTE HMETb 00€, TO MOXKETE HCMOMB30BATL OJIHY Ky4y KKAOTO THINA (CM. Tak-
e pazaen 10.3.3) 1u60 06HOBHTE CBOE NPEACTABNEHHE NAHHBIX A0 COATAHCHPOBAHHOTO
6uHapHoro nepepa noncka (cM. masy 11).
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O000UIWM K TpUBENEM HTOTOBLIH MepeueHs nokasarenei s Kyu.

Tabnnua 10.1. Kyuu: nogaepxuveaemMblie onepauumn U BPeMA Mx BbiNONHEHUR,
rae n 0603HavaeT Tekyuee YUCNO 06HLEKTOB, XPAHALMXCS B Kyde

Onepauus Bpems BbinONHeHUst
Betasuth O(log n)
H3BNEYL MHEHMYM O(log n)
Py ae——— oy
OBBEAHHHTL B KYYY O(n)
Vaanuts O(log n)
KOrgA UCnoJjib30BATb Ky4y

Ecnu BaweMy NpUNoxeHnIo TPebyloTca GbiCTpble BLIMMCIEHUS MUHUMYMA
(n60 MakCUMyMa) AN AMHAMUYECKN U3MEHRAIOWEroCA MHOXeCTBa 0B beKTOoB,
Ky4a 0BbIYHO ABNAETCA NPEANOYTUTENBHON CTPYKTYPOMN AAHHbIX.

10.3. NpumeHeHus

Crnenyoluid nyHKT Ha NOBECTKE — NPOHTHCh IO HECKOJILKHM NIpUMEpaM NpUMeHe-
HMS M [104yBCTBOBATh BCE NpeUMYLLecTBa Kyur. OGuiedt TeMoit 3THX npUMeHEeHUH
ABJIAETCA 3aMEHA BLIYUCIEHUIH MHHHMYMa, HAMBHO PEATH30BaHHBIX C HCNOb30BA-
HHeM (THHEHO-BPEMEHHOI0) HCHEPTbIBAIOLLETO MOUCKA, NOCAE10BATENBHOCTLIO
(norapudMHIecKU-BpeMeHHBIX) onepaunii U3pieus MUHUMYM W3 Kyuu. Beskuit pas,
KOF/a Bbl BUAMTE AITOPHTM UK NPOrpaMMy ¢ GOIbLIHM KOTHYECTBOM BbIUUCIEHUH
MHHHMYMa HJTH MAaKCHMYMa METOZIOM MOJHOTO nepeGopa, y Bac B rofoBe J0MHKHO
LLeNKHYTb: 048 Hux mpebyemcs xyual!

10.3.1. MpumeHeHune: copTUpoOBKaA

B Haulem nmepBoM NpUMeHEHHUH aBaiiTe BEPHEMCS K NIPaMaTepy BCEX BbIYHC/IH-
TENbHBIX 3aja4 — COPMUPOBKE.
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3AJAYA: COPTHPOBKA
Bxoa: MaccuB U3 7 yucen B NPOU3BOJILHOM NMOpAAKE.

BbIX0a: MacCHB TeX XK€ YHUCEN, OTCOPTUPOBAHHBIX OT HAUMEHbILIETO
K HaubonblieMy.

HanpuMep, NpH 3a1aHHOM BXOAHOM MACCHUBEC

[Moxkanyii, caMbIM NPOCTbIM AJIFOPUTMOM COPTHPOBKH ABAsETCA SelectionSort,
MJIK COPTUPOBKA METOAOM BbIOOpa. DTOT anropMTM BLIMOJHAET JHHEHHOE
CKaHMpPOBaHHE BXOAHOrO MacCHBA C LENbIO HACHTH(PHKALUH MUHHMAJILHOTO
3NeMeHTa, OOMEHHBAET €T0 C NEPBLIM IEMEHTOM MACCHBA, BLITIOJIHAET BTOPOE
CKaHWPOBaHHME OCTABIUUXCA 1 — | IEMEHTOB ¢ LENbI0 HACHTHOUKALMH U Tiepe-
CTaHOBKOW Ha BTOpPO€ MECTO BTOPOro HauMEHbLIEro 3JeMEHTa W Tak JAajee.
Kaxaas npoBepka 3aHMMaeT BpeMs, NpONOPLUOHATLHOE YHCY OCTABLIMXCS
371€MEHTOB, TO3TOMY COBOKYTHOE BpeMs paBoTbl paBHo ®( Y i) = 9("2))'. Mo-
CKONbKY Kaxkaas UTepalus alroput™a SelectionSort BLIYMCIAET MUHUMANbHbIM
3/IEMEHT € MOMOLILIO UCUEPNbIBAIOLIErO NOUCKA, AaHHbII aNTOPUTM NOUCTHHE
B3bIBaeT K kyue! Maes npocTa: BCTaBUTB BCE 3JIEMEHTbI BXOAHOTO MACCHBA B Kyy
M 3aNOJHATbH BLIXOAHONH MacCHB CJ1€Ba HaNpPaBo NM0C1e10BaTeIbHO U3BICUEHHBIMU
MHHHMaJIbHbIMU d1eMeHTaMU. [TepBoe H3BIeUEHUE NPOU3BOAUT CaMblii Masiblil
3JIeMEHT; BTOpOe — CaMbli Manblif OCTABLIMHACSA 2NeMEHT (BTOPOH HaUMEHbILUA
B COBOKYMHOCTH); M Tak Aajee.

' Cymma )’ ipaBHa He Gonee n’ (0 r bIX He 6 yem
..} PaBHa He bonee n’ (OHa COMEPXKHUT 1 CAraeMBbIX, KOTOPBIX oflee ye
n) U He MeHee n’/4 (OHa uMeeT n/2 cnaraeMbiX, KOTOpbIX B 001Lel CIOKHOCTH He MEHeE
n/2).
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IpaBuabHLIf oTBeT: (6). PaboTa, BhinonHseMas alropHTMOM HeapSort, CBOAUTCS
K 21 onepauMsM Ha Kyue, cogepxalleii He Gonee n obbextor'. [Nockonbky Teo-
pema 10.1 rapanTupyer, uTo Kaxaas KyueBas onepauus Tpebyer Bpems O (log n),

HEAPSORT (KYYEBASA COPTHPOBKA)
Bxoa: MaccHB A U3 n HECOBNAJANOLLMX LIELIX YHUCEL.

Bnixoa: MaccHB B ¢ TEMH Xe LeJIbIMY YHCTIaMU, OTCOPTHPOBAHHBIMH
OT HAaUMEHLLUEIO K Hau60m>memy.

H = nycras ky4a

fori=1tondo
Bcrasuth A[i] B H

fori=1tondo

B[i] := U3Bneys MuHuMym uz H

TECTOBOE 3AIAHME 10.1

KakoBo Bpems paboTbl anroputma HeapSort kak Gy HKUHH OT ANHHBI
n BXOJHOro Maccupa?

a) O(n)

6) O(nlogn)

B) O(n?

r) O logn)

(Pelsenue M noscHeHUe CM. HUXKE.)

Qi e SEAFEL S AL 0 prE Bebds

COBOKYNHOe BpeMs BbinoiHeHus pasro O(n log n).

! Ewue 6os1ee onTMManbHas peani3aurs 3aMEHHT NEPBLIH UMK 0aHOM onepauneil OFbEAN-
HHTb B KYUY, KOTOpas BLINONHAETCS 32 BpeMa ((n). ONHAKO BTOPO# UMK NO-NPEXKHEMY

Tpebyet BpeMenn O(n log n).
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Teopema 10.3. (Bpems paGoThl aaropuT™a HeapSort.) Jna xaxc0o2o 6x00H020
maccuga onunsl n > 1 apems pabomer anzopumma HeapSort pasto O(n log n).

[asaiite cnenaem wiar Haszaa M OLEHHM, YTO ceifuac npou3ouuto. Mbsl Hayanu
¢ HauMeHee H300peTaTe/bHOrO AITOPUTMA COPTHPOBKH M3 BO3MOXHbIX, KBaapa-
THYHO-BPEMEHHOTO aJ1ropuT™Ma COpTUpOBKU BbIGOpOM SelectionSort. Mbl pac-
NO3HAH WabIOH NOBTOPAIOLLMXCA BEIMUCIEHH I MUHUMYMa, NOACTABUITN Ky4eBYIO
CTPYKTYpPY AaHHBbIX U — 0a-6ax! — BbLICKOUHJ IrOPUTM COPTUPOBKH 33 BPEMSA
O(n log n)'. 310 oTIMUHOE Bpems paboTbl IS alropuT™Ma COPTHPOBKH — OHO
JIaKe ABAAETCA ONTHMANIbHBIM, BMJIOTH A0 NMOCTOAHHBLIX MHOXHUTENEH, cpeau an-
FOPUTMOB COPTHPOBKH HAa OCHOBE CpaBHeHUAZ, OHUM U3 NOOOUHBIX NPOAYKTOB
3TOro HaboAeHUA ABNAETCA A0KA3ATENBCTBO TOIO, UTO HET HUKAKOTO OCHOBaHHOIO
Ha cpaBHEHHUH criocoba peann3oBatbh onepauuu BcTaBuTh U M3BAEYS MUHHUMYM
3a BpeMa 0ojiee ONTUMAILHOE, YEM JIOTapUPMHUUECKOE: TAKOE peLleHHe 1ano Obl
yTIpaB/IseMblit CpaBHEHHAMH AITOPUTM COPTUPOBKH Jiyulle, ueM O(n log n), u Mbl
3HAEM, YTO 3TO HEBO3MOXKHO.

10.3.2. NpnmeHeHne: coObITUNHBIN MeHeaXep

Hawle Bropoe npumeHeHHe, XOTS U HEMHOTO OUYEBUAHOE, ABIAETCA U KAHOHHYe-
CKHMM, U npakTHueckuM. [lpencraBbTe, 4TO BaM NMOPYUYHIH HaNHCaTh NPOrpamMmmy,

! Jna HarnAaHOCTH Mbl OMHCATH IrOpPHTM HeapSort ¢ HCNOAb30BAHHEM OTAC/IbHbLIX

BXOIHBIX H BBIXOAHBIX MACCHBOB, HO €10 MOXHO PEAIH30BATh NPAMO HA MECTE, Mpak-
THUYECKH 6e3 NonOMHHTENBbHON naMaTH. Takas peanu3aL{s NpAMO HA MECTE ABJIAETCA
CBEPXNPAKTHYHBIM AITOPHTMOM H B OONBIIHHCTBE MPHIOKEHHUI MOYTH TaK e 6bICTpa,
KaK W 6bicTpas copTHpoBKa QuickSort.

HanomHuM u3 pazaena 5.6 kuuru «CoseplueHHbIH anropuT™. OCHOBBI), YTO yNpaBs-
€Mblif CPAaBHEHHAMH AJITOPHTM COPTHPOBKH 00palliaeTCs K BXOAHOMY MacCHBY TOJIbKO
NOCPEACTBOM CPAaBHEHHH MEX Ty NapamMH 3IEMEHTOB H HHKOTAa HanpaMyIo He ofpaiua-
€TCA K 3HAYEHHIO JIEMEHTA. « YHHBEPCAIbHBIE» aNrOPHTMbl COPTHPOBKH, KOTOPBIE HE
IENaloT AOMNY WEHHI 0 COPTHPYEMBIX 3JIEMEHTAX, 0053aTe/IbHO OCHOBaKbl HA CPABHEHHH.
IMpuMeps! BKITIOYAIOT COPTHPOBKY BbIGOPOM SelectionSort, COPTHPOBKY BCTaBKOH
InsertionSort, Ky4eByl) COPTUPOBKY Heapsort M GbICTPYIO COPTHPOBKY QuickSort.
He-npumepb! BKJIIOYAIOT 6704HYI0 COPTHPOBKY BucketSort, COPTHPOBKY MOICYETOM
CountingSort H Nopa3paaHyl0 COpTHPOBKY RadixSort. Teopema 5.5 u3 nepeou uacmu
NOKa3biBaET, YTO HH OAHH YTIPaBseMblid CPABHEHHAMH aITOPHTM COPTHPOBKH HE HMEET
ACHMNTOTHYECKOTO BpeMEHH paboThl 1A XyALEro clyuas yyine, 4yeMm O (n log n).
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KOTOpas BBIMONHAET CUMYNSLINI0 PU3HUECKoro MUpa. Bo3MOXHO, BBl y4acTByeTE
B pa3paboTke GackeTOONBHOH BUACOHTPLI. B kayecTBE CUMYNALHH BBl JOJIKHBI
CNIEIUTh 3a Pa3IHYHBIMHU COOBITUAMH H TEM, KOTJIa OHH JOHKHBI TPOH30MTH: KOra
MTPOK MOMNaZiaeT MSIYOM IOZ ONPEAENEHHBIM YIJIOM H € ONpPeeNECHHOH CKOPOCTBIO,
KOTZa Msi1 B pe3ysibTare NonajaeT B 3alHION 4acTh 0604a, Korda ABa Urpoka
OIHOBPEMEHHO COMEPHUYAIOT 32 OTCKOK, KOTa ONMH M3 3THX UTPOKOB (OJTMT Ha
JIpYTOM, COBepLLas TONYOK C3alH, 1 TaK Janee.

CuMynsLHs IOMKHA TOCTOAHHO ONMPEAENSATh, YTO NPOU30HAET AasibLIE. DTO CBOAUTCS
K MOBTOPHBIM BBIYHCIIEHHSM MHHUMYMa Ha MHOKECTBE 3ar1aHHPOBAHHBIX COOBITHH,
MO3TOMY B Baulei roloBe AO/KHO LENKHYTh: AaHHas 3aaava Tpedyet kyun! Ecin
COOBITHS XPaHATCA B Ky4e C KIOYaMH, PaBHBIMH MX 3arllaHHPOBAHHOMY BPEMEHH,
onepauus M3BnEYs MUHUIMYM NMPEJOCTABHT BaM clieAytowee coGbiTHe Ha Omoeuke
¢ rony6oii kaeMouKo#i 3a norapudmuyeckoe Bpems. Hoble cOGBITHA MOTYT BCTaB-
JIATHCS B Ky4y 110 MEPE X BO3HUKHOBEHMA (OMATH XK€, 3a TorapHPMHUECKOE BpEMS ).

10.3.3. NMpumeHeHne: noanepxka MeanaHbl

B kauecTBe MeHee OUEBHAHOTO TPHMEHEHHUS KyU PaCCMOTPHM 3aAa4y 0 nodoepiicke
Meduanbl. BaM npeanaraercs nocneaoBareibHOCTb YHCEN, OAHO 3a APYTHM; IS
MPOCTOThI MPEATNIOIOKHM, YTO OHH HE COBMAatoT. BCAkMH pas, koraa Bbl NOJTyYacTe
HOBOE YHC0, Ballia 003aHHOCTh — OTBETHTh MEAHAHHBIM 3JIEMEHTOM BCEX YHCE,
KOTOpBIE Bbl BCTpeuanu Ao cux mop'. Takum obpaszom, yBuzaeB nepseie 11 uncen,
Bbl JOJI)KHbI OTBETHTD ILIECTHIM HAUMEHBLIUM H3 T€X, KOTOPbIE Bl BCTPEYasIH;
nocsie 12 — WecThiM UK CEAbMBIM HAHMEHBIINUM; Nocae 13 — cebMbIM Hau-
MEHBbLIHM, H Tak aajee.

O/MH 13 NIOAXOAO0B K 3TOH 33a4€, KOTOPbIH LOMKEH Ka3aThCs UNTUILHHUM, 3aKI0-
YaeTcs B EpecyeTe MeAHaHbI C HyNsl Ha KakAoH UTepali. Ml BHAENH B rMase 6,
KaK BBIMHCIIATL MeIMaHy MacCHBa JUIHHOMH n 3a Bpems O (n), NOITOMY JAaHHOE pe-
wenue Tpedyet O(i) BpeMEHH B K&KAOM payH/[e i. B KaueCTBE ajlbTEPHATHBLI Mbl
MornH Obl COfEPXKaTh BCE BCTPEUaBLIHECH PaHEE 3JIEMEHTHI B OTCOPTHPOBAHHOM

! HamoMHHM, YTO MeOuaHa MHROXECTBA YHCEJT ABJISETCA €r0 CPEAHHHBIM JIEMEHTOM.
B maccuBe ¢ HeueTHoM WIHHOI 2k — | MenuaHa sBNAeTCA A-MOPAAKOBOH CTATHCTHKOM
(To ecThb k-M HaUMEHBUINM 1eMeHTOM). B MaccuBe ¢ ueTHOH JUTHHOM 2k k-nopaaxosas
# (k+ 1)-nopaaxosas CTaTHCTHKH CYHTAIOTCH MEAMAHHBIMH JJIEMEHTaMH.
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MaccuBe, 6narogaps ueMy JIerko BLIYMCIHTL MEAHAHHBIN 3/1IEMEHT 32 NOCTOAHHOE
BpeMi. HefocTaTkoM 3TOr0 ABNAETCA TO, 4TO OOHOBNEHHE OTCOPTUPOBAHHOIO Mac-
CHBa NPH NOCTYIJIEHHH HOBOMO YHCNa MOXKET NOTPebOBaTh NHHEHHOMO BPEMEHH.
MoxxeM nu Mbl 106UTbCA TyuLuero?

Hcnonb3ys Kyud, Mbl MOXEM PELIHTHL 3ajaqy O MOAAEPKKE MeAHaHbl BCEro 3a
nozapughmuneckoe BpeMs 3a payH[. Sl npeanarato B 3TOM MecTe OTJI0KHTb KHUTY
¥ NMOTPATHUTh HECKOIBLKO MHHYT Ha Pa3MblLLIEHHSA O TOM, KaK 3T0 MOXHO CAeNnaTh.

KntoueBas naed B ToM, 4ToObl Noafep>x1BaTh ABE Kyud H, U H,, np1 3TOM ya0B-
neTBOpAA ABa MHBapuaHTa'. [lepBbiii HHBApHAHT 3aKJIIO4aeTCA B TOM, uTo H, 1 H,
ABNAIOTCA COANAHCUPOBAHHBIMU, TO €CTh KaXKAasA U3 HUX COAEPIHUT OJHHAKOBOE
YUCNO TEMEHTOB (NOC/E YETHOMO payHaa) JIMGO Y4TO 04HA COAEPXKUT POBHO Ha
OZIMH 3neMeHT Gonblie, ueM Apyras (nocne HeYeTHOro payHaa). Bropoii MBapHaHT
COCTOMT B TOM, uTO H| U H, ABAAIOTCA ynopaooyernbimu, TO €CTh KOXKIbIH dne-
MeHT B H, MeHblue, 4eM Kaxablit anemeHT B H,. HanpuMep, ecnu a0 31010 undpst
6bun 1,2, 3,4, 5, Torna kyva H, XpaHut 1 v 2, ¥ Kyua H, XpaHuT 4 ¥ 5; MeaHaHHbIA
3NeMEHT 3 MOXKET BXOAMTD B JIIOOYIO U3 HUX KaK MAKCHMANbHbIA 3NEMEHT KyuH H|
WM MHHHManbHbIA 3neMeHT Kyuun H,. Ecnn Ham BeTpevanuce uncnal, 2, 3, 4, 5,
6, To nepBble TPH UMPPbI HAXOAATCA B H |, a BTOpbIE TpH — B H,; U MaKCHMaNbHBbIH
3/IeMEHT H|, 1 MUHUMAaJTbHBIH NIeMeHT H, ABNAIOTCA MEAHAHHBIMH 3JIEMEHTAMH,
OnHako 3aMbICIOBaTOCTb BOT B 4eM: H, OyneT craHaapTHOM Kyuei ¢ noaaep>Kko
onepauuit Bcrasuts ¥ U3BNEUL MMHUMYM, TOraa kak H, OyaeT MakCMManbHbIM
BapMaHTOM, OMUCaHHbIM B pa3aene 10.2.1, ¢ noaaepxxko# onepaudii BcTaBHTb
1 M3BnEus MAKCHMYM. Biaroaaps 3ToMy Mbl MOXKEM H3BJI€4Yb MEAHAHHDINA 3JIEMEHT
C MOMOLLLIO OAHOM KyueBO# onepauuu, 6yab To B H, vnu B H,.

MBI BCe ele A0KHBI OOBACHNUTD, Kak 0GHOBNATL Kyun H, n H, Bcakuii pas, korna
npubbIBaET HOBBIA 371EMEHT, TaK, 4TOObl OHHM OCTaBAIHCL CGANaHCHPOBAHHBIMH
H yNOpAA0YEHHbIMH. 11 TOro 4To6b! BbIACHUTD, Kya BCTABMTh HOBbIi MEMEHT X, HE
Hapy1las ynopsA04€HHOCTb Ky, JOCTATOYHO BLIUMCIUTL MAKCHMAJIbHBIH 37IEMEHT y
B H, 1 MUHUMaNLHBII aneMeHT z B H,2. Ecnu x MeHblue y, TO OH 0IDKeH YidTu B H|;
' Hneapuanm anzopumma — 3T0 CBOHCTBO, KOTOPOE BCETAa HCTHHHO B NMPEANMCAHHLIX
TOYKaAX €ro HCIONHCHHA (KaK H B KOHLIE KOKION HTEpALHH umc.na).

IT0 MOXKeET ObITb CZIENaHO 3a JIorapuPMHUECKOE BPEMS Iy TEM H3BJIEUEHHS U MOBTOPHOR
BCTABKH 3THX ABYX 3JICMCHTOB. Bonee onmrHManbHbIM PELWCHHEM ABJIAETCH HCNOJB30-
BaHHe onepaunit HARTH MUHUMYM H HAHTH MAKCHMYM, KOTOpbIE BHIMOHAIOTCA 3a
NOCTOSHHOE BpeMa (cM. pasaen 10.2.2).
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€CJIH OH 6obLie 2z, TO IOJDKEH YATH B H,; €CIi OH HaXOAUTCA MEXAY HHUMH, TO MO-
XKeT yHTH B moby1o u3 Hux. Ocratores M Kyun H, u H, cbanaHcHpoBaHHbIMH ke
nocie BcTaBku x? Jla, 3a HCKIIIO4EHHEM OJIHOTO CJTy4asi: B YETHOM payHJe 2k, €CJIH X
BCTaRyseTcs B 6OnbLIYIO Kydy (C k 3neMeHTaMH), To 3Ta Ky4a OyaeT conepxars &k + 1
3JIEMEHTOB, B TO BpEeMs KaK ApYras COAEPXHUT TONIbKO k£ — | anemenToB (puc. 10.1, a).
Ho 310t AncHanaHc ierko HCNPaBUTL: H3RNEYb MAKCHMATbHbIH JIHO0 MUHHMAJIBHBIH
aneMeHT U3 H, nnbo H, cooTBETCTBEHHO (B 3aBUCHMOCTH OT TOTO, Kakast H3 HUX CO-
JepXMNT GOJbLIE 2IEMEHTOB) H BCTABHTH 3TOT 3MIEMEHT B APYIyIO Kyuy (puc. 10.1, 6).
JIBe Ky4Hn ocTaloTcs yNopaaoYEHHbIMH (KaK BBl CAMH MOXETE YOSANTHCA ), a TENEPh
H c6anaHCHpoBaHHBIMH. Kbl payH/ B IaHHOM peLIEHHH UCTIONb3YETCA NOCTO-
SHHOE YMCNO KyueBbIX onepauuii 3a Bpems pabotst O(log i) B payHze /.

Kyua H; nepebanancuposare ky4a H,

Pl
®

a) Bcraska MoxeT Bbi3BaTth gucbanaHc 6) NepebanaHcuporka

Puc. 10.1. Npwn BCTaBKe HOBOrO 3NeMeHTa kyya H, CoaepXuT Ha OBa anemeHTa
6onbuwe, Yem kyya H,, HaMeHbWNIA 3neMeHT B H, N3BNEKAETCA U NOBTOPHO
BCTaBnseTcA B H, AN BoccTaHoBneHus 6banaHca

10.4. YckopeHune anroputma [leikcTpsl

Hauimm ¢puHaNbHBIM H caMbIM CIIOXHBIM NPUMEHEHHEM Kyd OyIeT O4TH JIMHeRHas
peanu3zauus anroput™a JleldkcTpsl Ans 3afa4u KpaTyailuero NyTH ¢ eIMHCTBEH-
HbIM HCTOKOM (I71aBa 9). DT0 NpUIoKEHHE HAMIAAHO WITIOCTPHPYET NIPEKpacHoe
B3aMMOJEHCTBHE MEXIY MPOEKTUPOBAHHEM AJITOPHTMOB U MPOEKTUPOBAHUEM

CTPYKTYP AAHHbIX.

10.4.1. NoyemMy UMEHHO Kyun?

B npeanoxennu 9.2 Mbl yBHENH, UTO NPOCTas peanu3alus anropurma Jlefdkerpol
TpeOyeT BpemeHH O (mn), rae m — uucno pedep U n— YKo BePLUUH. DTa peaiu-
3aUHs JOCTATOUYHO OBICTpa At 06paboTkH rpadoB cpeaHero pazMepa (¢ ThicsuaMH
BEpIUHH H pebep), HO He OonmbluMX rpadoB (¢ MUIITHOHAMHU BEPLUKH U pedep).
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MosxeM i Mbi 106uTECe ny4diiero? Kydn no3onsioT MOCTPOHTDL OCENUTENBHO
ObICTPY 10, MOYTH JIMHEHHO-BPEMEHHYIO peann3aLmio anroput™a JdeikcTpol.

Teopema 10.4. (BpemMsi BbINO.THEHHA aArOPHTMA Dijkstra (Ha OCHOBE KY'H).)
L kaoicdo2o opuernmuposantozo gpaga G = (V, E), kascooi cmapmoeot éepuitiibl
§ U KaxcO020 6aPUAHMA HEOMPUYAMEILHBIX OIUH pebep KyHe6as peanusayus aneo-
pumma Dijkstra evinonnsemcs 3a epems O((m + n) log n), 20e m = |Ejun =|V|.

Bpems O((m + n) log n), XxoTs 4 He Takoe ObICTPOE, KaK HALLH JIMHEHHO-BPEMEH-
HbIE AIrOpUTMBI rpadOBOro MOMcKa, Mo-npexHeMy ABIsSETCS HaHTAaCTHYECKUM
BpeMeHeM paboThl, CPABHHMBIM C HALUMMH JIy YIIMMH allrOPHTMaMH COPTHPOBKH,
H ABJIAETCS 0CTATOUHO XOPOILMM, A8 TOro YToObl KBaMhHUMPOBaThes Kak Oec-
TJIaTHBIA MPUMHTHB,

BcrioMHMM, Kak paGoTaeT anroput™ JlefikcTpsl (pasaen 9.2). JaHHbIi anroputM
NoAJEPKMBAET MOAMHOKECTBO X C V BEPILMH, K KOTOPBIM OH YXK€ BbI1HCJIMJI pac-
CTOSIHMs KpaT4aiinero nyt. Ha kax o uTepaudy oH onpeaenseT pebpo, nepe-
cekaroliee rpaHuLy (TpHyYeM XBOCT HAaXORNTCS B X, a rojloBa HaXoAHTCA B J — X)
¢ MUHUMAaJIbHOH JeHKCTpOBO# G6annbHOM OLUEHKOH, rae AEHKCTPOBa OLIEHKA TAKOTO
pebpa (v, w) — 370 (yKe BbIuMC/IEHHOE) pacCTOsHKE KpaTyaiiliero nyTH len(v) n3
CTapTOBO# BepLUHHBI B v IUMIOC AnHHa [, pebpa. IpyrHMH CloBaMH, kaxaas ure-
pauMs [MaBHOINO UHKNA €NaeT BbIYHCIEHHE MMHHMYMa Ha JIEHKCTPOBBIX OLEHKAX
peGep, KOTOpble MepecekaloT rpaHuLly. JINst BbITONTHEHHS 3THX BLIYHUCIIEHHH MUHH-
MyMa B POCTON pean3alliy HCTIONb3YeTCs HCuepTibiBaloWHi NoHcK. [lockonbKy
YCKOPEHHE BLIUHCIIEHHI MHHIMYMa C THHEHHOTO BPEMEHH A0 JIOrapH(PMHUYECKOTO
ABJISETCS CMBIC/IOM CYLLIECTBOBAHHMA KYyY, B 3TOT MOMEHT B Ballieii rolloBe JO/DKHO
WENKHY Th: B anroput™me JlefikcTpsl TpebyeTcs Kyua!

10.4.2. NnaH

YT0 MBI JO/KHBI XPaHHTH B Ky4e ¥ KAKHMH I0JDKHBI ObITh X KT04H? Balua nepsas
MBICTIb MOXKET 3aKJTIOYaThCH B TOM, 4TOOBI XpaHuTh pebpa BXxoRHOro rpada B Kyue
C UeJILIO 3aMeHbl BLIYHCIEHHIE MUHHMYMa (Ha peOpax) B IPOCTOil peann3almy Ha
BbI30BbI ONlEpalli U3BIEYL MUHUMYM. 3TY HAEIO MOXKHO 3aCTaBHTb paboTarhb, HO
Oonee OnecTauas ¥ ObicTpas peann3auns OyleT XpaHHTb gepuiuHbl B Kyue. 3T1a
Hjies MOXeT Bac YAMBHTh, Tak Kak AeHKCTPOBB! OLIEHKH ONpeneneHbl Ans pebep,
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a He g BepuinH. C aApyroii cTopoHbl, Hac 3a00THAM AeHKCTPOBbI pedepHbie
OLIEHKH TOJIbKO MOTOMY, YTO OHM HAaNpaBisAN HAac K BEpLUMHE, kOTOpas CToAna
cnenytollei B pasy Ha o0paboTky. MoXeM 1M Mbl IPUMEHHTB Kyuy, YTOObI Cpasy
nepeiTH K ieny U HENOCPEACTBEHHO BLIMHCAUTD 3Ty BEPIIHHY?

KoHkpeTHbIH NnaH COCTOMT B TOM, 4TOObI XpaHHTh ellie HeoOpaboTaHHbIE BEPLIN-
Hbl (V — X B nceBRokoze anroputMa Dijkstra) B Kyue, Npy 3TOM NOAAEP>KHBas
HIKEU3NOXKEHHbIH HHBapHaHT.

UHBAPHUAHT

Knio4oM BeplumnHbl w e V— X ABNAETCS MUHUManbHan AeUKCTpoBa OUEeHKa pe-
6pa c XBOCTOM VE X M ronoBoin w, ninbo +x, ecnu Takoe pebpo He CyuiecTeyerT.

To ecTb MbI XOTHM, 4YTOObI ypaBHEHHE

key(w)= min len(v)+1,

(v,w)e EveX . ﬁ_d (]01)

P Y

BCceraa cobmopanoch ang kaxaoro w € ¥V — X, rae len(v) obo3HauyaeT paccros-
HHe Kparuaiiliero nyTH v, BbIYHCAEHHOE Ha Gonee paHHeH nTepaunu aropuTMa
(puc. 10.2).

obpabotaHHbie ele He obpabotaHHbie

Puc. 10.2. Knioy BepwinHb w € V - X onpeaenseTcs kak MUHUMasnbHan
AeRKcTpoBa oueHka pebpa c rofloBON W U XBOCTOM B X
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Yro xe TyT npoucxoaut? [peacraBbre, YTO MBI UCTIONb3YEM TYPHHP C BbIOBIBAHH-
€M B [IBa payH/a C LieTIblo onpeaenuTb pebpo (v, w), rae v e X u w € X, ¢ MUHU-
ManbHOM NelkcTpoBoii oueHKo#. [lepBblii payHA COCTOMT H3 TOKAIBHONO TypHUpa
JUIA KKJOH BepluMHbl w € V — X, rlle yHacTHHKaMH ABasAloTcs pebpa (v, w), rae
v € X, 4 ronoBo#t w, 1 nobeUTENEM NEPBOro payHAa ABIAETCA Y4aCTHHK C Hau-
MeHblLuel JelkeTpoBoid oLeHkol (eciiu TakoBas MMeetcs). [Tobeaurenu nepeoro
payHaa (He 6onee 0OAHONO Ha BEPIUMHY W € V' — X) nepexoasrt BO BTOPOH payHA,
M 4EMITMOHOM (PUHATBLHOIO payHaa ABNAETCA NOOEUTENL NEPBOr0 payHAa C HaH-
MeHblLel AelKCTPOBOH OLIEHKOH. DTOT YEMIMHUOH ABJIAETCS TEM e CaMbiM pebpoM,
koTopoe Ob110 Ob1 HASHTHOULIMPOBAHO HCHEPMNBIBAIOLUM TIOHCKOM.

3HaueHuem wiova (10.1) BeplunHbl w € V' — X ABNnseTcs MMEHHO BbIUTPBILLHAA
NeHKCTPOBA OLIEHKA B IOKaJIbHOM TYPHHPE B w, NO3TOMY Halll HHBApHaHT 3¢ dek-
THUBHO peaJu3yeT BCe COPEBHOBAHMA NEPBOro payHaa. 3aTeM U3RIEHEHHE BEPLUNHBI
¢ MHHUMAIbHBIM KJIIOYOM peau3yeT BTOpOil payHA TYPHHpa M BO3BpalllaeT Ha
6tonue ¢ rony6oii kaeMOUuKoit creayloLLyio BepLUHHY A 06paboTKH, a UMEHHO
rofloBy nepecekarotiero pedpa ¢ HaumeHbLuei JefKCTPOBO# oLieHKOH. Jleno B ToM,
4TO 10 TEX NOP, MOKA Mbl NMOAJEPAKUBAEM HaLl HHBAPHAHT, Mbl MOXKEM PEAJIU30BATH
K&y 10 HTEpauHio aroputMa JIeHKCTpbl ¢ MOMOLLBIO OAHO# KY4€BOH OnepaLmH.

MceBaokoa BLILIAAUT ClieaytOIUM obpa3zom’:
DIJKSTRA (HA OCHOBE KYUYH, YACTLH 1)
Bxon: opuentHpoBanHblii rpad G = (V, E), npeacrasneHnblii B Buae
CIHUCKOB CMEXHOCTH, BepluMHas € V, nannal,> 0 ans kaxaoroe € E.

IMocTyc/I0BHE: 415 KaX A0 BEPLUNHBI v 3HaUeHHe len (V) paBHO HC-
THHHOMY Kparuaiillemy paccTosHHIo dist(s, v).

// WHuumanusaumA

1) X :=nycTtoe MHOXecTBO, H := nycTas Kyua

' Muuunann3auns MHoxecTBa X 00pabarbiBaeMbIX BEPIIHH MyCTHIM MHOXKECTBOM, a HE

CTapTOBOH BEpIIHMHOH MPHBOAHT K Gomnee YHCTOMY MceBAokoAy (cp.: pasaen 9.2.1).
lMepBas UTepaLMs [MABHOTO LUMKJIA FaPAHTHPOBAHHO M3BIIEKAECT CTAPTOBYIO BEPLUHHY
(noHuMaere, noveMy?), KOTOpast ARIAETCA NEPBOM BEPLIMHOMN, 106aBIAEMON B X.
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2) key(s) =0

3) for xaxnas v # s do
4)  key(v) =+

S) for xaxpas ve Vdo

6) BctaButb VB H // nn6o Mcnonb3oBaTb onepaumi
// «06bepMHNTb B Kyuy»

// TNnaBHbIM UnKA
7) while H sapnsercs HenycToii do
8) w* :=M3Baeub MUHUMYM (H)
9) noGasutb w* B X
10) len(w*) :=key(w*)
// O6HOBUTb Ky4y ANA NOAAEPXIHMA MHBAPUAHTA
11) (6yaet npogonxeHo)

Ho ckonbko paboTbl norpebyeTcs A NoAaepxaH1s WHBapHaHTa?

10.4.3. NoanepxaHne HBapuaHTa

Tenepb NpUILNO BPEMA PaciIaTUTLCA 32 MY3bIKY. Mbl HaCIaKAANKHCH MI0JaMH
Hallero HHBapUaHTa, KOTOPbIH CBOANT KaX/10€ BbIYHC/ICHHE MHHUMYMA, Tpebye-
Moe anroput™Mom JleiikcTpel, A0 OAHOI KyueBoil onepauHi. B3aMeH Mbl JOKHbI
OOBACHUTB, Kak NMOAAEPKHBATL ero 6e3 upesmepHoi paboTsl.

Kaxaas Hrepauus anropuT™a nepeMellacT oHy BEepIUMHY v H3 ¥ — X B X, B pe3yib-
Tare u3MeHss rpaHuuy (puc. 10.3). Pebpa u3 BepLinH B MHOXECTBE X B BEpPLUHHY V
BTArMBaloTCA B X 1 6onblue He Nepecekalot rpanHuiyy. bonee npobnemaruuno To,
410 pebpa 13 v B Ipyrue BepLUMHBI MHOXECTBA ¥ — X 6onblie He pacnonaratoTes
MOJIHOCTBIO B ¥ — X ¥ BMeCTO 3TOro nepexoasat u3 X B ¥ — X. [louemy ato npen-
ctaeiaseT npobnemy? [ToroMy uTo Haul HHBapuaHT (10.1) HacTaMBaeT Ha TOM, YTO
JUIA KKA0H BEPWIMHBI w € ¥ — X k1104 w paBeH HAaUMEHbIIeH AeHKCTPOBO#H OLieHKe
nepecekatouiero pebpa, 3akaHunBatowuerocs B w. Hosbie nepecekatouine pebpa
03Ha4yaloT HOBbIX KAHAHJATOB HA HAHMEHbILYIO AEHKCTPOBY OLEHKY, NO3TOMY
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npasaa 4acThb (10.1) MOXET YMEHBIINTLCH /IS HEKOTOPBIX BEpLUUH w. Hanpumep,
B nepBblii pa3s, KOraa BepLKHa v ¢ pebpoM (v, w) € E BTaruBaetcs B X, 3TO Bbl-
paxkeHHe NafaeT ¢ +o0 10 KOHEYHOTO Yuca (a UMeHHO, len (v) + ).

o6paboTaHHbie eule He o6paboTaHHbie obpaboTanHwe eule He 06paboTanHbie

a) flo

Puc. 10.3. Koraa HoBas BepLinHa v nepeMelaeTca na V- X8 X, pebpa,
BbIXOAALLME U3 vV, MOTYT CTaTb NepecexkawnuMmn pebpamm

Besikuii pas, koraa Mbl H3BJIEKaeM BepLIMHY wW* U3 KYuH, nepemeluas ee U3 V' — X
B X, HaM MOXeT noTpeboBaTbCs YMEHBIIUThL K04 HEKOTOPBIX BEPLUMH, OCTaB-
wuxcs B V' — X, ¢ TeM uTo6bl 0Tpa3uTh HOBbIE nepecekatoluye pebpa. [Nockonbky
BCE HOBble Mepecekarolye pebpa UCXOAAT U3 W*, HaMm HYXKHO ToJIbko nepebparhb
CMUCOK HCXoaALUMX pebep w* ¥ NpoBEpHTH BEpLIMHBL Y € V' — X ¢ peGpom (w*, y).
Jlna kaxnoii Takoli BEpLIMHbI y CyLIIECTBYET ABa KaHAKaTa Ha nobeauTens nepeoro
payH/a B JIOKAIbHOM Ty PHHPE BEPLUIHHBI y: TUOO OH TakoM xkKe, Kak U paHblue, 1160
3TO HOBBbI# yuacTHHK (w*, y). TakuM 06pa3zoM, HOBOE 3HaYEHHE KJH0Ya BEPLUHHbI Y
JOKHO ObITh MO0 ero cTapbiM 3Ha4eHHEM, TM60 fefikcTpoBoi oueHkol len(w*) +
+ 1,., HOBOTO nepecekarowero peGpa, B 33aBUCHMOCTH OT TOTO, Kakoe U3 HUX
MeHbLLE.

Kak yMeHbILUTb ko4 o6bexTa B kyue? OauH npocToit cnocod — yaanuTh ero,
ucnonb3ys onepaumio Y 1AnnTh, onHcaHHy1o B pasaene 10.2.2, 06HOBHTB €ro Koy
¥ UCTONb30BATb ONEPALUMIO BCTABHTH, YTOOB! 06aBUTH €10 00paTHO B Kyuy'. DTUM
3aBEpLIAETCA peann3alus anropuT™Ma Dijkstra Ha OCHOBE KyuH.

! HexoTopble peany3alMy Ky4H dKCIOPTUPYIOT OMepauHio YMEHbIIUTDL KIIOY, BbINON-
HAeMy 10 3a BpeMa O(log n) 1A KyuH u3 n ob6bekToB. B atoM cnyvae Tpebyercs ToNbKo
OZIHa KyueBas OMepalus.
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DIJKSTRA (HA OCHOBE KYYH, YACTb 2)
// O6HOBUTL Kyu4y ANA NOAAEPXAHUA WHBAPHAHTA
12) for xaxaoe pebpo (w*, y) do
13) Vaamutbyuz H
14)  key(y) == min{key(y), len(w*) +1,..}
15) BctaButbyB H

10.4.4. BpeMa BbINONHEHNS

[TouTn Bcs paboTa, BINONHAEMas KyueBoi peanusaunei anroputma Dijkstra, co-
CTOMT M3 Ky4eBbiX onepauuii (kak Bbl caMH MoxeTe yoenutbes). Kaxaas U3 atux
onepauuii 3anumaet Bpems O(log n), rae n — 3710 uncno BepukH. (Kyua Hukoraa
He coepxHT Gonee n — 1 0ObeKToB.)

CkosIbKO KyueBbIX Onepauuii BHIMONHAET faHHbiH anroputM? CyluectsyeT n — |
onepawLmi B KXA0H W3 CTPok 6 M 8 — no oAHO# Ha BEPLIHHY, OTIIHYHYIO OT CTap-
TOBOH BepluuHbl 5. Kak Hacuer cTpok 13 n 157

TECTOBOE 3AJAHHE 10.2
CkoNbko pa3 anroput™ Dijkstra BbInonHAET CTpokd 13 ¥ 157 Bbl-

OepHUTe HaMMEHbLLYIO TPUMEHHMYIO rpaHuLly. (Kak o6bI4HO, 1 U m
00603Ha4aloT COOTBETCTBEHHO YHCIIO BEPLIMH W pebep.)

a) O(n)
6) O(m)
B) O(n?)
r)y O(mn)

(PelueHne N NoACHEHHE CM. HHXKE.)

IIpaBuabHbli oTBeT: (6). CTpoky 13 K 15 MOryT BbIMIAAETh HEMHOTO NYTAOLLE.
3a ofiHY MTepauMio MAaBHOIO LMKJIA 3TH JIBE CTPOKH MOTYT ObITb BbIMOJHEHbI
n — | pa3 — oanH pa3 Ha ucxomsiee pebpo w*. CyulectByeT n — | UTepaumi,
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KOTOpbIE, KAXKETCS, NPUBOAAT K KBAAPATHYHOMY YHMCIY onepauuii ¢ KyyeH. Ora
OLIEHKA TOYHA /1 NJOTHBIX rpadoB, HO B LIEJOM Mbl MOXEM AOOUTBCA JTyHILEro.
Mpuuuna? JlaBaiite caenaem OTBETCTBEHHbIMH 32 3TH KyUeBble onepaLuu pedpa,
a He BepuinHbl. Kaxaoe pebpo (v, w) rpada uMeer He Gosnee 0XHONO NOSABIEHHS
B CTpoke 12 — KOr/ia v BiepBhIe H3BIEKAETCS U3 KYUH W NepeMelaeTcs u3 V- X
B X'. Takum obpazoM, cTpoku 13 u 15 BbinonHAOTCS He Oosiee ONHOTO pa3a Ha
pedpo, 1aBas B 00LUEH CII0XKHOCTH 2m onepaLuuid, rae m — 3TO KoIH4ecTBO pebep.

TectoBoe 3aaaHue 10.2 nOka3bIBACT, YTO Ky4eBas peanu3alus anropuT™a Dijkstra
ucnoaw3yeT O(m + n) KyueBblX onepauui, kak1as U3 KOTOPbIX 3aHUMAET BpeMS
O(log n). CosokynHoe BpeMst paboTbt cocraBnseT O((m + n) log n), kak obewaHo
teopemoii 10.4. Y. m. 0.

*10.5. QleTtanu peanuzaunm

JlasaiiTe BbIBe/leM Ballle TOHUMAHHE KyUH Ha CIEAYIOWHH yPOBEHb, ONUCAB TO, KaK
Bbl Obl €€ peaH30BaIi ¢ Hy/Is. Mbl COCPEIOTOUMMCA HA JBYX OCHOBHLIX OnepaLu-
X — BCTABUTL M U3BJIEYL MHUHHMYM — H Ha TOM, KaK 00ecneqnThb BLINOIHEHHE
o6eux 3a norapudpmMuyeckoe Bpems.

10.5.1. Kyuu B BUae nepesbes

CyusecTayeT aBa cnoco6a Bu3yanu3aLui o0beKTOB B Kyue: B BUAe AepeBa (Jiyylue
BCETO NMOAXOIHUT A H300paxeHHH ¥ IKCMO3ULMH) WITH B BHIE MaccHBa (1ydule
BCEro NMOAXOAMT I8 peanu3auuu). JlaBaiite HaUHEM C 1EPEBLEB.

Kyun MOXHO paccMaTpuBaTh kak KopHeBoe OMHapHOe AepeBo, I KaX/blH y3en
umeet 0, 1 unu 2 getei, MM MOTOMKOB, — KOIA KAXAbl YpOBEHL MAaKCHMAN b-
HO 3anosiHeH. Eciu Yucio XpaHUMbIX 0ObEKTOB Ha OJIMH MEHbLIE CTENEHH 2, TO
Kax/blii ypoBeHsb ABNseTcs nonHeiM (puc. 10.4, a u 6). Koraa 4ncno o6bexroB
HAXOAHUTCA MEXJIY JIBYMS TAKHMH YHCJIAMH, TO €IMHCTBEHHBIH HEMONHBIA YPOBEHb
ABNKETCS NOCJEAHHM, KOTODbIi 3anoNHseTCs cieBa Hanpaso (puc. 10.4, ¢)?.

! Eciu w u3gnekaeTcs nepea v, To pebpo (v, w) HUKoOraa He MOsSBIAETCA.

? Tlo KakOH-TO HEMOHATHOM NPUUHHE CIELMATHCTDLI B 00IACTH COMpUteEr science CYHTAIOT,
YTO AepEBLS PACTYT BHHU3.
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Kyua rak ynpaenger 00beKTaMH, aCCOLIMMPOBAHHBIMHU C KITIO4aMH, 4TO6 kI cobmio-
Jlanoch cheaylollee CBOHCTBO KY4H.

2N AR

a) 6) 8)

Puc. 10.4. MonHble 6uHapHLIe aepesbA ¢ 7, 15 1 9 yanamu

CBOWCTBO KY4YM

Ons kaxporo o6bekTta x K04 06bEKTa X MEHbLUE UNKU paBeH KilovaM ero
NOTOMKOB.

[TosTOpsAIOLIMECA KITIOUH paspelieHbl. Hanprumep, HUke npuBeieHa JoNyCTHMas
Kyua, cofiepykaiias AeBiTh 0ObEKTOB':

Jng kaxaoi napel « pOAMTENL — MOTOMOK» KJIIOY POAMTENS He Gonbiie KIoya
NOTOMKa>.

Koraa Mbl pucyem Kyuy, TO nokasbiBaeM TOAbkO Kioun oObekToB. He 3abbiBaiite, uto
Kyda Ha caMOM JeJie XpaHHT 00bEKTHI (MM yKa3atenu Ha obbekTst). Kaxabiit obbekt
aCCOLMHPOBAH C KIIIOYOM H, BO3MOXCHO, C OONBIINM KOTUHECTBOM APYTUX AAHHBIX.

HreparuBHoe NpUMeHEHHe CBOMCTBA Ky YH K TOTOMKaM OOBEKTa, NOTOMKAM €ro NOTOMKOB
H T. JI. TOKA3bIBAET, YTO KJIIOY KaXJ0ro 00ObeKTa MEHbILIE HITH PaBEH KITHOUY &cex ero nps-
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CyluecTBYyeT HECKOIBKO CNOcO60B YNOPAA0UEHHS 0OBEKTOB Tak, YT0Ob! CBOHCTBO
KyuH cobnroaanocs. [TpuBeaem erle onHy Kyuy ¢ TAKUM Xe MHOXECTBOM KJIIOYeH:

Y obenx ky4 B KOpHe HMeeTCs KJIOY «4», KOTOpbIH Takxke (OrpaHH4€eH) ABIsETCS
CaMbIM MaJlbIM U3 BCeX KJIoYei. ITo He ClyyalHOCTB: MOCKONBLKY MO Mepe Toro,
KaK Bbl Oy/1eTe BHIMONHATH 06XO0A KYUH BBEDX, KJIIOUH OYAYT TONBKO YMEHBLIATHLCS,
NPH 3TOM KOPHEBOH KJIIOY ABSETCS HACTONLKO MANbiM, HACKONBKO 3TO MOXET
NoNy4UThCA. ITO AOMKHO 3BY4aTh 0OHAAEKHBAIOLLE, YUHTHIBAA, YTO CMBICT CY-
LIECTBOBaHHUSA KyUH — ObICTpbIE BbIYHCIEHHA MHHUMYMa.

10.5.2. Kyun B BMAE MaccuBa

MbICNIEHHO MBI BU3yanu3WpyeM Kyuy Kak AepeBo, HO B peann3alidi Mbl HCNOJb-
3yeM MacCHB C ANHHOM, paBHOW MAakCMManbHOMY YHCHY OOBEKTOB, KOTOPbIE Mbl
HamepeHbl XpaHHUTb. [TepBbIii 3neMeHT MaccHBa COOTBETCTBYET KOPHIO iepeBa, no-
cneayoLHe /1Ba dlIeMEHTa — ClelYIOLLEMY YPOBHIO J€peBa (B TOM Xe NOpAAke),
W Tak ganee (puc. 10.5).

OTHOWIEHHUA «poOUTeIb — NOTOMOK» B iepeBe XOpoLo npeobpasytoTcs B mac-
cus (tadn. 10.2). Ecnu TakHe no3vuMH nomeueHsl 1, 2, ..., n, rie n — 3TO YUCNO
00bEKTOB, TO NOTOMKH 00bEKTa B MO3ULWM i COOTBETCTBYIOT 0ObEKTaM B NO3HU-
uusax 2i u 2i + 1 (ecnu TakoBble HMeroTcs). Hanpumep, Ha puc. 10.5 notoMkamu
KopHA (B no3uumnu 1) ABNAIOTCA cledytolye 1Ba oObekTa (B NO3HUHAX 2 H 3),

MbLIX IOTOMKOB. B npHBeaeHHOM BbIlIE MPUMepE NOKAa3aHO, YTO CBOHCTBO Ky4H HHUEro
He noapasymeBaeT 06 OTHOCHTENBHOM NOPAAKE KIo4el B pa3HbIX NOAAEPEBLAX — TaK
e, KaK 3TO NPOUCXOAMT B peaibHbIX CeMeiHbIX apeBax!
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lala8]o[a]12]9]n]13]

a) NpencrasneHue B BUAE AepeBa 6) Mpencraenexue B BUAE Maccusa

Puc. 10.5. Oro6paxeHne ApeBoBUAHOIrO NPEACTABAEHUA Ky4l
Ha ero npeacrTasfneHve B BUAE MaccuBea

notoMkamsu 8 (B No3uLKH 3) ABNAIOTCA 00bEKTHI B MO3HLUMAX 6 U 7 M Tak Janee.
JBHrasch B 00paTHyIO CTOPOHY, Il HEKOPHEBOTO 0ObeKTa (B NO3HUMH | > 2)
poauTenem i ABAgeTcA 0ObeKT B no3uuun | i/2 |'. Tak, Ha puc. 10.5 poautenem
nocneaHero obbekTa (B NO3HLUKK 9) ABNSETCA 00BEKT B NO3ULHH L9/2J =4,

Tabnuua 10.2. Bzaumocsnaan mexay nosvumeii i€ {1,2, 3, ..., n} obvexTa
B Ky4e U NO3ULIUSIMUN ero poauTensi, Nesoro NOTOMka 1 NPasoro NoToMka,
rae n o603HavaeT YUCcno 06LEKTOB B Kyye

To3uuns poauntens [_i/ 2J (npH yCnoBuH, 4TO i > 2)
IMo3nums eBoOro NOTOMKa 2i (npu ycnoBuu, 4o 2i < n)
[Mo3nuus npasoro noromMka 2i+ 1 (npu ycnoBuu, uto 2i + 1 < n)

Taxue npocTblie popMybl ANA NEPEXOAA OT NMNOTOMKA K €ro POAUTENIO U 0OpaTHO
CYLUECTBYIOT MOTOMY, 4TO Mbl HCNIONB3YEM TONLKO NONHbIe OGMHapHbIe Aepesbs’. Her
HeoOX0AHMOCTH XpaHHTb AEPEBO ABHBIM 00pa3oM; Ce10BATENLHO, KyUeBas CTPYK-
TYpPa JaHHbIX HMEET MUHUMAaNbHbIE NPOCTPAHCTBEHHbIE HAKJIAHbIE pacXolbl’,

' ®opma 3anHcH | x [ 0603Hauaer HKLHIO «ﬂOOI‘», KOTOpas OKpyIIAeT CBOM a MEHT
Y Y

BHH3 10 GIHXKakero ueaoro Yucna.
2 B kauecTBe GOHyca B A3bIKAX HMIKOTO YPOBHA MOXKHO YMHOXKATh WM JE/HTL HA 2 10
CMELIHOTO GBICTPO, UCMONb3YA TPIOKH C OGUTOBBIMH CIBHIaMH.
Hanpotus, AepeBbs noucka (rmnasa 11) He 0043are/IbHO A0MKHB! ObITh MOAHLIMH, OHH
Tpe6yIOT AONOAHHTENBHOTO MPOCTPAHCTBA A XPAHEHHA ABHBIX YKA3aATENeH U3 KOKIOr0
y3/1a B y31bl M0 MOTOMKOB.
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10.5.3. Peannsauus onepauum «Bctasutb»
co BpemeHem O (log n)

MBI pOUANIOCTPUPYEM peanu3aluio onepauuit BctaBute H U3BIEUL MUHUMYM
Ha MpHMepe, a He Ha rceBlokoze'. 3aaya COCTOMT B TOM, UTOObI 104 AePXHBATD
JIepeBO MOMHbIM U MOIEPXKUBATL CBOWCTBO KyUH nocne A00aBNCHUSA UK YAAJIEHUs
obbekTa. Mbl OyaeM cieaoBaTh OAUHAKOBO#M cxeme g 0b6enx onepauuni:

1. ﬂozmepmuaan ACPEBO MOJIHLIM CaMbIM OYEBHIHBIM crnocoboM H3 BO3MOX-
HbIX.

2. Hrpas B urpy «IloiiMaii kpoTa», cCHCTEMaTH4eCKH MOJABARTH NOObIE BbI-
CKaKMBalOILME HAPYLLEHHS CBOWHCTBA KyUH.

B uacTHOCTH, BCMOMHHUTE Onepaunto Berasuts:
¢ yueToM Kyud H 1 HoBoro oGbekTa x 106aBUTL X B H.

[Tocne nob6arnenus obvekra x B Kyuy H kyua H 10/DKHA MO-NpeXHEMy COOTBET-
CTBOBaTh MONHOMY OMHAPHOMY AepeBy (€ OAHUM y3noM Gonblue, YeM paHbLLE),
KOTOpO€ YAOBNEeTBOpAeT CBOMCTBY Kyud. Onepauus N0DKHA 3aHUMaTh BpPEMs
O(log n), roe n — 310 YKCNO OOLEKTOB B Kyuye.

HauneM ¢ Haiuero npuMepa:

[pu BcTaBke HoBOrO OOBEKTa Haubosiee oUEBUAHBIH cNOCOO NOANEPKUBATD Ac-
PEBO NONHLIM COCTOUT B NPHCOEAUHEHHH HOBOro 00bEKTa B KOHEL, MaccuBa nubo

' MBI MpogomxuM H306paxkaTh Ky4H B BHIE JEPEBLEB, HO He 3a6bIBAHTE, YTO OHH XPaHATCSA
B BHUAE MaccHBoB. Koraa Mbl roBOpHM O MEpEXo/e OT y31a K MOTOMKY MIIH €r0 POAHTENIO,
Mbl HMEeM B BUIY NPUMEHEHHE NPOCTHIX MHAEKCHBIX GopMyn B Tabn. 10.2.
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paBHBIM 06pa3oM B MociieAHUI ypoBeHs AepeBa. (Ecnu nocneauuii ypoBeHs yike
3aMoTHEH, TO 0OBEKT CTAHET MEPBBIM Ha HOBOM YpoBHe.) [1pu ycnosuu, uto pea-
JIH3ALMSA OTCNIEKUBAET YKCIIO 11 OOBEKTOB (4TO JIETKO CIeNaTh), 3TOT LIAr 3aHUMaeT
nocrosHHoe BpeMs. Hanpumep, ecnu BcTaBUTL OOBEKT C KIIOYOM 7 B HalleM
paboueM npuUMepe, TO Mbl MOTYYUM:

Mel umMeem nonHoe 6MHApHOE AEPEBO, HO COONIOAAETCS JIM CBOHCTBO KyuH?
CyLecTByeT JHLIb OAHO MECTO, TIIe OHO MOXKeT ObITh HapylleHo, — HOBas mapa
«poauTens — notoMok» (4 u 7). B aTom cnyuyae HaM MoBe3no, U HOBas Mapa He
HapyLlaeT cBoHcTBO Kyuu. Ecnu Hawa cneayromas BCTaBka ABNSETCS 00bEKTOM
¢ K/ro4oM 10, To HaM CHOBA MOBE3ET, K Mbl CPa3y MONYYUM AOMYCTHMYHO Ky4y:

OO0

olc

Ho npeanonoxuM, uto Mel BctasnsieM oObekT ¢ katouom 5. INocne npucoeiMHeHHs
€ro Janslie B KOHeL Halle JepeBo OyJeT BLIMAAeTh TakK:
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Tenepb y Hac mosiBUnack npobaemMa: HoBas napa «poauTens — notoMox» (12 1 5)
HapyL1aeT CBOHCTBO Ky4H. M uTo HaM ¢ aTuM aenarb? Mel MOxeM, 10 KpadHei Mepe,

pelnTh 3Ty npobieMy JoKanbHO, NEpecTaBUB MECTaMH JIBa Y3ia B HapyluatoLei
nape:

v
e

oo,

3TO UCNpaB/seT HApylIEHHE Napbl «POAUTENIb — NOTOMOKY». OfHAKO MBI elle
He BBILLIH U3 TPYAHOIO MOMOKEHUSA, TaK KaK HapylleHHe KyiH NnepeMecTHAoCh
BBepX, kK 8 u 5. [103TOMy MbI fieJlaeM 3TO CHOBA H NEpeCcTaBnsieM MeCTaMH Y3bl
B Hapyliaiolleii nape, B pe3y/isTare noiy4vas:

*
Hapylwenue
™ @
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70 ABHbIM 06Pa30M HCTIPABNIAET HAPY LWAIOLLY IO Napy «POANTENL — MOTOMOK.
Mb! ybeaunauch, 4TO Takas NMepecTaHOBKA MOXET MPOTANKHBATL HapylUeHHE
CBOHCTBA Ky4H BBEDX, HO 3€Ch 3TOTO He MPOUCXOIUT — 4 U 5 yske HaXOAATCA
B NpaBHJIbLHOM nopsake. Bo3MokHO, Bbl 6eCOKOHTECH, YTO NEPECTAHOBKA TaK-
e MOXET NPOTaNKHBaTh HapyuleHHe BHH3. Ho 3toro He ciyuunoc — 8 u 12
yKe HaXoAATCA B paBHIbHOM nopsake. [Tocne BoccTaHOBNEHUA CBOMCTBA KYH
BCTaBKa 3aBepLUCHA.

B obluem ciryyae onepauus BcTaBHTL IPpHCOEHHAET HOBBIH OObEKT B KOHELl KY4YH
M MHOTOKpATHO NMepecTaBNAET MECTaMH Y3Nbl Hapywawowe# napst'. B no6oii
MOMEHT BpEMEHH CYLLECTBYET He Gonee 0aHOMN HapyLuatoLlel napbl «poauTen —
MOTOMOK» — Napbl, B KOTOPO# HOBbLIH 00beKT ABNAeTCA noToMkoM?. Kaxkaas nepe-
CTaHOBKA NPOTAJKHBAET HapyLUAOULYHO Napy «POAWTENb — MOTOMOK» BBEPX Ha
OfIMH YPOBEHb B JAepeBe. DTOT NPOLECC HE MOKET NMPOAOIKATLCA BEYHO — €CJTH
HOBbIH 0OBEKT NONafaeT B KOPeHb, TO Y HErO HET POJAHTENS, H HE MOXET CYLLe-
CTBOBaThb Hapyluawuueil napbl «poauTenb — MOTOMOKY,

BCTABUTL

1. NpUKPENUTL HOBbLIN OBBEKT B KOHEL KY4YW U YBENNHUTL Pa3Mep Ky4u.

2. MHOrokpaTHO NepecTaBAATE MECTAMUN HOBLIN OGLEKT C POAUTENEM, 40 TEX
Nop NoKa CBOMCTBO Ky4n He BydeT BOCCTAaHOBNEHO.

! Takaa noanporpaMma NnepecTaHOBKH MECTaMH B aHIJIOA3bIYHOI JIWTEPATYPE U3BECTHA

Nox MHOTHMH HMEHAMH, B TOM YHC/IE Bubble-Up (BCILUIBITE BBEPX), Sift-Up (npoceaTs
BBEpX), Heapify-Up (00bEAMHHTB, PACTIPOCTPaHSA BBEPX) H MHOTMMH APYTHMH,
Mexay HOBbIM OOBEKTOM H €0 MOTOMKAMH HH pa3y HE MPOUCXOAMT HapyLIEHHH KyYH.
H3HauanbHO y HEro HET NOTOMKOB, U TIOC/IE€ NMEPECTAHOBKH €ro MOTOMKH COCTOST H3
3aMEHEHHOrO MM Y3na (KOTOpbIii HMeeT 6onee KpyMHbIHA KoY, TaK KaK B IPOTHBHOM
cnyuae Mbl 6bl HE BBITIONTHAAH NEPECTAHOBKY ) M PEABIAY LLETO IOTOMKA TOTO Y3J1a (KO-
TOPBIH N0 CBOHCTBY KY4H MOXET HMETD TOJIbKO eLue Gonee Kpy MHbli Kiou). Kaxaas
napa «poaMTenb — MOTOMOK», HE BKJIKOYAs HOBBIH O0BEKT, MOARIAIACH B HCXOQHOM
Ky'€ H, C/IE10BATENbHO, HE HApyLIAeT CBONCTBO Ky4H. Hanpumep, nocae AByx nepe-
CTAHOBOK MECTAMH B HalleM TIpMMepe 8 U 12 CHOBa HaxoAATCA B CBA3H «POAHTENb —
MOTOMOK», KaK U B HCXOHOM Ky4e.
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[TockonbKy Kyya sBNfeTCs MONHbIM OHHAPHBIM AEPEBOM, OHA HMeEET = log, n
YPOBHeii, e # — 3TO YHCII0 00bEKTOB B Kyue. UHCIIO NepecTaHOBOK MECTaMH He
TPEBBILIAET YHCIIO YPOBHEH, U HAa NepecTaHOBKY TpebyeTCst TONbKO NOCTOAHHbIi
obbeM paboThl. Mbl 3aKlt04aeM, YTO B XyJLUIEM Cly4yae BPEMS BLITIONIHEHHA One-
pauun Bcrasuts paBHO O(log n), Kak TOro H XOTENOCh.

10.5.4. Peann3auus onepauum «M3Bnevyb MUHUMYM»
co BpemeHem O (log n)

BcnoMHuTe onepauutro HU3BNEYD MUHMMYM:

C yueToM KyuH H ynanutb n BepHyTb U3 H 00BbEKT ¢ HAUMEHbLLUM
KJIHOHOM.

KopeHb kyuu rapanTHpoBaHHO OyneT Takum o6bekToM. 3aaaya 3akntodaeTcs
B BOCCTAHOBNIEHHH NOHOro GHHAPHOTO AepeBa M CBOHCTB KyuH Moce yAaneHus
KOPHS Ky4H.

MbI cHOBa noAAep)XMBaEeM AepeBO MOTHLIM CaMbiM OYEBHAHBIM cnocobom. Kak
U onepauus BctaBuTh B 00paTHYHO CTOPOHY, Mbl 3HaeM, YTO NMOCIEAHHH y3en ae-
peBa IOJKEH HATH Kyaa-To B Apyroe Mecto. Ho kyna? [Nockosbky Mel BCE paBHO
H3BNIEKaeM KOpEHb, 1aBaiiTe Nepe3anuiLeM CTapblii KOPHEBOH y3€N TEM, UTO PaHblLLIE
6bo nocneaHMM y3nom. Hanpumep, Haunnas ¢ ky4u
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pe3y/bTHPYIOLLEE AEPEBO BHINIAANT CIEAYIOWUM 00pa3om:

HapyweH1s

Xopoueid HOBOCTBIO ABISETCA TO, YTO Mbl BOCCTAHOBHMJIM CBOWCTBO MOJHOr0
6uHapHOrO Aepesa.

[Inoxas HOBOCTB 3aK/IIOYAETCA B TOM, HTO MaccoBOE COACHCTBUE, TIPEAOCTARICHHOE
00beKTy ¢ Ko4oM 13, co3aaiio ABe HapylUalOWKE Napbl «POAHTENb — MOTOMOK)
(13 u 4 1 13 u 8). HyxHbl 14 HaM JBE NepecTaHOBKH, YTOOb! HX UCTIPaBHTL?

OcHoBHaA Hles COCTOUT B TOM, UTOOBI nepeCcTaBUTL MCCTAMH KOpHeBOﬁ y3en
H MeHnbULe20 U3 €0 ABYyX MOTOMKOB!

HapYWeHKA
Kyun!

Hukakux Hapy1leHH# Ky4H, CBA3aHHbIX ¢ KOPHEM, 00JIbilie HET — HOBbIH KOPHEBO#H
y3el MeHblie 060X Y3/10B: Y3113, KOTOPbIi ObUI UM 3aMeHEH (BOT MO4eMy MbI Bbl-
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NOJHW/IN NEPECTAHOBKY MECTAMH), M €r0 APYroro MOTOMKA (Tak Kak Mbl NIOMEHSITH
MeHbLUero NoToMka)'. HapyLueHus Ky4d MHIpHpPYIOT BHH3, CHOBa BOB/ieKast 00b-
€KT ¢ KJI:04OM 13 M ero aByx (HOBBIX) NOTOMKOB. [103TOMy MBI AeaeM 3TO CHOBa
1 NepecTaBisieM MeCTaMH 13 M ero MeHbLUEro NoToMKa:

(18)

CBOIICTBO KY4H HAaKOHEL BOCCTAHOBJICHO, U TENEPb U3BJICYEHHUE 3aBEPLUCHO.

B ofiiem cnyuae onepauns M3Bieub MUHUMYM NEpPEMELLAaET NocaeAHHH 06beKT
KY4M B KOPHEBOH y3eJ (nepe3anucbiBas MpeablLay KM KOPEHb) H NOBTOPHO Nepe-
CTaB/IET MECTAMH ITOT OOBLEKT € €ro MeHbLIWM NMOTOMKOM®, B no6o# MoMeHT
BpEMEHH CyIECTBYeT He Gonee 1BYX Hapy LAOLLHX Nap « POANTENb — NOTOMOK» —
JBYX Nap, B KOTOPbLIX paHee nocneaHuii o6bekT apnserca poautenem’. [lockonbky
KaXk1as nepecTaHOBKa NPOTAIKHBAET 3TOT OObEKT BHU3 HA OANH YPOBEHL AEPEBA,
3TOT NPOLECC HE MOXKET NMPOAOIIKATLCH BEYHO — OH OCTAHABIIMBAETCH, KaK TOBKO
HOBbIi1 OOBEKT NPUHALNEKHT NOCIEAHEMY YPOBHIO, €C/IH HE paHbLUE.

' TepectaHoBke 13 1 8 He ynactcs u36aBHTh NE€BOC MOAAEPEBO OT HApYLUEHHH KyuH

(c Hapywaiome#t napoi 8 u 4), no3sonas 60ne3HH pacNPOCTPAHHTLCA HA MPABOE MOA-
aepeBo (¢ Hapywatowei napo# 13 u 12 u napoi 13 1 9).

3JTa noanporpaMma rnepecTaHoBKH MECTAMHM, CPEAM NMPOUETO, B aHIVIOA3bIYHON IMTEPa-
Type HasbiBaeTcsl Bubble-Down (BCIIBITHE BHH3).

Kaxknas mapa «poauTeib — MOTOMOK», He BKJIHOYAIOIas ITOT paHee NocneAHHA 06beKT,
NOABNANACH B UCXOHO KyUe H, Cle/IOBATENLHO, HE HapylaeT CBOHCTBO KyuH. Takxke
HET HUKAKHUX HapyLUEHHH, CBA3aHHbIX C 3THM OOBEKTOM H €r0 POAUTENIEM, — W3HAYaTb-
HO Y Hero He 6bU10 poaHTENfl, H BNOCAEACTBHH OH, ABHIaACh BHN3, MEHAETCA MECTAMH
¢ 00beKTaMH, KOTOpBbIE HMEIOT MEHBLLIHE KJIHOYH.
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“3BNEYL MUHAMYM

1. NepesanucaTb KOPeHb NOCNEAHNM OGBLEKTOM X B Ky4e U YMeHbLWUTL pas-
Mep Ky4u.

2. MHOrokpaTHO NepecTaBNATL MECTAaMW X N €70 MEHLLUErO NOTOMKA, [0 Tex
NOp NOKa CBONCTBO Ky4u He OyaeT BOCCTaHOBNEHO.

Yucno nepecTaHOBOK He NMPEBLILIAET YUCIIO YPOBHEH, H HA KXY EPECTAHOBKY
TpeGyeTca TONbLKO NOCTOAHHBI 00beM paboThl. [Tockonbky cyluecTByeT = log, n
YPOBHeiA, Mbl 3aKJTIO4aeM, UTO BPEMS BbINOHEHHS onepauru U3BJIEYL MUHUMYM
B xyauwem ciydae pasHo O(log n), rae n — 310 4MCI0 0GBEKTOB B KyUe.
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3apayuv Ha 3akpenneHve martepuvana

3amaua 10.1. Kakoit u3 cneayromux WabNoHOB B KOMNBIOTEPHOH MporpaMme
Npearnonaraet, YTo Ky4eBas CTpYKTypa AaHHbIX MOKET 00€CeyHTh 3HaYHTENLHOE
yckopeHue? (OTMeTbTe BCe MOAXOAALME BAPHAHTBI.)

a) [loBTOpHBIEC ONEpaLnH MOHCKa.
6) MHorokparHbie BBIYUCIEHHS MUHHMYMa.
B) MHOroKparHble BbIYHCIEHHS MAKCHMYMa.

r) Hu oauH n3 BapnaHTOB.
3apaua 10.2. Ipeanonox1M, 4To Bbl peain3oBaii GyHKLUHOHANBHOCTb O4EpEaH
C MPUOPHUTETOM (TO €CTb Onepauru BCTABUTE U MU3BNEYL MHHUMYM) € HCTIONB30-
BaHHEM MacCHBA, OTCOPTUPOBAHHOTO OT HaHOOMbIIENO K HauMeHbLIeMY. KakoBo
Bpems paboTs! onepauuit BctaButh W MU3BIEYL MHHUMYM COOTBETCTBEHHO B XYA-

HIcMm cnyqae? ByneM CUHTAThb, YTO Y BaC HMECTCA AOCTATOYHO 6onbLuoi MaccHB,
KOTOpblFl MO3BOJIACT pPa3MECTUTb BCC BCTABKH.

a) O(1)nud(n)
6) O(m)nO(1)
B) O(logn)u®(1)
r) O ud(n)

3apaua 10.3. [IpeanonoxuM, 4To GyHKUHOHANBHOCTb OYEPEH C MPUOPUTETOM
(To ectb onepauuu BcTaButh M M3BJIEYS MUHMMYM) pEaIM30BaHa C MOMOLIBIO
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HeomcopmupoeanHo2o MaccHBa. KakoBo Bpems BbINONHEHHs onepauyii Bctasute
1 M3BJEYL MMHMMYM COOTBETCTBEHHO B XyAlleM ciyuae? Bynem cuntars, yto
y Bac UMeeTcs JOCTaTo4yHO 00JblUO MaccHB, KOTOPBIH MO3BOJIAET Pa3MECTHTD
BC€ BCTaBKH.

a) O(Huodm

6) O(n)no(l)

B) O(1)n ®(logn)

r) O(nynO(n)
3apaya 10.4. JlaHa kyda ¢ n obbekramH. Kakue u3 crefytoninx 3ana4 MoxHoO
PELUMTD C MOMOLLBIO onepaunit BctaBuTs M M3BnEUL MHHUMYM € BpeMeHeM O(1)

M JononHuTenbHo#i paborsl ¢ BpeMeHeM O(1)? (Boibepute Bce moaxoasaLtue
BAPHAHTHL.)

a) Halitu oObekT, xpaHaLMics B Ky4e C NATHIM HAMMEHBLIMM KJTOYOM.
6) HaiiTy 0ObekT, XpaHALIMIACS B Ky4e ¢ MAKCUMAILHBIM KITFOUOM.
B) HaiiT 00bekT, XpaHsaLHMHCS B Kyye ¢ MEAHAHHBIM KITIOYOM.

r) Huyero U3 nepeyncneHHOro BhiLLE.

3agauv NoBbILLEHHON CNOXHOCTH

3anauya 10.5. B nponomxenue 3agaun 9.7 nokaxure, kKak MOAH(PUUHMPOBAThL
peaNn3aLMio Ky4eBoro anroput™a JIeAkcTpel, Ansg Toro 4to0bl BLIYUCINTL AN
Ka0f BepLIHHb] v € V HauMeHbLUEe Y3KOE MECTO NMyTH s-v. Bai anroputm
JomkeH pabotartk 3a Bpems O((m + n) log n), rae m n n o6o3HavaloT Ynucio pebep
M BEPLUHH COOTBETCTBEHHO.

3apauya 10.6 (caoxkHas). Mbl MoxeM AocTHYb Gonbuiero. [Tpeanonoxum, 4ro
rpa¢ aBnseTCs HEOPHEHTUPOBAHHLIM. JlaliTe TMHEHHO-BpEMEHHOH anropuT™ (T
ecTb paboTatotuii 3a Bpema O(m + n)) 1A BBIYUCIICHHA NYTH ¢ MUHUMANBHBIM
Y3KHM MECTOM MEXIY ABYMs 3aJaHHbIMH BEpPLIHHAMM.

[Monckaska: MpUroANTCS NMMHENHO-BPEMEHHOM anropHT™ M3 nepBoii yacTH. B pe-
KYPCHH UeNb COCTOHT B TOM, YTOOBI COKPAaTUTL pa3Mep BXOAHbIX JAHHBIX BIBOE
3a IMHeHHoe Bpems.]



3apaua no NporpaMMMPOBAHNIO 165

3amaya 10.7 (cnoxkuast). Uto nenars, ecnu rpad sBIseTCa OPUEHTHPOBAHHLIM?
MozkeTe 1 Bbl BLIYUCIUTB MYTh C MUHUMAIILHLIM Y3KHM MECTOM MEX1Y ABYMs
3aaHHbIMK BEepUIMHAMK MeHee yeM 3a BpeMs O((m + n) log n)?'

3aga4a no nporpaMmMnUpoOBaHUIO

3agaua 10.8. Peanusyiite Ha cBoeM N10OMMOM A3blKe MPOrpaMMHPOBAHHA KyYEBYIO
Bepcuio anroputMa JleikcTpet U3 pa3aena 10.4 1 ucnonb3yfte ee ana pelieHuns
3ala4¥ O KpaTyaiillieM MyTH C EAWHCTBEHHBIM HCTOKOM B Pa3HblX OPUEHTHPOBaH-
HbIX rpadax. B cnyuyae c 3To# kyueBoil peanu3aunu KakoB pasMep camoi 60b-
1IO# 3a1a4H, KOTOPYHO MOXHO PeLIHTb 32 NATbh MUHYT WKW MEHbLUHH BPEMEHHOM
cpok? (Obparurecs k caiity www.algorithmsilluminated.org a4 TecTOBbIX Clly4aeB
M COBOKYMHOCTEH AaHHbIX 33aa4.)

[Moackaska: ans 3TOr0 NoTpedyercs onepauns Y 1AIUTh, KOTOpast MOXeET NOOyANUTD
BAC peajn3oBaTh COOCTBEHHYIO KY4eByHO CTPYKTYpY AaHHbIX ¢ Hyna. J(ns Toro
4ToObl YAANHTL OOBEKT U3 Ky4H B 331aHHOH MO3HUMH, CliefyHTe BbICOKOYpOBHe-
BOMY TIOAXOAY onepauuii BcTauts W U3BNEUD MHHHMYM, 110 MEpe HEoBXoaHMO-
CTH UCNONB3Yys MOANPOrpaMMbl BCIINBITHA BBEPX Bubble-Up WKW BCIUILITHA BHHU3
Bubble-Down C LieNbK YCTPAHEHUA HAapyLUEHHWH cBOHCTBA Ky4H. BaM Taioke HyxkHO
6yner oTcnexuBarb, kakasa BEpLIMHA HAXOAMUTCS B KAKOH MO3MLHH KY4H, BO3MOXHO,
npuMeHas xew-tabauusl (rmasa 12).]

! Jina miyGoKoro norpyxeHHs B 3Ty 3aaady cM. paboty «A4lgorithms for Two Bottleneck
Optimization Problems» («(ANropuT™Bbl ANS AByX ONTUMH3ALHOHHBIX 33034 C Y3KHMH
mectamu») laparsda X. I'60y u Pobepma Tapvana (Journal of Algorithms, 1988).
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Hepeao noucka, Kak 1 Ky4a, NpeacTaBiseT coboil CTPYKTypy AaHHbIX [ XpaHe-
HUS 3BOJIIOLMOHUPY HOLLENO MHOXKECTBA OOBEKTOB, aCCOLIUMPOBaHHBIX € KIIFOYaMH
(4, BO3MOXHO, ¢ 601bLIHM KONMYECTBOM APYrHX AaHHbIX). OHA noaaepKuBaeT
0JIHOC YNOPSJOUHBAHUE XPAHUMbIX OOBEKTOB U MOXET MOAAEPKUBaATh Gonee
6oraroe MHOXeCTBO ofnepaluii, 4eM Kyua, 3a CHET YBEJIMYEHHOrO NPOCTPAHCTBA
H, B Clly4ae HEKOTOPbIX OnepaLMii, HeCKoNbko Oonee MeIEHHOrO BPEMEHH Bbl-
NOJHeHHUsA. Mbl HauHeM ¢ OTBETA HAa BOMPOC «4TO» (TO €CTb NOAAECPAKHUBAEMbIE
onepauyH1) U TOJbKO NOCJE ITOro nepeiiieM K OTBETY HA BONPOCHI «MOYEMY»
(NpUMeHEHHs) U «KaKy (IONONHHUTENbHbIE NeTaNH peant3aLnm).

11.1. OrcopTnpoBaHHble MacCuBbI

Hennoxaa uaes NpeACTaBIATbL A€PEBO NOUCKA KAK AMHAMHYECKY O BEPCHIO OTCOPTH-
POBAHHOI0 MACCHBA — OHO MOXET A€NATb TO XK€, YTO U U]'COpTMpOBaHHblFI MAacCCHB,
a TaKxe cnocoGHo 6blCTp0 MPOHU3BOAHTL ONEpaLHH BCTABKH H YAQAJICHHS.

11.1.1. OTrcopTnposaHHbIie MaCCHBbI:
noaaepXxusaembie onepaumm

C OTCOPTHPOBAHHbLIM MACCHBOM Bbl MHOIO Y€Ir0 MOXETE.

OTCOPTUPOBAHHBIE MACCHBBI:
NOAJEPKHUBAEMBIE ONEPALIUH
OTbICKATb: ANS KJIO4A kK BEPHYTh yKa3aTeNb Ha 00beKT B CTPYKTYpe

JaHHBIX ¢ KNIHo4oM k (6o cooBLMTb, YTO TAKONO 00BEKTA HE CY-
LECTBYET).

MutuMyM (MAKCHMYM): BEPHYTb yKa3aTeib Ha OGbeKT B CTPYKTY-
pe AaHHLIX ¢ HAHMEHbLUUM (MO, COOTBETCTBEHHO, HAHGONBLLMM)
K/IHOUOM.

MrEAWECTBEHHUK (TTPEEMHUK): 10 yKa3aTeNo Ha 00bEKT B CTPYKTYpe
JAHHbIX BEPHYTb yKa3arellb Ha OObEeKT CO CJIEAYIOLHM HauMeHb-
MM (COOTBETCTBEHHO CleayOUUM HanbonblMmM) KouoM. Eciu
JlaHHbIH 06bEeKT UMEeeT MUHUMaNbHBIH (COOTBETCTBEHHO, MAKCHMATTb-
HbIA) KIIHOY, TO COOOLUUTD «MYCTO» (MIIH «Money).
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BbIBECTH B OTCOPTHUPOBAHHOM MOPSAIKE: BbIBECTH OOBLEKTHI B CTPYK-
Type AaHHbIX MO OAHOMY B MOPALKE UX KJIIOUEH.

BbIBPATB: MO 3aJaHHOMY YHCAY i Mexay | W 4ucioM oObeKTOB Bep-
HYTb YKa3aTre/ib Ha OObEKT B CTPYKTYpPE JaHHbIX € i-M HaUMeHbLIMM
KJTKOUOM,

B3aTb PAHT: N0 33JaHHOMY KTKOUY kK BEPHYTb YHCII0 OOBEKTOB B CTPY K-
TYpe JAHHBIX C KJIIOYOM HE BbILLE &.

PaccMOTpHM Ha creaylolieM npuMepe, Kak pea3oBarh KOKAYK U3 3THX one-
pauuit:

3 6 10 11 17 | 23 30 36

Q B onepauun OTHICKATE HCMIONB3YETCA ABOMYHBIA MOUCK: CHavala NMpOBEPHTD,
uMeeT JIM 00beKT B CPEAMHHOM NO3HULUMH MaccHBa HYXHbIH kmou. Ecan ato
TaK, TO BEPHYTb €ro. ECi HeT, TO BLINOIHUTBL peKypcUIO B 1€BOH MONOBUHE
(ecnu kK04 cpeauHHOTO 06bekTa — cAMikoM 60AabLLOH) W60 B npaBoi Mo-
JoBUHE (€CIM OH — cJuiikoM Manbiif)'. Hanpumep, uToObl BLINOAHKTL MO-
HCK Kntoua 8 B MPUBEAEHHOM BbILLIE MAcCHBE, ABOMYHBIH MOMCK MPOBEPUT
4eTBepTbId 00beKT (¢ KIoUOM 11); BbINOAHUT PEKYPCHIO HA NeBOl MOJIOBH-
He (06beKTbl ¢ Kmouamu 3, 6 ¥ 10); mpoBepUT BTOPOiH 0OBLEKT (C KItoUOM 6);
BLINOJHUT PEKYPCHUIO Ha MPaBOil MOJOBHHE OCTaBUIErOCs MaccHBa (0ObeKT
¢ kntouoM 10); 3aknouuT, YTO MpaBuUibHAA NMO3UUMA 0ObekTa ¢ KIOuoM 8
Oyaet Mexay BTOPbIM M TPETbUM O0BbEKTaMH; 1 cooBWMT «mycTo». Tak kak
KaXAblH PEKYpPCHUBHBIH BbI30B COKpallaeT pa3Mep MaccHBa B 2 pasa, Cylue-
cTBYeT He 6osee log, # peKypCHBHBIX BbI30BOB, Ile # — 3TO AMHA MacCHBa.
[TockonbKy Kaxblid peKypPCHBHbIH BbI30B BbINOIHAET NOCTOAHHBbIA 00bEM pa-
60Tbl, JaHHas onepaLus BeINOAHAETCA 3a BpeMs O (log n).

Q Onepaunu MuHUMYM U MAKCHMYM JIETKO peann3osarh co spemeHeM O(1):
BEPHYTb YKa3aresb Ha MepBblil WIH NociaeaHHH 0ObekT B MaccuBe COOTBET-
CTBEHHO.

' YyraTenaM nocrapiue OH HABEPHAKA HAIOMHHT NMOHCK TeNeOHHOrO HOMEpa B Tee-
¢$oHHO#M kHHre. Ecnin BBI ellle He MPOCMATPHBANIH HCXOIHBIA KO 3TOTO aIrOPHTMAa, TO
3arNISHUTE B CBOKO JIIOOMMYIO BBOJHYIO KHHIY JIH6O yHeOHHK NO NporpaMMHpPOBAHUIO.
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Q [ns Toro ytoGbl peann3oBars onepauny IPEAECTBEHHUK MK TIPEEMHHK, Clie-

AyeT NpUMEHUTH onepauuto OThICKATb, KOTOpas BOCCTAHOBHUT MO3ULHIO AaH-
HOro o0beKTa B OTCOPTHPOBAHHOM MacCHBE, H BEPHYTh 00BEKT B NpeAblayLUeil
WK chenyrowe No3ULHKY COOTBETCTBEHHO. ITH ONEpaLUH BbIMOMHAIOTCS TakK
e ObICTpO, Kak U mouck — 3a Bpems O(log n), rae n — 370 JUTMHA MacCHBa.

Onepauus BbIBECTH B OTCOPTHPOBAHHOM NOPSAKE TPUBHANIBHA 1S NHHEHHO-
BpeMeHHOH peau3allMKd C OTCOPTHPOBAHHLIM MAacCHBOM: BBIMONHHMTb OJMH
TPOXOJ Briepe-Ha3ajl o MacCHBY, BLIBOAA KaX/blii 0OBEKT N0 ouepeay.

Onepauus BblsPATb JIEFKO peain3yeTcs 3a MOCTOAHHOE BpeMs: M0 3a4aHHOMY
WHAEKCY | BepHYTb OObEKT B i-i MO3KLMH MaCCHBA.

Onepauus B3aTh PAHI NOXOXa Ha OOpaTHYIO onepauuio BbiEPATL K MOXET
ObITh peasii30BaHa CX0XKUM 00pa3oM, 4To K onepauus OTbICKATb: ecnu GuHap-
HblI# NOMCK HAXOAUT OOBEKT C KIIHOYOM K B i-i NMO3ULIMM MACCHBA THGO €C/IK OH*
00HApY)XXHBAET, 4TO k HAXOAUTCA MEXAY Kntouamy obbexToB B i-H U (i + 1)-it
MO3ULIUAX, TO NNPaBUJIbHBIM OTBETOM OyneT /'.

MonBoas MTOr, NPUBEAEM OKOHYATENbHBIH MepedeHb Mokasarenei Ans OTCOPTH-
POBaHHBIX MaCCHBOB.

Ta6bnuua 11.1. OTcopTUpOBaHHBIE MACCUBLI: NOAdEPXMBAEMbIE ONepaumnmn
1 BpeMms ux BuinonHeHus, rae n o6o3HauaeT Tekyulee 4cno obbexTos,
XPaHSALWNXCA B MacCUBe

Onepauus BpemMs BbINONHEHNA
OTBICKATB O(log n)
MHYHUMYM o)
MAKCUMYM o)
TIPEALIECTBEHHUK O(log n)
TIPEEMHHK O(log n)
BLIBECTH B OTCOPTHPOBAHHOM MOPS/IKE O(n)
BbIBPATH o)
B3sTb PAHT O(log n)

IT0 ynpoLueHHOe ONMCAHHE HCXOAMT M3 TOTO, YTO NOBTOPAIOWIHEC KIIIOYH OTCYTCTBYIOT.
Kakue namMeHeHHA HeOOXORNUMBI 1A Pa3MELLIEHHUR HECKOTLKUX OOBLEKTOB C OIHHM KTIOMOM?
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11.1.2. HenoaaepXxuaaembie onepauum

Hy>Ho nn MeuTath 0 yeM-T1o Gonbwem? B cnyvae co cmamuyeckum HaGopom
JAHHBIX, KOTOPbIH HE H3MEHSETCS CO BPEMEHEM, 3TOT CIUCOK NOAeP>KUBAEMbIX
onepaunii Bneyatnser. OAHAKO MHOTWE pealibHble NPUITOKEHUS OUHAMUYHDL,
a MHOXXECTBO PeIeBAHTHbIX OOBEKTOB € TeYeHHEM BPEMEHH 3BOMIOLUHOHHUPYET.
K npumepy, COTpyaHHKH MPUXOIAT M YXOOAT, H CTPYKTYpa AaHHBIX, B KOTOPO#i
XPaHATCA MX 3aNHCH, A0JDKHA OCTABaThbCA akTyallbHOM. [lo 3Toi npuunHe Hac
TaKOKe HHTEPECYIOT BCTABKH H YalleHHs.

OTCOPTHPOBAHHBIE MACCHBBI:
HENOJAAEPXHWUBAEMBbIE OINNEPALIUH

BcTaBHTL: ¢ yueTOM HOBOro 06bekta x A00aBUTL X B CTPYKTYpY
JaHHBIX.

VIANUTB: ANg Kro4a k ynanuTb 00beKT C KIIKOUOM Kk U3 CTPYKTYpbI
JIaHHBIX, ECIIH OH CYLIECTBYET' .

OTH ABe onepauny BIOJHE MOXHO peain30BaTh C OTCOPTHPOBAHHLIM MacCHBOM,
HO OHH TATOCTHO Me/UIeHHbIe — BCTABKa MJIM yAAlleHUe 3JIeMeHTa MPH CoOXpaHe-
HHUH CBOVCTBA OTCOPTHPOBAHHOIO MaccHBa TpebyeT NMHHeHHOro BpeMeHU B CaMOM
HebnaronpusTHoM cnydae. CyliecTByeT N albTepHaTHBHAS CTPYKTYpa AaHHLIX,
KOTOpas MOBTOpAET Bce (hYHKUHOHAbHbIE BOZMOXHOCTH OTCOPTHPOBAHHOTO
MacCHBa, OHOBPEMEHHO COOTBETCTBYS JorapHMHYeCKH-BpEMEHHOH pe3y/bTa-
THBHOCTH Ky4H 1215 onepauuit BctaButs U Y 1anutb?

! BHuMaTenbHbIi YATATENb, BO3MOXHO, 3aMEeTHN, YTO 3TAa Cl'lelllfl(bHKallHﬂ onepauurH

V 1ANUTD (KOTOpas Ha BXOAE MPUHUMAET KO ) OTIMYAETCS OT TOM e A1 Kyd (KoTopas
Ha BXOA€E NPHUHUMAET y KasaTens Ha 06bexT). [TpHUnHA 3aKTIOHAETCA B TOM, 4TO Ky4H He
MOAAEPHHBAIOT OBICTPbI MOUCK. B OTCOPTHPOBAHHOM MACCHBE (a TakXke B AE€PEBbLAX
NOMCKa W Xew-TabJIKLAX) yKa3aTelb Ha 0ObEKT Nerko BOCCTAHABIMBAETCS MO €ro K-
4y (4epe3 onepaunio OThICKATS).
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11.2. lepeBbs Nnoucka:

nopaepxuweaemMsie onepauum

CMbica AepeBa NOKCKA 3aKUTHOUHAETCA B MOJIEPXKKE BCEX ONEpaUui, noaaepxuBae-
MbIX OTCOPTUPOBAaHHLIM MACCHBOM, a TAKOKe BCTaBOK M yaaneHui. Bee onepauuy,
Kpome BLIBECTH B OTCOPTHPOBAHHOM MOPSKE, BeiNonHAoTca 3a BpeMa O (log n),
rae n — 370 uhcno o6beKTOB B AepeBe noucka. Onepauuns BLIBECTH B OTCOPTHPO-
BAHHOM NOPS/IKE BbINONHAETCA 32 BpeMs O (1), 1 AydLLero npocTo He GbiaeT (Tak

KaK OHa N0JXKHaA BBIBOAUTL © O6'beKTOB).

anBe}.leM nepeueHb nokasarenen s JAEPEBLEB NNOUCKA B CPABHEHHH C OTCOPTH-

POBAaHHBIMH MAacCUBAMH.

TaGanua 11.2. C6anaHCMpPOBaHHbIE AepeBbs NOUCKa U OTCOPTUPOBAHHBIE
MaccuBbi: NOAAEPXUBaAEMbIe ONEPaLMn ¥ UX BPEMA BLINONHEHUSR, rAe N
o603HavaeT Tekyuwee YCcno 06LEKTOB, XPAHAWNXCA B CTPYKTYPE AaHHbIX

Onepaums OTCOpPTUPOBAHHBIN C6anaHcnpoBaHHoe
Maccus RepeBo Noncka

OTBICKATD O(log n) O(log n)

MHHIMYM o) O(log n)

MAKCHMYM o(l) O(log n)
[TPEAMIECTBEHHHK O(log n) O(log n)

[TPEEMHHK O(log n) O(log n)

BbIBECTH B OTCOPTHUPOBAH- O(n) O(n)

HOM MOPAJIKE

BbIGPATD o) O(log n)

B3sTb pAHT O(log n) O(log n)

BCTABHTL O(n) O(log n)

Y nanutb o(n) O(log n)

BaxHblii HIOaHC: BpeMs BbINONHEHHA B Ta0n. 11.2 nocTHraiores coanancuposan-
HbiM IEPEBOM TOHCKA, TO €CTh HoJIee CIIOXHOI Bepcheil cTaHAapTHOro GHHApHONo
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JlepeBa MOHcKa', onucaHHoro B paszene 11.3. Hec6anaHcHpoBaHHOe J€peBo NoKcka
HE rapaHTHpYeT TaKoe BPEMS BbIMOIHEHUS,

KOI'JA UCNTOJIb30BATb CBAJIAHCHPOBAHHOE

JAEPEBO TOHUCKA

Eciu Bawe npuiioxeHue Hyx1aeTcs B MOAAEPXKKe YNOPAIOYEHHONO
NpeCTaRNeHHUs JHHAMHYECKH H3MEHSIOLLEr0cs MHOXECTBA O0BEKTOB,
TO c6anaHCUpOBAHHOE AePeBO MOHCKA (HIIH CTPYKTYpa JaHHBIX Ha ero
0CHOBe®) 0OBIYHO ABNAETCS MPEeANOYTHTENLHON CTPYKTYPOIt JAHHBIX?,

BcnoMHKUTE MPUHLMI 3KOHOMUHN — BbIOUPAaTh NPOCTERLLYIO CTPYKTYpPY JaHHBIX,
KOTOpas MoAJePIKHBAET BCE ONepalHu, TpedyeMble BalluM npunoxeHueM. Eciu
BaM HY>HO NOAAEPXKHBATh TOJIbKO YNOPAJOYEHHOE NpPEACTaBNeHUE CTATHYECKOMH
COBOKYMHOCTH JaHHbIX (6€3 BCTAaBOK H yaaneHHii), ucrnonb3yiite BMecTo cOanaH-
CHPOBAHHOIO AepeBa OUCKA OTCOPTHPOBAHHBIH MAccHB; MepBoe ObLIO Obl H3MHLI-
HuM. Ecnn Habop naHHBIX SBNISE€TCA JMHAMHYECKUM, HO BAC HHTEPECYIOT TOJILKO
ObicTpble OonmepaLyy B3ATHA MHHMMyMaA (TU00 MakCHMyMa), TO BMecTo cOanaH-
CHPOBAHHOIO JiepeBa MOHCKa UCNONb3YiiTe Kyuy. OTi 60JIee NPOCTbIe CTPYKTYPbl
JaHHBIX JENA0T MEHbLIE, YeM ¢OanaHCHPOBaHHOE AEPEBO OUCKA, HO TO, YTO OHH

BbunapHoe nepeso moucka (binary search tree) Hepenxo eue Ha3biBaeTcs OTCOPTHPO-
BaHHBIM OMHAPHBLIM JIEPEBOM M ABIAETCA KOPHEBBIM OMHApHBIM mepeBoM. CM. hitps://
en.wikipedia.org/wiki/Binary_search_tree. — ITpumeu. nep.

IMpensaputenbHbiii 0630p pazaenos 11.3 u 11.4: xak npaBHiIO, onepaLMH MOUCKA MO
JepeBy BBIMONHAIOTCA BO BPEMEHH, MPOMOPLIMOHANILHOM BBICOTE EPEBa, UMES B BHIY
caMblit IJIMHHBIHA Iy Th OT KOPHA J€pPEBa 0 OJHOTO M3 ero JTUCTHEB. B 6MHapHOM aepese
C 1 y3N1aMH BBICOTa MOXeT OBITh 1€ YToaQHO — OT = log, n (ecnu AepeBo HaeanbHO cha-
NaHCHpoBaHo) 10 1 — 1 (ecnH yanet 06pa3yloT eAuHYO Lenouky). CoanaHCHPOBaHHEIE
JEPEBbA MOUCKA BBIMOMHAOT CKPOMHBINA 06beM JOMONHUTENBHOH PaboThI, TEM CaMBIM
rapaHTHpYys, YTO BhICOTa Beera paBHa O (log n); 3Ta rapaHTHA BbICOTBI 33T€M NPUBOAHT
K TpaHHLIaM BPEMEHH BBHITIONTHEHHA, MPHBEAEHHBIM B Tabn. 11.2.

Hanpumep, knacc TreeMap B Java U wabnoH knacca map B CTaHAApTHO# GUGIHOTEKe
wabnaonos C++ noCTpoeHs! MOBEpX COANTaHCHPOBAHHBIX AEPEBLEB MOHCKA,

XopoIuM MeCTOM, e MOXHO YBUAETh COanaHCUPOBaHHBIE EPEBbA MOUCKA B €CTE-
CTBEHHBIX YC/IOBHAX, ABNAETCA AApo Linux. HanpuMep, OHH HCTONB3Y KOTCA 1A yTpaB-
JIEHHs TJIAaHHPOBAHHEM TMPOLIECCOB H OTCEKHMBAHHUA 06beMa BHPTYaNbHONH MaMATH
KaXzIoro npotecca.
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JENAloT, YAAETCA UM Nyylle — GbICTpee (Ha MOCTOAHHBIH UM JorapudMHUeckuil
MHOXHTEJIb) H C MEHBLUHM MPOCTPAHCTBOM (Ha MOCTOAHHbIH MHOXHTENB)',

*11.3. AeTtanu peanusauum

ITOT pa3nen NpeaocTaBAfeT BbICOKOYPOBHEBOE OIMCAHME THIMUHOM peanu3a-
UM (He 00a3aTenbHO c6anaHcHpoBaHHOro) 6uHapHoro aepesa novcka. Pazaen 11.4
3aTparuBaeT HEKOTOpbIE AOTIONHHTE/LHBIE HAEH, HEOOXOANMbIE 1S COANaHCHpO-
BaHHbIX €PEBbEB MOHCKA?,

11.3.1. CeBoncTBO AepeBa noucka

B 6uHapHOM aepeBe moucka KaxIbli y3en COOTBETCTBYET 0OBEKTY (C KITHOYOM)
¥ UMEET TPU aCCOLIMMPOBaHHbIX C HUM YKa3aTells: yKa3aTe/lb Ha POAUTEN, YKa3aTe/b
Ha JIEBOIO MOTOMKA M yKa3aTelb Ha npasoro notoMka. Jlio6oit 3 3tux ykasarenei
MOXeT ObITb MYCTBIM, TO €CTb HMETb 3HaYeHHe null, ykasbiBatolllee Ha OTCYTCTBHE
poauTes WK notoMka. JleBoe noaaepeBo y3na x COAEPKHT y3iibl, JOCTYMHbIE H3 X
yepes ero ykasareb Ha JIEBOro NOTOMKA, U CXOKHM 00pa3oM JUis TpaBoro nojjepesa.
Onpenensiollum cgolcmeom 0epesa noucka ARIAETCS CeAyIoLLEe:

CBOWCTBO JEPEBA ITOUCKA
1. Ina kaxgoro oobekta x 00bekTh! B IEBOM NoAaepeBe 00bekTa X
UMEIOT KJIIOUH MEHbLLE, YEM Y X.

2. Jlna kaxaoro oGbekTa x 00bekThl B IPaBOM NojiepeBe 00beKkTa
X UMEIOT KJIIouH Gonblue, 4eM y x°.

' Tnaea 12 oxsarbiBaeT Xel-TabNHLbI, KOTOPbIE BLIMONHAIOT elle MeHblLe paboThl; HO TO,

4YTO OHH JENAIOT, OHU AENAIOT ELUE JTyUIle (32 MOCTOSHHOE BPEMS 11 BCEX MPAKTHUECKHUX
uenein).

MbI roBOpHUM 06 y31ax ¥ COOTBETCTBY IOLIMX 00bEKTaX B3aHMO3aMEHAEMO.

70 CBOKHCTBO HCXOIMT H3 TOTO, YTO HHKAKHE /1Ba 00bEKTa HE HMEIOT OIHHAKOBOTO KJIIOUa,
Jing pa3MetlieHHs MOBTOPSAIOLIMXCA KJIIOHEH H3MEHHTE 3HaYEHHE «MEHBUIEY B NEPBOM
YCJIOBHH Ha «MEHBIIE HITH PaBHOY.
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CaoiicTBO JepeBa NOMCKA HakaabIBaeT TpeboBaHHe Ha KaXAbIH y3e/ AepeBa Mo-
HCKA, @ HE TOJILKO Ha KOPEHb;

f

NO HaNpaBnNeHWIO K KOPHIO

BCe KNio4n
> X

BCe KNidun
<X

Hanpumep, nokaxem JepeBo MOKCKa, coaepxalliee oObekTsI ¢ Kitouamd {1, 2, 3, 4,
5}, ¥ TabnuLLy, NepeuncsoLLY O MECTA Ha3HAUEHHS TpeX yKa3aTellel B KakIoM yane:

Y3en |Poagutens|flesbi | MNpasbiv
1 3 null 2
2 1 null null
3 null 1 5
4 5 null null
5 3 4 null
NHUCTbA
a) [lepeBo noucka 6) Ykasatrernm

Puc. 11.1. fepeBo novcka n COOTBETCTBYIOWNE eMY YKa3aTenmn
Ha pPOANTENa N NOTOMKOB

BuHapHble nepeBbs NOHCKA H KyUH Ppa3NIM4aOTCA MO HECKOJIbKUM HanpaBleHHUAM.
Ky4H MO>HO paccMarpHBarh Kak JepeBbsi, HO OHH peaJIi30BaHbl Kak MACCHBBI, Oe3
ABHbIX yKa3arenei mexay oObekTaMH. JlepeBo Moucka ABHLIM 00pa3oM XpaHHUT
TPHM yKa3aTens B pacueTe Ha o0beKT M, cle[loBaTe/bHO, HCMOb3yeT Gonblue Me-
cTa (C MOCTOAHHBIM MHOXHTeENEM). KyuaM sIBHbIE YKa3aTellH He HYXHbI, IOTOMY
YTO OHM BCErAa COOTBETCTBYHOT MOMHbIM GHHAPHLIM JepeBbAM, B TO BPEMS Kak
6MHapHble JepeBbs MOHCKa MOTYT UMETh POU3BOJIBLHYIO CTPYKTYPY.
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JepeBbs NoHCKa HMEIOT HHOE NpeiHa3HaueHue, 4eM KyuH. I'1o 31oi npu4HHe CBO#-
CTBO JiepeBa NOUCKa HECOTIOCTaBUMO CO CBOHCTBOM KyuH. KyuH onTHMH3HpOBaHbI
215 ObICTPbIX BLIMMCIEHHA MUHHMYMa, @ CBOCTBO KyUH — TO, YTO KJIKO4 NOTOMKa
fonblie TONBKO KIKOYa poaUTENsl, — YNPOLIAET NOUCK 00beKTa ¢ MUHUMAJIbHBIM
KJIFOYOM (3TO KOpPeHb). JlepeBbs NOUCKA ONTUMH3UPOBaHbl — MPHUTOTOBLTECH, IO-
TOBbI? — [715 TIOMCKA, N CBOHCTBO A€peBa NMOKCKa OMNpeaesIEHO COOTBETCTBY FOLLHM
o6pa3om. HanpuMep, eciu Bbl HiieTe 00bEKT € kKNH0YOM 23 B iepeBe NOKCKa U KITKO-
4YOM KOPHs ABJseTcs 17, TO Bbl 3HAETE, YTO OOBLEKT MOXKET pacnoararbCs TOAbKO
B NPaBOM NOAAEPEBE KOPHS, U MOXKETE HCKIIKOUHTB OOBEKTHI B JIEBOM NOLAEPEBE U3
JabHERWEro paccMOTpeHHUA. DTO AOKHO HANMOMHUTL BaM O ABOMYHOM (OHHap-
HOM) MOMCKE, KaK U NofobaeT CTPYKTYpe AaHHbIX, CMbIC/T KOTOPO# 3aKJIIOYAETCs
B CUMYJIMPOBAHHH AHHAMHUYECKH M3MEHSAIOLIErocs OTCOPTHPOBAHHOrO MaccHea.

11.3.2. BbicoTa AepeBa nouncka

Jis 3a5aHHOMO MHOXKECTBA KIIOUEH CYLUECTBYET MHOXECTBO Pa3HbIX N€PEBLEB
noucka. ITokaxeM BTOpoe AepeBO MOMCKa, colepikallee 00beKThl ¢ KAUaMH
{1,2,3,4,5}:

O6a ycnosus B cBOHCTBe AepeBa NoHcka cobniofaloTcs, Bropoe — Geccoaepka-
TeNbHO (TaK KaK HeMyCThIX MPaBLIX NOAAEPEBLEB HET).

BbicoTa nepeBa onpeaensiercs kak AJd¥Ha CaMOro AJHHHOTO NMYTH OT KOPHS A0
axcra'. PasHbie AepeBbs MOUCKA, COASpKALUME HASHTHYHBIE MHOXECTBA OOBEKTOB,
MOTYT UMETb Pa3HYIO BLICOTY, Kak W B NEPBbIX AByX MpUMepax (rae AepeBbsi HMe-

' Takxke HMeHyeTCR 21y6unoii NEPEBa.
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10T BBICOTY COOTBETCTBEHHO 2 1 4). B 06wwem cnyyae 6uHapHOe a1epeBO MOMCKa,
coaeprxallee 1 00bEKTOB, MOXKET HMETb KaKyHO YrOAHO BLICOTY OT

=log, n ao n-1
S TICTIOHNE, KAX DOKEJARO SR

OcTanbHas YyacTh 3TONO paszjielia ONMUCHIBAET TO, KaK PEau3ylOTCs BCE ONEpaunu
OGHMHapHOIo epeBa MOUCKa BO BPEMEHH, NPONOPLMOHAILHOM BLICOTE JicpeBa (3a
HCKJTIOYEHHEM ONnepaLH BLIBECTH B OTCOPTUPOBAHHOM MOPS/IKE, KOTOpas BbINOJI-
HAETCA 3a BpeMs, THHeliHoe no n). YTo KacaeTca yTOUHeHHH OMHAPHBIX 1epeBbhEB
NIOMCKa, KOTOpbIE rapaHTHPOBAHHO UMeIOT BbicoTy O(log n) (cM. pasaen 11.4), ato
TIPHBOJNT K JIOTapu(PMHUECKOMY BPEMEHH BbINOHEHHS, OTPAKEHHOMY B NEPEYHE
nokasareneii u3 tabn. 11.2.

11.3.3. Peanunsauusa onepauum «OTbiCKaTb»
co BpemeHem O (BbicoTa)

JaBaiiTe HauHeM ¢ onepauty OTbICKATb:

no KJIoUy k BEpHYTb yKa3sareib Ha OObEKT B CTPYKType AaHHBIX
€ KJIIOYOM k (TGO COOBLLIMTD, YTO TAKOTO 0OBEKTA HE CYLLECTBYET).

CBoJCTBO IEpEBa NOMCKA YKa3bIBaeT, Ie HMEHHO HCKaTb OOBEKT C KJTIOHOM K.
Ecnu k MeHbuie (1100, COOTBETCTBEHHO, 60MbLIE) KITIOYA KOPHS, TO TakoH 00bexT
JIOJKEH pacnonararbcs B 1EBOM Nojaepese (B NPaBoM JepeBe COOTBETCTBEHHO)
KopHS. JIy1% TOro YTO6bI BbIMOJHUTB NOHCK, CEAYHTE 10 NPAMOH: HAYHHUTE C KOp-
HS M HECKOJILKO pa3 NpoiiANTE BAEBO WM BIPaBO (€CH 3TO HEOOXOANMO), 10 TeX
NOp MOKa Bbl HE HaieTe HYKHbIH OOBEKT (YCNELNHBIA PE3YNILTAT MOMCKA) HITH HE
BCTPETHTE NYCTOii YKazarenb (6e3ycnelHblii MOUCK).

HanpuMep, npeanolioknM, 4To Mbl HLLEM OOBEKT € KJIIOUOM 2 B HallEM NEpPBOM
OMHapHOM AepeBe NoKcKa:

(1) :
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IMTockonbKy K04 KOpHA (3) — cnauikoM OONbUIOH, MEPBLIH LWAr NPOXOAMT Mo
yKa3areto Ha JIEBOTo NoToMKA. [10CKkoNbKy KITHod ClleRy HOLIEro y3/ia — CAHLWKOM
Man (1), BTOpO# Liar MpoXOAUT MO YKa3aTelio Ha NpaBoro NoTOMKA, J0CTHras
HYXHOro o0bekTa. Ecnu Mbl llleM 0OBEKT € KIO4OM 6, TO MOUCK MPOXOAHMT 0
yKa3aTeJlo Ha PaBoOro NOTOMKA KOPHS (TaK Kak K/:o4 KOPHA CIIHLIKOM Man). Pa3
KJIKOY clleqytoLero y3ia (5) Taloke CIMILKOM Man, NOUCK NBITAETCs NOoCNeA0BaTh
M0 ellUe OAHOMY YKA3aresio Ha MpaBoOro NoTOMKA, BCTPEYAET NMyCTON yKa3arelb
H ocTaHaBnHBaeTcs (Oe3ycrnelHo).

OTBICKATDH
1. Hauarb ¢ kKOpHEBOIO y37a.

2. MHorokparHo NpoHTH MO yKa3aTe/igM Ha JIEBOrO W NpaBoro no-
TOMKA, €C/IH 3TO HeOOXOOMMO (NIeBbIH, eclIM kK MeHblue Koua
TeKyLUIero y3ina; npasblii, eciu k Oonblue).

3. BepHyTb yKa3areib Ha OGLEKT C KITH0YOM k (€C/TH OH HaiiaeH) b0
«nycto» (MpH JOCTHKEHUH MYCTOTO yKasarens).

BpeMs BoinonHeHHs NpoNnOpUMOHANBEHO KOMHYECTBY NPONHIEHHBIX yKa3aTenei,
KOTOPOE He MPeBLILIAET BLICOTY JepeBa NoUcKa (Mo 1, eCITH CUMTATh OCIEAHHII
nyctoit ykasarteJsb 0e3yCrneiHoro Noucka).

11.3.4. Peanu3aumsa onepaunin <MuHUMym»
n «Makcumym» 3a spemsa O (BbicoTa)

CBoiicTBO AepeBa NMoucka ynpoluaeT peanu3auyio onepauti MuHuMyM H Mak-
CHMYM.

MunumyM (MAKCMMYM): BEPHYTb YKa3aTeslb Ha OOBbEKT B CTPYKTY-
pe JaHHBIX ¢ HAUMEHBLIMM (DO, COOTBETCTBEHHO, HAWOOMbLIIHM)
K/IOUOM.

Kniouu B nesoM noaacpeBe KOpHsA MOryT OBLITh TOJILKO MEHbLIE KJIHOUa KOpH4,
H KJIKOYH B [MTPpaBOM NOAAEPEBE MOI'YT ObITh TONILKO OonbIne. Ecnu nesoe nogaAcpeBoO
ABJIACTCA MYCTBIM, TO KOPEHb JOJDKEH ObITb MHHUMAJILHBIM. B MPOTHBHOM CJly4yaec
MHHHMMYM JICBOTO MOJACPEBA TAKKE ABIACTCA MHHUMYMOM BCEro 1€peBa. 710 Ha-
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BOJMT Ha MBICJIb O TOM, YTOOBI C/1€X0BaTh MO yKasarento Ha N€BONo NOTOMKaA KOpHA
N NOBTOPATH JAHHbIA npouecc.

Hanpumep, B aepeBbsaX MOUCKA, KOTOPbIE Mbl PACCMATPHBAIIH PaHEe:

MUHUMYM

MHOIOKPATHOE CIIE€A0BAHKE M0 YKa3aTeNAM Ha JIEBOr0 NOTOMKA MPUBOAHUT K 0o6b-
€KTY ¢ MHHUMAJIbHBIM KNIOYOM.

MHHHUMYM (MAKCHUMYM)
1. Hauatb ¢ xopHeBOro y3na.

2. TlpoiiTu no yka3aTensiM Ha JIEBOro MOTOMKA (M0 yKa3aTensM Ha
npaBoro MOTOMKA) KaK MOXHO JOJIbllE, O TEX MOp NMOKa He
BCTPETHUTCS MYCTOH yKasaTens.

3. BepHyTb yKka3saresb Ha NOCAECAHUI NOCELIEHHbIH 00bEKT.

Bpems paboThl NponopuUHOHAILHO YHCIY NPOHCHHBIX YKa3aTeneii, KoTopoe paBHO
O (svicoma).

11.3.5. Peanu3auyus onepauuun «fpeawecrTrBeHHUK»
co BpemeHem O (BbicOTA)

Cnepyrouneit uaet onepauus [IPEAIIECTBEHHHK; peann3auus onepauny [TPEEMHHK
ABNAETCS MOXOKEH.

TTPEAIIECTBEHHHMK: MO yKa3arenio Ha o6beKT B CTPYKTYPE AaHHbIX
BEpHYTb yka3aTelb Ha OObEKT CO CIEAYIOLIMM HaWMEHbIINM 3Ha-
yeHueM Knoua. (Ecnu o6bekT nMeeT MUHUMAJIbHBIH K04, TO CO-
OOLIMTB «ITYCTO».)
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Ecnu yuutsiBaTh 0OBEKT X, TO IA€ MOXET pacnoNarathCs NpeLecTBEHHUK 00b-
ekta x? He B npaBoM noaaepese o0bexTa x, e Bee Koun 6onblue knoda obb-
ekTa x (no ceoiicTBy aepesa noucka). Haw pabounii npumep

N

WUTIOCTPUpYET ABa ciyuas. [peawecTBEHHHK MOXET NMOABUTBCS B JIEBOM TMO/-
Jepese (KakK B Cilyuae y3/10B ¢ KaouaMu 3 u 5), TH60 OH MOXKeET ObiThb MpeAKoM
Jlanblue BBEPX MO AEpeBY (Kak B C1yyae y3NnoB ¢ KimodaMH 2 U 4).

O6wuit 1wabnoH TakoB: €C/IU NIeBOE NOAAEPEBO 00BEKTA X HE MYCTOE, TO MAKCH-
MaJIbHBIM 3JIEMEHTOM 3TOrO NMOAJEpeBa ABIACTCA NPEALIeCTBEHHUK 00bekTa X';
B MMPOTHBHOM CJTy4ae NpeAmecTBeHHHKOM 00beKTa x sBnseTcs GnuxaiLunii npeaok
00beKTa x, KOTOPBIH HMEET MEHbLIMH KITHOY, YeM x. PaBHbIM 00pa3om, npoxoas no
yKazare/sM Ha POAUTEA MO HANpaBIEHHIO BBEPX OT X, MECTOM Ha3HaueHus Oyaer
nepBbiit NeBblii NoBopoT?, Tak, B MPUBEAEHHOM BbILUE A€PEBE MOHCKA TPACCHPOBKa
ykaszareneil Ha POAMTENs MO HANpaRIEHHIO BBEPX OT Y371a ¢ KIO4OM 4 cHayana
Jenaet npasbiii MoBopoT (BeAyLLUMH K y3ny ¢ 60/1bLIMM KN1OYOM 5), a 3aTeM Jenaer
NeBblii NOBOPOT, MPUXOASA K NPaBHIbHOMY NpeawecTBeHHHKY (3). Ecnu x umeer
NycToe JIeBo€e MOALEPEBO U HAZL HUM HET JIEBLIX NMOBOPOTOB, TO OH ARIACTCH MH-
HMMYMOM B JIEpPEBE NMNOMCKA U HE UMEET NpeIIECTBEHHNKA (KaK y3e € KIoUuoMm |
B PHBEJCHHOM BbILIE JCPEBE NMOUCKA).

! CPCIIM KJIHOUEH, MEHBLLHX X, TE H3 HUX, YTO HAXOAATCA B JIEBOM noaaEpeEBe x, ARTAOTCA

6rkaflIMME K X (KaK Bbl CaMU MoxeTe yoenuTbea). Cpead kitodei B 3TOM noaaepese
MaKCHMaNbHBIH HAXOAHTCA GJIHXKE BCETO K X.

TpaBbie MOBOPOTHLI MOTYT BECTH TONLKO K y31aM ¢ GONbIIMMH KIKOYaMH, KOTOpbLIE HE
MoryT ObITh NpeaAuecTBEHHHKaMH X. I3 cBOHCTBaA nepeBa NOMCKa TAKXKE BBITEKACT, Y4TO
HH Gonee OTHANEHHbIE NPEAKH, HH HE NPEAKH HE MOTYT ObITh NPEALICCTBEHHHKAMH X
(KaK Bbl CaMH MOXeTe YOennTbLes ).



180 Fnaea 11. [lepeBo noucka

NPEJALUECTBEHHHK
1. Eciu neBoe NMOAAEpeRO X He MYCTOE, TO BEPHYTb pe3yNbTaT one-
pauru MAKCUMYM, TIPUMeHEHHOMH K 3TOMY MOLAEPEBY.

2. B npoTHBHOM ciyuae MpOHTH NO yKa3aTeNsiM Ha POAUTENS BBEPX
no HanpaB/ieHu1o k kopHto. Ecau 06xon nocewmaer nocnenosa-
Te/bHbIE Y3/Ibl Y U Z, TI€ y3en y ABJAETCA NMPaBbIM MOTOMKOM
y3/1a z, TO BEpHYTb yKa3aTesb Ha z.

3. B mpoTHBHOM cilyyae COOOLIMTb «MyCTON».

Bpems paboTsi AaHHOH onepauyH ABNAETCA NPONOPLHUOHANBHbIM YHC/TY NPOHAEH-
HbIX YKa3aTeJe#, KoTopoe BO BCEX cyqasx pasHaerca O(gvicoma).

11.3.6. Peann3auusa onepauyumn «BoiBectun
B OTCOPTUPOBaHHOM nopsiake» co speMmenem O (n)

HanoMHuM onepauuro BBIBECTH B OTCOPTHPOBAHHOM IMOPAJIKE:

BbIBECTH 00BEKTHI B CTPYKTYpE AaHHbIX MO OQHOMY B MOpAAKe Ciie-
JIOBaHUA HUX Kitoueil.

JlenuBbliii Cnocod peann3almny 3Toi onepaLuy COCTOHT B TOM, YTOObI CHayasa npH-
MEHHUTb onepaliuio MHHUMYM /s BbIBOAA 0OBEKTa ¢ MMHHMANBHBIM KJIKOHOM, a 3a-
TEM TMOBTOPHO BbI3LIBATH ONepaLuto [TPEEMHHUK JUIA BbIBOAA OCTABHBIX 00BLEKTOB
1o nopsaaky. ONTUMaNBHBIM METOJOM ABIAETCA HCMONBL30BAHHUE TaK HA3bIBAEMOTO
unguxcrnozo obxooa NepeBa NMoOUCKa, KOTOPOE PeKypcHBHO oOpabarLIBaeT neBoe
NojLAepeBO KOPHS, 3aTeM KOPEHb, a IOTOM — MpaBoe NOAEPEBO KOPHA. JTa uaes
MeanbHO COYETAETCA CO CBOWCTBOM JAEpeBa NMOUCKA, U3 KOTOPOINO BHITCKAET, YTO
ornepaums BLIBECTH B OTCOPTHPOBAHHOM MOPAKE JOJDKHA CHAa4asla BLIBOIMTH MO
NOpAAKY OObEKTHI B JIEBOM MOALEPEBE KOPHS, 3aTeM 00bEKT B KOPHE H 3aTeM Mo
nopsaxy oObeKTbl B IPaBOM MOAAEPEBE KOPHA.

BBIBECTU B OTCOPTHPOBAHHOM NOPAAKE
1. PekypcHBHO BbI3bIBaTh ONeEpalyio BLIBECTH B OTCOPTHUPOBAHHOM
TIOPA/IKE Ha IEBOM MOJJAepeBe KOPHA.
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2. BbiBeCTH 0OBEKT B KOpHE.

3. PekypcuBHO BbI3bIBAaTh ONepalio BLIBECTH B OTCOPTHPOBAHHOM
NOPSJIKE Ha NPaBOM MOIEPEBE KOPHSL.

Ins pepesa, conepxallero n 00beKTOB, AaHHAA ONepalys BbIMOJHAET 11 PEKYP-
CHBHBIX BbI30BOB (M0 OZHOMY Ha KaX[OM Y3Ji€) U BbIMONHAET B KAXAOM M3 HHX
NOCTOAHHBIN 00beM paboThl 32 cyMMapHoe BpeMs BbinoNHeHUus O(n).

11.3.7. Peanusauus onepauumn «BcraButb»
co BpemeHem O (BbicOTA)

Hu oHa 13 onepauwuii, pacCMOTPEHHBIX A0 CHX NOP, HE H3MEHAET AAHHOE JEPEBO
NOMCKa, MO3TOMY OHH HE PUCKYIOT HCTIOPTHTb KPUTHYECKOE CBOHCTBO AepeBa no-
ucka. Crnenytoluue ABe onepaunn — BCTABUTL U Y JANUTL — BHOCAT W3MEHEHUS
B JIEPeBO U AO/KHBI COXPAHATL CBOMCTBO A€peBa MOMCKa.

BcTABHTBL: € y4eTOM HOBOro obbekTa x 100aBHTb X B CTPYKTYpY
JaHHBIX.

Onepauus BCTaBKH BbIEDKAET 3a cueT onepauny OTbICKATh. besycneunblit noMck
o0beKTa ¢ KIIOYOM k onpenensieT MeCTOTIONOKEHHE, TAe TakoW OObEKT JOMKEH
Obl1 NOABUTLCA. ITO MECTO MOAXOAUT JJIS IPUKPETIEHHs HOBOTO 00BEKTA C KJTIO-
YoM k (nepe3anuch CTaporo nyctoro ykasarens). B nawem paGodeM npumepe
TIPaBUIIbHBIM MECTOMONOKEHHEM HOBOTO OOBEKTA C KNIIOYOM 6 ABJIAETCS MECTO,
rae 3aBepuinics 6e3yCrneuHbld NOMCK:

(2) (2)
] (5 = (] (2)

OO @ @ ®

Yto nenathb, €ClM B J€peBE YKe €CTb 00beKT ¢ KIouoM k? Ecnu Bbl xoTUTE U3-
6exarb ny6nupoBaHUs KKOuel, BCTABKY MOXXHO NPOUrHOpUpoBaTs. B npoTus-
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HOM Cly4ae MOUCK MpocieayeT Mo JIeBOMY MOTOMKY CyLIECTBYIOUEro o0bekTa
C KJTIOUOM &, poaBHrasch Brepea A0 Tex Nop, noka He GyAeT oOHapyXeH mycTo#
yKazarenb.

BCTABHTb
1. Hauarb ¢ kopHeBoro y3na.

2. MHOrokparHo NpOMTH MO YKA3aTENAM JIEBOTO H NPABOIro MOTOM-
KOB, eCJIH 3TO HeoOxoauMo (NieBblif, ecnu k He Gonplie Kio4a
TEKyllero y3na, npasblii, ecav Gonblie), A0 TeX MOp NOKa He
BCTPETUTCA NYCTOH yKazaTellb.

3. 3aMeHuTHL MycTOH YKa3aTeNnb Ha HOBBIH OOBEKT. YCTaHOBUTL yKa-
3aTellb POAMTENA HOBOTO Y371 PaBHbIM €r0 POAMTENIO H YKa3aTeau
Ha NOTOMKOB, PaBHBIMH «ITyCTO», TO €cThb null.

S R e ML v

JlanHas onepauus COXpaHAeT CBOHCTBO epeBa MOHCKa, NOCKOIbKY OHA MOMeLIaeT
HOBBIH 0OBEKT TyAa, TAe OH Jo/keH ObL1 HaxoauThes'. Ee BpeMs BbINOIHEHUs co-
BMAJaeT ¢ BpeMeHeM onepauvu OTHICKATb, KOTOpOe paBHO O (gbicoma).

11.3.8. Peanmn3zaumna onepauum «Yaanurtb»
co BpemeHeMm O (BbicoTa)

B 60/1bLIMHCTRE CTPYKTYP AaHHbIX onepalus Y IAIMTH ABIAETCS Hanbonee clox-
HOH. JlepeBbA NOUCKA HE ABNAIOTCA UCKITIOUEHHUEM.

VY IANUTL: N0 KITOUY Kk YIanuTh 00beKT ¢ KIIOUOM k U3 iepeBa [OUCKa,
€CJIH OH CYLUECTBYET.

! Bonee ¢popManbHO: 0603HAUMM Uepes X TONLKO YTO BCTagNeHHbIH 0ObEKT H pacCMOTPHM

cyuecTBy oMl 00bekT y. Eciu x He ARIsETCA Y4eHOM Noaaepesa ¢ KOPHEM B ¥, TO OH
He MOXET BMELLIHBATLCA B CBOHCTBO AepeBa NOMCKa B y. Eciin oH sBnseTca uieHoM noa-
ZepeBa C KOPHEM B y, TO y ObL1 OHHM U3 Y3/10B, MOCEILEHHbIX BO BpeMA 6€3y cneiHoro
noucka obbekra x. Kntoun 061bekToB X U y ABHBIM 06pa3oM COMOCTABIAIHCH B ITOM
NIOHCKE, MPHYeM x ObIT MOMELLEH B JIEBOM MOJAEPEBE ¥ TOTAA H TOJTLKO TOTAA, KOTAA €T0
KoY He Gonblue, ueM y obbekTa y.
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maBHyl TPyAHOCTb NMpeicTariseT UCMIPaBIeRUe AepeBa Mocie yAaneHus y3na
C LleJIbKO BOCCTAHOBJICHHUS CBOWCTBA epeBa NOUCKa.

[MepBbiii LIar COCTOUT B BbI30Be onepauun OThICKATb, A TOrO 4TOOb!I HAATH
o0bekT x ¢ kntouom k. (Ecnin Takoro o6bekTa HeT, To onepaunu Y JANMTL HE MpH-
MeHseTca.) CyllecTByeT TPH Cllyyasi, B 3aBUCHMOCTH OT TOro, uMeer v x 0, 1
MM 2 NOTOMKOB. Ecniun x ABAS€TCA TUCTOM HepapXHU€CKOro AepeBa, TO €ro MOXCHO
ynanuthb 6e3 Bpena. Hanpumep, B cnyuae, ecny Mbl yAanuMm y3en ¢ KJIOHOM 2 U3
Hawero noOMMOro lepesa NoUcKa:

(3)
(] (5) =

yaAanwTe e o

JINs KaKA0ro OCTaBILErocs y3ia y y3ibl B MOAAEPEBbAX Y312 ¥ OCTAUCh, KaK
U paHblle, 3a UCKAIOYEHHEM, BOIMOXHO, YAANEHHOIO y3na x; CBOMCTBO JepeBa
NoucKa npoaoskaer cobnoaarbes.

Koraa y3en x UMeeT 0IHOMO MOTOMKA ¥, Mbl MOXEM €ro OTCOEAMHHTL. YialeHue
y3/1a x OCTaBJIAET y3en y 6e3 poauTens, a CTaporo poa1Tens z ysna x 6e3 oqHoro
U3 ero MoToMkoB. OUeBHAHBLIM HCMPARIEHUEM ABISETCA TO, YTOObI AaTb Y3y y
MPUHATH MPeAbIAYLLYHO MO3KUMIO Y371a X (B KauecTBe MOTOMKa y3na z)'. Hanpumep,
B CJlyYae, eCNU Mbl YAATHM Y3el ¢ KIIIOHOM S U3 Haluero 1106MMoro aepeBa noucka:

(17 e —{5) T

' MecTo A Bawei WyTKH Mpo nokoneHue Z.
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[To Toit e noruke, 4TO K B NEPBOM Cliyydae, CBOMCTBO Moucka cobnronaetcs.

TpyaHbIH cnyyald BCTpeyaeTcs, KOraa x UMeeT 0gyx MOTOMKOB. YianeHue y3na
X ocTaBnseT ABa y3na 0e3 poauTens, U HEACHO, KyaAa UX MOMeCTUTb. B Hawem
paboueM npumepe COBEPLIEHHO HEe OYE€BUJHO, KaK UCMPaBiATb AepeBo Nocje
yJaJieHHs ero KOpHs.

KnoueBass XHTPOCTb COCTOUT B TOM, YTOObI CBECTH TPYAHbIH Cilyyaii Kk oqHOMY
n3 nerkux. CHayana npuMeHuTb onepauuto [NPEAIECTBEHHUK 1S BblUUCIIEHUS
npelecTBYIOLWEro y3ny x y3na y'. [TockonbKy y3enl x UMeeT AByX MOTOMKOB,
€ro npeJlecTBEHHUKOM ABNAETCA 00bEKT B €ro (HemycToM!) 1IeBoM nmoaaepene
€ MakCHManbHbIM KiTlo4oM (cM. pasaen [1.3.5). [Tockonbky MakCUMyM BbIMHCIISA-
eTcd, cneys No ykasaTensM Ha NMpaBoro MNOTOMKa Kak MOXHO Jonblie (CM. pas-
nen 11.3.4), yzen y He MOXXET HMETb NPABOTO MOTOMKa; OH MOXET UMeTh THOO0 He
MMETb IEBOr0 MOTOMKA,

CyMaciueniuas uaes: navensms mecmamu y3nol x uy! B Hawem pabouem npumepe,
B KOTODOM Y3€J1 X BbICTYNaeT B Ka4eCTBE KOPHEBOTO y3/a:

npeawecTBeHHUK

RONO ONO

Dta cymaciueilas uaes BbIMAAUT HUKYABILIHOM, TaK KaK Mbl HApY UIHJIH CBO#-
CTBO JiepeBa Noucka (rae y3es ¢ KJI4YoM 3 HaxOJUTCA B IEBOM MoJ1epeBe y3na
¢ KouoMm 2). OgHako Kaxkaoe HapylleHHe CBOKMCTBA JepeBa MOUCKA CBA3AHO
C Y3JI0M X, KOTOPbIit Mbl BCe paBHO yaanum?>. [TockonbKy y3ei x Tenepb 3aHUMaeT

! TlpH xeNaHUH NMPeeMHUK TOXKe OTIHYHO paboTaert.

2 Ing kaxaoro y3na z, OTIMYHOIO OT y3/1a J, €IMHCTBEHHBIM BOSMOXKHBIM HOBBIM Y3/10M
B rojzepeBe y3na z ABASeTCA y3ea x. Mekay TeM y3en y, Kak HemocpeacTBEHHbLI
NpeIWwecTBEHHUK Y3712 X B OTCOPTHPOBAHHOM YNOPALOUEHHH BCEX KIIOUYEH, HMeeT
K104 Oonblle, YeM T€, KOTOPbIE B CTAPOM JIEBOM MOALEPEBE Y371a X, U 0ONblie, UM Te,
KOTOpble B CTAPOM MPaBOM Nofaepese y3na x. TakuM o6pa3oM, YCJIOBHE AEpEBa MOHCKA
cobnogaetcs U y3/a y B €ro HOBO# MO3HLUHH, KPOME KaK 10 OTHOWIEHHIO K Y31y X.
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NpeabIIy Uy NO3HLIHIO Y3712 Y, OH O0JbILE HE MMeET NPABOro NOTOMKA. YalneHue
y31a x U3 ero HOBO#i MO3KWLMH MPUBOIMT K OAHOMY M3 ABYX NPOCTbIX C/ly4aesn:
MBI yAaNsieM ero, €CJIM OH TaK)Ke He UMeeT JIEBOr0 NOTOMKA, H OTCOEAIMHAEM €ro,
€CJIH OH UMEET JIEBOro NoToMKa. B n106oM ciyuae, korna y3en x BbIXOAHT H3 UTPHl,
CBOICTBO JepeBa NOHCKA BOCCTaHaBNWBaeTCA. BepHeMcs K HalleMy npumepy:

o —(2) (9

YAAJIUTD

1. TlpuMeHuTb onepaumio OThICKATh, /1 TOTO 4TOOB! HaliTH OOB-
eKT x ¢ KJIlo4oM . (Ecnin Takoif 06beKT He cyluecTByer, TO OCTa-
HOBMTBCH.)

2. Ecnn x He MMeeT NOTOMKOB, YAaIUTb X MyTeM YCTaHOBKH COOT-
BETCTBYIOLUENO YKa3arens Ha NOTOMKA B pOJHTeNe y31a x paB-
HbIM «nycTo». (Ec/in x Gbl KOpHEM, TO HOBOE JEpPEBO ABIAETCA
nycTbIM.)

3. Ecau x uMeeT OIHOTO NOTOMKA, TO OTCOSAUHHTD X, 3AMEHHB COOT-
BETCTBYIOILMI yKa3aresnb MOTOMKOM B POAMTENE Y3/1a X C NOTOM-
KOM Y3/1a X, 8 yKa3are/ib Ha pOUTeIs TOTOMKA Y3/1a X pOAHTENeM
y3nax. (Ecnu x 611 KOPHEM, TO €r0 MOTOMOK CTAHOBHTCS HOBBIM
KOpHEM.)

4. B npoTHBHOM ciyuae 3aMeHUTb X OOBEKTOM B €ro JIEBOM NOA-
JepeBe, KOTOpbIi MMeET camblii GONbLLIOH KITIOY, U YAATHTb X U3
€ro HOBOIi NO3HLMH (rle OH UMeeT He Gonee OHOTO NOTOMKA).

JlaHHas onepauus BbINOMHAET NOCTOAHHBIA 06beM paboThl B JONONHEHHE K OHOH
onepaunu OTBICKATb H OJHOH onepaLmH [TPEAIIECTBEHHHK, NO3TOMY OHa BbINON-
HaeTcs 3a Bpemsa O(sbicoma).
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11.3.9. PacwmpeHHblie aepeBbsa NOUcKa
ana onepauuun «Boibpatb»

Haxkoneu, onepauus BoisPATE:

no YKcay i oT 1 10 uucna oObeKTOB BEpHYTh YKa3arelb Ha OObEKT
B CTPYKTYPE AAHHBIX C i-M HAUMEHbIUHM KJIIOUOM.

Jlns Toro 4ytoGbl onepauus BrisPATE BBIMONHAIACE OLICTPO, Mbl ycuium AEpeBO
MOHCKA TeM, YTO KaXAbIH y3en OyaeT oTcnexxuBarb MHGOOPMALMIO 0 cmpykmype
camozo Oepesa, a He ToNbKO 06 obbekTe'. JlepeBbs TOUCKA MOTYT ObITh YCHIIEHbI
MHOTHMH CTIOCOOaMH; 3A€Ch Mbl OyIeM XPaHHTb B KXKAOM Y3JI€ X LIENOYHCIEHHBIH
pasMmep size (x), yka3blBalOLMH HA YHCIIO YIOB B MOAAEPEBE C KOPHEM B Y3Jie x
(Bxiroyas cam y3sen x). B Hawem pabouem npumepe

size(3)=5

size(5)=2

size(1)=2

size(2)=1 size(4)=1

Mol umeeM size (1) =2, size(2) = 1, size(3) =5, size(4) = 1 u size(5)=2.
TECTOBOE 3A AAHHME 11.1

[MpeanonoxuM, 4To y3en x B epeBe NMOUCKA UMEET NOTOMKOB ' H Z.
KakoBa cBa3b Mexay size (x), size(y) U size(z)?

a) size(x) = max{size(y), size(z)} + 1.

6) size(x) = size(y) + size(2).

' D71a naes Takke MOXKET ObITh UCIIONIB30BaHA AN peanu3aluH onepauuH B3saTs PAHT co
BpeMeHeM O (sbicoma) (KaK Bbl CAMHM MOXETE YOeHThCR).
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B) size(x)=size(y) + size(z) + 1.
r) OO1as cBA3b OTCYTCTBYET.

(Peruenue u noscHeHue cM. B pazaene 11.3.10.)

YeM nonesHa 31a aonojHuTenbHas uHpopMauua? [peactaBbre, YTO BBl MLIETE
06beKT ¢ 17-M HanMeHbLIHM KITHoUoM (TO ecThb i = 17) B nepeBe noucka co 100 o6b-
ekraMH. HaunHas ¢ KOpHA, Bbl MOXETE 3a MOCTOAHHOE BPEMS BbIYUCIHUThL PasMepsl
€ro JIeBOrO M NpaBoro noaaepesbeB. [1o cBOHCTBY A€peBa NOUCKA KaXIbIA KoY
B JIEBOM NoAaepeBe MeHblile, YeM B KOpHe M B npaBoM noaaepese. Ecnu nonyns-
LM JIEBONO NoJJepeBa paBHa 25, TO 3THMH KITIOYaMU ABJIAIOTCA 25 HAMMEHBLIHX
Ktoueit B aepese, Biomodas 17-if HauMeHbluMH ko, Ecnu ero nonynsuus co-
CTaBJIAET TOJLKO |2, TO NpaBoe NoaaepeBoO COAEPXKUT BCE KIIOUH, KpoMe 13 Hau-
MeHbLIMX KJItoueit, u 17-i HanMeHbLIMH KNoY ARIAETCS 4-M HAMMEHBbLUIMM CpelH
ero 87 kitoueii. B mo60M cnyuae, ans Toro 4to6bl HATH pacnoNOXKEHNE HYKHOIO
o0beKkTa, Mbl MOXEM BbI3bIBATb ONEPALMIO BbIBPATL PEKYPCHBHO.

BbIBPATD
1. Hauarb ¢ KOpHS, U NYCTbj PaBHO pa3Mepy ero J1eBOro noaaepesa.
(Ecnu oH He uMeeT ykasaresis Ha 1eBOro noromka, To j = 0.)

2. Eciui=j + 1, To BepHyTb yKka3areib Ha KOPEHb.

3. Eciu i <j + 1, TO peKypCUBHO BbIYUCIUTL i-H HaMMEHBLUHH
KJTIOU B JIEBOM NOAJEpeBe.

4. Eciu i > j + 1, TO peKypCHBHO BbIYUCAUTL (i — j — 1)-ii Hau-
MeHBLLUIT KJIIOY B PaBOM nojaepese’.

[MockonbKy Kaxablii y3en AepeBa NMOWCKA XPAHUT pa3Mep CBOEro NMoAaepena,
KaX[Abll peKypCUBHBIH BbI30B BbINOIHAET TONLKO NOCTOSHHBIH 00beM paboThl.
Kaxxnpblif pekypcuBHBIi BbIZ0OB NPOABHTaeTCA Jafibllie BHH3 MO JEPEBY, NOITOMY
cymMapHbiii o6beM pabotsl paBeH O (gvicoma).

! CTpyKTypa pekypcHH MOXKET HaNOMHMTb BaM O HalllMX anropHTMax otbopa B rase 6
nepeoii yacmu, rae KOpHEBOH y3esl MrpaeT pojib ONIOPHOTIO 3/IEMEHTA.
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3a Bce HA0 MIATUTB. MBI BCE €1LIE I0JKHBI PACTUIATUTHCS 3a 3aKa3aHHY O MY 3bIKY.
Mb1 106aBHNIH B AepeBO MOHCKA METaJaHHble U HX KCIIyaTUPOBAIM, U KadKaas
MoaudUUMpyOLLas AepeBo onepalus AoMikHa NOAAEPXUBaTh 3Ty HHOPMAUUIO
B aKTyaJIbHOM COCTOSIHUM, a TaKxke ClIeUTh 3a COOII0eHNEM CBOHCTBA AepeBa Mo-
ucka. Bel 10/mkHBI NpoayMarhb, Kak Mo-HOBOMY peai30Barh onepaiiuy BcTaBuTh
1 Y 1ANNTb, MO-NpexkHeMy paboraouiue ¢ BpeMeHeM O (8bicoma), Takum 06pasom,
4TOObI BCe pa3Mepbl MOAAEPEBbEB OCTABAIUCH TOYHBIMU' .

11.3.10. Pewenue tectosoro 3agavua 11.1

IIpaBuJbHEli oTBeT: (B). Kaxablii y3en B nogaepese ¢ KOpHEM B y371€ X ARISETCH
1160 y3510M X, TM60 Y3N10M B IeBOM NOJAEpEReE Y3714 x, IMGO0 y3110M B MPaBoM 101-
ZepeBe y31a x. CnenoBareiabHO, Mbl UMEEM
size(x)=  size(y) +  size(z) +1l.
—— ——t :
Y37IH B JIEBOM NOAACPEBE  YMTH B NPABOM DOANCpPEBE

*11.4. CoanaHcupoBaHHbIe AepeBba NOUCKA

11.4.1. Bonee HanpsXXeHHble YCUNUSN
ANS ynyyweHua 6anaHca

Bpems BbIoAHeHHs KaXRoit onepaury 6MHAPHOro Jepera Mmoucka (3a Uckioue-
HHEM ofnepauvy BbIBECTH B OTCOPTHUPOBAHHOM NOPAAKE) ABIAETCA NPONOPUMO-
HaJIbHbIM BBICOTE J€PEBA, KOTOPAst MOXET BAPbUPOBATBLCA OT CLIEHAPHUS B IyHLUEM
cnydae = log, n (Ang naeaibHo c6anaHCMPOBAHHOTO AepeBa) A0 CLiEHapHs B XyA-
uieM cnykae » — 1 (Ang UENOYKH), rae n — 3TO 4UCIOo 00bekTOB B AepeBe. [Tnoxo
cOanaHcupoBaHHble JepeBbs MOUCKA MOTYT AEHCTBUTENLHO BOZHUKATh, HANpUMep,
xorzaa oObeKTbl BCTABIAOTCA B OTCOPTUPOBAHHOM MM 00paTHO OTCOPTHPOBAHHOM
nopsake:

! Hanpumep, ans onepauun BCTABUTL yBENHYHTL pa3Mep NOAAEpEBa A1 KOKAOrO yana

Ha MYyTH MEXOY KOPHEM H TOJILKO YTO BCTARJICHHbLIM 00BEKTOM.
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Paznuua Mexxay norapudpMuyeckum M NuHeHHbIM BpeMeHeM paboTbl OrpoMHa,
N03TOMY He Ipex MOTPaTUTh 4yTh GONbLIE YCHIHi B onepauuax BctaBuTs 1 Y 1a-
JMTb — TO-NIpexkHeMy co BpeMeHeM O (gbicoma), Ho ¢ 6onee KpYHbIM MOCTOAH-
HbIM MHOXHTEJIEM, — JJIS TOro 4ToObl BBICOTA [iepeBa rapaHTUHPOBAHHO BCEraa
paBHsnacs O(log n).

Heckonbko pasHbIX THNOB cOaNaHCHPOBaHHbIX AEPEBbEB MOMCKA rapaHTHPYIOT
BeicoTy O(log n), a cnenoBare/ibHO, AOCTHUIatOT BPEMEHH BbINOMHEHUSA ONEpaLui,
3asABJIEHHbIX B MepeuHe nokasarenei uz tabn. 11.2'. JIbsBon kpoeTcs B Menouax
peann3auuu, U Ans c6anaHCUPOBAHHBIX 1€PEBbEB NOMCKA OHH MOI'Y T CTAHOBHTBCA
JOBOJIbHO XHTPOYMHbIMH. K cyacTbio, 3TH peanun3aluu JIErkOAOCTYHbL, H MaJlo-
BEPOSTHO, YTO BaM KOrAa-HUOYyAb MOHANOOHMTCH KOAMPOBATH CBOKO COOCTBEHHYIO
BEPCHIO C HYJNIA. Sl NPHU3BbIBAIO YHTATENEH, 3aMHTEPECOBAHHBIX B TOM, YTO HMEHHO
HaxOAMTCA N0] KaroToM c0anaHCHpOBaHHOIO AepeBa MOUCKa, 06paTHTLCA K H3M10-
KEHHIO 1aHHOMO MaTepHara B yueOHHKe TM60 pa3BeaaTh peal3aLiH C OTKPbITbIM
MCXOJIHBIM KOZIOM U BU3yallbHbI€ IEMOHCTPALIUH, KOTOPbIE HAXOAATCA B CBOGOAHOM
Jaocryne B uHTepHeTe?. Jns Toro utoObl paxeub Balll HHTEPEC K AAJIbHEHLIEMY
M3y4eHHIO, 1aBaiiTe 3aBepLUMM JaHHYIO [T1aBY ONHOH W3 CaMblX PacNpOCTPaHEHHbIX
uaeit B cOanaHCHPOBaHHBIX peau3alusiX JepeBa noucka.

' [onynsapHele peann3auuy BKIIOUAIOT KPAaCHO-YepHbIe AcpeBbs, 2—3-nepebi, ABJI-

nepeBbAa, Kocble (splay) nepeBbs H B-nepeBbs v B+-nepesba.

CranaapTtHoe yueOHOe H30XKEHHE NaHHOKH TeMbl COaepXHUTCA B rnase 13 kHurn Toma-
ca X. Kopmena, Hapnvsa 3. Jleusepcona, Ponarvoa J1. Pueecma u Knugpgpopoa Cmetina
«lntroduction to Algorithms» («BBeaeHue B aNropuT™MBbI»), TpeTbe n3nanue (MIT Press,
2009), v paznene 3.3 kiuru Pobepma Cedxceuxa u Kesuna Yiina «Algorithms» («An-
FOpPHUTMbI»), ueTBeproe u3nauue (Addison-Wesley, 2011). CM. Taioke 60HyCHbIC BUAEO
Ha www.algorithmsilluminated.org OTHOCHTENBHO OCHOB KpaCHO-YEPHBIX AE€PEBLEB.
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11.4.2. NoBOpOTHI

Bo Bcex HanGoee pacnpoOCTPaHEHHBIX peann3aunax cOanaHCHpPOBaHHbLIX epe-
BbEB MMOHCKA HCTIONB3YOTCA HO80POMbL — OTIEPalMH € TOCTOAHHBIM BPEMEHEM,
BLIMONHAOIME HEGOBIIYIO JIOKATIbHYIO NepebanaHCHPOBKY MPH COXpPaHEHHH
CBOMCTBa JAepeBa noucka. Hanpumep, Mbl MOXeEM npeacTaBuTh cebe npeod-
pasoBaHKe NpHBeJCHHOM BbIIlE LEMOYKH U3 NATH 00BEKTOB B 60Jiee LMBHIIH30-
BaHHOE [1€PEBO NMOUCKA, COCTABUB KOMIO3HLIMIO U3 BYX JIOKAIBLHLIX ONepauui
nepebanaHCHpPOBKH:

(4) (3)
NOBEPHYTL NoBepHYThL
2) 0 ®
@

MosopoTt GepeT napy «poanTeNnb — MOTOMOK» H pa3BOpauHMBaeT MX CBA3b B 00-
patHyto ctopoHy (puc. 11.2). IIpasvrit nosopom npUMEHAETCA, KOra MOTOMOK y
ABJIAETCA JIEBBIM MOTOMKOM CBOETO pOAMTENS X (M 3HAYMT, ¥ HMEET MEHbLUHH
KJ1I04, YEM X); MOC/E fOBOPOTA Y3€1 X CTAHOBHTCH MPaBbIM MIOTOMKOM Y314 y.
Korza y3en y sBnseTcs npaBbiM [IOTOMKOM Y3713 X, J1€6blii HO8opom J€NaeT y3en x
JIEBbIM TIOTOMKOM Y3714 y.

CBolicTBO JepeBa NoMcKa 00yCaBIMBaeT OCTaNbHbIE A€TAIH. PacCMOTPHM JiEBbIH
NOBOPOT, I/le y3eJ y ABNAeTCH NpaBbIM MOTOMKOM y3na x. M3 cBoiicTBa aepesa
NIOMCKA BBITEKAET, YTO KJIFOU Y3J1a X MEHbLIIE, 4EM K/II0Y y3/a y; 4TO BCE KIIIOUH
JIEBOro NojzepeBa B yane x (4 Ha puc. 11.2) MeHblue, HeM K104 y3aa x (M y3na y);
4TO BCE KJIIOMHM B IPaBoOM noazepese y3na y («C» Ha puc. 11.2) 6onblte, 4eM KITod
y37a y (¥ y31a x); ¥ YTO BCE KJIIOUH B JIEBOM nojjepeBe y3na y (B Ha puc. 11.2)
HaXoAATCA MeXAy kirouaMu x  y. [locie nmoBopoTa y3en y Hacneayer cTaporo
POMMTENS Y3712 X M MIMEET Y3el X B KauecTBe CBOEro HOBOro J1eBoro noromka. Cy-
I1leCTBYeT YHUKAJIbHBIH c1ioco6 cobpaTh BCe YACTH BOEAMHO, COXPAHS MPH 3TOM
CBOMCTBO JlepeBa NoKCKa, N0ITOMY JasaiiTe NpocTo OyAeM clie0BaTh 110 NPAMOH.
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f

NO HANPARNEHHIO K KOPHIO NO HANPABNBHIO K KOPHIO

ace
KIOHH
<x

sce
BCE KINOUM KWOHH
Mexay X w y >y

a) fo nosopota 6) Mocne nosopoTa

Pwc. 11.2. Jlesblii NOBOPOT B AEVNCTBUN

CyulecTyeT Tpu cBoOoHbIE Aueliki A8 noanepeBbeB 4, B u C: yka3arenb Ha
NpaBoro NOTOMKa y3na y U 06a yka3aTens Ha NOTOMKOB y3na x. CBOHCTBO aepeBa
MOMCKA 3aCTABNAET HAC MPHKPENHTb HAUMEHbLIee noaaepeso (A4) B kayecTBe
JIeBOro MOTOMKA y31a x ¥ Haubonbulee noaaepeBo (C) — B KauecTBE NpasBoro no-
TOMKa y3na y. B pesynsrare ocTaercs oqHa sueiika ans noaaepesa B (ykasarens
Ha MpaBoro MOTOMKA Y371 X), H, K CYacThlo, cpabaTblBaeT cBOHCTBO AepeBa Nouc-
Ka: BCE KJIIOYM MOAJepeBa BKIWHUBAIOTCS MEXAY KIIOYaMH X W y, H NOAAEpPEBO
3aBepLIaeTcd C JIEBbIM MOAJEPEBOM Y3Na y (FAe OHO M JOMKHO ObITb) H NPaBbIM
NOAJEPEBOM Y3na x (TO XKe camoe).

[MpaBbiii NOBOPOT TOTA ABNSAETCA JIEBBIM TOBOPOTOM, TOJILKO B 00paTHY10 CTOpO-
Hy (puc. 11.3).

f

NO HANPBANEHMIO K KOPHIO

NO HANPARNEHHIO K KOPHID

Bce
LOl 1

<y

a) Ao nosopota 6) Nocne nosopoTa

Puc. 11.3. MpaBbiit NOBOPOT B AENCTBUN
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[MocxonbKy MOBOPOT MPOCTO-HANPOCTO 3AMEHUT HECKOMIBKO YKA3aTeNneH, OH MOXET
BBIIOJIHATBCS C MOCTOAHHBIM YHCJIOM onepauHi. [10 KOHCTPYKUHH OH COXpaHseT
CBOHCTBO JIepeBa MOHCKA.

Onepauuu, KOTopble MOAU(HLIMPYIOT JePEBO NOUCKA — BCTABUTL H Y ANUTL, —
ABJAIOTCA MMEHHO TEMH ONEpaLusiMH, B KOTOPIX JOJIKHBI 3aefCTBOBATHCA
noBopoThl. be3 Hux Takas onepauus Moria 6bl NpuaaTe aepeBy 4yTh Oonee He-
cbanancupoBaHHy10 ¢opmy. [TockobKy O[JHA BCTaBKA WM YAAJIEHHE MOXET CEATh
Xa0C TONBKO B TaKO# CTENEHH, BIIOJIHE BEPOATHO, YTO HeOOJTbLIOE MOCTOSSHHOE WITH,
BO3MOXHO, JJorapu(hMHUUECKOe YHCIIO MOBOPOTOB MOXKET HCMIPAaBUTH 1060 BHOBL
co3aaHHbli qucbananc. UIMEHHO 3TO U AeNnaloT NPHBEACHHbIE BbIlIE peaM3aLUH
c6anaHcHpoOBaHHOIO JiepeBa Noucka. JlononHuTtenpHas paboTa 3a CueT MOBOPOTOB
npubannset O(log n) HakIaAHBIX pacX0[0B K onepalHsM BCTABUTh U Y IANUTS,
OCTaB/AsA UX COBOKYMHOE BpeMst paboTsl Ha ypoBHe O (log n).
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3apauun Ha 3aKpenneHue marepuana

3anayva 11.1, Kakue U3 clielylolMX yTBEpKAEHUH ARIAIOTCA UCTHHHBIMU? (OT-
METETE BCE MOAXOAALNE BAPUAHTBI.)

a) BeicoTa GuHapHOro JepeBa MOMCKA C 1 y31aMH He MOXeT ObITh MeHbLUE
O(log n).

6) Bce onepauuu, noanepxuBaeMble OWHApHLIM JEPEBOM MOUCKA (KpoMe
onepauny BLIBECTH B OTCOPTUPOBAHHOM TIOPAJIKE), BBIMOMHAOTCA 3a BpeMs
O(log n).

B) CBOMCTBO KyuH fABISETCA YACTHBIM Cly4aeM CBOWCTBA JEpeBa MouckKa.

r) Co6anaHcupoBaHHble GMHapHbIE AepeBbs MOKUCKA BCEraa MpeAroYTHTEb-
Hee OTCOPTHPOBAaHHbIX MACCHUBOB.

3apaua 11.2. laHo GMHapHoe JepeBo ¢ » BeplUMHAMH (Yepe3 yKas3aTenb Ha €ro
KopeHb). Kaxapiii y3en aepesa MMeeT NoJie ¢ pa3MepoM size, kak B pasgeie 11.3.9,
HO 3TH NOJIA elle He 3anoiHeHbl. CKoNbko BPEMEHH HEOOXOAUMO H AOCTATOYHO
JUIS BBIYHUCIIEHUS NPABUILHOrO 3Ha4YEHHUs 111 Beex nonei size?

a) O(svicoma)
6) O
B) O(nlogn)
r e’
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3apa4a no NnporpaMmMmUpoOBaHNIO

3anaua 11.3. Dta 3anaya Ucnosnb3yeT 3ajayy O NOAAEpXKe MEAWaHbl U3 pasle-
na 10.3.3 ans pa3BeabIBaHHA OTHOCHUTEbHON pe3ybTaTUBHOCTH Ky' W JlepeBbEB
noMcka.

a) Peanusyiite Ha BaweM noOMMOM f3blke MPOrpaMMHPOBaHUA pelleHHe
€ MCNOJIb30BaHHEM KyuH u3 pasaena 10.3.3 3anauu o nonaepxke MeanaHsl.

6) Peanusyiite peuleHHe naHHOM 3a1ayH, HCNOJb3YIOLIEE EAMHCTBEHHOE fe-
peBO NOMCKa M €ET0 onepauut BcTaBUTL M Y IAIHTS.

Kakas peannzauus 6bicTpee?

Bbl MOXeTe HCMONb30BaTh CYUIECTBYIOLNE PEAIU3ALHMHN KYUY M JepEBLEB MO-
ucka nnbo peannszoBaTh coOcTBeHHbIe ¢ Hyna. (O6paTuTech k calTy www,
algorithmsilluminated.org ans nonyyeHHs TECTOBBLIX ClyuaeB M HaOOpOB AAHHbIX
s 3aj1a4.)
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M&! 3aBepluaeM BTOPYIO 4acTb KHHIM HEBEPOATHO MOJE3HOH M pacmpocTpa-
HEHHOW CTPYKTYPOH JaHHbIX MOJ Ha3BaHHeM xell-Tabauua (unu xew-tabnuua
coorBetcTBHA, hash map). Xelw-Tabnuupl, nogobHO KyuaM M AepeBbAM MOHMCKa,
MOAJEP>KMBAIOT HBOJIIOLIMOHHPYIOLLIEE MHOXECTBO 0OBEKTOB, aCCOLIMMPOBAHHBIX
¢ KIo4aMHy (M, BO3MOXHO, 60JILIIMM KOJIHUECTBOM APYrUX AaHHbIX). B oTinuue
OT KyUYH U JlepeBbeB MIOMCKA, OHU He MOAJEePXKUBAIOT HUKakoi HHGopMaunH o6
ynopaoueHun Boobie. CMbICH CYHIECTBOBAHUA Xell-TabauLbl COCTOHT B TOM,
4TO6B! 06NErYHTL CBEPXOLICTPBINA MOKUCK, KOTOPDIH TakkKe B ITOM KOHTEKCTE Ha-
3piBaeTcad npocmMotpom (lookup). Xeww-Tabnuua MoXeT cka3aTe BaM, YTO B Hell
€CTb, a YETO HET, U MOXET CAENaTh 3TO O4YEHb M OueHb 6bICTPO (HaMHOrO HLICTpEE,
yeM Ky4a i AepeBo noucka). Kak o6blMHO, Mbl HAYHEM C MOAAEPXKHBAEMBIX
onepauuii (pasaen 12.1), 1 ToNbKO MOTOM NepeiiaemM K npuMeHeHusM (pasaen 12.2)
M HEKOTOPbIM JOMOJHUTENbHBIM AeTaNaM peanusauuu (pasgensl 12.3 u 12.4).
Pasgenw 12.5 u 12.6 oxpatbiBatoT ¢unbTpbl bayma, 61M3kux poACTBEHHHKOB
xell-TabNuL, KOTOpble HCMOMb3YIOT MEHbLLE MECTA 3a CYET Clly4aiHbIX OLUHOOK.

12.1. Noanepxuneaembie onepauum

CMbICH CYLLIeCTBOBAH M XeL-TabaHLbI 3aKII0YAETCA B OTCIIEKHBAHHH 3BOMIOLHO-
HUPYIOLLIETO MHOXECTBA OOBEKTOB C KIIOYaMH, PH 3TOM NMOAAEPXKHBasA ObICTPbIN
nouck (Mo kntouy), 61arogaps yemy Jerko NpoOBEPUTE, UTO B HEH €CTh M YET0 HET.
Hanpumep, ecnu Bawia kOMNaHUs yNpaBiseT CaiATOM 3JEKTPOHHOH TOProBiu,
TO Bbl MOXETE HUCMOJb30BaTh OAHY Xell-Tab/nlly ANS OTCAEXKHBaHHA COTPYAHH-
KOB (BO3MOXHO, C MMEHAMH B Ka4€CTBE KIIOYEi), APYTyIo MUl XPaHEHHUS MPOUIIBIX
TpaH3akuMii (¢ MAEHTHHKATOPaMH TPAaH3aKLIMH B KaueCTBe KItouei) U TPETHIO AN
3anIOMHHaHMA NoceTUTeNel Balero caiita (¢ IP-agpecaMu B kauecTse Kioueh).

KoHuenTyanbHo xel-Tabinuy MOXXHO paccMaTpuBarh kak MaccuB. EauHcTBEHHO,
YeM XOPOLLUM MacCHBbl, — 3TO HEMEUICHHBIM CJyuaiiHbIM K HUM aoctynoM. HyxHo
Y3HaTh, YTO HAXOAWTCA B NO3HLHH HoMep 17 maccusa? [Ipocto obpaTtuTech k 3TOM
NO3ULHUHU HAMPAMY!IO, 33 TIOCTOSIHHOE BpeMs. XOTHTE U3MEHHUTb COIEPXKHUMOE B M10-
3unuK 23? OnaThb e JIerko, 3a NoCTOSHHOE BpeMsl,

TTpeanonoXxum, BaM Hy>kHa CTPYKTypa AAHHBIX 1/ 3aMOMHMHaHUs Tele(OHHBIX
HOMepOB BalLMX apy3ei. Eciu nose3erT, Bce Bally py3bS MMEIOT HEOOBIMHO «Tpo3a-
MYHBIX» POAHTENEN, KOTOPLIE HA3BAIH CBOUX JeTel B YECTh MONOKUTE/IBHBIX LEbIX
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yucen, ckaxeM, ot 1 10 10 000. B 3ToM cnyuae Bbl MOXeETe XpaHHTb TeNePOHHbIE
HoMepa B Maccuse 1iHo# 10 000 (To ecThb He TakoM GosbLioM). Ecnu Bawero ayu-
wiero apyra 30ByT 173, coxpaHuTe ero HoMep TenedoHa B no3uunu 173 maccusa. [{ns
TOIO YTO6b1 3a0bITh O CBOEM ObiBLLIEM ApYre S48, 3aMeHHTE NO3HLHIO 548 3HaUeHHEM
no yMonyaHHio. JTO pelueHne Ha OCHOBE MaccHBa paboTaeT XopoLlo, JaxXe eciu
BalLM JPY3bs CO BPEMEHEM MEHAKOTCS — MPOCTPAHCTBEHHbIE TPEOOBAHHSA CKPOMHbI,
a oriepalyH BCTaBKH, YIANEHHA 1 MOKUCKA BBINONHSIOTCH 33 NOCTOSHHOE BPEMS.

BeposTHo, y Bawinx Apy3eil ecTb Oonee HHTepecHbIE, HO MeHee ya00HbIe HMeHa,
TakHe kak Anuca, o6, Kapon u tak ganee. MoxeM 11 Mbl N0-NPEXKHEMY HCNONb-
30BaTh pellleHne Ha OCHOBe MaccuBa? B mpuHumMne, Bbl MOXeTe NOAJEPKHBATL
MaccHB € 3an1CAMH, HHAEKCHPOBAHHBIMH 10 KaX/OMY BO3MOXHOMY HMEHH,
KOTOpoe Bbl koraa-nubo Buaeny (He Gonee, ckaxem, 25 O6yks). [lns Toro 4ToOsl
NOCMOTpETb HoMep TenedoHa AHChI, TO MOXHO 3arIAHYTh B MO3WUMHU «ANHCAY
Maccusa (puc. 12.1).

—>+1-415-555-5555
—>+1-212-999-9999

—> null

E—
—
—

§....:g;§.....:§.....

Puc. 12.1. B npuHuune, Bbi MOXETE XPaHUTL TeNnadOHHBIe HOMEepPa saLlux APY3en
B MaccuBe, WHOEKCUPOBAHHOM CTPOKOBLIMU 3HA4YEHUAMU ANUHOK He Bonee
25 cumeonos

TECTOBOE 3AIAHME 12.1
CKOnbKO CYLIECTBYET CTPOKOBbIX 3HayeHHH ANMHON 25 cHMBO-
noB? (BbibepHTe caMoe CHNbHOE HCTHHHOE YTBEPXAEHHE.)

a) Bossliie, 4eM KOAMYECTBO BOJIOC Ha MOJIOBE,

6) bonblue, yeM YUCnO CyLLECTBYIOLLMX BeO-CTpaHHL.
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B) bonelue, yeM obwuit 06beM XpaHuHLLA, JOCTYHOrO Ha 3eMiie
(B buTax).

r) Boaeuie, yeM yncno atoMoB Bo BeeneHHoii.
(PeweHHe 1 nosicHeHHe cM. B pazaene 12.1.1.)

CyTb TeCTOBOrO 3a1aHHs 12.]1 B TOM, 4TO MaccHB, HEOGXOAMMBIH )15 3TOrO pelile-
Hus, CJIMILIKOM BEJIHK. CymecTtByer 1 ansTepHaTUBHASA CTPYKTYpa AaHHbIX,
KOTOpas NOBTOPSET BCHO (QyHKLUHOHANLHOCTh MAaCCHBA C NOCTOSHHO-BPEMEHHBIMH
onepauMsMH BCTaBKH, YAaTl€HHS W NOHCKA, a TakxKe HCMOJb3YyeT NPOCTPaHCTBO,
MPONOPLUHOHAIBHOE YHCITY XPaHHMBIX 00bekToB? Xell-Tabnuua ABiseTcs HMEHHO
TaKo# CTPYKTYpPOH AaHHBIX.

XEU-TABJINUDI: MOJAEPXKHWBAEMBIE OTNIEPALIUU
IrocMoTrETL (lookup, Takke uMeHyeMas OTbICKATS): MO KJtO4Y &

BEPHYTh yKa3aTeib Ha 0ObEKT B Xxell-Tabnuue ¢ katouoM k (JIHGo
COO0LIUTB, UTO TAKOro OOBEKTA HE CYLIECTBYET).

BCTABHTB: € y4€TOM HOBOrO 06bekTa x 106aBUTH x B XelU-TabnuLy.

Y AATNTb: MO KINKOUY k YAANHUTE OOBEKT ¢ KITOUOM k W3 XeL-TabnH1IbI,
€CJIH OH CYLIECTBYET.

s e E e S VN e T £ A ey

B xew-Tabnuue Bce 3TH onepauui oGBIMHO BBIMOMHAIOTCSA C NOCTOAHHBIM BpE-
MEHEM, COOTBETCTBYIOILINM HAUBHOMY pELLEHHIO HA OCHOBE MacCUBa, B paMKax
HECKOJIbKUX AONYILEHHH, KoTopble 06bIMHO COONIOAAIOTCA Ha MpakTHKe (Onu-
caHHpIX B pasaene 12.3). Xew-rabnuua Mcnonb3yeT NpoCTpaHCTBO, THHEHHOE
10 4YUCITy XPaHHMBIX 06BEKTOB. DTO paAHKaNbHO MEHbLIE, YeM NPOCTPAHCTBO,
HeobX0AMMOE 1151 HAMBHOTO PELIEHHA Ha OCHOBE MAaCCHBA, NPONOPLUHOHAILHOE
YHCNY BCEX MBICIUMBIX 0OBEKTOB, KOTOpPBIE MOTYT KOrAa-NTMG0 NOHAN0OUTHCA
Ana xpaHenus. COOTBETCTBYIOLIMI NepeyueHb Nnokasarelieli BLIIIAANT Cleayo-
KM obpazoM.
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Ta6nuua 12.1. Xew-tabnuupl: noaaepXxmBaemMbie onepaumm u ux TUNUYHoe Bpe-
MS BbINONHEHUA. 3Be3404Ka (*) 0603Ha4aeT, HTO rpaHuLUA BPeMEHM BLINONHEHNA
cobniopgaeTcs Toraa U TONLKO TOrAA, Koraa xew-Tabnvua peannaosaHa A0NKHBLIM
06pa3oMm (C xopouwen xew-PyHKUMER U COOTBETCTBYIOWUM pasMepoM TabnuLibl)
¥ AaHHbLIe He ABAKIOTCA NATONOrMYeCKUMK, CM. paaaen 12.3 no nosoay noapo6 -
HOCTEWN

Onepauus TUNUYHOS BPEMA BLINOTHOHUN
[TPOCMOTPETD o()*
BCTABUTH o)
Y 1AInTh o*

[MonBoas UTOT, XewWw-TabnUuUbl He NOAIEPXKHBAIOT MHOTO OMEpauHii, HO To, YTo
OHH JIe1aloT, UM yAaeTcs OuYeHb W 04YeHb Xopolo. Beakuii pa3, xorna onepauuu
NPOCMOTPa COCTABJIAIOT 3HAYMTENbHBLA 00beM paboThl Balleii NporpamMMmsl, y Bac
B MO3T'Y JI0JDKHO LIEJIKHYTh: nporpaMme TpebyeTca xelu-tabnuua!

KOrAA UCNOJIb30BATb XEW-TABANLUY

Ecnu npunoxeHunio TpebyeTcA BLICTPHIA NOUCK C AUHAMUYECKN U3MEHSIIO-
LWMMCA MHOXeCTBOM 06bekToB, To xew-Tabnvua obuiHHO ABNRETCA Npeano-
YTUTENbLHOW CTPYKTYPON OaHHbDIX.

12.1.1. PeweHue TectoBoro 3apauma 12.1

IMpaBHABHLIIH 0TBeT: (B). CMbICJ 3TOMO TECTOBOIO 3a1aHUA COCTOUT B TOM, 4TOObI
nopasieuscs, IyMas 0 HEKOTOPbIX AEHCTBUTENBHO GONBLIMX YNCTIAX, & HE C LeNbiO
ornpeaeseHUs NpaBUILHOTO OTBETA Kak TakoBOro. JlonyCcTUM, 4YTO CyIIeCTBYET
26 BapMAHTOB CUMBOJIOB — WIHOPHPYS 3HAKH MPEMUHAHUSA, CHMBOIbI BEPXHErO
¥ HHXKHero peructpa u Tak aanee. Torna cyuectByeT 262 25-6yKBeHHBIX CTPOKO-
BbIX 3HAYeHHii, KOTOpble UMEIOT Nopsaaok npuMepHo 10%. (EcTb Takoke CTpOKOBbIE
3Ha4eHHs ¢ 24 OyKBaMH WK MEHbLLE, HO OHW HE3HAYMTENbHBI [0 CPABHEHHIO CO
CTPOKOBBIMHU 3HaU€HHs UTHHOMH 25 CUMBOJIOB.) YHC0 BOJIOC HA MOJIOBE YesloBeKa,
KaK npaBu0, coctaBnseT okoso 105, TTpounaekcupoBanHas BceMupHas nayTHHa
MMeeT HeCKOJIbKO MHJLTHAp0B BeG-cTpaHuL, HO fakTHueckoe YHC10 BeG-CTpaHmL,
BEPOSATHO, COCTABJAET OKOJIO 0AHOro TpuanHoHa (10'2). O6wuii o6beM naMaTH Ha
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3eMjie B 6UTax OLEHUTH TPYAHO, HO, O KpaitHei mepe B 2018 roay, OH HaBepHsika
He nipeBblian HoraGaiit (10% 6aiit, unu npumepHo 10% 6uT). Mexay TeM 4yucno
aToMOB B M3BecTHoil BcenenHoit oueHnBaerca npumepto B 10%,

12.2. NMpumeHeHusa

[1pocTo nopa3uTensHO, CKONBKO Pa3HbIX NMPUNOXKEHHH CBOAATCS K MOBTOPHBIM
onepauusiM MPOCMOTpa M, CIeJ0BaTeNIbHO, TPeOYIOT Hanuuus Xxell-Tabnuubl.
Ewe B 1950-x rogax uccieaoBaresid, CO3aBaBlUNE TEPBbIE KOMIUMATOPHI,
HYXAAJUCh B mabauye cumgonos, Noj KOTopod noapasymeBanacb Noaxoas-
11asg CTPYKTypa AaHHBIX )11 OTC/IEXKUBAHUA UMEH IPOrPaMMHBIX NEPEMEHHBIX
1 pyHkuuid. Xew-Tabnuupl Ob111 CO30aHB! HMEHHO JUIS 3TOrO TUNA NPHIIOKEHUH.
B kauectBe 6onee COBpeMEHHOI0 NpUMepa NpeACTaBbTe, UTO 3aja4eit ceTeBoro
MapLUpyTH3aTopa ABiseTca OIOKHPOBKa MAKETOB JAHHBIX C OnpeAeneHHbIX |P-
aipecoB, BO3MOXHO, PUHAANEXKALUKMX ciamepaM. Beakuid pas, korna moctynaer
HOBBIii MMaKeT JaHHbIX, MapLIPY TH3ATOP AOJIXKEH NPOCMATPUBAThL JaHHbIE, NPO-
Bepss, HaxoauTcs i 1P-aapec uctounnka B 4epHOM criucke. Ecnu 3710 Tak, 10
OH oTOpachIBaeT naker; B IPOTUBHOM CJ1y4ae OH MEpeaapecyer NakeT B MyHKT
ero HazHayeHus. OMATh XKe, ITH HEOAHOKPATHBIE MPOCMOTPbI JAHHBIX HAXOAATCS
B BEICHUH Xew-Tabnuu.

12.2.1. NpumMmeHeHue: ycTtpaHeHne ayonupoBaHus

Yempanenue dyonuposanus ABNS€TCS KAHOHUUECKMM NPUMEHEHHEM Xell-Tabmuu.
INpeanonoxuM, Bl 0OpabarbiBaeTe OrpOMHBIH 00bEM AaHHBIX, MOCTYNAIOLIUX
MOTOKOM 10 OAHOMY (parMeHTy 3a pa3s. JlonycTum, 4To:

Q Bbl genaete oaMH MpPOXoA MO OrpOMHOMY Gaiiny, XpaHsAweMycs Ha AHCKe,
K MPUMEPY, CO BCEMU TPAH3aKLUMUAMHU KPYITHOW PO3ZHUYHON KOMIIaHUH 3a Mo-
CleHUH rof.

QO Bsl ckaHMpyeTe BeG-CTpaHULbl U 06pabaThiBaeTe MUIIHAPALI BEG-CTpaHHLL.

Q Bhl oTcnexuBaeTe MakeThl JaHHBIX, TPOXOAALLHE Yepe3 CETEBOi MaplupyTH-
3aTOp C BBICOKOH CKOPOCTBIO.

Q Bbl HabnkoaaeTe 3a NoCETHTENAMM Ballero Beb-caiita.
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B 3amaue ycTpaHeHus qyOnupoBaHus Ballla OTBETCTBEHHOCTb 3aKJIIOYAETCS B TOM,
YTOObI HTHOPUPOBATD Ly GIMKATHI M OTC/EXHBAT TONBLKO HECOBNAAAIOLINME A0 3TOMO
K1oud. Hanpumep, Bac MOXET HHTEpECOBATh YHCNO HecoBnazarouMx IP-anpecos,
KOTOpble 0Opallanych K BallleMy BeO-CaiTy, B AONOIHEHHE K CYMMapHOMY YHCITY
nocewieHui. Xeln-rabnuiibl o6ecrneyuBaloT NPOCTOE peLeHHE 3a1a4H yCTPAaHEHHS
Ay6nupoBaHHs.

S g B B e a5 e

YCTPAHEHME AYBJHPOBAHUA C XEI-TABJALEA
[pu nocTynneHHH HOBOIO 0OBEKTA X € KNHOYOM k:

1. TNpuMeHnTsb Onepauuto [IPOCMOTPETb, NS TOTO YTOObI TPOBEPHUTD,
COAEPXHUT JIH Xell-Tabnuua ofbexT ¢ KIIOYOM k.

2. Ecsu HeT, TO NpUMEHUTL onepauuto BCTABHTS, 18 TOrO YTOObI
MOMECTHUTH X B XeLLU-Ta0HLLY.

A A L et T e P b A S P L S NI TR T e

[Mocne 06paboTKH AaHHBIX Xe1U-Tabn1La COAEPKHT POBHO OAHH OOBEKT B pacuere
Ha KJTKOY, NpeJCTaBIEHHbIH B MOTOKE AaHHbIX'.

12.2.2. NpnmeHeHune: 3apa4a 0 CyMMe ABYX uucen

Hauwr cnenyrowuit npumep 6onee akaaeMuueH, Ho OH WILTIOCTPHPYET, Kak 0BTOp-
Hbl€ MPOCMOTPbI MOTYT MOABIATECA B HEOXHAAHHbIX MecTax. [1pumep kacaeTcs
3a]a4Yd 0 cymMMe ABYX 4ncen (2-SUM)2.

3AJAYA: CYMMA ABYX YUCEJ
Bxoa: HECOPTHUPOBAHHBIA MAacCHB A U3 n LENbIX YHCEN U LENEBOE
LeJI0€ YUCIIO 1.

! B 6onbUHHCTBE peann3aumii Xel-TabaHL MOXXHO BbITIONIHATL HTEPATHBHBIA 06X00 Xpa-
HMMBbIX OOBEKTOB B HEKOEM NPOM3BOILHOM MOPALKE 33 IMHEHHOE BpeMA. DTO NO3BOAET
npoaokHThL 06paboTky 0OBEKTOR NOC/E yAANEHHA OyONNKATOB.

2 Cwm. onxcanHe 3ama4l o cyMMe aByx uncen (2-SUM) no ccbuike hitps://coderbyte.com/
algorithm/two-sum-problem. — lTpumeu. nep.
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Ileas: onpeaenuTs, CyLWECTBYIOT 1M J1Ba YHCNa X, ¥ B A, Y10BNETBO-
p y y y Y.
pstowe x +y =1\,

e L it i T

3anaua o cyMMe ABYX UMcen MOXET ObITh pelueHa MyTem MOUCKa METOAOM MOJI-
Horo nepebopa (unu «rpy6oii cunbp) — METOROM nociea0BaTeNnbHOTO Nepebopa
BCEX BO3MOXHOCTEH AN x U y U NpoBepkH, paboTaeT nu kakas-1160 U3 Hux. [lo-
CKONBKY CYLIECTBYET 1 BAPUAHTOB J11 KAXKIOTO U3 X U ¥, 3TOT AJITOPUTM SABIAETCA
KBaJIpaTUYHO-BPEMEHHBIM (O (1?)).

Mb1 MoxeM 100UThCA nyuliero, [lepBoe ktoueBoe HabIONEHHE COCTOUT B TOM,
4TO U151 KKAOTO BAPHAHTA X MOXeT paboTarh TONAbKO OAHH BapHaHT Ans y (a UMEH-
Ho, t — x). Tak noyeMy Obl HE MOUCKATh UMEHHO 3TOT )?

CYMMA JABYX YHCEJI (TIONBITKA Ne 1)
Bxoa: MaccuB 4 U3 n LenblX YUCEN U LEIEBOE LEII0e YKCAO L.

Boixoa: «nay, ecnu A[i] + A[j] =t ans Hexotopbix i,j € {1,2,3, ...,
n}, «HeT» — B POTHBHOM cly4ae.

fori=1tondo
y=t—A[i]
if 4 conepxur y then  // nuHedHbid nouck
return «aa»

return «HeT»

Jto nomoxet? L{uki for uMeeT n uTepaumii, a 1714 NOMCKa LENOro YUCIa B HECO-
PTHPOBaHHOM MaccHBe Tpebyercs THHelHoe BpeMs, MOITOMY, NIOXO0XKe, ITO elle
OJIMH KBaJpaTHYHO-BPEMEHHOI anroput™. Ho noMHHTE, COPTUPOBKA SBASETCS

I CyuwecTByKOT 1BE HEMHOTO pa3Hbie BEPCHH 3TO 3a1a4H, B 3aBUCHMOCTH OT TOTO, IOJDK-

HbI M X U Y ObITh pa3HbIMU. MBI AOMTYCTUM X = y; ApYTOi Cyuail HOX0X (KakK Bbl CAMH
Moxete ybenuTeca).
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6ecnnaTHbIM NMPUMHUTHBOM. Hoqemy 6b1 He 3aaeiicTBOBAThL €€, AJI TOrO 4100
BC€ Oonepauuy noucka Morjid BOCNoJ1b30BaTbCA OTCOPTHPOBAHHLIM MaccHBOM?

CYMMA JBYX YHUCEJI (PELUEHHUE HA OCHOBE
OTCOPTHPOBAHHOI'O MACCHBA)

Bxon: MaccuB A U3 1 LEBIX YUCEN U LENEBOE LEIOE YHCIO L.

Boixon: «aa», ecnu A[i] + A[j] =t ans Hekotopsix i,j € {1,2,3, ...,
n}, <HET» — B MPOTHBHOM CJlyuae.

sort A // wcnonb3yAa noAnporpammy COPTUPOBKH
fori=1tondo
y =t Ali]
if A conepxut y then  // nsownusbik nonck
return «Jaa»

return «HeT»

TECTOBOE 3AJAHHE 12.2
KakoBo BpeMs BLINOJHEHUS NPOCBELLEHHOM peaH3aliH alropuT™Ma

Ha OCHOBE OTCOPTHPOBAHHOIO MAacCHBA AJA 3a4aud O CyMMeE IBYX
yhcen?

a) O(n)

6) ©(nlogn)
B) O(n")

r e@)

(Peuenye u noscHeHue cM. B pazaene 12.2.4.)

AR I e et AR T R R S S T e B 0 e A e NS ST N i O S e Ve BN T B R

PeweHue 3agauu o CyMME ABYX 4YHUCEJl HA OCHOBE OTCOPTHPOBAHHOI'O MacCHBa
3HAYHUTEbHO JIY4Yl€ N0 CPABHEHHUIO C MOUCKOM MOJHLIM nepe60p0M, H OHO J€-



204 Fnasa 12. Xew-tabnnusl v dGuneTpbl bayma

MOHCTPHPYET 3JIEFaHTHYIO CHJTY aIrOPUTMHYECKHX HHCTPYMEHTOB U3 nepeou
yacmu. Ho Mbl MoxkeM 00UThCS ewle 6onblero. OKoHYareNbHOE MOHNMaHHe
OCHOBBIBAETCS HA TOM, YTO 3TOT AJINOPHTM HY)XAANICS B OTCOPTHPOBAHHOM MaccHBe
TONBKO B TOM Mepe, B Kakoil 310 HeobxoanMo A GeicTporo noucka. [ockonbiy
00b1Uad YacTh paboThI CBOAUTCS K MOBTOPHBIM MPOCMOTPaM, Y BaC B MO3Ty JOMK-
HO LLENKHYThb: OTCOPTUPOBAHHbIH MACCUB ABSETCS U3NULLHUM, H TO, K Y€MY 3TOT
aIrOPUTM AeHCTBUTENBHO B3bIBAET, TaK 3TO Xell-Tabanua!

CYMMA ABYX YHCEJI (PELHEHHE
HA OCHOBE XEUI-TABJTHLBI)
Bxon: MaccuB A U3 1 LENBIX YUCEI M LIEIEBOE LEJIOE YHCIIO L.

Brixon: «1a», eciau A[i] + A[j] = ¢ nns Hekotopeix i, j € {1, 2,3, ...,
n}, «HeT» — B MPOTUBHOM CIIy4ae.

H = nycras xew-rabnuua
fori=1tondo
BcraButh A[i] B H
fori=1tondo
y =t—Ali]
if H copepxut y then // ucnonesya onepauuw «MpocMOTpeTb»
return «aa»

return «HeT»

Hcxons M3 xopouieil peanusaunu xelt-Tabnuubl 4 HENATOJOTHYECKUX JAHHBIX,
onepauuy BcTaBuTh M [IPOCMOTPETD, KaK MPaBHJIO, BBIMIOJHAKOTCS ¢ MOCTOSHHBIM
BpeMeHeM. B 3ToM cnyuae pellleHue 3aJayd O CyMMe ABYX YHCEN Ha OCHOBe
Xell-TabuLL BLIMONHAETCA B Auneunoe BpeMs. [lockonbky no6oii npaBUnbHBINA
AJINOPUTM JI0JKEH MPOCMATPHBaTh KAXKA0€ YHCIO B A XOTs Obl OMH pas, 3TO Bpe-
Msl BBITIOJIHEHHS ABNAETCH HAMNYULUIUM U3 BO3MOXHBIX (BMIOTb A0 MOCTOSHHBIX
MHoOXcUTENEH).
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12.2.3. NpumeHeHne: NOUCK B OrPOMHbIX
NPOCTPAHCTBAX COCTOAHUN

Xeww-Tabnuipl Beeleno npeaHa3HaueHbl A yckopenus noucka. OJHa U3 npu-
KNaaHbIX obnacteif, B KOTOPO#H MOUCK BCTPEYaeTcs NOBCEMECTHO, — 3TO KOM-
NbIOTEPHbIE UIPbI, U, €M TOBOPUTH Gonee 0600LEHHO, 3a1auHl NNaHUPOBaHUA.
[Tonymaiite, Hanpumep, 0 lWaXMaTHOH NporpaMme, pa3BeAbIBatOILEH TOCAEACTBHA
pa3au4HbIX x040B. X nocnenoBareNbHOCTh MOKHO paccMaTpHBaTh Kak MyTH
B OFPOMHOM OPHEHTHPOBaHHOM rpade, rie BepLIHHbI COOTBETCTBYIOT COCTOSA-
HUAM Hrpbl (MO3MLMAM Bcex QHUIyp M TOMY, uei ceifuac xon), a pebpa — xonam
(nepexoaaM M3 ofHOro cocToAHM B Apyroe). Pasmep 3toro rpada — acTpoHo-
Muueckuii (Gonee 10'® peplUnH), NO3TOMY HET HHKAKOH HaaeK /bl 3aNMCaTh €ro
SIBHO W NPUMEHUTD N1000# U3 HalLIMX aNrOpUTMOB IPaoBOro NOUcKa U3 rmassl 8.
Bonee croBopuuBas ankTepHaTHBa — BbINONHUTb ANTOPHTM rpad)oBOro MoMc-
Ka, TakoH Kak MOMCK B LIMPHHY, HA4MHas C TEKYILEro COCTOSAHHUS, W pa3BelaTh
KPaTKOCPOUHblE MOCAEACTBHS pa3HbIX XOA0B A0 AOCTHXKEHHS OrpaHH4EHHA Mo
BpeMeHH. JIns Toro 4toObl y3HaTh Kak MOXKHO Gonblue, BakHO H3beraTb pas-
Be/[lbIBAHUA BepUIHHBI GoJiee OAHOMO pasa, Mo3TOMY AJITOPHTM MOHMCKA AOKEH
OTCJIEXKNBATH YKe NMOCElEHHbIE UM BepiWHbL. Kak U B HallieM MPHAOKEHHH AN
yCTpaHeHHs AyOnupoBaHHs, 3Ta 331a4a NPaKTHYECKH CO3aHa A5 Xell-TabnaHLbl.
Korzaa anroput™ noucka OCTHraeT BepILHMHbI, OH OTHICKUBAET €€ B xeLl-TabnHue.
Ecau BepliMHa yke CYLIECTBYET, TO AIMOPUTM €€ NpONycKaeT U BO3BpalLlaeTcs
Ha3a; B NPOTHBHOM Cy4ae OH BCTaBAsET BeplUMHY B xewl-tabnuuy v npoaon-
*KaeT ee pasBeabiBaHHe' >

! B MrpoBbIX MPWIOKEHNAX CaMblif NOMYIAPHBIN ANTOPHMTM rpad)oBOro NOMUCKa Ha3LIBACT-
¢ NOMckoM A* («4 38e31a»). ANTOPHTM NOHCKA A* ABIAECTCA LENEOPHEHTHPOBAHHEIM
0606weHreM anropuTMa [leHikcTpsi (rasa 9), koTopblii 106aBNAET B ACAKCTPOBY OLEHKY
(ypaBHeHue 9.1) pebpa (v, w) 3BPUCTHUYECKYIO OLEHKY CTOMMOCTH, HEOOXORMMOMH AN
nepeMelIeHHs M3 W B «UENEBYIO BEPILIMHY». Hanpumep, eCnH Bbl BLIUMCIAETE MapLL-
PYThbl ABH>KCHHSA M3 331JaHHOTO MUCXORHOTO MYHKTa A0 334aHHOIO MYHKTa Ha3HA4YeHHA ¢,
TO IBPHCTHYECKOH OLUCHKOH MOXKET ObITb PaCCTOAHHE NO NPAMOHA H3 W B 1.

2 3amymaiiTech O COBPEMEHHBIX TEXHOMOTHAX H MOPA3MBLILLIANTE, IAE E11E HCTIONB3Y HOTCA
xew-Tabnuusi. Ha 10, 4T06b1 Y BaC MOABHIIOCH HECKOIBKO XOPOLIMX AOTANOK, HE yiHaeT
MHOTO BpEMEHH!
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12.2.4. PewieHue TecToBOro sagavua 12.2

IMpasuabHbli oTBeT: (6). [lepBbiii War MOXeT ObITL peann3oBaH 3a BpeMS
O(n log n) c NOMOLLBIO ANTOPUTMa MergeSort (ONTHCAHHOIO B nepsou yacmu) N6o
anropuT™a HeapSort (paszaen 10.3.1). Kaxxnas u3 n utepaunit uukia MoxeT ObiITh
peanu3oBaHa co BpeMeHeM O(log n) nocpeacTBOM ABOMYHONO mokcka. CloxuB
BCE BMECTE, NOJIYYHUM KOHEUHYIO IpaHHLy BpeMeHH BelnonHeHHs O(n log n).

*12.3. Peannzauyua:
BbICOKOYpPOBHEBas naes

B 3TOM paszaene paccMarpuBaroTcs HanGonee BaKHble BbICOKOY POBHEBbLIE HEH
B peanu3alMi xew-Tabnauy; xew-GyHKUMH (KOTopble 0ToOpaxaloT KII04H B Mo-
3ULMK B MaccHBe), KOJITH3HHU (pasHble KIIIOYH, KOTOpble OTOOpaXaroTcs B OAHY H TY
e MO3HLHNI0) U Hanbosee pacnpoCTPaHEHHbIE CTPATErHK Pa3peLeHHs KOIH3HA.
Pasnen 12.4 npepnaraer 6onee noapoOHble pekOMEHIALHHU MO pealn3aUyy Xew-
TabaULbI.

12.3.1. [lBa NpoOCTHIX peLIeHUN

Xew-tabnuua XpaHAT MHOXECTBO S KIOYel (M acCOUMHPOBAHHBIX C HUMH AaH-
HBIX), B3SThIX M3 YHHBepcyMa U Bcex BOSMOXHbBIX kmodued. Hanpumep, U Mmoxer
ObITh BceMH 2%2 Bo3MOxHbIMH |Pv4-anpecami, BceMH BO3MOXKHBIMH CTPOKOBbIMH
3HAYEHHAMH AJIHHOMH He Gonee 25 CHMBOIOB, BCEMH BO3MOMXHbBIMH COCTOSHHAMH
1IaxMaTHOM 1OCKH U Tak aanee. MHoxecTBo S MoxeT 6biTb |P-anpecamu, dakTrye-
CKH NMOCETHBLINMH BeO-CTpaHHLLy B TedeHHE NOC/IeAHNX 24 yacoB, GaKTHYECKUMH
MMEeHaMH BalIUX Apy3eit MO0 COCTOSHMAMM 1IAXMAaTHO! AOCKH, KOTOpbIE Balla
nporpamMMa pa3BeAana 3a MocieAHHe NATh CeKyHA. B 601bLIMHCTBE NPUMEHEHHHA
xew-tabauy pasmep ynusepcyMa U sBngeTcs aCTPOHOMKYECKHM, HO pa3Mep noa-
MHOXECTBA S N01aeTCs YNPaBIEHHUIO.

! Bonee ObicTpas peanu3auus HeBo3MoxHa. [10 kpaiiHeit Mepe, C MOMOLLBIO YNPaRIAEMOro
CpaBHEHHEM aNrOpHTMa COPTHPOBKH (CM. CHOCKY 2 Ha c. 141 B rase 10).
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OZHHM KOHLENTYaIbHO NPOCTLIM CNOCO60M peani3oBarh onepauuH [IPOCMOTPETS,
BCTABUTH 4 Y IANNTD ABNSIETCA OTCIEKHBaHHE OObEKTOB B 6ONbLIOM MAacCHBE, C OA-
HOM 3aMMChI0 B MACCHBE ANS KaXA0r0 Bo3MoxkHoro Kitoua B U. Ecnu U asnserca
HeGOMNbLIHM MHOXECTBOM Hanofo0ue BCeX TPEXCUMBOJIBHBIX CTPOKOBBIX 3Haue-
HU# (CKaxeM, I TOro YToObl OTCNEKUBATL AIPONOPTHI NO HX TPeXOYyKBEHHBIM
KOaM), TO 3TO peLIEHHE Ha OCHOBE MacCHBa ABNAETCA XOPOLIWUM, MPH 3TOM BCe
ornepaudy B HEM BLIMOJIHAIOTCA 33 NOCTOSHHOE BpeMs. Bo MHOrMX npunomkeHUsX,
B KOTOPbIX YHUBepcYM U upe3BbluaifHO BeNHK, 3TO peleHHe OyaeT abCypaHbiM
M HEBLIMONHUMbIM; Mbl MOXEM PEaNUCTHYHO PACCMATPUBATH TOJILKO T€ CTPYKTYPbl
JaHHBIX, KOTOpble TpeGyIOT MpoCTpaHcTBa, NponopunoHansHoro | S| (a we | U)).

BTopbIM NpocThIM pelieHHeM SBASETCS XpaHeHHe 00beKTOB B CBA3HOM CIIHCKE.
Xopolue#l HOBOCTBLIO ABNSETCA TO, YTO MPOCTPAHCTBO, HCHOJb3YEMOE ITHM
pelleHHeM, nponopuxdoHaibHo | S|. [1noxas HOBOCTb 3aK/IIOYaETCs B TOM, YTO
BpEMSA BhINONHEHHA onepauuii [IPOCMOTPETh U Y IANUTH TaKxke MacluTabupyercs
nuHelHOo BMecTe ¢ | S| — 4TO ropasfo Xyxe, YeM NOCTOSIHHO-BPEMEHHbIE Ofe-
pauuu, NoALEP>)KHBaEMble peLICHHEM Ha OCHOBE MaccHBa. CMBbIC Xel-TabnHLibl
COCTOMT B TOM, 4TOOBI JOCTHYb HaWJly4lero u3 060MX MMPOB — NpPOCTPAHCTBA,
NPONOPLUHUOHANLHOIO | S|, U NOCTOAHHO-BPEMEHHBIX onepauuii (tabn. 12.2).

Tabnuua 12.2. Xew-tabnnubl covetaloT 8 cebe Nnyulme BO3IMOXHOCTU MAaCCUBOB
U CBSA3HLIX CNUCKOB C NPOCTPAHCTBOM, NMMHENHBLIM NO YUCY XPaHUMbIX 06bEKTOB,
W NOCTOAHHO-BPEMEHHBIMK onepauusamMn. 3ee3aoudka (*) yka3bliBaeT Ha TO, YTO
rpaHvua BpeMeH BbINONHeHUs cobniopaeTcs Toraa v ToNbKO TOrAa, Koraa xew -
Tabnuua peannzosaHa NPaBUNBbHO N AAHHLIE HE ABNAIOTCHA NATONOrUYECKUMIN

TuUnuyHoE BPeMs BbINONAHEHUA Onepayumn
CTpyxTypa AaHHbIX MpocTpancTeo

[1POCMOTPETH
Maccus ®|U) ()
CBa3HbIf ciMcoK ®|S) ©|S|
Xew-tabanua (S1N e)*
12.3.2. Xew-dpyHKUMMN

Jing JOCTHXKEHHA HaMNYULUMX pe3ynLTatoB B 00OMX MHMpax Xell-Tabiauiua UMH-
THpYET MPOCTOE pellieHHe Ha OCHOBE MAacCHBa, HO C MJIMHOH MaccuBa n, Npo-
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nopuHoHansHo# | S|, a He | U|'. Ha naHHbIii MOMEHT Bbl MOXETE AYMaTh 00 1 Kak
NPUMEPHO paBHOM 2|S|.

Xew-ghynkyus BbINOIHACT TPAHCIAUMIO U3 TOTO, YTO HAC ACHCTBUTENLHO BOJHY-
€T — HMMEH HallMX Apy3eH, COCTOSHMH aXMaTHOM JOCKH M Tak Janee — B No-
3uuuK B xew-Tabnuue. PopmanbHO Xelw-(yHKUUA — 3T0 0ToOpaxkeHHe U3 MHO-
»#ecTBa U Bcex BO3MOXHBIX KITKOYEH B MHOXKECTBO MO3HUMH B MaccuBe (puc. 12.2).
[Mo3nuny B xewu-tabauue 00bIMHO Hymepy TCA ¢ 0, T03TOMY MHOXKECTBO MO3HLMIA
B MaccuBe paBHo {0, 1,2, .., n—1}.

Puc. 12.2. Xew-¢pyHkumst oTobpaxaeT kaxablii BO3MOXHBIA KITIOY
13 yHueepcyma U e noanumio 8 {0, 1, 2, ..., n—1}. Mpu | U| > n asa pasHbix knioya
6yayT oto6paxarbCa B OAMHAKOBYIO NO3ULMIO

XEIU-OYHKIHH

Xew-dyukius h: U — {0, 1, 2, ..., n — 1} npuceauBaeT Kaxabli
K04 U3 YHUBepcyma U no3uLMK B MaccuBe JJTHHBI N.

S

' Tlonoxaure! Pazse MHOXKECTBO S He MeHseTca co BpeMeHeM? [la, 3To Tak, HO COBCeM

HETPYIHO NEPHOAHYECKH H3MEHATD pasMep MacCHBa TaK, 4TOObI €T0 AJIHHA OCTaBalach
NPOTIOPUHOHATLHON TeKylueMy pa3Mepy S; CM. Takxke pasaen 12.4.2.
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Xew-dyHkuus coobluaer BaM, ¢ 4ero HauMHaTh nouck obwvekra. Ecnu BbI BbIOH-
paete xew-dyHKLHIO A, rae h («Anuca») = 17 — B KaKOBOM CJTy4ae Mbl TOBOPHM,
YTO CTPOKOBOE 3HaueHHe «Anuca» xewnpyerca B 17, — 1o no3uuusa 17 MaccuBa
ABJIAETCA MECTOM, C KOTOPOI'O ClIelyeT HauMHATb HCKATh HoMep TenedoHa ANUChL.
AHanoruyHbiM 06pa3omM no3uuus 17 aBngeTcs NepBbLIM MECTOM, TAE CEAYET Mo-
NbITaThCA BCTABUTb HOMEP TenedoHa ATHCHI B Xell-Tabauuy.

12.3.3. Konnuaumn HensbdexHbl

B03M0XHO, Bbl 3aMETHJIH CEPLE3HYIO NpobneMy: a uTo, €CJIM ABa Pa3HbIX KO-
ua (Hanpumep, «Anuca» 1 «bob») XeWnpyoTca B OAHY H Ty Xe NO3HLUMIO (Ha-
npuMep, 23)? Ecnu Bbl viieTe HoMep TenedoHa Anucsl, Ho Haxoaute Homep boba
B MO3ULUHHU 23 MacCHBa, KaK Bbl y3HAeTe, HMEETCA JIM HOMEP AJTHChI B xew-Tabnnue?
Ecnu Bbl nbiTaeTech BCTABHTL HOMEP TenedoHa AJTMCHI B NO3HLKIO 23, HO 3Ta
NO3HLIHA YKe 3aHATA, KyAa Bbl €€ TOMeCTUTE?

Korna xew-dyHkuus # otobpaxaeT ABa pa3Hbix KIo4a k, M k, B OHY M Ty Xe
no3uuHio (To ecThb koraa (k) = h(k,)), Takas CUTyalMs Ha3bIBAETCA KoIu3uel,
M TOBOPAT, 4TO KJIIOYH KOHGIHUKTYIOT.

KOJUIU3UH

JiBa kntoua k, ¥ k, u3 U KOHQIHKTYIOT B paMKax xelu-QyHKUUH A,
ecmun h(k) = h(k,).

Konnusuu BbI3bIBAIOT NyTAaHULY OTHOCHTENbHO TOro, rae oObeKT HaAXOAMTCH
B xeLl-TabnuLe, ¥ Mbl XOTeNH Obl, HACKONILKO 3TO BO3MOXHO, CBECTH UX K MHHU-
myMy. [oueMy Henb3a pa3paboTaTh CBEpXyMHYIO Xelu-QyHKLUHIO €3 kaknx-1160
konnu3ui? TlotoMy uTo xommuzuu neuzbexcnvl. [IpaunHON TOMy ABISETCH TaK
HasblBaeMblil npunyun conybenl u swyurxos (ANKW NpuHUMN JlupHxie), HHTYUTHB-
HO OYeBHAHBIH (PAKT, UTO JUIA KAXKAOTO HATYpPanbHOrO YMCNa 1, HE3aBUCHMO OT
TOrO, KaK Bbl 3aCOBbIBaeTe n + 1 ronybeii B n a4yeek, Bceraa OyaeT cyliecTBOBaTb
Auefika no kpaiiHeit Mepe ¢ AByMs ronyOsaMu. Takum obpasom, BCAKHil pa3, koraa
YHCNIO 1 MO3HUMI MaccHBa (Aueek) MeHblle pa3mepa yHuBepcyma U (ronybei),
kaxknas xew-(pyHkuus (3akpennenne ronybeii 3a aueikaMH) — HE3aBUCHMO OT
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TOrO, HACKOJILKO YMHOW OHa SBISETCS — CTpajaeT MHHMMYM OT OAHOH KOMIH-
3un (cM. puc. 12.2). B GonbluMHCTBE NpUMeEHEHHH Xewl-Tabauu, B TOM 4YHcne
B pa3aene 12.2, | U| HamHoro GoabLie, yeM n.

Konnu3uu ewe HeusbexHee, ueM npeanonaraeT apryMeHT NMpuHUMNa ronybei
N AuwukoB. [TpuudHOi TOMY napadokc OHA poxcOeHus, TPEAMET CleLyOLLEro
TECTOBOTO 33J1aHHA.

TECTOBOE 3AJAHHE 12.3

PaccMmoTpuM 1 yenoBek co CiyyalHbIMH AHAMH POXKAEHHS, MPHYEM
KaXxablit U3 366 aHel roga paBHoBeposTeH. ([Tpeanonoxum, uto
BCE /1 4€0BEK POAMIIMCh B BUCOKOCHBII roa.) Hackoasko 60ab1unmM
JIO/KHO GbITh 41, Npeskae yeM OyaeT cyuecTBoBarsh 50 %o-Hblit LaHc,
4TO y ABYX 4€N0BEK HX AeHb pOKAeHHUSA OyaeT coBnaars?

a) 23
6) 57
B) 184
r 367

(Pewenue u noscHeHue cM. B pasaene 12.3.7.)

Kakoe oTHOwWeHHe napagokc AHA pPOXXACHUS UMeeT K xewwnposaruio? [pea-
cTaBbTe cebe xell-(yHKLHIO, KOTopasd HE3aBUCHMO, PABHOMEPHO U Cy4aiHbIM
06pa3oM 3akpennseT 3a kaxabiM KiaoyoMm no3uuuu B {0, 1,2, ..., n — 1}. Ora
xel-QYHKUMA He ABIAETCS NMPaKTHYECKH XU3HecrnocoOHOH (CcM. TecToBoe 3a-
JaHue 12.5), Ho Takue ciyuaiiHble QyHKUMHU ABIAIOTCA 30710ThIM CTaHAApTOM,
C KOTOPbIM Mbl CpaBHUBaeM NpakTHueckue xew-QpyHkuuu (cM. pasgen 12.3.6).
W3 napagokca qHS poXXIEHHS BLITEKAET, YTO Aake B C1yyae 30J0TOro CTaHAapTa
Mbl, BEPOATHO, HAUHEM BCTPEYaTh KOJUTH3HH B Xell-Tabnunue pamepa #1, Kak Tojb-
ko OyayT BCTaBieHbl 0ObEKTLI B KONHYECTBE NPOH3BEACHHA MATOH KOHCTAHThI
Ha /n. Hanpumep, nipu n = 10 000 BcTaBka 200 06LEKTOB MOXKET BbI3BATH 110
KpaiiHe#l Mepe OIHY KOMIH3HIO — Jaxe eclii He MeHee 98 % no3nuuii Mmaccusa
COBEpLUEHHO He Hcronb3yeTcs!
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12.3.4. Pa3speweHne KONnn3mm: cuenneHme

Korna konin3nn aBasoTcs Hen30ekHbIM GaKTOM XKH3HHU, Xeul-Tabnuua HyKaaeTcs
B KAQKOM-TO METOZE 151 MX pellicHHs. B 3TOM U cnefyoLieM paszenax OnHuchbIBatOTCA
JBa LIOMHHHPYIOLMX NOAX0AA: pazdeabroe cyenieHue (WK NPOCTO Cyennexue)
n omxpoiman adpecayus. O6a noaxoaa NpUBOAAT K PEalu3aUHUAM, B KOTOPbIX
BCTaBKH H NPOCMOTPBI OOLIYHO BBIMOAHAIOTCA B NOCTOSHHOM BPEMEHH NpH a0Nny-
LUEHHH, YTO pasMep XewW-Tabnuubl ¥ xell-QyHKUHUs BbIOpaHbl COOTBETCTBY IOLLUM
o6pa3oM, a 1aHHbIe He ABNAIOTCA MaToNorHyecKuMH (cM. Tabn. 12.1).

Kop3nHbl n CNUCkn

CuenneHue nerko peajlu3oBarb U NPeACTaBUTL B yMme. Knioueras uaes COCTOMT
B TOM, 4T00b1 AN 00pabOTKHM CHTyaUMid, KOT1a MHOTOYHCIIEHHBIE 00beKThI 0TOOpa-
KAKTCA B OHY U Ty Xe NO3ULHIO B MaccHBe (puc. 12.3), No yMONYaHHIO HCMONb-
30BaTh PelLICHHE Ha OCHOBE CBA3HOTO cnikcka (pasaen 12.3.1). Ipu ucnonb3oBaHuH
cLEen/IeHUs NO3HULHK MAaCCHBA YaCTO HA3bIBAIOTCA KOPIUHAMU, TaK Kak Kaxaas u3
HUX MOXET coaepXkarh Heckonbko obbekTos. Torna onepaunu [POCMOTPETD, BeTA-
BUTb U YV IAJIMTb CBOAATCA K OJHOMY OLEHHBAHHIO Xel-(YHKUHH (C LENbIO onpe-
AENHTb NPaBHUILHYIO KOP3HHY) H COOTBETCTBY IOLLIEH OMepaLiMH CBA3HOIO CMHCKA.

0 «Kapon»

1 — null

2 «[aHven» «b06»
3 «Annca»

Puc. 12.3. Xew-tabnmua ¢ koNNM3NAMK, peliaemMas C NOMOLLLIO CLENNEHUSA,

C YeTbipbMS$i KOP3UHAMK U YeTbipbMS 0bbekTaMu. CTpokoBbie 3Ha4eHus «6o6»

U «3Hnen» kKOHPNUKTYIOT B TpETbEN KOP3uHe (Kop3uHa 2). Moka3aHbl TONbKO
KNI0YM, a He aCCOLMMPOBaHHbIE C HUMU AaHHBIE (HanpuMep, HoMmepa TenedOoHOB)
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CLHEIJVIEHHE
1. XpaHuTb CBA3HBIA CNHUCOK B KAX/0H KOp3HHE Xell-TabauLbl.

2. Jlna Toro 4to6bl [IPOCMOTPETE/BCTABHTH/Y AAIMTL OOBLEKT € KITIO-
YoM k, BbIMOAHKUTL onepaunn [POCMOTPETL/BCTABUTL/Y HANUTH
Ha CBA3HOM cnucke B kop3uHe A [h(k)], rae h o6o3HauaeT xelu-
¢byHKUMIO U A — MaccHB xel-Tabauub!.

Pe3ynbTaTUBHOCTDb CUENnNEeHNA

[Mpu ycnoBuu, 4To A MOXET ObITh OLEHEHA 33 TOCTOSHHOE BPEMA, onepauH1a Beta-
BHTb TaKXKe 3aHHUMaeT NOCTOAHHOE BpeMs — HOBBIH 00beKT MOXeT ObITh BCTaB/EH
HenocpeACTBEHHO B Haualo cnucka, Onepauuu [IPOCMOTPETb U YV IAJTUTH JONMCHBI
BBINOJIHUTSL MOUCK B CNIHCKe, xpaHsLieMcs B A [A(k)], 4To 3aHWMaeT BpeMs, npo-
NOopUKOHANIbHOE A/TMHE cUcKa. J]ng AOCTHXKEHHSA MOCTOAHHO-BPEMEHHONO NOUCKA
B Xew-Tabnu1ue co cLuenieHHeM CIIUCKK KOP3KH JOMKHbI OCTaBATLCA KOPOTKMMH,
B Haeale — ¢ ANHHOMH He 6onee Manoil KOHCTaHTbI.

JnuHbI (M BpeMs NPOCMOTPOB) CNMCKOB YMEHbLIAKOTCA, ecii xeuw-rabnuua cTaHo-
BHUTCS CHJILHO 3acenieHHol. Hanpumep, eciin B xew-tabnuue ¢ ATHHOH MaccHBa n
xpaHsaTcs 100n 00beKTOB, TO THNHYHAS KOP3UHA UMeET AN npocenBaHus 100 06b-
eKTOB. Bpems moucka Taioke MOXET yXyALIMTbCA H3-3a HeyAauyHo noaobpaHHO#H
xew-pyHKUHHU, KOTOpas MPUBOAMT K GONbLIOMY YMcay kojn3vii. Hanpumep,
B NpeAenbHOM cllyyae, Koraa Bce 06beKTbl KOH(DAHKTYIOT H 0Ka3biBalOTCA B OAHOH
KOP3HHE, NOMCK MOXET 3aHATb BpEMs, JIMHEHHOE Mo pa3Mepy COBOKYNMHOCTH AaH-
HbiX. Pa3nen 12.4 nogpo6HO ONMCBHIBAET, KaK YNPABIATH Pa3MEPOM Xell-TabHLbl
¥ BeIOHpaTh COOTBETCTBY IOILYIO Xell-(hy HKUHIO AN AOCTHKEHNSA MPaHHLL BpEMEHH
BBLINOJNHEHHUA, YKa3aHHbIX B Tabn. 12.1.

12.3.5. Pa3pelwieHune KOnnnuann:
OTKPbITan aapecaumns

BTOpblM nonyiaspHeIM METOAOM pa3peLICHHA KOJITH3Ui ABhseTCA OTKpbITas
ajpecaums. OTKpblTle ajipecaunio HaMHOT' O NpolLle peann3oBaTb H NMPEACTAaBHUTL
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B yMe, Koraa xeul-Tabnnua AonkHa noaaep KMBaTh TOJILKO onepaulu BeTAButs
1 TTPOCMOTPETH (HO He Y IANIHTL); Mbl COCPEOTOHNMCA HA 3TOM cllyuae'.

B cnyyae OTKpbITOM aapecalyH Kaxaas no3vMUus B MACCHBE XPAHHT HE CIHCOK,
a0 nnu 1 obbexT. (114 TOro YTo6bl 3TO UMETIO CMBICI, pasMmep | S| COBOKYMHOCTH
JIaHHBIX HE MOXET NpeBbILLATh pa3Mep # xell-Tabnuubl.) Kouti3nu co3narot nps-
Moe€ 3aTpyaHeHUe A/ onepauni BCTABUTL: Kyaa MOMECTUThL OOBEKT € KIHOUOM £,
eCJIn Apyroi oGbeKT yxe XpaHUTCa B no3uunu A4 [h(k)]?

3oHaaXKHbIE NOCNEQ0BaTENbHOCTH

HUnes cocTOUT B TOM, YTOOLI CBA3aTh KOKAbIH KIIOU k C 30HOAMCHOU nOC1e008a-
menvHocmbio (probe sequence) NO3ULMIA, a He TONLKO ¢ 0AHOIt no3uumei. [Tepsoe
YHUCI0 MOCENOBATENLHOCTH YKA3bIBAET HA MO3ULIMIO, KOTOPYHO HYXHO paccMOTpeTb
NepBoii; BTIOpoe — Ha ClIe LY oLy NO3ULHIO, KOTOPYHO HYKHO pacCMOTpETh, KOraa
nepsas yxe 3aHTa; 4 Tak aajiee. O6bexT XxpaHUTCA B NEPBOH He3aHATON NO3HLIMK
30HJXHOM NOCNEA0BATENLHOCTH ero Kiutoua (puc. 12.4).

OTKPBITAA AAPECALUA

1. BCTABHTL: C y4€TOM 00BEKTa C KJIKOUOM k NPOJIUCTATh 30HADKHYIO
NOC/e0BaTeNIbHOCTb, CBA3AHHYIO ¢ k, COXpaHAs OObEKT B NepBOH
NycToi HalkAEHHON MO3ULUHU.

2. TPOCMOTPETH: € YUYETOM KJIKOYa kK MEPENUCTbIBATL 30HAKHYIO
NOCNeA0BaTENbHOCTD, CBA3aHHYIO C k, 10 Tex nop noka He 6yner
BCTPeYeH HYXHbli 00beKkT (B 3TOM Cllyyae BepHYTb ero) aunbo
BCTpEUEHa NycTasd No3ULHUs (B 3TOM Ciyuyae COOOINTb «NyCTON,
HIK «null»)?,

! B uenom psae npUMeHeHUH Xew-Tabnuu onepauunsa Y JANMTb He TpeGyeTcs, BKoYas

TPU NpHIOXKeHHs B pazaene 12.2.

Ecnn Bbl CTOAKHYAHCH C MycTO#H MO3HUKEN i, TO Bbl MOXKeTe ObITb yBEPEHbI, YTO HHKAKOH
0OBEKT ¢ KNOYOM & He HaxoauTcs B xeww-Tabnuue. Takoh obbekT xpaHuwica 6bl Anbo
B NO3MLMH i, 1nE0 B Gonee paHHel MO3HLUHH B 30HAXKHON MOCNEAOBATENLHOCTH Kiltoua &,
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— null

— null

— null

— null

«bob»

— null

Puc. 12.4. Bcragka B xew -Tabnuiy ¢ KONM3naMK, peluaemasi C NoMoLLbIO
OTKPBLITON aapecaumnn. MNepBLI 3NEMEHT 30HOAXHON NOCNeA0BaTENIbHOCTH
ana knoya «[aHnen» KOHOANKTYET C KNI0YOM «Anucar», a BTOPO —
€ Ko4oM «B06», HO TpeTUt 3n1eMeHT ABNARTCH He3aHATOW NO3ULMENn

JinHenHoOe 30HANPOBaHKE

Jins onpeneneHus 30H1axkHOH NOCIE0BaTENBHOCTH CYLIECTBYET HECKONBKO CIIO-
c000B MCNOML30BAHUSA ONHOM WJIM HEecKONbKUX xelu-QyHkuuid. Camelii npocToii
NPEACTABNEH JUHEUHbIM 30HOUPOBAHUEM. DTOT METO UCNOJB3YET ONHY Xell-
dyHKUMIO & M onpenenseT NOCNeA0BATEILHOCTS 30HAUPOBAHHA ANd Kioua k Kak
h(k), 3arem kak h(k) + 1, 3atem kak A (k) + 2 H Tak nanee (UHKITHYECKH nepexoas
B HAYasio Mo JOCTHXEHUH nocneHedl nosuuuu). To ecTs AaHHAA Xell-PyHKUHA
YKa3bIBAaeT Ha CTAPTOBYIO MO3ULHIO U BCTABKH WM NPOCMOTPA, H Onepats cKa-
HHpYET BNpaBo J10 TeX Nop, NOKa He HalieT HyKHbI OObEKT MU NYCTYIO NO3ZHLHIO.

ABsoiHOoe xelwnpoBaHue

Bonee c0XHBIi METON NPEACTABACH OBOUHBIM XCULUPOBAHUEM, UCTIONH3YIOILHM
ase xew-¢yHkuuu'. [lepsas coobulaeT Bam nepByio NO3UIHIO 30HAAXKHOI Noce-
! C)'UICCTB)'CT HECKOJIbKO «ACWIEBbIX H CCPAUTBIX» cnocobos ONpEACIHTh ABE XELl-
Oy HKUHH K3 ofHO# Xxew-pyHKUMKM A. HanpuMep, ecitd KIIFOUaMH SBIFIOTCA HEOTPHLA-
TEJABHBIE LETBIE YNCNIA, NPEACTABNICHHBIC B JABOWYHOM CHCTEME, TO ONPEACITHTD hl H hz
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JIOBaTe/IbHOCTH M BTOpas YKa3blBAET Ha CMELLEHHE AN NOCIEAYIOUIMX NO3ULHH.
Hanpumep, ecau h,(k) = 17 u hy(k) = 23, TO nepBbIM MECTOM, TI€ CIEAYET HCKATh
0o0OBEKT C KIIOUOM k, ABNAETCA No3uUMA 17; B clyuae Heycnexa — no3uuusa 40;
B CJly4ae Heycnexa — MNo3uumus 63; eC 3TO HEBO3MOXHO — No3uuus 86; U Tak
nanee. JIna qpyroro kmova &' 30H1axHas NocaeA0BaTeNbHOCT MOXET BbIMIAAETD
coBeplUeHHOo MHade. HanpuMep, ecnu A, (k") = 42 u h,(k") = 27, T0 30HA@XHAas no-
crefoBarenbHoOCTs OyaeT 42, nocne kotopoii uaer 69, nocne kotopoi et 96,
nocne kotopo# uaet 123 u Tak ganee.

Pe3ynbTaTUBHOCTb OTKPLITOM aapecauunn

[lpn Mcnonb30BaHWM CLEMNIEHUA BpeMSA BbINOJHEHHUS onepauuu [1POCMOTPETH
onpeaensercs JUIMHOH CMCKOB KOP3KH; MPH UCIIONBb30BAHUH OTKPLITOI aapeca-
UMK OHO OMNpeaenseTcs TUNHUHBIM YHCIIOM 30HAWPOBaHHUH, HEOOXOAMMBIX 1A
OTBbICKAHHA NYCTOH sAueliku nH6o uckoMoro obbekra. [IOHATH pe3y1bTaTHBHOCTD
XeLW-Tabauupl ¢ OTKPLITOH afpecaule Cl0XKHEE, YEM CO CLEMNIEHHEM, HO HHTY-
MTHBHO J0JIXKHO ObITb ACHO, YTO pe3y/bTaTHBHOCTb CTPA/aET, N0 Mepe TOro Kak
XelW-Tabnuua CTaHOBUTCA Bce 6onee NONHOW — eC/iH OUeHb Mao MyCTbIX A4Ye-
€K, TO 30HJaXHOH NoCneaoBaTeNbLHOCTH 0ObIYHO TpebyeTcs NpoACIKHTENbHOE
BpPEMSA Ha TO, YTOObI OTbICKATb fueitki, — b0 koraa HeyaauHo noaoGpaHHas
Xel-(pyHKUHA NPHUBOAUT K GONbLIOMY YHCNY KOJUIH3HH (CM. TaKxKe TECTOBOE 3a-
naHue 12.4). C npHeMieMbIM pasMepoM xelu-Tabnuubt U xeiu-QyHKLHeH OTKpbITas
aapecauds JOCTUraeT IpaHHll BpeMeHH BbINOTHEHHS, YKazaHHbIX B Tabn. 12.1
Ans onepauuit BctaButs M [1POCMOTPETL; JAONOMHUTENBHBIE CBEAEHUS CM. B pa3-
aene 12.4.

12.3.6. Y10 penaeT xew-PpyHKLNIO XOopowen?

He3aBUCcHMO OT TOro, KaKyl0 CTPATErHIO paspelleHHs KOJTH3HA Mbl HCTIOJL3YEM,
pe3ynbTaTUBHOCTL XelU-TabnuL, CHHXKAeTCAd BMECTE C YHC/IOM KOHQNHKTOB. Kak
BLIOpaTh Xell-GyHKUHIO TaK, YTOObI He ObLIO CITMILKOM MHOMO KOJUIM3HiA?

u3 A, npukperuisd HoByto uudpy (0 6o 1) B koHew 3aaauHoro kmoya k: b (k) = h(2k)
uhy(k) = h(2k+ 1).
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Mnoxue xew-gyHKUUN

CyliecTByeT HECMETHOE YUCJIIO pa3NHYHbIX CNOCOOOB onpeaefieHHs Xell-
(YHKUHH, U ee BbIOOp MMeeT 3HaueHHe. HanpuMep, YTo mpouCXOaUT ¢ pe3yiib-
TaTMBHOCTbIO Xell-TabnuLbl NPH caMOM TyneiilieM BbiOope Xell-PyHKUHH M3
BO3MOXHbIX?

TECTOBOE 3AJJAHHME 12.4

PaccmoTpuM xeww-tabnuuy anuHod n > |, U nycTh A paBHO xelu-
byHKUMH, rae h(k) =0, ans kaxaoro kintoua k € U. [Mpeanonoxum,
yTo Habop AaHHbIX S BCTaBIeH B Xew-Tabauuy, rae | S| < »n. Kakoso
THIIHYHOE BpEMS BbIMONHEHHUS NOCAeAyIOWMX onepauui IrocMo-
TPETh?

a) ©(1) co cuennenueM, (1) c oTkpbiTOl anpecauuei.

0) ©(1) co cuenneHuem, O(|S|) c oTkpbITOl agpecauneii.
B) O(|S]) co cuennenueM, ®(1) ¢ oTkpbITOI aapecauuei.
r) ©(S|) co cuenneHuem, © (| S|) c oTkpbITOH afpecauuei.

(Pewenue 1 nosicHeHue cM. B pasaene 12.3.7.)

MaTonornueckue COBOKYNHOCTH AAHHbIX
U «aXMNnecosa NATa» xXew-QpyHKUUN

HukTO M3 Hac HHKoraa He OydeT peanH3oBbIBaTh AYpPaUKYH XelU-(YHKUHIO U3
TECTOBOIO 3aaaHus 12.4. BMecTo 3TOro mel Oyaem ynopHo paboratb Afs TOrO,
4TOObI CNPOEKTHPOBATh YMHYIO XeUI-QYHKLHIO, KOTOpas rapaHTHPOBAHHO TpH-
BOJMT K MAJIIOMY YHMCIly KONNH3HH, a elle Nyulle OTbICKaTb NOA0OHY10 (yHKUHO
B TaKOH KHHIe, Kak 3Ta. K coxaneHH:o, 1 He MOTy 1oka3aTh BaM [MoA00HY 0 ByHK-
uuto. YeM 5 onpaspatock? Kaxcoan xew-gynxkyua, kaxou 661 moakogos ona Hu
bblna, umeem C80I0 «axuwLIecosy namy» B BUJIE OTPOMHOM COBOKYNHOCTH AaHHbIX,
B Clyyae KOTOPo# Bce 00bEKTbl KOHIUKTYIOT, H pe3y/ibTaTHBHOCTD XeLl-Ta0aH b
YXYALIAETCS, KaK B TECTOBOM 3aJaHuH 12.4.
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NATOJIOrHYECKHE COBOKYITHOCTH JAHHBIX

Ins kaxnoh xew-gpynkunn h: U — {0, 1,2, ..., n — 1} cylmectByer
MHOXecTBO S kitoueil pa3Mepa |U|/n, Takux uro h(k,) = h(k,) ana
Kkaxporo k,, k, € S'.

B03MOXHO, 3TO NOKAXETCA HEBEPOATHBIM, HO IAHHOE Y TBEPIKICHHUE ABIAETCA BCEro
JHlb 06001IEHHEM HaLliero apryMeHTa Ha OCHOBE MPUHUMNA rony6eil U ALUKoB
u3 pasgena 12.3.3. 3a1aauM npou3BoabHO YMHYIO Xelli-GyHkuuio A. Ecnu h une-
anbHO pazaenser Kaoud B U Mexay n NO3UUUAMH, TO KaKaas no3uuus Oyner
MMeTb poBHO | U|/n Ha3HaueHHbIX eii kitoueil; B NPOTHBHOM Clly4ae OHOH U TOM
e No3uUHY OyIyT HasHa4eHbl elle Oonbuie, ueM | U|/n kmoueii. (Hanpumep, ecnu
|U| =200 n n =25, To h 1o1KHA HA3HAYUTb HE MEHEE BOCbMH Pa3HbIX KJIHOUEH
OJIHO# U TO# e no3uumu.) B ntoboM cnyuae, cywecrsyer nosuuusa i € {0, 1,2, ...,
n— 1}, koTopoii 7 Ha3Ha4aeT He MeHee | U|/n HecoBnapatomux kmoueii. Ecnu Bce
KJIOYM B COBOKYHOCTH JaHHBIX S OKa3bIBAIOTCA Ha3HAYEHHBIMH 3TOH NO3HLHM /,
TO BCE€ OOBEKTHI B COBOKYMHOCTH JAAHHBIX KOH(IHKTYIOT.

[TpuBeseHHbIH Bblllie HAOOP AaHHBIX S ABASETCA NATONOrHYECKMM B TOM, YTO
ObU1 CKOHCTPYMPOBAH C €AWHCTBEHHOH LeNbI0 — HapyLIHTbL BLIOPaHHYIO Xell-
¢yHkumio. IToueMy Hac JomkeH 3a00TUTb Takol UCKYCCTBEHHbIH Habop AaHHbIX?
OCHOBHas NPHUYMHA 3AKJTOYAETCHA B TOM, YTO OH OOBACHSAET 3BE30MKH B HaLIMX
rpaHHIIaX BPEMEHH BbIMONHEHHA IS Xell-TabNHuHbIX onepauui B Tabn. 12.1
1 12.2. B otaHuHe oT 60NbLIIMHCTBA aNMOPUTMOB H CTPYKTYP AAHHBIX, KOTOpPbIE
Mbl BCTpEYany 0 CUX NOP, HET HUKAKOH HAACXKAbI Ha FAPAHTHIO BPEMEHH BbINOAI-
HeHud, KoTopas cobmonaerca abconoTHo 63 kakux-1H00 aonyLIEeHHH O BXOAHBIX
JaHHbIX, Jlyyuiee, Ha 4TO Mbl MOXXEM HAAEATbCA, — 3TO rapaHTHA, KOTOpas NpH-
MEeHUMa KO BCEM HENaroiorH4eCKUM COBOKYMHOCTAM JaHHbIX, TO €CTb Habopam

J@HHbBIX, ONpeeeHHbIM He3aBUCHMO OT BLIOpaHHOH xeull-GyHKLHK’.
' B 6anbuiMHCTBE NPUMEHEHHI Xell-TabnuLl | U] HaMHOTO Gonblue, YEM 71, H 8 ITOM ClTyuae
Habop nauHbIX pasmepa | U|/n agnsercs orpoMHbIM!

2 MOXHO TaKxKe pacCMOTPETb PAHIOMH3HPOBAHHbIE PELLIEHHS B yXe ANrOPHTMa QuickSort
B INaBeE 5 nepgoii yacmu. ITOT NOAXO/, Ha3bIBAEMbIHl YHHBEPCATLHLIM XEUIHPOBAHHEM,
rapaHTHPYET, UTO /18 KaXKIOA COBOKYMHOCTH JaHHBIX CNyqaiiHbli BbIOOP Xeln-pyHKuHH
13 Maoro knacca GpyHKkuHit 0ObIMHO NPHBOIMT BCErO K HECKOLKHM KOJUTH3HAM. Jlonon-
HHTENBHbIE CBEAEHNSA H TIPHMEPLI CM. B O0OHYCHBIX BUAEO Ha www.algorithmsilluminated.org.
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Xopolueii HOBOCTBIO SB/ISETCS TO, YTO B CJlyyae C XOpOLIO MPOAYMAHHON xell-
¢yHKuMeH 00BIYHO HET HeOOXOAUMOCTH BECOKOUTBLCS O NaToNIorHueckux Habopax
JIAHHBIX Ha npakTuke. OHAKO NMPHIOXKEHUS, CBA3aHHbIE C cUcTeMamu Oe3onac-
HOCTH, MPEACTABNAIOT OO0l BAXKHOE HCKIIIOUEHHE U3 ITOrO npasuna’.

Cnyuaiibie xew-pyHKuun

[Matonoruueckue HabOpbI AAHHBIX MOKA3bIBAIOT, YTO HU OHA Xeul-GpyHKUHS HE
rapaHTUpyeT HaJM4YUue MaJoro 4ucia KOJUTM3uH Juif kaxoro Habopa JaHHBIX.
Jlyduiee, Ha YTO Mbl MOXEM HAJEAThCS, — ITO Xel-QyHKLUS, KOTOpas UMEET He-
CKOJILKO KOJIM3UM AJIS BCeX «HEMaToNOrMuecKux» HabopoB JaHHBIX.

DKCTpeMalbHBIM MOAXOAOM K JeKOppensiuHu BbiGopa Xew-pyHKUMH ¥ HabopoB
JIaHHbIX ABNseTcs BbIOOp cnyvaiiHol dyHKUMM, TO ecTh QYHKUMU A, Tae AN KaXkK-
Joro knwoda k € U 3Hayenue h(k) BoIOUpaeTcs HE3aBUCHMO M PABHOMEPHO Clly-
yaliHbIM 00pa3oM U3 no3uuuii Maccusa {0, 1,2, ..., n— 1}. OyHxuus 4 BeIGUpaeTcs
pa3 ¥ HaBceraa Npu NepBOHaYaANBLHOM CO3JaHMH Xew-Tabnuubl. UHTYUTHBHO Mbl
OXKUJIaeM, YTO Takas cnydaliHas QyHKUMs, KaK NpaBUIIo, pacnpelenseT oObeKTbl
HabopoB JaHHbIX S MPUMEPHO PABHOMEPHO MO 1 MO3ULUAM, MPH YCIOBUH, 4YTO
S onpeaenseTcs He3aBUCHMO OT A. JI0 Tex nop noka n NpUMEpHO paBHo |S|, oHa
NPUBOAUT K YNPARIAEMOMY YNCTY KOJUTU3UH.

TECTOBOE 3AJAHHUE 12.5
ToueMy HeuenecooOpa3zHO UCMONB30BATL COBEPLUEHHO CIy4aitHbIMH
BbIOOD Xell-pyHkuun? (BeibepuTe BCE MOAXOAALLMUE BAPUAHTHL.)

a) Ha caMoM fene 370 MpaKkTHUYHO.

6) Bribop He ABNsETCS JeTEPMUHUPOBAHHbBIM.

! WHTepecHOE TeMaTHuYecKoe HCClefoBaHHE OmHcaHo B cTaTtbe Ckomma A. Kpocbu
u [Jana C. Yoanaxa «Denial of Service via Algorithmic Complexity Attacks» («OTka3
B 00CITyKMBaHUH NIOCPEICTBOM aTaK ANTOPHTMHYECKOH CNOXHOCTHY) (Proceedings of the
12th USENIX Security Symposium, 2003). Kpocbu 1 Yosutax nokasaiH, Kak oCTaBUThb
Ha KOJIEHH CHCTEMY CETEBOrO BTOPXKEHHA Ha OCHOBE Xew-TabnuL ¢ MOMOLLbLIO YMHO#M
KOHCTPYKLHH NaTONOrH4eCckoi COBOKYMHOCTH JaHHBIX.

7 Tynas xew-¢yHKUHA B TECTOBOM 3ailaHHH 12.4 IPUBOIMT K y>KaCHOH PE3y/bTaTHBHOCTH
JUIA KQXKA0% COBOKYNHOCTH AaHHBIX, MATOOrHYeCKOH HIIH HHOH.
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B) Ee xpaHeHue 3aiiMeT CNHLIKOM MHOIMO MecTa.
r) Ee oueHuBaHue 3aliMET CMLIKOM MHOIO BPEMEHHU.
(PetueHue v noscHeHue cM. B pasaene 12.3.7.)

Xopowme xew-QpyHKUUn

Xopouias xel-pyHKUus — 370 QyHKLUS, KOTOpas N0Jb3yeTCA NperMy LIeCTBAMH
cnydaitHol GyHKUMM, He CTpajas HU OT OJHOTO U3 €€ HEJOCTATKOB.

KEJAEMAS XELI-®OYHKLHUA
1. JeuweBas npu ee OLEHWBAHUH, B HAeane 3a BpeMs O(1).
2. Tlpoctas npu ee coxpaHeHuH, B uaeane ¢ npoctpancteom O(1).

3. Umurupyer cnyuvaifHyto GyHKuuio, pacnpenenss HenaTonorH-
yeckHe HabOpbI JaHHbIX NPUOIH3UTENLHO PABHOMEPHO M0 MO-
3ULUAM Xell-Tabauubl.

Kak sbirnaguTt xopouwas xew-QpyHkyma?

Xors noapo6GHOe onucanue COBPEMEHHBIX Xell-(QyHKUHIA BLIXOAHT 32 paMKH ITOH
KHUTH, BO3MOXHO, Bbl M3MOJIOAATUCE B OTHOLIEHHH Yero-To 6onee KOHKPeTHOIO,
YyeM OIMHCaHHbIE BhILIE NOXenaHus.

HanpuMep, paccMOTpHUM KJIHOUH, KOTOPbIE ABAIOTCA LEbIMH YHCIaMH Mexay 0
M HEKOTOPLIM KpYyMHbIM uucioM M'. EcTecTBeHHOl nepBoii NomnbITko# co3aarb
xewl-pyHKUHIO OyneT nonyueHHe 3HaUeHUA KJTkoHa o MOAYJTEO YKCAA 1 KOP3HH:

h(k)=k mod n,

rae k mod » aBnseTcs pe3ynbTaTOM MHOMOKPATHONO BEIMUTAHHS 7 M3 k, A0 TeX Nop
noka WToroM He OyzeT uenoe uuciao Mexay Oun—1.

! JIns TOro 4to0bl NPUMEHHTD 3Ty HAEIO K HEUUCIIOBBIM AaHHBIM, TAKMM KaK CTPOKOBBIE
3Ha4Y€HHA, HEOOXOAUMO cHauaa npeoOpa3oBaTh AaHHbIE B Lesble uucna. Hanpumep,
B Java MeToA hashCode peanu3yer Takoe npeoGpasoBaHue.
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Xopolieil HOBOCTBIO ABIAETCA TO, HTO 3Ta GYHKLMA ACLIEBA NP €€ OLEHNUBAHUH
1 He TpebyeT XpaHeHus (KpoMe 3arnoMuHaHus n)'. [1noxas HOBOCTB 3aKiouaeTcs
B TOM, 4TO MHOT'HE peanbHble MHOXKECTBA KJItOUEei HEPABHOMEPHO pacrpee/ieHbl
B CBOMX HauMeHee 3HauuMbIX Outax. Hanpumep, ecnu n = 1000, v Bce kirouu
MMEIOT OAMHAKOBbIE rocjeaHue Tpu Uupbl (ocHoBaHHe 10) — BO3MOXHO, OKJIa-
Jibl B KOMMAHKUH, BCe W3 KOTOPbIX KpaTHbl 1000, unu LeHb! aBTOMOOUNEH, BCce U3
KOTOPBIX OKaHYMBAKOTCA HA «999», — TOraa BCe KJIIOUH XELIMPYIOTCS B OfHY U Ty
®e no3uuuio. Ucnonb3oBaHue TONBKO CaMbiX 3Ha4MMbIX OMTOB MOXKET BbI3BaTh
ananoruyHble npobnembl — noaymaiite, HapuMmep, O MEXK /Ay HapOAHbIX H PErHo-
HaJbHbIX KOJaX TenedoHHbIX HOMEPOB.

Crieayrowas uaes COCTOUT B TOM, 4TOObI 3altU(poBaTh KItOU Nepen NpuMeHeHHEM
ofepaLMM B3ATHA OCTATKA Nocie Ae/leHHUs:

h(k) = (ak + b) mod n,

rae aw b— 370 uenbie uucna B {1, 2, ..., n — 1}. Ota QyHKLUS ONATH Ke AellieBa
NpH ee BLIYUCIEHUH U POCTA NPHU €€ XpaHEHHH (MPOCTO 3aMOMHUTL a, b U n). [lns
NpaBUIbHO BIOPaHHbIX a, b ¥ 1 3Ta QYHKLHA, BEPOATHO, JOCTATOYHO NPUIOAHA MTA
MCMONb30BaHKS B MPOTOTUIIE U3 CEPUM «ELLEBO U cepanuTo». OIHAKO Ke B Cilyuae
KPUTHUYECKH BAXKHOMO MCXONHOTO KOJa HepeaKo HeoOX0AWMO HCTonb30BaTh Gonee
CIOXKHBIE Xell-(OyHKLMH, KOTopble 00CyxaatoTcs aanee B pazaene 12.4.3,

B 3akmoueHHe ynoMsiHeM ABe Haubosiee BaXHbIE BELLH, KOTOPbIE HY)KHO 3HaTb
0 NMPOEKTUPOBAHUM Xell-(byHKLHH:

KJ/JIOYEBBLIE MOMEHTbI
1. DkcnepThbl U3006peny xeul-QyHKLUHH, KOTOPble A€LIeBbl NMPH HX

OLIEHHBAHHH M MPOCTbI B UX XpPAHEHHUH U KOTOPbIE BEAYT cebs Kak
cryyvaiiHble QyHKLUMH UM BCeX NPaKTHUECKUX Lenei.

2. CnpoeKTHpOBaTh Takylo xell-(QyHKUUIO Ype3BblyaiHO TPYAHO;
BbI JOJKHbI OCTaBUTB 3TY 33a]a4y IKCMEPTaM, €CJIH ITO, KOHEYHO,
BO3MOXHO.

! Ectb ropasno Gonee 6bicTpble cnocobbl BHIMHCIHTB £ mod 7, 4eM NOBTOPHOE BbIYWTaHHE!
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12.3.7. Peweunn TecToBbIX 3aaaHmmn 12.3-12.5

PewueHne TectoBoro saganuna 12.3

IIpaBuAbLHLI 0TBET: (a). XOTHTE BEpbTE, XOTHTE HET, HO BaM NoTpebyeTcs Bcero
23 yenoBeka B KOMHaTe, MPEXAE YeM BEPOATHOCTb NPUCYTCTBHA B HEil ABYX ue-
NOBEK C OJIHHAKOBBIM JIHEM pOXKAeHHs OyaeT paBHa HX OTCYTCTBHIO'. Bbl MoxeTe
caenath (WM MOCMOTPETh) COOTBETCTBYIOLLUMII PACUET BEPOSTHOCTH MITH YO ANTLCS
B 9TOM C NOMOLLLIO HEKOTOPLIX MPOCTBIX CHMYSALHIA.

Ilpu nanuunm 367 moneii 6ynet cyuectBoBath 100 %-Hblif WwaHc, yTO ABA Y€no-
BEeKa MMEIOT OIMHAKOBBII AeHb poxkaeHH (Mo npUHuUMny ronybeil u awmnkos). Ho
¢ 57 ntoabMH BEPOATHOCTb COCTABAET yKe NpuMepHo 99 %. A co 1847 99,99..%
¢ 6OAbLIMM YNCIIOM AEBATOK B MEPHOAE.

BonbUIHHCTBO MI0Ae# HAXOAAT OTBET NPOTHBOPEUMBLIM, BOT IOYEMY ITOT MPHMEP
Ha3bIBAaETCA MaPaOKCOM «AHS poxaeHua»?. B Gonee oblueM ciydae, Ha niaHeTe
¢ k AHAMH B K&XA0M rofly BEPOATHOCTDb MOBTOPAIOLLHXCA AHEH POXAEHHA NOCTH-
raeT 50 % ¢ O (Vk ) oabsmu’.

Pewenne TecroBoro saganuns 12.4

[IpasuabHLIi oTBeT: (). ECTM KOHGHKTBI pellaloTes ¢ NOMOUIBIO CLENNEHHS,
TO Xell-(pyHKUMSA A XeWMPYeT KKAbIH 00BEKT B OAMHAKOBYIO KOP3HHY: KOP3HHY 0.
Xew-tabnuua npeppauiaeTcs B NPOCTOE peLIeHHE HA OCHOBE CBA3HBIX CMTMCKOB
¢ BpemeHeM O (| S|), HeobxoanMbIM Ans onepauuu [IPOCMOTPETb.

B cnyuae oTkpbIToii aapecauun Oyaem cuMTarh, 4TO Xelu-tabnuua Wcnonb3yeT
nuHeiiHoe 3onanposanne. (CHTyauus OyaeT oAMHaKOBOIA s Gonee CAOXKHBIX CTpa-

! Xopolwuuii TpIOK AT HE3aHYAHBIX BEUEPHHOK, CKaXEM, C 35 yHaCTHHKaMH HITH OKOJIO TOrO.

7 HasBaHue «napafokc» He COBCEM HEMPABWIBHOE; 3A€Ch HET HHKAKOrO JIOTHYECKOTO
NPOTHBOPEUYHS, NPOCTO Elle O4HA WUTIOCTPALIMA TOrO, Kak MO3r 6ONbIUMHCTBA MoncH
He NpeIHa3HauY€eH HMETb XOPOLLEE HHTYHTHBHOE TOHUMAHHE BEPOATHOCTH.

3 TIpHuMHa COCTOMT B TOM, YTO /1 YeNOBeK 00€CTIEYHBAIOT HE TONBKO 7 BOIMOXKHOCTEH

n
LUIA NOBTOPAIOUIHXCA AHEH POXKICHHS, HO H (2) = n?/2 pa3HbIX BO3MOXKHOCTEH (N0 oa1-

HOM Ana kaxnoi napel moaei). [lpa yenoseka HMEIOT OAHH H TOT ke ACHb POXKAECHHA
C BEPOATHOCTbIO 1/, H BBl 0XKMAAEMO HAYHETE BCTPEYATh KOJUTH3HH, KaK TOJBLKO YHCIIO
BO3MOXHOCTE#H KOMTH3uii 6yaeT NnpUMEPRO paBHO k (NpU n = G)(Jl;)).
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Terwii, TaKMX Kak JBOHHOE xelunpoBaHue.) CuacTinBbli nepBblii 06bekT | S| Oyner
3aKperUieH 3a no3uuueit 0 maccusa, crieqyromui o6bekT — 3a no3uuMei 1 1 Tak
nanee. Onepauus [1POCMOTPETE 3BOJIFOLIMOHHDYET B JIHHEHHBIH MOHCK NO NMEPBLIM
| S| no3MLMAM HEOTCOPTHPOBAHHOTO MAaCCHBA, KOTOPBIH TpebyeT BpeMenn @ (| S|).

PeweHHne TeCTOBOro 3apaaHnna 12.5

IIpaBuiabHbie 0TBeTHI: (B), (r). Cinydaiinoe oTo6paxenue (GyHkumus) uz U
B {0, 1, 2, ..., n — 1} npakTHUecku npeacTaraser cobol NpocMoTpoBytO TabAULY
anunbl | U| ¢ log, n 6utamu Ra aneMeHT Tabnuuibl. [1pu 60nb1oM yHHBEPCYME (KakK
B GOJBILMHCTBE MPUMEHEHHH) O 3anicH Takol QyHKLMHM MO0 ee OLEHMBARMH HE
MOXET ObITb H pEUH.

MbI MoraK Obl NONLITATLCA ONPEAETHTH Xe-QYHKLHMIO CHTYaTHBHO MO MEpe
HeoOXOMMOCTH €€ 3HaTh, 3aKpensas clydaiiHoe 3HaueHue 3a s (k) MpH NepBoM
nosaieHun kmoua k. Ho Toraa ouennBanue ki (k) pefyeT cHayana npoBepHThb, 6611
JIM KJTKOU Y>Ke OnpefieNleH. DTo CBOAMTCS K NPOCMOTPY k B xell-Tabauue, 4To Kak
pa3 u sBnseTcs 3aaadeil, KOTOpYHO Mbl JODKHBI PELINTS!

*12.4. JononHUTEeNbHbIE AeTanu peann3auum

DTOT paznen npeJHa3HadeH ANS uMTaTenei, KOTOpble XOTAT Pealn3oBaTk CBOKO
coGcTBeHHY0 Xew-TabnuLy ¢ Hyns. B npoekTHpoBaHHM xewl-Tabauu HET 4y-
JIOAEHCTBEHHOTO CPE/ICTBA, MO3ITOMY S MOTY MPEJIOKHTE TONLKO BLICOKOY POB-
HeBoe pykoBOAcTBO. HanbGonee BaxxHbIMH YpoKaMH SBIAIOTCA: (i) ynipaBneHue
3arpy3koii xeuw-rabnuusl; (ii) Hcnonb30BaHME XOPOLIO NPOTECTHPOBAHHOM CO-
BpeMeHHol xew-(yHkuMH; (iii) TeCTHPOBAHHE HECKONbLKHX KOHKYPHPYIOWHMX
peanu3auuii ¢ UeNbIO ONpeaeNeHHs Nyylleil H3 HUX AJIS Ballero KOHKPETHOro
TIPHIIOXKEHMS.

12.4.1. 3arpy3ka npoTuB pe3ybTaTUBHOCTHU

Pe3yLTaTUBHOCTb Xe1U-TAb/IMLIBI CHHXKAETCS 110 Mepe YBeTHUEHUS €€ NOMysALHK:
B CJlyuae CUEMICHHS CTIUCKH KOP3WH CTaHOBATCA JUIMHHEE; B Cly4ae OTKPLITOH
azpecaldy CTAaHOBUTCS CIOXKHEE HalTH NycTylo a4eiKy.
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3arpy3ka xew-rabnuubl

Mbl u3MepsieM NonyaaUMUIo Xel-TabauLbl NOCPEACTBOM €€ 3a2py3KU:

9HCII0 XPaHUMEIX 00BEKTOB

3arpy3ka Xxew-TaGuuus = (12.1)

JJTAHA n MAaCCHBA

Hanpumep, B xew-tabnuie co cuenaeHueM 3arpy3ka npeacrasnseT coboi cpea-
HIOKO MOMYNALHIO B OQHOH H3 KOP3WUH TabMu1IbL.

TECTOBOE 3AJJAHME 12.6

Kakasn xew-Tabnuunas crparerus BO3MOXHa JJ1s 3arpy 30k oonbuie | ?
a) Y cuennenue, ¥ oTKpbITas aapecalms.

6) Hu cuenneHune, HH OTKpbITas axpecalus.

B) Tonbko cuenneHue.

r) Tonbko oTkpeiTas aapecaums.

(Pewienue u nosgcHeHue cM. B pasgene 12.4.5.)

Naeann3npoBaHHanA pe3yIbTaTUBHOCTb CO CENNEHHEM

B xew-rabnuue co cuenneHeM BpeMs BbINOTHEHH onepalrH [IPOCMOTPET HIIH
Y AANNTh MacluTabUpyeTcs BMeCTe ¢ AJMHONA CTIMCKOB KOp3MH. B cueHapuu ans
Jy4llUero ciyyas xelw-(pyHkuus pacnperenser oObeKTbl NO KOP3HHAM paBHOMEp-
Ho. C 3arpy3koi o 3TOT MAEANU3UPOBAHHBINA CLIEHapH i NPHUBOAHT K fofl obbexTam
B pacueTe Ha kop3uHy'. Toraa onepauu TPOCMOTPETL HAH Y AANNUTE 3aHHMAIOT
tonbko O ([ @]) BpemenH, Kak H NOCTORHHO-BPEMEHHbIE OTIEPaLIHH, NIPH YCIOBHH
uto a = O(1). [Tockonbky xopotune xew-QpyHKUHH pacnpenensioT 60bIHHCTBO

' ®opmazanucu[ x| o6o3HauaeT ByHKuMIO «ceilingy, KOTopas OKYFIAET CBOH apryMEHT
BBEpPX 10 OHXKaiiluero Uenoro 4ucna.

Mbl NOTpYAMIKCH HaNKCaTh O(|' u]) BMecTo O () ToNbKO Ans 06paboTku ciyuas, korna
a Haxoawtcs 6nu3ko k 0. BpeMs BuinonHeHus kaxaoi onepaunn Bceraa pasHo Q(1),
HE3aBMCHMO OT TOIO, HACKOJILKO Mala 0 — €CJTH HET HHUETO APYTOro, CYWECTBYET OHO
OlIeHHBaHHeE Xel-(yHKLIHH, KOTOPOE JO/KHO YUHTHIBATLCA. B kauecTBe abTEPHATHBAI
smecto O (| a ) Mb1 MOmTH 661 HanucaTs O(1 + ).
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HabopOB AaHHBIX MO KOP3HHAM NPHUMEPHO PAaBHOMEPHO, 3Ta PE3Y/ILTaTHBHOCTH A1
Jyylero cayyas npuONvKeHHO MOAKPENIAECTCA MPaKTHYSCKHMH pealiH3auHaAMH
xein-TabJIuL Ha OCHOBE CLIETIEH N (C Xopolueil xew-gyHKUHEH U HenaTonoruye-
CKHMH JaHHbIMH)'.

Vpeanu3npoBaHHan pe3ysibTaTHBHOCTL
C OTKPbLITONM apgpecauuet

B xeul-rabnuue ¢ oTKpLITO# agpecaunel BpeMs BbINOJIHEHH onepauuu [lpo-
CMOTPETh WIH BCTABHUTE MacuITabUpyeTCs BMECTE € YMCIIOM 30HAMPOBAHMM,
HeOOXOMMBIX U1 OTBICKaHUA NycToil aueiiku (nnbo nckomoro obvekra). Korna
3arpy3ka Xew-Tab1uLpl paBHa @, 4acTb O €€ A4EeK 3aMoHeHa, a OCTaBIIAsACH YacTb
| — o aBnseTCA MyCcTOM. B cueHapuu ans ayuiuero ciyyas Kakaoe 30HAHPOBaHHE
He B3aMMOAEHCTBYET C COAEPKHUMbIM xew-Tabanubl W umeeT (1 — a)-# wanc
HaliTH mycTylo A4eiliky. B 3ToM naeanu3upoBaHHOM CUEHAPHH 0XXHAAEMOE YHCITO
TpeGyeMbix 30HAHPOBaHHii paBHO 1/(1 —a)’. Ecnu a otaeneHo ot | — k npumepy,
70 npoueHTaMH, — KHeaNU3UPOBAHHOE BPEMA BLINOIHEHHUs BCeX onepauuil co-
ctaBuT O(1). 3Ta ONTHMAJIbHAA PE3YNbTaTHBHOCTb MPUOIHKEHHO MOAKPENISeTCs
NPaKTHUECKMMH Xel-Tabn aM, peaTi30BaHHBIMHU C JBOHHBIM XELIMPOBAHHEM HITH

! lNpuBeneM MaTeMAaTHYECKYIO apryMEHTALHIO AN YHTaTened, KOTOpble MOMHAT OC-
HOBHbIE MOJNIOKEHHA U3 TEOPHH BEpOATHOCTER. Xopoluad xew-¢pyHKUNS HMHUTHPYET
Cly4aitHy10 yHKUMIO, NO3TOMY NMOHAEM Jafiee U NPEANOnoKHM, YTO Xell-pyHKuua h
HE3aBUCHMO 3aKPEIUISET KOKIBIH K04 32 OHOH N3 71 KOP3UH PABHOMEPHO CITy YaHHbIM
o6pazoM. (Cm. pazaen 12.6.1 ¢ nanbHeHWHM 06CYKAEHHEM ITOMO IBPHCTHYECKOTO
aonyuieHus.) MpeanonmKHM, YTo KIOUH BCeX 0OBbEKTOB He COBMAAAtOT H YTO KoY k
oTOOpaXaeTcA B NO3HLIHIO i Yyepe3s /. B pamkax HaLIero Aoy lWeHHs A KaxXa0ro BTOpOro
K/104a k', NPEeACTaRIEHHOTO B Xew-Tabuue, BEPOATHOCTb TOTO, YTO /1 Takke 0TOOpa3HT
k' B no3uumI0 i, paBHa 1/n. B o6weit cA0KHOCTH cabllue | S| K1touel B COBOKYNHOCTH
JaHHBIX S, TO €CTh OXKHAAEMOE YNCIO KITIOUEH, KOTOPBIE NENAT MEXITY CO60H KOP3HHY K,
paBHO | S|/n, TO eCTb UNCITY, KOTOpOE TaKxe Ha3biBaeTca 3arpy3koil a. (TexHHueckH
3TO CNiedyeT W3 JIMHEHHOCTH MaTeMaTHYECKOrO OKHIAHHA U (CXEMbI ICKOMMO3ULIHHY,
OnHCcaHHO#H B pa3aene 5.5 nepgoii wacmu.) [103TOMy 0XKHAAEMOE BPEMS BbIMOIIHEHHS
onepauuu [POCMOTPETH 06beXT ¢ k1touom k pasHo O ([ a ).

2 DTo NoXoXe Ha IKCMEPUMEHT € NOAOPacHBAHHEM MOHETDI: €CITH MOHETAa HMEET BEPOAT-
HOCTb p NPH3EMIIHTBCA OPJIOM», TO KAKOBO CpeiHee YHCIO noabpackiBaHHiH, HEO6X0-
JMMBIX ANA TOTO, YTOOLI YBHAETH BalMX NepBbiX «opnoB»? (ng Hac p = 1 — a.) Kak
OMHUCaHOo B pa3aene 6.2 nepeoti yacmu — An60 OTbILHTE B «BHKHNEAHH» «TE€OMETPH-
YECKYH CiTyuaiiHy10 BEMUHHY» — OTBET paBeH 1/p.
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JApPYTHMH H30LUPEHHBIMH 30HQKHbIMHU NOC/EA0BATENbHOCTIMH. B cnyuae nnnei-
HOIO 30HANPOBaHHUA 0OBLEKTHI UMEKOT TEHAECHLIMIO COOMPATLCS B PACMONOKEHHbIE
noapsaa fuelkn, YTo NPUBOAMUT K 3aMEAJIEHHIO BpeMeHH paboThl: rpy6o rosops,
1/(1 — a)?, naxe B MACATH3MPOBAHHOM cilydyae'. DTO MO-MpPeXHEMY COCTaBNAET
BpeMs O(1) Npy yCNOBUH, YTO @ 3HaUMTENbHO MeHbLue 100 %.

Ta6nuua 12.3. NaeannanpoBaHHas pe3ynsTaTUBHOCTL xew-Tabnnys
KaK GpyHKUMN OT ee 3arpy3ku a U ee CTpaTernm paspeweHns KonInM3ni?2

Crparerus paspeweHus Uaeanu3npoBaHHOE BPEMA BbiNONHEHUR
KONNIM3NIA onepauuwn [IPOCMOTPETH
CuenieHue O(I'a])
JlBoiinoe xewnpoBatne oVl —a)
JluneitHoe 3oHaMpOBaHUE o(1/(1 —a)?)

12.4.2. YnpaBneHue 3arpy3kon
Balwen xew-tadbnuybl

BcraBku 1 yaaneHus u3MeHsioT yucantens B (12.1), u 41s toro 4tobbl HATH B HOTY,
peanu3auus xew-Tabn1ubl 10kHa OGHOBNATHL 3HAMEHaTe b, XOPOLIHMM 3MIHPH-
YECKHUM NPABHJIOM ABJIAETCS NEPHOAMYECKOE H3MEHEHHE pasmepa Xell-Taban4Horo
MaccHBa ¢ Lelbio, 4ToObl 3arpy3ka Tabauubl octaBanace Hixe 70 % (M, Bo3-
MO)XKHO, @€ MEHbLLIE, B 3aBUCHMOCTH OT NPUMEHEHHS U CTPATETHH Pa3pelLEHHs
konnu3uit). Toraa, NpH HANHYKH NPaBUIILHO BLIOPaHHOH xell-byHKUWYU 1 Henaro-
JIOFH4ECKUX AaHHbIX, Bce Haubosee paCnpOCTPaHEHHbIE CTPATerut pa3peLleHus
KOJUTH3HH, KaK MpaBHIO, NMPUBOAAT K MOCTOSHHO-BPEMEHHBIM XeLU-TaOAHYHbIM
onepauHsaM.

! DTOT BeCbMa HEOUEBUIHBIN pe3ynsTar ObL1 BOepBble MonyueH JloHanbaoM 3. KHyToMm,
POLOHAYANLHHKOM aHAJIH3a AITOPHTMOB. JTO NPOM3BENO HA HEro OOMBLIOE BIEYATIEHHE!
«41 Bnepssblie chopMynrpoBan cnedyrownii BsiBoa B 1962 rogy. C Tex nop aHanu3 anro-
PHTMOB CTa/l OZHOH U3 [NIABHBIX TeM B Moeit xu3nu» (JloHamea 3. KHyT. «HMckyccreo
NpPOrpaMMUPOBAHUAY, T. 3 (2-e U3A.), AnaucoH-Yacny, 1998, c. 536).

2 lononHHUTENbHbIE CBEACHUS O TOM, KaK pe3y/JbTaTHBHOCTb Pa3HbIX CTpaTeruid paspe-
LWIEHHA KOMIH3UMA 3aBUCHT OT 3arpy3kH Xew-TabaHubl, CM. B 60HYCHBIX BUAEOPOJINKAX
Ha BeO-caiiTe www.algorithmsilluminated.org.
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Cawmplii mpocToii cnoco6 peanu3oBaTh H3MEHEHHE pa3Mepa MaccuBa — OTCIIEXKH-
BATh 3arpy3Ky TabNULbI U NpH AocTHkREHHH eto 70 % yaBauBaTh YMCNO 1 KOP3HH.
Bce 00beKTHI 3aTeM MOBTOPHO XELIHPYIOTCA B HOBY1O, Gonee KpynHyKo Xell-
Tabnuuy (kotopas Tenepb UMeeT 3arpy3ky 35 %). [1pu Heo6xoanmocTH, ecnu
MOCNEAOBATENBHOCTD YAANEHHI 3HAYUTENBHO MOHWXKAET 3arpy3Ky, TO MacCHB
MOXeT ObITh COOTBETCTBEHHO YMEHBILEH B pa3Mmepe ¢ LieNbio CIKOHOMHTb Npo-
CTPAHCTBO (BCE OCTANIbHbIE 00BEKTHI MOBTOPHO XELIHPYIOTCS B MEHBLLY O TabMHLLy).
Takne H3MEHEHHA pasMepa MOTYT 3aHHMaThb MHOTO BPEMEHH, HO B GONBLUIMHCTBE
NPHNIOKEHHH OHH NPOUCXOIAT HEHACTO.

12.4.3. BbibGop cBoei xew-PpyHKUUN

[MpoekTHpOBaHHE XOPOLUHX XeL-(dyHKLUMIE MpeAcTaBNAET COOOH CNOXKHOE H TEM-
HOoe HcKyccTBO. OUeHb JIErko NMPeANOXKHTh BHELHE Pa3yMHO BbINIAAAUIHE
xeww-GyHKLHH, KOTOpble B HTOrE OKa3bIBAOTCA C HEOOIBIIMMH H3BAHAMM, UYTO
NPHUBOANT K HU3KOH pe3yNbTaTHBHOCTH Xew-Tabnuuei. 1o 3Toit npHuHHe 1 He
COBETYIO €03/1aBaTh CBOM cOOCTBEHHbIE Xeww-dyHKUMH ¢ Hynsa. K cuacTbio, paa
YMHBIX NPOrpaMMHCTOB pa3padoTajiy LWHPOKHH CNEKTP XOPOLIO MPOTECTHPO-
BaHHbIX U OOLIEAOCTY MHBIX Xelu-QyHKLUHUA, KOTOpbIE Bbl MOXETE HCMOIL30BaTh
B cBoeit pabore.

K kakoii xew-dyHkunn npubernyte? 3anaiTe 3TOT BONPOC AECATH MpOrpam-
MHCTaM, H Bbl MONY4YHTE MUHHUMYM OAAMHHAALATb pa3HbiX OTBETOB. IlocKkonbKY
pasHble xeil-QyHKUHH Oka3biBalOTCs B 6onee OnaronpuaTHOM NOJOXKEHHH Ha
pa3HbIX pacnpeeNeHUsX NaHHbIX, CJeAYeT BbiMOJHATh CONOCTABNEHHE peE-
3yNbTaTHBHOCTH HECKOJbKMX COBPEMEHHBIX Xell-QYHKUHH B CBOEM KOHKpeT-
HOM TMPHNIOXKEHHH W cpelle BbIMONHEHHA. Ha MOMEHT HanHcaHUs 3TOH KHHMIH
(B 2018 roay) xein-GpyHKUXH, KOTOPbIE ABNSAIOTCA XOPOlUeH OTNpaBHOMN ToUKOH
AN panbHeAuero U3yyeHus, BKIOYAlOT FarmHash, MurmurHash3, SpookyHash
M MDS. Bce oHU ABNAOTCA Hekpunmoepaguueckumu Xelw-QyHKUHAMH U He
npeAHa3zHaueHbl AN 3aLMUTH OT BpaxaAeOHbIX aTak, nonoGHbIx arakaM Kpocou
n Yonnaxa (cM. cHocky 1 Ha c. 218)'. Kpunmoepaduveckue xew-dyHkunu
CIoXKHee U MeTIeHHee OLCHUBAKOTCA, HeM HX HEKpHITTOrpadHieckue aHalory,

' Xew-¢yHkuus MDS u3HayanbHo Gblia paspaboTaHa kak kpunrorpaduueckas xeu-

¢yHKUMA, HO oHA Bonblue He cunTaeTcs 6e30MacHoM.
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HO 3aTO OHH 3alMLIAIOT OT TAKKUX aTak'. Xopouieil OTNpaBHOH TOYKOH ABAAET-
ca xew-PyHKUHS SHA-1 U ee Oosiee COBPEMEHHbBIE POICTBEHHHKH, TakHe Kak
SHA-256.

12.4.4. BbiGop cTparerumn
paspelieHns KONnnu3nin

YTo Nyuiue KCNoNbL30BaTh I pa3peLieHHs KOMIH3UHA: CUENIEHHUE HIIH OTKPBITYIO
aapecauuio? YTto nyuiue UCNosib30BaTh B Cy4ae OTKPLITOH aJpecaunH: JTHHEH-
HOE 30HAMPOBaHuUe, 1BOHHOE XeLMPOBaHKHe WK uTo-To ewe? Kak o6biuHo, korna
A MPEACTaBJIAIO BAM HECKOMBLKO PELLIEHHI 3a1a4H, OTBETOM OyaeT «cMOTps No 00-
croaTenscTBam». HanpuMep, cuennerue 3aHumaet 6onbLie MECTa, 4eM OTKpbITas
aapecaumns (115 XpaHeHHs ykasartenei B CBA3HbIX CITUCKaxX), NOITOMY NOCHEAHASA
MOXeT ObITb NPEANOYTHTENbHEE, KOT1a NPOCTPAHCTBO ABIAETCA NEPBOOUEPEAHON
npobaemoii. Peanu3auus yaaneHui BbIMOJHAETCS CJIOXKHEE C OTKPLITON ampe-
cauueit, 4eM CO CUENIECHHEM, MTO3TOMY BTOPOE MOXET ObITh NPEANOYTHTENbHEE
B NMPHJIOKEHHAX C OONbLIMM YHCIIOM YAANEHHH.

CpaBHHUBaThH IMHEHHOE 30HAUPOBaHHe ¢ Gosiee CNOXKHBIMH pealiH3alisAMH Ha Oc-
HOBE OTKpbITO#i afipecalli, TAKHMH KaK JABOHHOE XELUMPOBaHHE, TAKXKE HEMPOCTO.
JInHe#iHOe 30HANPOBAHHE NPUBOAMT K OONBIINM CKOTIIEHUSAM PacToNOKEHHbIX
noapa o0beKkTOB B XeW-TabnuLe H, CIEA0BATENbLHO, K 60/IbLIEMY YHCTY 30HAHPO-
BaHuii, YeM B 60J1ee N30LLPEHHBIX MOAXOAAX; OAHAKO 3Ta CTOMMOCTb MOXET ObITh
KOMIEHCHPOBAHA €0 APYKECTBEHHbIM B3aHMOICHCTBHEM C HepapXHeH MamsTH
B cpele BbInonHeHns. Kak u npy Belbope xell-¢QyHKLHH, B Cllyyae KPHTHYECKH
BAXHOTO HCXOIHOTO KOAa HUUTO HE MOXET 3aMEHHUTH IPOrpaMMHPOBaHHE HECKOMb-
KMX KOHKYPUPYIOLIMX peann3aulid U HabmioneHHe 3a TeM, Kakoe H3 HUX Jyulle
BCETO MOAXOANT AN BALUErO NPHIOKEHHS.

! Bee xew-QyHKUHH, Jaxe KpHITorpadHUECKHE, HMEIOT NaroIoOrHuecKHe COBOKYMHO-

CTH naHHbIX (pasaen 12.3.6). Kpunrorpaduueckue xew-¢yHKUHH 06nanaioT ocobbiM
CBOWCTBOM, KOTOPOE COCTOMT B TOM, HTO PEKOHCTPYHpOBATh NATONOrHuecKnit Habop
JaHHBIX BbIYHCITHTETEHO HEBBITIOMIHHMO, B TOM XK€ CMBICIIE, UTO (PAKTOPH3ALHA OONbILIUX
LENBIX YHCEN H BIIOM KPHITOCKCTEMBI C NYONHUHBIM K1I0UoM RSA BhIYHCIHTENBHO
HEBBINONHHMBI,
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12.4.5. PeweHue TectoBoro 3apgauma 12.6

T papuabHbli oTBeT: (B). [TockobKy Xew-Tabauupl ¢ OTKPLITOH aapecauueii
XpaHaT He Gonee oaHOro 06bexTa B pacueTe Ha MO3HLHIO B MACCHUBE, Y HUX HH-
Koraa He MOXeT GbITh 3arpy3ku Gonbie 1. Kak Tonbko 3arpy3ska crana paBHoi 1,
BCTaBUTb GOJIbLIE OOBEKTOB YXKE HE MOTYYHTCA.

B xetn-Tabnuuy co cuenjgeHUeM MoeT ObiTh BCTABIEHO NPOH3BOJLHOE YHCIIO
00BEKTOB, XOTs ee pe3yNbTaTHBHOCTL CHHXKAETCs MO Mepe BCTaBkH 6osbluero
yKcna o0bexToB. Hanpumep, ecnu 3arpyska pasHa 100, To cpeAHss A/IHHA CIMCKa
KOp3HHBI ToXe paBHa 100,

12.5. PunuTpbl BNnyma: ocHOBbI

Duibmpei Bayma ABNAIOTCA 671M3KUMH POACTBEHHHKaMH xell-Tabnuu’'. OHH O4EHDb
KOMMAKTHBI, HO B3aM€eH NepHOAHYECKH AeNatoT onOkH. B nanHoM pa3aene aaerca
OlHCaHHe TOro, YeM XOpoLH GUILTPLI biyMa n kak OHH peain3yloTCs, B TO BpeMA
Kkak pasgen 12.6 u3naraet KpHUBYIO KOMITPOMHCCa MEXIY 0ObEMOM HCMONB3yEMOro
(UILTPOM MPOCTPAHCTBA K €r0 YaCTOTON OLUHOOK.

12.5.1. NogaepxuBaemsie onepauum

[MpuunHa cywecTBoBaHKHA GUALTPOB BiiyMa no cyluecTBy Takas e, Kak H y Xell-
TabnUULL: CBEPXOLICTPLIE OMlepaudH BCTABKH M NPOCMOTpa, 61aroaaps kOTopbiM
Bbl MOXeTe ObICTPO BCIOMHHWTb, UTO Bbl BUIENH, a 4TO HeT. [loueMy Hac JomKHa
GeCMOKOHTB APyras CTPYKTypa AaHHbIX € TEM XKe MHOXECTBOM onepauui? [Totomy
yTto GunLTPLI ByMa npeanouTHTeNnbHee Xell-Tabnuu B PUIIOKEHHAX, B KOTOPBIX
NPOCTPAHCTBO LIEHHTCA Ha BEC 30/10Ta, H clyuaiHas olKHOKa He ARNAETCS NOMEXOH
Ans CAENKH.

! Ha3easel B ueCTb X M300pertarens, cM. paborty «Space/Time Trade-offs in Hash
Coding with Allowable Errors» («KoMnpoMucchl NpoCTPaHCTBA/BPEMEHH B XEll-
KOAMPOBaHWH C AOMYCTHMbIMH olunbkamn») bepmona X. bayma (Communications
of the ACM, 1970).
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Kak u xew-tabnuubi ¢ OTKpbITOl anpecauueii, puasTpbi biyMa ropasao npouue
peanu3oBarh U NPEACTABHTL B YME, KOTa OHH NOAIEP>KMBAIOT TOJBKO OfEPaLnH
Bctasuts 1 [TrocMoTrETh (M 6€3 onepauun VianuTs). Mbl cocpeaoTounmes Ha
3TOM Cllyuae.

®UIBbTPBI BJ1YMA: NOJJEPKUBAEMBIE ONNEPALIHH
[TPOCMOTPETB: MO KNKOYY k BEPHYTb «Aa», €C/N k Obin paHee BCTaBeH
B GpunbTp bayma, U «HeT» — B MPOTUBHOM Cilyuae.

BcTABHTL: 106aBUTL HOBLIN KoY & B GuisTp biyma.

®unbTpsl bayma sBasOTCA OYEHb NPOCTPaHCTBEHHO-3(PDEKTHBHBIMU; B TUNHY-
HOM cjlyyae OHKM MoryT notpe6oBarb Bcero 8§ OUT Ha BCTaBKy. JTO JOBOMBHO He-
BEPOATHO, TaK Kak 8§ GUT COBEpLIECHHO HEAOCTATOUHO, 1A TOMO YTOObI 3aNOMHHUTL
Jaxke 32-GUTHBIH KoY MK ykasarenb Ha obbekt! [o 3Tol npuunHe onepauus
[MPOCMOTPETH B GUAbTpe Biyma Bo3BpaluaeT TONbLKO OTBET «Aa» / «HET», TOraa
KaK B Xelu-Tab/i1Le naHHAs OMepaurs BO3BpALUaeT ykaszaTellb Ha HCKOMbIH 06b-
ekT (ecnu oH HaiineH). UMeHHO noaToMy onepauus BcTaBUTL TeNep, NPHHUMaET
TONLKO KJIKOU, a He (yKa3aTeilb Ha) OOBbEKT.

B oTiMuMe oT Bcex APYTHX U3YUEHHBbIX HAMM CTPYKTYD AaHHbIX GUnbTpbl biyMa
moryT owmubarscs. CywecTByer ABa BUaa OWKOOK: JIOKHbIE OTPHULIAHHKA, KOraa
onepauus NPOCMOTPETH BO3BpALLAET «JIOXKb», A2XKE €C/IH 3anpalLliBaeMbli Koy
6bL1 y)xe BCTaRIIEH paHee, W JIOXKHbIE YTBepXAeHHs (1K cpabarTbiBaHHa), koraa
onepalus [1POCMOTPETH BO3BpALLIAET KUCTHHY», XOTA 3aNnpaLlBacMblii KITIOU eLle
He GbuT BcTaBiieH B npoulioM. B pazaene 12.5.3 mMbl yBHAMM, uTO 6a30Bble QHITB-
Tpbl BiyMa HUKOrAa He CTPanaloT OT JIOXKHbIX OTPHLAHHH, HO OHH MOTYT HMETb
«(haHTOMHBIE 3IEMEHTB) B BUAE JIOKHBIX yTBEpXAeHHUH. B pazaene 12.6 nokasano,
YTO YACTOTOM NOMKHBIX YTBEPKIAEHHH MOXHO YNPaBIATh, COOTBETCTBYHOLLHM 06-
pa3oM HacTpauBas HCNOJb30BaHHE NPoCTpaHCTBa. THNHYHAS peanu3auus GuIbTpa
Bnyma moxeT UMeTb YacToTy onbok okono 1 % au6o 0,1 %.

Bpemena BoinonHeHns onepaunit BctaButs U [TPOCMOTPETH SABISIOTCSH TAKHMH XK€
ObICTpbIMK, Kak 1 B xeln-Tabnuue. Y naxe nyulue, 3Tu onepauty 2apanmuposanto
BbINOJHAIOTCS B NOCTOAHHOM BpeMeHH, He3aBUCUMO OT peain3auuu ¢punvrpa bny-
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ma ¥ Habopa AaHHbIX'. OHAKO peann3auns U Habop JaHHbIX BAHSIOT HA YaCTOTY
owubok GunbTpa.

IToasenem utoru npeumyulecTB U HeaoctTatkoB GuibTpoB biyma Han xeuw-
Tabnuuamu:

OUILbTP BJIYMA NPOTUB XEUI-TABJIULI bl
1. Ilmocnr: Honee npocTpaHcTBEHHO-3DEKTHBHbII,

2. TLmochbl: rapaHTHPOBAHHO MOCTOAHHO-BPEMEHHbIE ONEpaUHH IS
KaXKA0H COBOKYMHOCTH JaHHBbIX,

3. MHHYycBI: He MOXET XPaHHTh YKa3arejlu Ha 0ObeKThl.

4. Munycol: 6onee CloXHbIE yAaleHHs B CPaBHEHHHU C Xell-
Tabnuuel Co cuerieHHeM.

5. MHHYcBI: HERYJIEBast BEPOSTHOCTB JIOKHOTO YTBEPXKACHHUS.

Iepeyens nokasareneii aia 6a3oBbix GuibTpoB biyma BHIMSAUT cliefy OUIMM
obpazom.

Tabnuua 12.4. Bazosble GpunLTpul BnyMa: nogaepxusaemble onepaummn u Bpems
nx BbINOAHEHWA. 3HaK kMHxana (1) ykasbiBaeT Ha To, 4To onepaums [IPOCMOTPETH
UMeeT ynpasnsemylo, HO HEHYNEBYIO BEPOATHOCTL JTOXHBIX YTBEPXAESHUA

Onepauus Bpems BLINOAHOHUS

ITPOCMOTPETh oy

BceTaBuTh o)

Qunetpel biyma cneayer ucnonb3oBarte BMECTO Xelu-TabNuu B NPHIOKEHHAX,
B KOTOPBIX HMEIOT 3HaueHHe UX MPEUMYLIECTBA, 4 UX HEJOCTATKH HE SBIAIOTCS
noMexoi g COENKH.

! TIpu ycnoBHM, 4TO OUEHUBAHMA Xell-QYHKLUHWH 3aHUMAIOT NOCTOAHHOE BPEMSA H 4TO

44cno OUT ABNAETCA MOCTOAHHBLIM B pacueTe Ha BCTABJICHHbINA KTIOU.
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KOI'JA UCNNOJIb30OBATHh ®HJbLTP BJ1YMA

Ecnu npunoxenuto Tpebyercs GbICTpbIH NOHCK ¢ AMHAMUYECKH IBO-
NIOUHOHHPYIOLUUM MHOXECTBOM OOBEKTOB, TPOCTPAHCTBO LEHHTCS
Ha BeC 30/10Ta U NpUEMIIEMO Malloe YUCIO IOXKHBIX YTBEPKAECHHH,

TO GUILTP BnyMa 06bIYHO ABNAETCS NpeANOYTHTERBHOH CTPYKTYpO#
JAHHBIX.

12.5.2. NpumeHeHuns

Janee nayT Tpu NpUMeHEHHs ¢ NOBTOPHLIMU NPOCMOTPaMH, TAe IKOHOMHUS Mpo-
CTPAHCTBA MOXET ObITh BaXXHOM, a JIOXKHbIE YTBEPKAEHHS HE ABIAIOTCH NOMEXOH
AN CAENKH.

Cneanuexkepsnl. Euwe B 1970-x rogax ¢punstpel bnyma vcnonb3oBanuch, ans
peanu3sauuu cpeacts nposepku opdorpaduu — cnennuekepos. Ha arane
npenobpaboTkH Kaxxaoe cI0BO B cloBape BCTapiseTcs B GunstTp Bnyma. Opoo-
rpaduueckas nposepka JOKYMEHTa CBOAUTCH K OAHOMN onepauuH MPOCMOTPETH
Ha CJIOBO B JIOKYMEHTE, NoMeuas ntobble CNI0Ba, 118 KOTOPbIX JaHHas onepauus
BO3BPALUAET KHETY.

B 3TOM npHnOXEHUH TOXKHOE YTBEPXKACHHUE COOTBETCTBYET HEAONYCTHMOMY
CIIOBY, KOTOPOE CNE/TYeKep HenpeaHaMePeHHO NMpUHUMaeT. Takue oHOKH He
Jenau cneanyekepbl UaeanbHbIMH. OaHako B Hayane 1970-x ronoB npoCTpaHCTBO
UEHHIIOCh Ha BEC 30710Ta, NO3TOMY B TO BpeMs MCMONb30BaHHe GHALTpoB BnyMa
Ob110 6ECNPOUTPBILIHOA CTpaTerue.

3anpeumentbte napoad. CTapoe NPUIOKEHHE, KOTOPOE OCTAETCS aKTYyalbHbIM
JIO CEro Hs, OTCJeXHBAET 3allpeLlueHHble NapoiIn — MapoJH, KOTOPbIE CAULIKOM
pacnpocTpaHeHbi MO0 WX CAMLUIKOM JIerko yraaats. M3HauanbHo Bee 3anpelueHHble
napoJii BcTaBnsiores B GuinbTp bnyma; nononHutenbHble 3anpeleHHblE Napoiu
MoryT ObiTh BCTaBNEHbI NO3XKeE, N0 Mepe HeobxoaumocTH. Koraa nonb3osarens
NbITAETCA YCTAHOBUTHL IMG0 cOpOCUTL CBOI napoib, TO CUCTEMA HMILUET Npel-
JIOKeHHBIH naponb B ¢uibTpe bnyMa. Ecnu nouck Bo3BpallaeT «aa», TO NOJb-
30BaTeNIO NMpeAaraeTcs NOBTOPHTh NONBITKY C APYTHM NaponeM. 31ech 0XHOe
yTBEPXAEHHE TPAHCIUPYETCS B NPOYHbIA Napoib, KOTOPbIH CUCTEMA OTKJIOHSET.
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IIpu ycnoBUM, 4TO 4acCTOTa OLIMOOK He CIIMILKOM BellWKa, CKaxeM He Gonee 1 %
au6o 0,1 %, 310 He UMeeT GOMBbIIOro 3HAYEeHUS. BpeMs oT BpeMeHH HEeKOTOpLIM
noab30BaTeNsM NOTpebyeTcs OAHA AOMONHHUTENbHAA MONBITKA HAWTH NapoJib,
NpHEMIIEMBIH U1 CHCTEMBL.

HurepHeT-MapipyTH3aTophbl. Paa cHorcumbarenbHbIX CeroHAUHUX NpUMe-
HeHUH PpuUnbTpoB biiyMa UMeIOT MecTo B IyOH HHTEpHETA, IIe NaKeThbl AaHHbIX
NPOXOAAT Yepe3 MapLUpy TH3ATOPbI C MOTOKOBOH CKOPOCTbIO. CyLIeCTBYET MHOTO
NPHYMH, MOYEMY MApLIPYTH3aTOp MOT Obl 3aXOTeTh OLICTPO BCIOMHHTD TO, YTO
OH BUAeJ B npouuiom. Hanpumep, MapuipyTH3aToOp MOXET 3aX0TeTb HalTH Uc-
TokoBbIi 1P-aapec nakera B cniucke 3abnokupoBaHHbIX IP-anpecos, oTcneauTsb
COAEPXHUMOE K31LA, 111 TOro 4ToObl U30exaTh Mapa3UTHLIX NPOCMOTPOB KILLIA,
WJIH BECTH CTATHCTUKY, MOMOTaIoLLYyI0 B HAEHTU(DHKAUMH CETeBOM aTaku «OTKa3
B 00CNy)KHBaHHUH». CKOPOCTb MOCTYMIEHUS NakeTOB TpebyeT cBepXOBICTPLIX
MPOCMOTPOB, a OrpaHH4YEHHAs NMaMATb MapuUIpyTH3aTOpa JeNaeT NpPOCTPaHCTBO
Ha BeC 30J10Ta. DTH IPUMEHEHHS HAXOAATCA B pAMOM BeJeHUH ¢unerpa bnyma.

12.5.3. Peanusauusa

3arnsHyB BHYTpb (HIbTpa biyma, MOXXHO yBHIETh 3JIEraHTHYIO peanu3aLuio.
CTpykTypa AaHHBIX NOAAEPXKHBAET n-OMTOBYIO CTPOKY WJIM, PaBHbIM 06pa3oM,
MaccuB A JUTHHBI 1, B KOTOPOM KakAblil aneMeHT paBeH 0 uiu 1. (Bee aneMeHTI
MHULHWAJIH3UPYIOTCS HyJleM.) JlaHHas CTPYKTypa TakXe MCMONb3YeT m Xell-
byHKuUui A, h,, ..., h,,, P4 3TOM Kaxkaas oroOpaxaeT yHHBepcyM U BceX BO3MOX-
HBIX K1o4eit B MHOXxecTBO {0, 1, 2, ..., n— 1} nmo3uumii B Maccuse. [lapamerp m
NPOINOPUMOHANICH YHCTY OUT, HCnonb3yeMbix ¢hunbTpoM biyMa 1t BcTaBkH, H, Kak
NpaBUIIO, ABNSETCA MAJIOH KOHCTaHTOM (Hanmpumep, 5)'.

' B paznenax 12.3.6 1 12.4.3 conepakarca yka3aHus no BbIGOpY 0nHO#M xeuw-$yHKuuH. CHo-
cKa Ha . 214 onHChIBaET JelIEBbIi U CEPANTDLIH cNocoG NoyyeHus IBYX Xel-¢QyHKLHi
M3 OQHOM; Ta XKe MAES MOKET ObITh HCMOJB30BAHA JUIA NOJTy4YeHUs m xeul-(y HKUMH 13
ONHOM. AJNILTEPHATHBHBIH N0AX0A, 00yCNOBIEHHDIH IBOHHBIM XEUIHPOBAHHEM, 3aKITHO-
YaETCsA B MCMOJB30BAHKM ABYX Xell-QyHKUMi A v h' And onpeneneuus A, h,, ..., h, no
dopmyne A, (k) = (h(k) + (i — 1) x h'(k)) mod n.
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Bcsknit pas, koraa ko4 Bctasnsetcs B unstp biyma, kaxaas U3 m xel-byHKUW#A
CTaBUT ¢ar, yCTaHaBNWBas COOTBETCTBYIOWMH OUT MaccHBa 4 paBHbIM 1.

GOUIIBTP BJIYMA: BCTABHUTD (110 KJIKOMY k)
fori=1tomdo

Alh(R)] =1

Hanpumep, ecnu m = 3 u h,(k) = 23, h(k) = 17 u hy(k) = 5, BctaBka k npuBo-
T K TOMY, YTo S5-#, 17-# ¥ 23-if GUTH MaccHBa yCTaHARIWBAKOTCA PaBHbIMH 1
(puc. 12.5).

FITTTITTTTITTI=-11

CITTTTTI=]

Puc. 12.5. BcraBka HOBOTO kioya k B dunbTp bnyma ycranasnmsaet 6utol
8 no3uumu h,(k), ..., h, (k) paBHbiMK 1

B onepauuu IrocMOTPETE GUNLTP ByMa OTbICKMBAET OTNEYATOK, KOTOPBIK MOr
Obl ocTaTbCA MpU BCTaBKeE K.
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OUJIBTP BJIYMA: IPOCMOTPETS (ITIO KJIIOYY k)
fori=1tomdo
if A[h,(k)] =0 then
return «HeT

return «aa»

Tenepb Mbl MOXeEM YBUIETb, OueMy PUILTPLE BiyMa He MOTyT CTpajarh OT J10XK-
HbIX OTpHLAHKii. Koraa Kkioy k BcTaBnsercs, COOTBETCTBYIOLINE 7 OUT yCTaHaB-
NUBAIOTCS paBHBIMH 1. 3a BpeMs >ku3HU $unbTpa BiyMa OUTBI MOTYT MEHATB CBOE
3HadyeHue ¢ 0 Ha 1, HO He HaoBopoT. TeM caMbIM 3TH m GUT ocTalOTCs | HaBcerza.
Kaxpas nocnenyioouras onepauus [TPOCMOTPETb k& FapaHTHPOBAHHO BO3BpallacT
NpaBUJIbHBINA OTBET «aay.

Mbi Takke MOXEM YBUAETb, KaK BO3HUKAIOT JIOXKHbIE YTBepXkAeHHUA. [Tpeanono-
UM, UTO m = 3 U ueTbipe Ko4a k,, k,, k;, k, UMEIOT CIICAYIOHE XELI-3HAYECHHS

Kniou 3Haveune h, 3Hayenne h, 3navenne h,
k, 23 17 5
k, 5 48 12
k, 37 8 17
k, 32 23 2

[MpeanonoxuM, uTo Mbl BcTaBnseM k,, k,, k; u k, B dunstp bnyma (puc. 12.6). Otu
TPH BCTaBKH B 00LUEH CNOXKHOCTH NPHBOAAT K TOMY, YTO 1€BATb OUT yCTaHAR/IH-
BAIOTCA paBHBLIMM |, BKJIOYas TpY OuTa B oTnevatke kmoua k, (5, 17 u 23). Ha
3ToM 3tane GunsTp BnyMa Gonblue He MOXET Pa3Nu4aTh, Obll UK HET BCTABJIEH
Kmou k. Jlaxke ecnu k, He 6bln BCTaBNEH B (PUILTD, MOUCK BEPHET «1a», YTO AB-
JIAETCA JIOKHBIM YTBEPXKICHHEM.

WHTYHTHBHO MOXXHO NPEANONOAKHUT, YTO € YBENMYEHHEM pasMepa n dunbTpa biy-
Ma YHCJI0 HANOXKEHHI MEXXIY OTNeuaTkaMy pasHbIX KIHouel J0MKHO yMEHbILATLCA,
4TO, B CBOKO OuUepelb, MPUBOAUT K MEHbLIEMY YHCIY JIOXKHBIX YTBepxAeHuH. Ho
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nepBoouepeHas uenb puabTpa biyMa — 3koHOMUTE npocTpadcTBo. CyllecTByeT
JIW 30710Tas CepeanHa, re U n, U 4acTOTa NOXKHBIX YTBEPXJIEHHH OMHOBPEMEHHO
mManbl? OTBET He oueBHAEH U TPedyeT HEKOTOPOro MaTeMaTHYECKOro aHasn3a,
NPEANPHHATOrO B CleyIOLIeM Janee paszene'.

S[TEETTTT T T T I=] T=]7]

Puc. 12.6. loxHbie yTeepxaeHus: dunstp Bayma MoxeT coaepxaTs oTne4arok
Ko4a k|, Aaxe ecnu k; HMKoraa He BCTasnancs

*12.6. ®unbTp Bnyma:
3BPUCTUYECKNA aHaANN3

Llesb 3TOrO pasgena — NOHATH KONHYECTBEHHbIH KOMNPOMHCC MEXAY noTpebie-
HHEM NPOCTPAHCTBA H YacTOTOM JIOXKHBIX yTBEpxAeHHH dunbTpa bayma. HubiMu

! BHuMaHHe, cnioitiep! OtBer — na. Hanpumep, nernionb3osaHue 8 6UT B pacueTe Ha KITIOY

OOLIYHO MPHBOAHT K JIOKHOMY YTBEPXKIECHHIO C BEPOSTHOCTbIO MPHUMEPHO 2 % (NIpH
YCJIOBHH XOpOLIO MPOIXYMAHHbIX Xew-(yHKUHI H HEMATONIOrHYECKOH COBOKYTHOCTH
JaHHBIX).



236 FnaBa 12. Xew-vabnuusl u Gpunstpel Bnyma

CJIOBAMH, HacKOJIbKO OBICTPO yMEHBILAETCS HYacTOTa JIOKHBIX YTBEPXAEHHii PHIb-
Tpa BiiyMa kak ¢yHKLMS OT ATTMHBI ero MaccHBa?

Ecnu ¢unstp Briiyma ucnonbzyer GUTOBBI MaccuB JUTMHOH # M XpaHHT MHOXe-
CTBO S K/Io4el (OTne4aTky 3TOro MHOXECTBA), TO XpaHHHLLe B GUTax B pacyeTe
Ha K04 COCTaB/fieT

b=—
|51
Hac uHTepecyet ciyyaii, koraa b MeHblue, 4eM YMCI0 OUT, HEOOXOMUMBIX AJIs
SBHOTO XpaHeHHs KITFo4ua MK yKa3aTens Ha 00beKT (KOTOpbIH, Kak mpaBuio, > 32).
Hanpumep, b MoxeT ObITh paBHO 8 HiH 16.

12.6.1. IBpUcTryecKkue AonyuieHnsa

Cas3b MeXly XpaHWITHUIEM KJTIOUeii b ¥ yacTOTOH NOXKHBIX YTBEPXAEHUIH He Tak
JIerko yrazaarb, U ee Bbpa0oTka TpeOyeT HEeKOTOpbIX BEPOSTHOCTHBIX pacieToB.
Jas Toro 4ToObl MX MOHATb, BaM HYXHO BCIOMHHUTb U3 TEOPHH BEPOATHOCTEH
TOJIBKO BOT 3TO:

BepOﬂTHOCTb BO3HHUKHOBECHHSA ABYX HC3aBHCHUMBbIX coObITHi paBHa
MNPOHU3BEACHHUIO X BepOﬂTHOCTeﬁ.

Hanpumep, BepoSATHOCTb TOr0, 4TO [1Ba HE3aBUCUMBIX BpOCKa MpaBUILHOIO Lie-
CTUTPaHHOTO KyOuKa AaayT «4», 33 KOTOPbIM NOCJIEAYET HEUETHOE YHCIIO, paBHA
1/6 x 3/6 = 1/121.

JLns ynpouleHus BEIYUCIEHUS Mbl C/IeN1aeM [1Ba HEONPaBAaHHbIX JONYILEHUS — T€
e caMble, KOTOpbIE Mbl HCTIOJIb30BAIH NMPH NPOX0XKASHHH IBPUCTHYECKONO aHaIM3a
pe3yabTaTUBHOCTH Xelu-Tabnuy (pazaen 12.4.1).

' JlononHuTenbHy1o obutyo MHGOPMaLIHIO O TEOPUH BEPOATHOCTEH CM. B MPHIOKe-

HUH B nepeoit yacmu nub0 B BUKH-CIIPaBOYHUKE MO JUCKPETHOMH BepoaTHocTH (hitps://
en.wikibooks.org/wiki/High_School_Mathematics_Extensions/Discrete_Probability).
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HEOBOCHOBAHHBIE JOINYWEHHA

1. Jlns kaxaoro kmoya k& € U B COBOKYMHOCTH JAHHBIX H X€LI-
¢byHKUHH A, dunbTpa BnyMa h, (k) aBnseTca paBHOMEPHO pacrnpe-
JieJIeHHbIM, TTPHYEM KaKAAs U3 1 MO3UUHA B MAacCHBE ABIAETCA
PaBHOBEPOATHOM.

2. Bce h,(k), oxBarbiBatoLume Bee KtouH k € U u xew-(yHkuuH h,,
Ay, ...y B, ABNALOTCA HE3ABMCHMbIMH ClyyalHbIMH BETHYHHAMH.

[NepBoe aony1ueHHE TOBOPHT, Y4TO AN KaXIOT0 KI0Ya k, KK 10H Xelw-QyHKLUUH A,
U kaxao# nosuuuu g € {0, 1, 2, ..., n — 1} B MaccuBe BEPOATHOCTb TOrO, YTO
h,(k) = q paBHa B TO4YHOCTH 1/n. VI3 BTOPOro 10NyLLEHHS BbITEKAET, YTO BEPOATHOCTD
TOrO, uTO A(k,) = g, a Takxe h(k,) = r, paBHa POM3BEACHHIO HHAUBHYANbHbBIX
BEPOATHOCTEH, TaK:Ke paccuMTbiBaeMas kak 1/n?.

O6a nonyLueHHs Ob1TH Obl PaBOMEPHBI, €CITH Obl Mbl CITyYaHHO BLIOUPATH KXKAYIO
U3 xew-pyHKuMiA ¢punbTpa Biyma He3aBUCHMO OT MHOXKECTBA BCEX BO3MOXHbIX
xeul-pyHkuwii, kak B pazaene 12.3.6. INonHoCTbIO CiiyuyakiHble Xel-(yHKLUHH
Hepeanu3yeMbl (HalOMHUM TE€CTOBOE 3aaHWe 12.5), mo3TOMYy Ha MpakTHKE Hc-
noJb3yercs GUKCHPOBaHHad, «CNyyaiHO-NonoGHan» QyHKUHA. 3TO 03HAYAET, YTO
B JAEHCTBUTENIbHOCTH HAWU IBPUCMUYECKUE OONYWEHUA ABAAIOMCA NONCHBIMU,
C dukcHpoBaHHBIMH Xew-PYHKUMAMH Kak10€e 3HaueHHe h (k) ABnAeTca MOJHO-
CTbIO IETEPMUHHPOBAHHBIM, 63 kakoH-nHOo cy4aliHOCTH. UIMEHHO MO3TOMY Mbl
Ha3blBaEM JaHHbIi aHATH3 S3BPUCTHUECKHM.

OB 3BPNCTUYECKOM AHAJIN3E

Kakas nonb3a 0T MaTeMaTU4eCKOro aHann3a, 0CHOBaHHOMO Ha NOXHbIX Npea-
nocbinkax? B naeane BbiBOA AaHHOrO aHaM3a ocTaeTcs BanuaHbLIM B NPaKTu-
YeCKNUX CUTyauusx, Aaxe eCNU 3BPUCTUHECKUE OONYLLEHUA HE YAOBNETBOPEHbI.
Ona duneTpos Bnyma Hapexaa 3akno4aeTca B TOM, YTO NPU YCNOBUWN, HTO
OaHHble He ABNKIOTCA NAaTONOrMYECKUMU U UCNONLIYITCH A0BPOTHLIE «Cny-
YanHo-NoA0BHbIE» Xew -PYHKLMK, 4aCTOTa NOXHLIX yTBEepXaeHui seaeT cebs
TaK, kak ecsim 6bi xew -QyHKUUK 6binn NONHOCTLIO CNYYaiHbIMU.
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Bbl BCceraa A0NXKHbI C NOAO3PEHNEM OTHOCUTBCA K 3BPUCTUHECKOMY aHa-
nnay n o6s3aTenbHO NPOBEPATHL €ro BIBOALI HA KOHKPETHOW peannaaumn.
K c4acTbIio, SMMUPUHECKUE UCCNEN0BaAHUA NOKA3LIBAIOT, 4TO 4ACTOTA NOXHLIX
yTBEpXaeHUA GuUnbTPos BnyMa Ha npakTUKe CONoCTaBUMa C NpeacKasaHueM
Halero 38pMCcTUHECKOro aHanuaa.

12.6.2. Nonsa ycTaHOBNEHHbIX OUT (paBHbIx 1)

HauHeM ¢ NpeABAPHUTEIILHOIO pacueTa.

S R R SR L

TECTOBOE 3AJJAHHE 12.7

[peanonosxum, uto Habop naHHbIX S BcTaBnseTcs B QUILTp biyma,
KOTOPBIil HCHIONBb3YET m Xell-(pyHKUMH 1 OUTOBLIH MacCHB AJIMHbI A,
B paMkax HaluMx 3BPUCTHYECKHX JOMYLUCHHH KakoBa BEPOSATHOCTb
TOr0, 4TO NepBLI OUT MaccHBa paBeH 17

a) (1/n)

6) (1~ 1/n)"

B) (1~ I/ny"s

r 1= - Unys

(PeieHne ¥ noscHeHKe cM. B pa3aene 12.6.5.)

B nepeoM OuTe GpuneTpa briyMa Het HH4ero ocobeHHoro. [1o cuMMeTpHH OTBETOM
Ha TecTOBOE 3ajaHue 12.7 Taxke ABNAETCA BEPOATHOCTDb TOTO, UTO 7-H, Ui 23-H,
WIIH 42-1 GUT yCcTaHOBJEH paBHbIM 1.

12.6.3. BepofATHOCTb JIOXXHOrO yTBEepXAeHUA

Pewenne TecToBOro 3agauus 12.7 apnsercs 3amyTaHHbIM. [lis TOro YtoGbl ero

NPUBECTH B TOPAA0K, Mbl MOXXEM UCIOJIb3OBATH TOT AKT, YTO e* ABIIAETCA XOPOLUEH

annpokcuManueii 1 + x npu x 6nu3koM k 0, rae e = 2,18... ARIAETCS OCHOBAHHEM
HatypanbHoro jorapugma. 1ot dakT oueBnaeH U3 rpaduka ABYX GyHKUHH:
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8r exp{x)

ILnst Hac peneBaHTHLIM 3HAYEHUEM X ABSETCA X = —1/n, KOTOpOe ABaAseTCA 61u3-
KHM K O (MrHOpHPYA HEHHTEpECHbIH Clly4aii kpoweuHoro n). Takum 06pa3om, Mbl
MOXKEM MCNONb30BATb KONHYECTBO

1 — (e"V""y"S) g kauecTBe 3ameHbl 48 1 — (1 — 1/n)™9,
Mbi MOXKEM atbliie YIPOCTUTD JIEBYIO CTOPOHY A0

1— e—m|S|/n = 1- e-,/l,

E,_J P
OLCHRA BEPONTHOCTH, YTO AaHHbI#R GRT pancs 1

rae b = n/| S| 0603HayaeT yucno GUT B pacueTe Ha BCTABKY.

Bce 310 3aMeuaTenbHO, HO YTO HAaCUET YACTOTb! JIOKHbIX yTBepKAeHHA? JloxkHoe
YTBEP)KAEHHUE CllyyaeTcs 118 Kto4a k He B S, koraa Bce m 6wt h,(k), ..., h,(k) B ero
oTnevarke yCTaHOB/€eHbl paBHbIMU 1 kntouamH B S'. [Tockonbky BEPOATHOCTB TOIO,
YTO AaHHbIN OUT paBen 1, npubankeHHOo paBHa | — e™”, BEPOATHOCTL TOTO, YTO
BCE m 3THX OUT YCTaHOB/EHBI paBHbIMH 1, NPpUOIHIKEHHO paBHa

1- -m/b\m
OLCHKA ( neuxnom) i (]22)

! B uensx ynpotteHns Mbl UCXOAMM H3 TONO, YTO KaXKaas U3 m Xew-yHKuui xewnpyer &

B APYTYIO MO3HUHIO (KaK 3TO 00bluHO ObIBaET).
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MbI MOXXEM POBEPUTHL PaBoTOCMOCOGHOCTL 3TOM OLIEHKH, pa3BEeAaB 3HaUEHHs b.
o Mepe Toro kak ¢punsTp biayma BeipacTaeT 10 ckolb YrOAHO GONBLIMX 3Haue-
HHii (¢ b — o) U CTaHOBHUTCA Bee Honee NycThbIM, JaHHas oueHKa (12.2) cTpeMHT-
cq k 0, Kak Mbl H Haaeemcs (MOTOMY YTO e~ CTpeMHTCs K 1 no Mepe Toro, Kak x
ctpemutes k 0). U Hao60poT, mpH 04eHb MaIOM 3HA4YEHHH b OlieHKa BEPOATHOCTH
JIOKHOTO YTBEPXAEHUS ABNAeTCA 60bLIoH (K npuMepy, = 63,2 % npub=m=1)".

12.6.4. KynbMUHaALUNOHHBIA MOMEHT

MBIl MOXEM HCIONB30BATh Hallly TOYHYIO OLUEHKY (opMmyna 12.2) yacToTb! JIOX-
HBIX YTBEPKIAECHHH, VTS TOr0 YTOOBI MOHATH KOMITPOMMCC MEX1Y MPOCTPaHCTBOM
H TOYHOCTRIO. B oMosHEHHE K TPOCTPAHCTBY B pacyeTe Ha ko b oueHka B (12.2)
3aBHCHT OT m, YuCa Xell-pyHKUHA, KOTopble UCNoNb3YIoTes GUIbTpoM bryMa.
3HaueHHe m HAXOANTCA MOJ NOJHEIM KOHTPOJIEM NPoeKTHpOBLUKKa (punbTpa Biyma,
Tak noyemy Gbl He HACTPOUTD €0 TakK, YTOOBl OHO MHHHMH3HPOBAJIO OLIEHOUHYIO
yactoTy own6ok? To ecTb, ocTaBnAs b PUKCHPOBAHHBIM, Mbl MOXXEM NOAOOPATL M
Ans MUHAMU3aurk (12.2). C noMolubio quddepeHnanbHoro HCUMCIECHHS MOXHO
nono6parb Haunyulliee 7, IPUPABHAB NPOU3BOAHYI0 (12.2) No m HyNO W Haiias
peuieHune A1 m. Bbl MOXeTe BbIMOMHUTB 3TH BRIYUCIEHUA B YEAWHEHHH IOMallIHEH
00CTaHOBKH ¢ TeM pe3ynsTatoM, uTo (In 2) x b= 0,693 x b ABnAeTCA ONTUMANLHBIM
BAPHAHTOM U1 M. ITO HE LeJIOE YUCIIO, TOITOMY OKPYIJIHTE €ro BBEPX HITH BHU3,
AJ15 TOrO YyTOG b1 MOYYHTB HAEANBHOE YHCIO Xell-hyHkuuil. Hanpumep, npu b =8
yucno xeww-pyHKUUii m 2omkHO ObITh 60 S, TH6O 6.

Tenepb Mbl MO’KEM KOHKPETH3UPOBATh OLEeHKY ouHOky B (12.2) ¢ yyacTHEM on-
THMaNbHOIO Yncna m = (In 2) X b ¥ NONAYyYHUTb OLEHKY

(] —e'n 2)(ln 2)xb = (] /2)(In 2) b

| B 10NOJHEHHE K HALUMM ABYM 3BPHCTHYECKHM JOMYIEHHAM 3TOT aHAITH3 0OMaHbIBAN
nBaxael, Bo-nepesix, e ' He coBceM paBHo 1 — 1/n, HO oHO 6u3K0. Bo-BTOPBIX, faXe
¢ HALIHMHM IBPHCTHYECKMMH JOIYLUEHNSAMH 3HAYEHHA ABYX pasHbIX OHT GunbTpa biyma
HE ABJAIOTCA HE3ABUCHMBIMH — 3HaHHE TOrO, YTO OAMH OMT paBeH 1, Aenaer yyTh Gonee
BEPOATHBIM TO, YTO Apyro GUT paBeH 0, — HO OoHM Onn3kH. O6a o6MaHa ABAAOTCA
OIM3KMMH aNMPOKCHMMALHAMH PEATBHOCTH (C Y4ETOM 3BPHCTHYECKHX AONYIIEHHIH),
a TO, YTO OHH MPHUBOAAT K NMPABHJIBHOMY 3aK/TIOYEHHIO, MOXKHO MEPENPOBEPHTH Kak
MaTeMaTHYeCKH, TaK H SMIMHPHYECKH.
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DTO MMEHHO TO, YEr0 Mbl XOTEJIM C CAMOro Hauana. Y Hac ecTb opMyrna, KoTopas
BbIJIaeT OXUAAEMYIO YACTOTY NOXKHBIX YTBEPXKAEHHH Kak dyHKuMIo 06bema npo-
CTPaHCTBA, KOTOPOE Mbl FOTOBBLI HCNONBL30BaTh!. JlaHHad dopMyna yMeHbLIAeTCs
IKCNOHEHYUANbHO BMECTE C MPOCTPAHCTBOM b B pacueTe Ha KN4, H HMEHHO
MO3TOMY CYLIECTBYET 30/10Tas CepeanHa, rae u pasmep dunstpa bayma, u ero
4acTOTa JIOXKHBIX YTBEpPXKeHHH MasTbl 0HOBpeMeHHO. Hanpumep, NpH XpaHeHHH
TONbKO 8 6UT Ha kJtoY4 (b = 8) 3Ta oueHKa cocTaBaseT 4yTh 6onee 2 %. Yto, ecnu
B3ATb b = 16 (cM. 3aaauy 12.3)?

12.6.5. PewmeHue TectoBoro sagaHuma 12.7

IIpaBuabHbIii 0TBET: (). Mbl MOXEM BHU3YaNH3UpOBATb BCTABKY KMO4eH U3 S
B ¢punbeTp biyMa kak 6pocaHie JpOTHKOB B Urpe AapTC B MHULIEHB C 1 CEKTOPAMH,
NpHYEM Kbl JPOTHK MONAAAET B KOK/IbIA CEKTOP paBHOBEPOATHO. [Tockonbky
¢unsTp Bnyma ucnonssyer m xeu-pyHKUKHA, Kaxas BCTaBKa COOTBETCTBYET
METaHHIO m APOTHKOB, B 00LLeH CIOXHOCTH m|S| APOTHKOB B LenoM. J[poTHK,
nonasLIKii B i-i CEKTOpP, COOTBETCTBYET YCTaHOBKE i-ro0 6uTa duneTpa bayma
paBHbIM 1.

[To nepBOMy 3BPHUCTHUYECKOMY AOMYLIEHHIO Ans Kaxablx k € Su i€ {1, 2,
..., M} BEPOATHOCTb TOTO, YTO APOTHK MOMAJAET B NEPBbIH CEKTOP (TO €CTh YTO
h,(k) = 0), paBHa 1/n. CaenoBatenbHo, APOTHK NpOMAXU6aemcs no rnepeomMy
cektopy (To ecTb h,(k) ne paBHo 0) c ocraBLieiics BeposTHOCTbIO | — I/n. 1o
BTOPOMY 3BPHCTHYECKOMY NOMYLUEHHIO Pa3Hble APOTHKH fBASIOTCS HE3aBHUCH-
MbIMH. CneoBaTenbHO, BEPOATHOCTL TOrO, YTO KAdXCObili APOTHK NPOMAaXHET-
Csl MO MEPBOMY CEKTOPY — TO €CTb A, (k) # 0 ans kaocowx k€ Snie {l,2,
..., m} — paBHa (1 — 1/n)™9. C octaBuueiics 1 — (1 — 1/n)"" BepoATHOCTBIO, UTO
HEeKWii APOTHK NOMAAAET B NEPBbIi cekTop (TO ecTh nepBbiii OuT punsTpa bayma
YCTaHOBJIEH paBHbIM 1).

! PaBHbIM 06pa3oM, €C/IH Yy Bac €CTb LEJIEBas YaCTOTA € JIOKHBIX YTBEPHKACHHH, TO Bbi

JOJKHBI B3STh MIPOCTPAHCTBO B pacueTe Ha KJTOY PaBHBIM HE MeHee b = 1,44 log, 1/e.
Kak 1 oxuaanock, 4eM MeHbLLIE LieNieBast 4acToTa e owHO0K, TeM Gonblie noTPeGHOCTH
B MIPOCTPAHCTBE.
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3aaaum Ha 3aKkpenneHme martepuana

3apaua 12.1. UTto U3 nepeyncneHHOro HUXe He ABIAETCA CBONCTBOM, KOTOPOE Bbl
OXKHAAeTe OT XOPOILO CIPOEKTHPOBAHHOM Xell-(hy HKLMH?

a) Xew-hyHKUMA NOMKHA pacnpeaenaTh KaKablii Habop JaHHbIX NPUMEPHO
PaBHOMEPHO NO BCEMY AHAMA30HY.

0) Xew-dyHkUMs 10mKkHA ObITL TPOCTA NPH €€ BbIYUCTIEHHH (338 MOCTOAHHOE
BpEMs UM OIIM3KO K HeMmy ).

B) Xew-¢yHKuus nomkHa ObiTh Nerkod B XpaHeHHM (B MOCTOAHHOM Npo-
CTPaHCTBE WJIH OITU3KO C HHM).

r) Xeul-dyHKUHSA JOMKHA pacnpenensTh 60NbIIHHCTBO COBOKYMHOCTE AaH-
HbIX MPHMEPHO PABHOMEPHO MO BCEMY 1Hana3oHy.

3anaua 12.2, Xopoluas xeul-QpyHKLHS UMHTHPYET 30110TOH CTAHAAPT Cly4aiHOH
(yHKUMH Qe BCEX NPAKTHUECKHX LieNeil, MOITOMY HHTEPECHO UCCNEN0BATh KO-
NM3WH C MOMOLIBIO cnyyaiiHod PyHKUMH. ECH MECTOMNONOXEHHA ABYX pa3HbIX
1toueit k,, k, € U BbIOMpaloTCs HE3ABUCHMO H PABHOMEPHO Clyu4aiHbIM 00pa3oM
B 71 NO3HLIMAX B MaccHBE (MpHYEM BCE BOMOXKHOCTH ARJAIOTCS PaBHOBEPOATHBIMH),
TO KakoBa BEPOATHOCTb TOIO, YTO k, H k, OyIyT KOHPIUKTOBATHL?

a) 0

6) 1/n

B) 2/n(n—1)

r) 1/n?
3anaua 12.3. Mb! HHTEpNPETHPOBAJIH HaLll 3BPHCTHYECKHH aHanH3 puabTpoB bry-
Ma B paziene 12.6, orpaHH4MB €ro Ha cyyae ¢ 8 6MTaMH NpPOCTPaHCTBA B pacueTe
Ha K104, BCTaBnsgeMbiit B duasTp. Ipeanonoxum, 4To Mbl FOTOBbI HCMONb30BATh
BABOE Ooblie MecTa (16 6UT Ha BCTaBKY ). UTo, COrNacHo HaweMy 3BPUCTHHECKOMY
aHaIIN3Yy, Bbl MOXETE CKa3aTh 0 COOTBETCTBYIOLEH YACTOTE NIOXKHbIX YTBEPKACHHUHA,

MCXOAs U3 IONYLLEHHUA, YTO YHCTI0 m Xeul-Tabauu 3aaaHo onTiManbHo? (Buibepute
CaMoe CHIIbHOE HCTHHHOE YTBEPHIEHHE. )

a) Yacrora NokHbIX yTBepx#AEHHI Oyner MeHbe 1 %.

6) Yacrtora noxHbIX yTBepxaAcHHUHA Oyner Meublle 0,1 %.
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B) YacTora noxHbix yreepxaeHni 6yaer menbe 0,01 %.

r) Yactota noxHbix yTBepxaeHui 6yaet meHbuwe 0,001 %.

3apava no nporpaMMMUpPOBaHNIO

3aaaua 12.4. Peanu3syiite Ha NpeANOYHTaEMOM BaMH f3bIKe NPOrpaMMHPOBaHHA
Xel-TabNHyHOe pelleHHe 3a1a4H o cyMMe AByX uncen (2-SUM) pasaena 12.2.2.
Hanpumep, Bbl MOXeTe CreHEpHPOBAThL CMUCOK S U3 MUJUTMOHA CyUYaiHbIX UENbIX
yucen Mexay —10'" 1 10" u nogcumnTath uncno ueneif £ Mexxay —10 000 u 10 000,
JNIA KOTOPBIX CYLIECTBYIOT HECOBMAAAOWHE X,y € S, rae x +y =¢.

Bbl MOXeTe NPUMEHUTD CyLLECTBY IOLUIME peanu3auHu xew-Tabnuu anbo peanuso-
BaTb CBOU cOOCTBEHHbBIE C HyNA. B mocneaHem ciyuyae cpaBHHUTE Ballly pe3y/1bTaTHUB-
HOCTb B paMKax pa3HbIX CTPATEruii pa3pelleHHUs KOMTH3HHA, TaKUX KaK CUETJIEHHE
1 nuHeliHoe 30HaupoBaHue. (OOpatuTech k caiTy www.algorithmsilluminated.org
IUTS TOJTY4YEHUs TECTOBBIX C1y4aeB U COBOKYMHOCTEH AaHHbIX ANs 3a/auy.)



IIpunoorcenue B.

Kpamxkuii 0630p
ACUMNMOMUYECKOU
gopmul 3anucu

B 3TOM NpUnoXXeHUH paccMaTpuBaeTCs aCUMNTOTHYeCKas opma 3anucH, B 0CO-
6eHHOCTH 0603HayeHHe O-6onbuioe. Ecny Bl BcTpeuyaeTe Takoi marepuan
BNEpBblE, TO, BO3MOXKHO, 3aXOTHTE AONONHUTb 3TO NpUIomkeHHe 6onee noapob-
HbIM ONUCAHWEM, HanpUMep, MaBoil 2 nepgoii vacmu NM60 COOTBETCTBY IOLLIMMH
BH/1€0pONHKaMH ¢ BeG-caiiTa www.algorithmsilluminated.org'. Eciiu BbI BcTpeuanu
€10 paHblile, TO He 00A3aTeNbHO YATaTh AaHHOE NPHIIOKEHHE OT KOPKY A0 KOPKHY —
OCBEXXHUTE B NAMATH T€ MOMEHTBI, KOTOpble TOro TpedyIoT.

B.1.Cytb

AcuMmnToTH4eckas GopMa 3anucH onpeaenseT 3010TyI0 cepeuHy NoApoOHOCTH
paccysxaeHuit 06 anropuT™Max KM cTpyKTypax AaHHblx. OHa aoctarouHo rpyba,
4TOOBI NOAARNATL BCE AETAIM, KOTOPbI€ Bbl XOTHTE NPOUrHOPHPOBATH, — JETaNH,
KOTOpbIE 3aBUCAT OT BLIOOPA anmnaparHoii apXuTeKTy pbl, BbIGOpa 3b1ka NporpaMmH-
poBaHHs, BbIOOpa KoMnuIATopa U Tak aanee. C Apyrod CTOpPOHbL, OHa AOCTATOYHO
TOYHA, YTOObI BLINONHATL NOJIE3HbIE CPABHEHUA MEXY Pa3HbIMH anropUTMHYe-
CKMMH BbICOKOYPOBHEBBIMH NOAXOAaMH K PEMIEHHIO 33]a44, B OCOGEHHOCTH Ha
GoNbLIMX BXOAHBIX JaHHbIX (TPeOyIOLNX aTrOpUTMHYeckoi H300peTaTebHOCTH).

' CM. Takxke https://ru.wikipedia.org/wiki/BoiuMcnuTensHas_cnoxHoCTs. — [1pumey. nep.
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Xopoluee ceMHCIOBHOE pe3toMe aCHMITOTUYECKOH OPMBI 3aNUCH BLIMIAIUT Tak:
CUCTEMA ACUMIITOTHYECKHUX OBO3HAYEHM I
B CEMHU CJIOBAX

YCTPaHHTh [IOCTOSHHBIC MHOXHTEIM H “UICHKI HHSIIHX ITIOPSAKOB .

v

P anx 6o NABHBIX

B SRR SO B P S R S R N I A e

BaxxHeH1UMM NOHATHEM aCHMNTOTHYECKOrO 0003HaYeHus ABNAETCS 0003HaYEHHE
O-60nb110e. MHTYHTHBHO MOXCHO MPEANOJIONKHTB, YTO HeuTo pasHoe O(f(n)) ang
dbyHkuHMH f(n) o3HavaeT, 4To f(1) — 3TO TO, C YEM Bbl OCTAETECH N0CNE YCTpaHe-
HHA NOCTOAHHBLIX MHOXHMTENEH U YNEHOB HU3LIKMX NopaakoB. Hanpumep, eciu
g(n)y=6nlog, n+6n, 10 g(n) = O(nlogn)'. O603HayeHue O-6onbluoe pacnpene-
J5I€T aJINOPUTMBI 11O IPYIINaM COMAcCHO HX ACHMNTOTHYECKHM BpeMeHaM paboThbi
B XYLLIEM C/ly4ae, TAKUM Kak TuHeitHo-BpeMeHHble (O (n)) unu norapupmMuyecku-
BpeMeHHble O(n log n) aIrOpHTMBI U ONIEPALIMH.

B.2. O6o3HauyeHue O-60onbluoe

O603HaueHne O-6onbioe oTHOCUTCA K GyHKUMAM T'(n), onpeaeneHHbIM Ha Mo-
JIOKUTENBbHBIX LENbIX Yucnax »n =1, 2, ... Jinsa Hac T(n) noutH Bceraa OyaeT o6o-
3HauyaTb I'paHully BpeMeHH paboThl B XyALIEM ClTydae ajiropuTMa UM onepauuu
Ha CTPYKTYpe NaHHbBIX KaK (yHKLHH OT pa3Mepa # BXOAHbIX JaHHBIX.

OBO3HAYEHHE O-BOJIBLUOE (PYCCKA A BEPCHA)
T(n) = O(f(n)) Toraa u Tonbko TOraAa, koraa T(n) B KOHEYHOM UTOrE
orpaHMyeHa CBepXy MOCTOAHHBIM KPaTHbIM GyHKUHH f(n).

e

! Tlpu MrHOPUPOBAHHH MOCTOSHHBLIX MHOXHTE/IEH HaM He HY)KHO YKa3bIBaTb OCHOBaHHe
norapugma. (PazHble norapudmMHueckre Gy HKLHH OTITHYAIOTCA TONIbKO Ha NOCTOSHHbIHA
MHOXHTEND.)
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Bot cootBeTcTBYIOLLEE MaTEMaTHUYECKOE onpeaenieHHe 06o3HadeHns O-6onbliioe,
ornpeaeneHue, KOTOpoe Bbl JOMDKHBI HCTIONL30BaTh B QOPMANbHBIX JOKA3aTE/bCTBAX.

OBO3HAYEHHUE O-BOJIBLIOE (MATEMATHYECKAS BEPCHS)
T(n) = O(f(n)) Toraa ¥ TOJBLKO TOTAR, KOTAA CYLIECTBYIOT MOJOXKH-
TENbHbIE KOHCTAHTHI ¢ H 1, TAKHE UTO

T(n) <c %f(n) (B.1)

ANs BCEX 1 2 A,

KoHcTaHTa ¢ KBaHTUDUUUPYET TEPMUH «MOCTOSHHOE KPaTHOE», KOHCTAaHTa 1,
KBaHTH(OHLMpPYET CNOBOCOYETAHHE «B KOHEUHOM cueTe». Hanmpumep, Ha puc. B.1
KOHCTAHTa ¢ COOTBETCTBYET 3, @ 1, COOTBETCTBYET TOUKE MepeceueHus QyHKUNH

T(n) ncx f(n).

n— oo

Puc. B. 1. PucyHok, nnniocTpupyrowui, korga T(n) = O(f (n)). KoucTtaHTa
KBaHTUDULMPYET TEPMUH «MOCTOAHHOE KpaTHOE» hyHKUUK f(n), a KOHCTaHTa n,
KBaHTUDUUMPYET CNOBOCOYETAHUE «B KOHEYHOM UTOre»

NPEAOCTEPEXXEHME

Korga Mbl rOBOPUM, 4TO € U N, ABNAIOTCA KOHCTaHTaMWU, Mbl UMEEM B BUAY,
4YTO OHU He MOoryT 3asuceTs oT n. Hanpumep, Ha puc. B.1 ¢ u n, 6uinn dnk-
CUPOBaHHBIMU YucnaMu (Hanpumep, 3 unn 1000), a 3aTeM Mbl paccMoTpenu
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HepaseHCTBO (B.1), N0 Mepe Toro kak n pacrert Ckonb yroaHo 6onblwum (Ha
rpadmke 8 HanpaeneHun BNPaso A0 6eckOHe4YHOCTH). Ecnm Bbl koraa-Hnbyas
06HapyxuTe, 4TO B NpeAnonaraemMoM gokasarensctee O-6onswoe rosopure
«B3STb N, = N1» UK «B3ATb € = l0g, N», TO BaM HYXHO Ha4YaTb 3aHOBO C BbiIGopa
C WU N, KOTOPbie ABNRIOTCA HE3aBUCUMBIMU OT 1.

B.3. NMpumepsl

MBI yTBEpXKaaEM, 4To eciiu T(n) ARISETCA MHOMOUIIEHOM C HEKOTOPOH CTEMEHbIO £,
10 T(n) = O(r*). CneposarenbHo, 0603HaueHre O-00bLIOe AEHCTBUTENLHO YCTpa-
HSAET TIOCTOSHHBIE MHOXHTENH U YJIEHbl HU3LIUX MOPAIKOB.

Yreepxaenue B.1. [Ipednonoscum, umo

T(ny=ap +.. +an+a,

rae k> 0 — 3To HeoTpHLUATEeNbLHOE LIeIoe YHCIIO, a,— BellecTBeHHbIe yuca (no-
JIOKUTENbHbIE WK oTpHlarenbhbie). Torna T(n) = O(nb).

Hoxazamenvcmeo: noka3arenscTBo GopManbHONO yTBepkaeHUs O-00IbLI0e CBO-
AUTCS K PEKOHCTPYHUPOBAHHIO COOTBETCTBY HOLUMX 3HAYEHUH 11 KOHCTAHT ¢ U 1y, —
3€Chb, YTOObI ObLIIO JIErKO MPOCIEAHTD, Mbl BLITALLUM 3HAYEHUSA 11 3THX KOHCTAHT
U3 WALl n, = 1 ¥ ¢, paBHbIE CyMMe abCONMOTHBIX 3HaYeH Uil koadduuHeHTOB':

c=laf+.. +la|+]a,|

O6a 3TH uHcna He 3aBUCAT OT 1. Tenepb HaM HY>KHO MOKAa3aTh, YTO 3TH BAPUAHTbI
KOHCTAHT yAOBIETBOPSIOT ONPEAeIEHHIO, UMes B BULLY, uTo T(n) <c % n* 1ns Beex
n>n,=1.

[nis Toro 4ToObl NEpenpoBEPUTH 3TO HEPABEHCTBO, 3aJaHM MONIOKHUTEILHOE
uesoe udcno n > n, = 1. HaMm HyXHa nocnefoBarebHOCTb BEPXHUX IPaHHL Ha
T(n), kynbMHHaLHeH KOTOPBIX CTAHEeT BepPXHAA rpaHuLa ¢ - #¥. CHayasia IpUMEHHM
onpenenenue I'(n):

T(ny=apx*+ .. +an+a,

' HanoMHHM, 4TO aficonomHoe 3Havenue | x| BELIECTBEHHOTO YHC/A X PABHAETCA X, KOTAa
x>0, H—x, xornax <0. B yacTHOCTH, | x| Bcerna HEOTpHLATENLHO.
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Ecnu B34Tb abcontoTHOE 3HaUYeHHe Kaxaoro koadubULUMeHTa a; B NpaBoi YacTH, TO
BbIpaXXEHHE CTAHOBUTCA TONBKO Honblue. (Ja| MOXeT ObITh TONbLKO onblue, YeM
a,, M NOCKOJIbKY #' ABJISETCA NONOXKHTENbLHDBIM, |a[n’ MOXET ObITh TONbLKO 6onbLue,
yem ar'.) ITO 03HAUAET, YTO

T(n)<|a,r*+ ..+ la,|n+|a,|.

Tenepb, korna ko3dpUUHEHTL! HEOTPULIATENbHbI, MbI MOXKEM HCNOJIb30BaTh aHa-
JIOTHYHLIH MeToa, 4ToObI NPEBPaTUTL pa3Hble CTENeHH n B obLyto cTeneHs a. [lo-
ckonbKy n > 1, n* Gonblue Tonbko n' ana kaxnoro i € {0, 1,2, ..., k}. [ockonbKy
| a,| sBAseTCA HeOTpHLATENLHOM, | g,|r* Gonblue TONbKO | g, |r. ITO 03HAUaET, YyTO

T(n)<|a, |n*+ ... + |q|n‘+|ao|n*=g|a,|+ e+ |a,|+|a,,|2n".

V-
=¢

3T0 HepaBEHCTBO COONIOAAETCA AN KOKA0ro n > n, = 1, To €CTb HMEHHO TO, 4YTO
MbI XOTEJH JoKa3atb. Y. m. 0.

MBI Tatloke MOXeM HCTONb30BaTh OnpeeneHHe 0bo3HaueHHs O-60nbLIoE, 111 TONO
4yToOBI A0KA3aTh, YTO OAHA QYHKLHA He ABseTca O-00NbIUUM APYToH QyHKLHH.

YrBepxaenue B.2. Ecau T(n) = 2'*, mo T (n) ne sansemecsa O(2").

Hoxazamenscmaeo: 4TOObI 10Ka3aTh, 4TO oHa (yHKLUHMA He ABaseTcs O-6onbluoe
ApYro#, KaKk NpaBHJO0, NOb3YIOTCA A0Ka3aTeNbCTBOM OT obpaTtHoro. Urak, ao-
NYCTHM NPOTHBONONOXHYO GOPMYTHPOBKY B YTBEPXKAEHHH, uTo (1) Ha caMOM
nene pasuserca (2. o onpeaeneruto o6o3HaueHus O-6onblLIOE CYUIECTBYIOT
NONOXKUTENBHbIE KOHCTAHTBI C U 1y, TaK YTO

ZIOnSc X 2n

ANA BCex n 2 n,. Tak xak 2" ABNAETCA MONOKUTENbHBIM YHCIIOM, Mbl MOXEM Bbl-
YEPKHYTb €ro ¢ olbenx CTOPOH 3TOr0 HEPABEHCTRBA, NOJIYYHB

29"5(.'

Ans Bcex n > n,. Ho 3T0 HEpaBeHCTBO ABHO IOXKHOE: NpaBas CTOPOHA ABIAETCH
(hUKCHPOBaHHOH KOHCTaHTOMH (HE3aBUCHUMOIA OT 1), B TO BpeMs Kak JieBasg CTOpoHa
YXOAHT B OECKOHEYHOCTb, IO MEPE TONO Kak 1 CTAHOBHTCAH 6OLLINM. JTO NOKa3bl-
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BAET, YTO HAlle JOMyUIeHHe 0 TOM, 4To T{(n) = O(2") He MOXeT ObITb NPaBHIIbHbBIM,
H Mbl MOKEM 3aKJTIOUHTD, UTO 2'" He sBnserca ((2"). Y. m. 0.

B.4. O60o3HavyeHna Omera-6onbwioe
n Teta-6onbLuoe

O6o3HaueHHe O-60bllI0e HA CETOAHALIHUA AeHb ABNAETCA Hanbomnee BaXKHOW
M NOBCEMECTHOM KoHUenuuei Ans obcyx aeHHs aCHMNTOTHYECKONO BPEMEHH BblI-
MONHEHHA AJITOPUTMOB M oMnepaiuii Ha cTpyKTypax AaHHbIX. C napoit ero 6au3kux
POACTBEHHHKOB, 0003HaueH MU OMera-6onbluoe ¥ Tera-60onbLu0€, TaKXKe CTOUT
No3HaKOMHUThLCA. Ecnn O-60nbL110€e ABNSETCS aHANIONOM BbIPAXEHUs « MEHbLUE HIH
pasHo (<)», To OMera-6onbLioe U Tera-60bLIOE COOTBETCTBEHHO aHANOTHYHbI
BbIPAXKEHHAM «00blle WK PaBHO (Z)» H «PaBHO (Z)».

dopmanbHoe onpeaeneHue 0603HadeHns Omera-6onbLioe coBnaaaeT ¢ 0603Ha-
yeHneM O-6onbluoe. Ha pycckoM si3bike Mbl FOBOPHM, 4TO oaHa GyHKUHS T(n)
ssnsercs OMera-6obioe apyroii dyHKUMH f(n) TOrAa M ToNLKO TOrAA, Koraa T'(n)
B KOHEYHOM MTOTE OrPaHHYMBAETCS CHU3Y MOCTOAHHBIM KpaTHBIM f(n). B aTOM
cnyuae Mol nuwieM 7(n) = Q(f(n)). Kak 1 paHbliie, Mbl HCTIONIB3YEM JBE KOHCTaH-
Thl ¢ U h, JUIA KBAHTUHKALHKK TEPMHUHA KNOCTOAHHOE KPaTHOE» M BblPaXKEHHA
«B KOHEYHOM HMTOre».

OBO3HAYEHHUE OMEIA-BOJIBIIOE

T(n) = Q(f(n)) TOoraa ¥ TONLKO TOrAA, KOTAA CYLIECTBYIOT NONOXKH-
TeJIbHbIE KOHCTaHTBI ¢ U 1, TAK YTO

T(n)zc > f(n)

ANst BCEX n 2 n,.

O603Hauenue Tera-6onblloe, MM NpocTo TeTa, aHANOTHYHO BbIPAXEHHUIO «paB-
usercan. [osopd, uto T(n) = O(f(n)), umeercs B Buay, uto 7'(n) = Q(f (n))
u T(n) = O(f(n)). PaBHbiM 06pa3om, 7(n) B KOHEHHOM MTOIE 3aXKaTa MEXAY ABYMSA
Pa3HbIMH MOCTOSHHBIMU KPaTHBIMH f(71).
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OBO3HAYEHHE TETA-BOJIBLLIOE
T(n) = O(f(n)) TOrna M TONLKO TOTAA, KOTAA CYIECTBYIOT MOJIOXKH-
TeJIbHbIE KOHCTAHTHI C,, C, H My, Tak 4To

¢, X fm) £T(n)<c,x f(n)

IUIA BCEX 1 2> N,

P e 8 R B 5 e R SO B e Ry SR A S50

NPEAOCTEPEXXEHHME

MoCcKoNbLKY NPOEKTUPOBLUMKMN anropUTMOB 0COB0 COCPEeaoTO4EHb! Ha rapaH-
TUSAX BPEMEHM BbINOMTHEHUA (TO €CTb BEPXHUX MPaHmMLIax), OHK1, Kak NPasuno,
ucnonb3ytoT 0603Ha4veHne O-6onbluoe, aaxe korga o6o3HaqdeHne Teta-6onb-
woe 6bino 6bi 6onee TOMHLIM; HaNPUMED, 3aABNSAA 0 BPEMEHU BbINOTHEHNUS
anroputMa kak O(n), fAaxe ecnv NOHATHO, YTO OHO paBHO © (n).

Creaylolliee anee TECTOBOE 33/jaHHe MPOBepsAeT Balile MOHUMaHHe 0003HaueHu i
O-6onbl10e, OMera-6omabLioe u Teta-bonblioe.

TECTOBOE 3AJAHME B.1

Mycts T(n) = 1/2n*+ 3n. Kakye u3 cieayolyx yTBep#AEHHI ABIS-
10TCA UCTHHHBIMU? (BbiGepHTe Bce NOAXOAALIME BAPHAHTDI.)

a) T(n)=0(n)

6) T(n)=Q(n)

B) T(n)=0#?

r) T(n)=0()

(PelieHye v NoSCHEHUE CM. HUXKeE.)

Lo i e SR W,

IIpaBuanHble oTBeTHI: (6), (B), (T). Bce Tpy nocaennux oTeeTa ARNAKOTCA Npa-
BHJIbHBIMH, W, HAJI0 HAJEATLCA, HHTYHUTHBHO MOHATHO, noveMy. 7'(n) aBnsercs
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kBaaparuuHoit gyHkumred. JiuHeiinbiii uneH 3n He UMeeT 3HauYEHHA LUTA GOIbILUX A,
TI03TOMY CliedyeT OKHAaTh, uto T(n) = @ (n?) (oteeT (B)). M3 31010 aBTOMaTHUECKH
BbiTekaeT, uto T(n) = Q(n?) u, cnepoparensHo, Takke 7(n) = Q(n) (orset (6)).
CxoxuM obpasoMm, u3 T(n) = ©(n?) BbiTekaeT, uto T(n) = O (n?) n, cnenoBaTenbHo,
takxe T(n) = O(n’) (otBeT (1)). Jloka3aTeNbCTBO 3THX YTBEPXKIAEHUH PopMaNibHO
CBOJMTCA K JI€MOHCTPALUUH COOTBETCTBYIOLUIUX KOHCTAHT, YAOBIETBOPAIOLIUX
onpeneneno. Hanpumep, B3a8 n, = 1 U ¢ = 1/2, Mbl goka3biBaeM (6). B3as n,= 1
1 ¢ = 4, Mbl oka3biBaeM (r). O6beJHUB 3TH KOHCTaHThl (1, = 1, ¢, = 1/2, ¢, = 4),
Mbl J0Ka3biBaeM (B). Jloka3aTe/bcTBO OT MPOTHUBHOIO B AyXe YTBepKaeHUs B.2
MOKAa3bIBaeT, YTO (&) HE ABRNAETCA MPABUIbHLIM OTBETOM.
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3agauya 7.1. Ycnosus (a) ¥ (B) yIOBNETBOPAIOTCS HEKOTOPBIMH Pa3peXKeHHbIMH
rpadaMH (TakHMH Kak 3Be31HbIA rpad) U HEKOTOPHIMHU MIOTHBIMM rpadamu
(TakAMH Kak MONHbIH rpad ¢ OJHMM HaKICEHHBIM JOMONHUTENBHBIM pebpoM).
VYenosue (6) BLINONHAETCA TONLKO pa3pexXeHHbIMU rpadamu, a yeiosHe () TOIbKO
MAOTHBIMYU rpadaMH.

3apayva 7.2: (B). Cnegyet NnpoCMOTPETh CTPOKY, COOTBETCTBYIOLLYIO V B MAaTpHLLE
CMEXHOCTH.

3apaua 8.1. Bce yeThipe yTBepxIeHUs cobmonarorcs: (a) anropuTMoM UCC M3
pasnena 8.3; (6) anropuTMoM Augmented-BFS M3 pasaena 8.2; (B) alropuTMOM
Kosaraju U3 pa3aena 8.6; (r) mo anroput™y TopoSort H3 pasgena 8.5.

3amaua 8.2: (B). TpeGyerca BpeMmsa 2 (n%), MOTOMY UTO B XyAlIEM Cjlydyae npa-
BUJIbHLIH AITOPUTM [O/KEH 3aMISHYTh B KOKAbIH U3 n? DJIEMEHTOB MATPHLUbI
CMEXHOCTH MHHHUMYM OAuH pa3. Bpems O(n?) NOCTHXHMO, HanpuMep, myTeMm
KOHCTPYUPOBaHHUS MpPEACTaBNEHHS BXOAHOIO rpada B BUAE CIHCKOB CMEXHOCTH
C O/IHMM IIPOXOAOM M0 MAaTPHLE CMEXHOCTH (32 BpeMs O(n?)), a 3aTeM BbIMOTHEHHSA
anropuTMa DFS C HOBBLIM NpeAcTaBieHueM 3a Bpems O(m + n) = O(n?).

3agaua 8.7: (B). BrluHceHHe «BOJILEOHOrO YNOpsa0YMBAHUAY [IPH NEPBOM
npoxoe anroput™a Kosaraju Tpebyert noucka B myouny. (CM. 10Ka3areibCTBO
teopemsl 8.10.) Ha Bropom npoxoze, ¢ yueTtom BonweOHOro ynopsao4dBaHus
BEpLUHH, 11000ii 5K3eMNLp anropuTMa GenericSearch (Brio4as BFS) yCHeLIHO
00GHApPYXHUT CHJILHO CBA3HYHO KOMIIOHEHTY B 06paTHOM TOMOJIOMHYECKOM MOPSIKE.
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3apaua 8.8: (a), (6). Moaudukauus B (a) He U3MEHAET NMOPAAOK, B KOTOPOM an-
TOPUTM PaccMarpHBaeT BEpLLUMHbI BO BTOPOM MPOXOAE, U MOITOMY OH OCTAETCA
npaBuNIbHBIM. Moaudnkauus B (6) coorBeTcTBYyeT pabore anroputMa Kosaraju
Ha pa3BopoTe BXoqHOro rpaga B o6paTHyto ctopoHy. [Tockoneky rpag u ero pas-
BOPOT B 0OparTHyIO CTOPOHY MMEIOT TOYHO TaKHe K€ CUIILHO CBA3HbIE KOMIOHEH-
ThI (TECTOBOE 3aAaHue 8.6), ANrOPUTM OCTaeTCA NpaBHIbHLIM. Moaudukauuu B (B)
¥ () S5KBUBAJIEHTHbI, KaK U B IPUBEJCHHOM Bbillle apryMeHTE (a), U He PHBOAAT
K MPaBUJILHOMY anropT™My. C LieNbl0 pacCMOTPEHHS KOHTPIIPUMEPA BEPHUTECDH
K HallleMy NpHMepy (M B 0COOERHOCTH K 06Cy>xaeHH o Ha ¢. 91).

3aaauya 9.2: (6). J{Be cyMMbl HECOBNAAAOLLNX CTENEHEH ABOAKH He MOTYT ObITh
oauHakoBbIMH. ([1peacraBbTe, 4TO YKCNA 3aMUcaHbl B JBOUYHOM dopMare.) [ns (a)
H (B) CyLLECTBYIOT KOHTPNPHUMEPDI C TPEMA BEpPIUHHAaMH U TpeMs pebpaMu.

3apaua 9.3: (), (6). YTBepxaeHue (1) cobnroaaeTcs, noTomy 4To koraa P uMeer
TOJILKO OAHO peOpo, KaKAblil NYThb YBeIMUMBAETCS B [UIMHY NO KpaifiHell Mepe Ha
CTOJILKO %€, CKOMbkO P. DTO0 Takxke noka3blBaeT, uto (0) ABNAETCA NOXKHBIM, [1pH-
Mep, MoAoGHbIH npuMepy B pasaene 9.3.1, noka3biBaeT, YTO (a) ABNAETCA JOXNKHBIM,
H U3 3TOro CJEeAyeT, 4TO (B) ABNAETCA HCTHHHBIM.

3agauya 9.7. B cTpokax 4 u 6 anroputma Dijkstra (c. 115) cneayer 3aMeHHTb
len(v) + /,, Ha max{len(v), /., } u len(v¥) + /.. Ha max{len(v*), /.,.} coorBer-
CTBEHHO.

Yo

3agaya 10.1: (6), (B). CMbICI CYLIECTBOBAHHA Ky4H 3aKJIIOYAETCA B MOALEPIKKE
ObICTPBIX BbIYUCIEHHH MHHUMYMa, NTPU 3TOM aJITOPUTM HeapSort (pasaen 10.3.1)
ABJIAETCA KAHOHWUYECKHUM NPHUIOKEHUEM. B3saTHe Ktoua KkaxaAoro oobekTa ¢ npo-
THBOTOJIOXHbBIM 3HAKOM IpeBpalLIaeT Kyuy B CTPYKTYPY AaHHbIX, KOTOpas moj-
Jep>KUBaeT OICTpble BbIYMCIEHUA MakCHMYMOB. Kyun o6bIuHO He noaaepuBaloT
ObicTpble Onepauny NPOCMOTPa, €CJH TONbKO Bbl HE HLIETE 00BEKT ¢ MUHUMAJIb-
HbIM KJIFOUOM.

3agaua 10.4: (a). C noMoLUbIO OAHOM KyUYeBOH OoNnepaLny MOXHO U3BJIEYb TOJILKO
00BEKT ¢ HAaMMEHBLIUM KIo4OM. Bbi3oB onepauun U3BAEYL MMHUMYM MATb pa3
NOApPSAA BO3BpaLlaeT OOBEKT B Kyue C NATbIM HAHMEHBLINUM KJItoUOM. 15 u3Bneye-
HUS 00beKTa ¢ MEAUAHHBIM HIIH MAKCHMAJIbHBIM KJIHOUOM noTpebyeTcs NuHeitHoe
YHCNO KY4€eBbIX ONepaLuii.
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3anaua 10.5. B ctpoke 14 peann3auny anroputMa Dijkstra Ha ocHoBe Kyuu (¢. 150)
cnenyet 3ameHnTh len (w*) + /. Ha max{len(w*), /.. }.

3amaua 11.1: (a). YTBepxkaeHHe (a) cobnogaercs, NOTOMY YTO Ha i~M YPOBHE
OuHapHOro nepeBa cyluecTByeT He Oosee i y3/10B W, CleN0BaTe/IbHO, HE Gonee
1+2+4+ +2'<2""y3n08B Ha ypoBHAX OT 0 110 / BMecTe B3aTbIX. /{14 pasMeLleHHs
n y3nos Tpebyercs 2% > n, rne h — 370 BbICOTa AepeBa, no3ToMy h = Q(log n).
Y1Bepxaenue (6) cobmonaercs Ans c6anaHCHPOBAHHBIX GWHAPHBIX NEPEBLEB
NOUCKa, HO OOBIYHO ABNAETCA JIOKHBIM I HecOanaHCHpPOBaHHbIX OMHAPHbBIX
JlepeBbeB MOMCKa (CM. CHOCKY 2 Ha ¢. 172 B mase 11).

YTBepKAeHHUE (B) ABJSETCA JIOKHBIM, MOCKOJbKY CBOMCTBA Ky4H W AepeBa MoMc-
Ka HeconocTaBuMbl (cM. ¢. 1174). YTeepxaenue () ABIAETCA JOXKHBIM, TaK Kak
OTCOPTHPOBaHHbII MAacCHB NpeanouTUTENbHEE COAaTaHCHPOBAaHHOTO GHMHAPHOrO
JepeBa MoUCKa, KOraa MHOXECTBO XpaHUMbIX OObEKTOB CTaTU4HO, 6€3 BCTaBOK
u ynaneuui (cm. c. 171).

3anaya 12.1: (a). [Naronoruueckue COBOKYHOCTH AaHHBIX MOKA3bIBAKOT, YTO CBOH-
CTBO (@) HEBO3MOKHO U TIOITOMY He MOXET ObITh OKMAAEMbIM (cM. pazaen 12.3.6).
OcTaiibHblE TPH CBOWCTBA YIOBIETBOPAIOTCA COBPEMEHHBIMHU XeLll-(PyHKUNAMH,

3ana4a 12.2: (6). CyuiecTByeT 7 BOIMOXHOCTEH AA MECTONONOKEHHH &, U n BO3-
MOXHOCTEl 118 MECTONOJOXEHNUIA k,, B 0OLUEH CNOKHOCTH n* UCX0M0B. U3 HUX
k, n k, KOHQIHUKTYIOT POBHO B 71 U3 HUX — HCXOJ1, B KOTOPOM 000UM Ha3HauaeTcs
nepBas MO3ULMUA, HCXOM, B KOTOPOM 000MM Ha3Ha4aeTCs BTopas MO3ULMA, U TaK
nanee. [MockoNbKy KaK/Ibiil HCXOI paBHOBEPOATEH (C BEPOATHOCTBIO 1/n* Kadk/bli),
BEPOATHOCTb KOJUTH3UM paBHa n x 1/n? = 1/n.
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